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1. Motivations and Approach 

•  When a transfer function with infinite accuracy coefficients is 

designed and realized by a state-space model, the coefficients 

in the model must be truncated or rounded to fit the finite-

word-length constraints. 

•  This coefficient quantization usually alters the characteristics of 

the filter. For instance, it may change a stable filter to an 

unstable one. 

•  This motivates the study of coefficient sensitivity minimization 

problem. 

•  Here we investigate the problem of reducing the l2-sensitivity 

for 3-D separable-denominator digital filters.  
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•  First, a 3-D transfer function with separable denominator is 

represented with cascade connection of three 1-D transfer 

functions by applying a minimal realization technique. 

•  Next, the MIMO 1-D transfer function in the middle of the 

cascade connection is realized by a minimal state-space model. 

•  Third, a l2-norm coefficient sensitivity of the model is analyzed. 

•  A technique for the optimal synthesis of the minimal state-

space model is developed so as to minimize the l2-sensitivity 

subject to l2-scaling constraints. 
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2. Problem Statement 

 A 3-D separable-denominator digital filter is given by 

1 2 3
1 2 3

1 1 2 2 3 3

( , ,( , , =
( ) ( ) ( )

N z z zH z z z
D z D z D z

）
）  

with 

31 2

1

1

2

2

3

3

1 2 3 , , 1 2 3
0 0 0

1
1 1 11 1 1 1

1
2 2 21 2 2 2

1
3 3 31 3 3 3

( , , )

( ) 1

( ) 1

( ) 1

NN N
i j k

i j k
i j k

N
N

N
N

N
N

N z z z a z z z

D z b z b z

D z b z b z

D z b z b z

− − −

= = =

−−

−−

−−

=

= + + +

= + + +

= + + +

∑∑∑
"

"

"

 

 



 6

The 3-D transfer function is decomposed as 
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Let a minimal realization of H2(z2) be given by 
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The transfer function becomes 
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The l2-sensitivity of H(z1, z2, z3) with respect to A2, B2, and C2: 
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It turns out that the sensitivity measure S can be expressed as 

[ ] [ ]tr ( ) tr trA p B CS ⎡ ⎤= + +⎣ ⎦M I W K  

where ( ), , and A p B CM I W K  are obtained using 
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Applying a coordinate transformation 1( ) ( )k k−=x T x  to the 1-D 

system ( )2 2 2 0, , ,
p

A B C Δ  yields an equivalent realization  

( ) ( )1 1
2 2 2 0 2 2 2 0, , , , , ,

p p

− −=A B C T A T T B C TΔ Δ  

whose l2-sensitivity measure S is given by 

[ ] [ ] 1tr ( ) tr trA B CS −⎡ ⎤= + + ⎣ ⎦M P P W P K P  

with T=P TT . 
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To impose a l2-scaling condition, define controllability Gramian 
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the l2-scaling constraints are given by 
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Now the coefficient sensitivity minimization problem can be 

formulated as 

To obtain a coordinate transformation matrix T that minimizes 

sensitivity measure S(P) subject to the l2-scaling constraints. 
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3. l2-Sensitivity Minimization 

The l2-scaling constraints are relaxed as 

1 1tr trT p− − −⎡ ⎤ ⎡ ⎤= =⎣ ⎦ ⎣ ⎦T KT KP  

leading to a relaxed optimization problem  

1

minimize ( )

subject to: tr  

S

p−⎡ ⎤ =⎣ ⎦

P

KP
 

To solve it, we introduce the Lagranging of the problem 
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Setting 
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The above equation can be solved iteratively using the scheme 

( 1) ( ) ( 1) ( ) ( 1)( ) ( , )k k k k kλ+ + +=P F P P G P  

whose solution is given by 
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The Lagrange multiplier is updated by solving  

( ) ( ) ( 1)tr ( )k k k pλ +⎡ ⎤ =⎣ ⎦
��K G  

using a bisection method, where  

( ) 1/ 2 ( ) 1/ 2