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Structure Simplification of Nonrecursive 2-D
Digital Filters: A New L., Error Bound

W.-S. Lu

Abstract— This brief presents an error analysis for the SVD-based
structure simplification method. Specifically, we derive a new L., error
bound for the simplification strategy. The error bound obtained is very
tight as compared to the existing bound. The significance of having
such a bound is twofold. First, if the frequency response of the original
function is satisfactory and the error bound obtained is small, then there
will be no spikes for the frequency response of the simplified transfer
function over the entire baseband. S d, a tight bound serves as a
guide to determine how many parallel sections can be neglected from the
filter network without exceeding a prescribed tolerance. The new error
bound therefore offers an additional justification for the use of the SVD-
based simplification technique. An example is included to illustrate the
algorithm for computing the error bound and d trate the tightness
of the bound.

I. INTRODUCTION

Simplifying the structure of a digital filter is of practical importance
as it leads to a less expensive implementation as well as improved
processing speed. Here we take “structure simplification” to mean
an effort to obtain an approximation of the filter’s transfer function
with a prescribed accuracy, leading to a digital-filter network that
requires less circuit elements in the case of hardware implementation
or less arithmetic operations in the case of software implementation.
Typically, simplification of this kind can be carried out by reducing
the order of the filter. Various techniques for the order reduction
of two-dimensional (2-D) systems have been developed during the
last two decades [1]-[9]. As will be demonstrated in this paper,
however, the simplification can also be accomplished by reducing
the number of sections, of which the filter network is composed.
This is particularly the case when the transfer function at hand can be
expressed in a form that corresponds to a parallel-cascade structure.
Several results on this type of structure simplification problems have
been available for nonrecursive 2-D filters [7], [10]. The objective
of this paper is to give a new Lo, error bound for the SVD-based
section reduction method. The error bound obtained here is very tight
as compared to that obtained in [7]. The significance of having an
Lo bound is twofold. First, if the frequency response of the original
transfer function is satisfactory and the L bound is small, then it is
guaranteed that there will be no spikes for the frequency response of
the simplified transfer function over the entire baseband. Second, from
the implementation point of view, a tight L. bound serves as a guide
to determine how many parallel sections can be neglected from the
filter network without exceeding a prescribed tolerance. In the next
section, the new Lo, error bound is derived and an algorithm for its
computation is presented. We also show that the evaluation of the new
error bound for K varying in a set of consecutive integers (where
K represents the number of sections used) can be made recursive.
As an illustrative example, a circularly symmetric low-pass FIR filter
will be used in Section III to demonstrate how the algorithm can
be incorporated into a design procedure to obtain a simplified yet
satisfactory design.
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Fig. 1.

The parallel structure of H(z, z2).

II. AN L., ERROR BOUND FOR THE
SVD-BASED SECTION REDUCTION METHOD

A. The Lo, Bound

Consider a nonrecursive 2-D filter with a transfer function given by
Ni—1Np—1

H(zi,z2)= ) Y hagngz "2 ™2 (1

n1=0 ny=0

Using matrix notation, the transfer function can be expressed as

H(21,22) = Z1 CZ, )
where Z; = [1 z7' -0 Ay and Z, = (125!
zz—(Nz—l)]T‘ and
hoo ho1 ho,Ny—1
C= : :
hni—10 hnyi—11 hny—1,N;-1

The section reduction under consideration is based on the singular
value decomposition (SVD) of the coefficient matrix C, which is
given by

c=usv’ = iaiﬁiﬁ? = iuiv? ©)
i=1 i=1

where r = rank(C); ¥ = diag{o1,---,0,,0---0} with o7 >
-+ 2 0, > 0;1; and 9; are the ith column of U and V, respectively;
and u; = 0}/*4;, v; = o}/*4;. With (2) and (3) we write the transfer
function as

H(z,z) =) (Z{u)(vf Z2) =Y filz)gi(z) @)
=1 i=1

that suggests a parallel structure for the realization of H(z1,z22),
where each section has two 1-D filters in cascade as shown in Fig. 1.

Note that if the 2-D filter is quadrantally symmetric, then the total
number of sections in Fig. 1 does not exceed min((N; —1)/2, (N2 —
1)/2) (odd Ny and N are assumed here). As will be shown below,
obtaining a simplified, more efficient network that has less sections
than in Fig. 1 is often possible.

If we construct a coefficient matrix Ck to approximate C by
neglecting the r — K least significant singular values ox41,---,0,
ie.,

K
Cx =Y un] =USkV” 5)
i=1
where £x = diag{o1,:-+,0k,0,---,0}, then the approximate
transfer function becomes
K
Hi(z1,22) = Z{ Cx Za = Y fi(21)gi(22). ®)

i=1

1057-7122/95%04.00 © 1995 IEEE



IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—1I: FUNDAMENTAL THEORY AND APPLICATIONS, VOL. 42, NO. 9, SEPTEMBER 1995 539

As suggested by (6), the approximate transfer function admits a
realization which can be obtained directly from Fig. 1 by neglecting
the last 7 — K sections of the network. An immediate consequence one
can draw from this simplification is that if H (z1, z2) has linear phase
response, so does Hg (21, z2). It is also obvious that the computation
complexity for realizing Hx (21,22) is reduced by “=% over the
realization scheme in Fig. 1. The rest of this section will be devoted to
the problem of how much error will be introduced into an approximate
realization that uses only K sections instead of r sections.

Two often used error criteria are the Lz error and Lo error defined
by

2

1 2
€3 = —— H(z1,29)— H ,
? (2my)? }|{z11=1 fzﬂ:ll (z1,22) K (a1, 22)]

x 27 'z tdzydzy )
and

oo = su
|z1]=1,]z2}=1

|H (z1,22) — Hk (21, 22)| 8)

respectively. It is known that the Ly error can be calculated precisely
as [7], (10]

- 1/2
er = [ > a?] ©)

i=K+1

and a rough upper bound of e, is also available from [7], that is

e < VNIN20K4+1 = 7K. (10)

In what follows, our attention will be focused on obtaining a new
L bound superior to (10).
Note that

H(ZMZZ) - HK(ZJ,Z2) = ZxT(

Er: u,'v,-T>Z2

i=K+1
= (Z{ Uk )(VK Z2)
where
Uk = [uK+1 urL Vg = [UK+1 Ur]- (11)

It follows from the Schwarz inequality that

e < Bk (12)
where
Bk = pKVK (13)
UK = 'm?xl ][Z;I‘Uxﬂz (14)
21 |=
vk = max ||VE Za||2 (15)
lz2]=1
and || - ||2 denotes the Euclidean norm of the vector involved.
B. Computation of ux and vk
To calculate px, we denote
Po
Uk = : (16)
Np—1
where each p; is a row vector of dimension » — K, and write
Ni—1 2 (N;—1)
Hziuklz= (> mz"'| = > & an
=0 2 k=—(N1-1)

where ¢, is determined by

Ny—1

ok = Z Pikpy

1=0

(18)

with the convention that p; = 0 for : < 0. By (18) it is obvious
that @ = ¢_ for k = 1,---,N; — 1. Hence on the unit circle
z1 = €’ we have

Nij-1 Ni-1
Z orz* = Z Pk cos kw (19)
k=—(N1—1) k=0
with
s do fork=0
ok = {wk for0< k< Ny — 1. 20
From (17) and (19) we now obtain
Ni—1 1/2
K = orgnjé(w ( ’; ¢k cos kw) 21

where the interval of w has been reduced by half since the function
involved is an even function. Feasible numerical methods are avail-
able [11], [12] for obtaining an accurate maximum value of the sum
in (21). Since the function involved has multiple local maximums, a
set of coarse grid point needs to be placed on [0, «] and a certain
one-dimensional optimization algorithm such as golden section search
method can be applied to each subinterval to find a local maximum.
The global maximum is then obtained by examining the finite number
of local maximums. An alternative approach to finding px is to
evaluate the sum in (21) over a set of fine grid points on [0, 7] and
identify the largest value obtained.
Likewise, if we denote

Vi = (g0 aN,—1] 22)
and define
Np—1
k=Y a4l ik 23)
i=0
;. =0 for i<O0 (24)
- | o fork=0
Ve = {wk for0<k<N,—1 25
then
Nap—1 1/2
VK = 0?5%(1[ ( ; Y cos kw) . (26)

The above derivation of ux and v leads to the following algorithm
for the evaluation of Bxk.

Algorithm 1 (for computing the L, error bound Sk ):

Input: Coefficient matrix C, and K'—the number of sections to
be used.

Step 1. Perform the SVD of C.

Step 2. Form Uy and Vi using (11).

Step 3. Calculate {¢x, 0 < k < Ny — 1} and {¢, 0 < k <
N, — 1} by using (16), (18), (20), and (22), (23), (25),
respectively.

Step 4. Find pux and vk defined in (21) and (26) by using
numerical optimization or the fine-grid approach.

Step 5. Obtain the error bound 3k using (13).
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Fig. 2. Amplitude response of a circularly symmetric low-pass FIR filter of
order 35 x 35.

Algorithm 1 indicates that as long as the coefficient matrix of a 2-
D FIR transfer function (which very likely comes from a preliminary
design) is available, the designer can ran Algorithm 1 with the
section number K going through a selected set of integers in order
to reach a conclusion as to how many sections of subfilters can be
neglected from the given transfer function such that the simplified
filter remains satisfactory. This is particularly the case when the
preliminary design happens to be an overqualified one in terms of
the required design specifications. The designer in such a case does
not have to perform a re-design but simplify the preliminary design by
keeping an appropriate portion of it with less (sometimes substantially
less) sections of subfilters. We shall revisit this issue in the next
section using an illustrative example.

C. Remarks on Algorithm 1

1) It is noted that for those filters with N; = N, and symmetric
coefficient matrix C, the weighted singular vectors obey u; =
+v; for 1 < ¢ < r. In this case it can readily be verified that
puk = vk for any K < r, and consequently 8x = p%, ie.,

Ni-1

Z ¢k cos kw

making the algorithm more efﬁcnent.

2) As mentioned earlier, in order to include Algorithm 1 in a design
procedure, it becomes necessary to evaluate Sk with K varying
in a certain set of integers, say from Ko, Ko +1= K;,---, to
Ko +m = K. For each K one needs to calculate coefficients
d)ﬁj > and wij). This remark claims that the calculations can be
done recursively and therefore efficiently. To see this, denote

(7)

K = Imax
0<w<n

Po
Uk, = | : @7
)
N-1
and
¢Scj) Z p(.'l) (])T (28)
for j =0,1,---,m, and note that Uk is an N1 x [r — (Ko + )]

matrix. It is obvious that given UKJ 1» matrix Uk, can be
obtained by augmenting Uk ; by one column on the left. Hence
one can write

o)

Uk j-1 = : 29)

s A

TABLE I
ERrROR BOUNDS Bx
K Bk

10 | 7.69870155x10~%
7.68157185x10-¢
1.29893761x10~4
6.43246554x10*
0.00301410
0.01093786
0.03197229

w oo =a|oofw©

where a(’) . ,a(,;}i , are scalars. From (27)—(29) it follows
that
¢$cj—1) — Z p(l 1) (] nrT
N -1
T
— Z EJ)k E]) + Z El)ka(])
=0 =0
=0 +8 (30)
where
Ni-1
6(1) Z a (J) @31

The recursnve relation (30) in conjuncuon with (31) indicates
that once ¢,, ™) is computed, ¢k forj=m—1,---,0 can be
computed recursively using (30) where each time only the term
6,9 ) needs to be evaluated. A relation similar to (30) holds for
wl(c]) and wl(c]—l)'

3) Applying the Schwarz inequality to (14) and (15), we have

e < max 12112 Uk ll2 = V/Niok 41
z1|=

v < max ([ Z2]l2 [IVkllz = vVN2ok+1
z9]=

which imply that

Bx < vk (32)

with vk given by (10), which indicates that Sk is a better upper
bougd to use. As a matter of fact, our simulation study shows
that 'for a variety of FIR filters such as circularly symmetic low-
pass, boundpass, bandstop, and high-pass filter, fan-shaped and
diamond-shaped filter, Sk is much tighter than v; with a typical
ratio yx /Bk = 6.

III. AN EXAMPLE

As an illustrative example, let us consider a linear-phase, non-
recursive, circularly symmetric low-pass 2-D filter with normalized
passband edge = 0.2125 and stopband edge = 0.2875. With order
N; = N, = 35, the application of the SVD design method [10]
produces a linear-phase transfer function H (z1, z2) whose amplitude
response is depicted in Fig. 2. The maximum ripple of the filter in
the passband and stopband are 0.0427 and 0.0407, respectively. The
coefficient matrix of H(z1, 22) has rank(C) = 11 meaning that the
filter needs 11 sections for the implementation.

Using Algorithm 1 in the recursive manner as discussed in Remark
2 of the preceding section for K = 10,---,4, Bk are evaluated
and the results are listed in Table I It follows that if a 5% ripple
is allowed in both passband and stopband, then it is sufficient to
keep only the first six sections that correspond to the six most
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Fig. 3. Amplitude response of He(z1, 22).

significant singular vectors of matrix C. The amplitude response of
the simplified transfer function He(z1, z2) is depicted in Fig. 3. The
actual maximum ripples of Hes(z1, z2) in the passband and stopband
are 0.0431 and 0.0414, respectively.

Note from Table I that s =0.00301410. To see the tightness of
the error bound, we use a very fine grid over the entire baseband and
find the numerical value of the Lo, error

sup  |H(z1,22) — He(z1, 22)| = 0.00266762.

lz11=1,|2z2|=1

For comparison, (10) gives an upper bound v¢ = VN1 Noo7 =
0.01906959 which is 6.3 times larger than Fs.

IV. CONCLUDING REMARKS

A new L., error bound for the SVD-based section reduction
method has been derived, and the illustrative example described in
Section III has demonstrated the feasibility of the section reduction
method as well as the tightness of the new error bound. At this point
of research one would seek to establish a similar L., (or L2) error
bound for the recursive case as a natural extension of what has been
achieved here. This is indeed an on-going research project and the
results will be reported elsewhere.
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A Separation Theorem for Finite Precision Digital Filters

Kelly K. Johnson and Irwin W. Sandberg

Abstract— For models of zero-input direct-form digital filters imple-
mented in fixed-point digital hardware, it is known that if saturation
arithmetic is used, and stability holds when the quantization is ignored,
then the amplitude of all limit cycles can be made arbitrarily small by
making the bound on the magnitude of the quantization sufficiently small.
In that sense, the effects of quantization and overflow can be considered
separately. Here we extend this proposition to the important case in which
the input need not be zero and a certain more general type of arithmetic
is used.

I. INTRODUCTION

A direct-form digital filter implemented in fixed-point digital
hardware is governed by the relation

m m
Wn =f(zbkwn—k+z‘akun—k) + gn, ’ILZO (1)
k=1 k=0
in which the bx and a; are real coefficients, {u.}5° and {wn}§°
are the input and output sequences, respectively, and w_,, -+, w_1
and u_m;,- -+, u_ are initial values. The sequence {g, }§° takes into
account quantization, and the function f accounts for overflow. The
initial values and the elements of the input, output, and quantization
sequences are real numbers typically assumed to belong to [—1, 1]. In
what follows, it is assumed that the infinite precision counterpart of
the digital filter is stable (i.e., that 1— 37~ biz~* # 0 for |2| > 1).
It is well-known that (1) may exhibit zero-input limit cycle behavior
due to the effects of the finite-precision elements.

Consider the case in which the input to the digital filter is zero and
quantization is ignored. That is, consider

wn =f(Zbkwn_k), n20 @
k=1
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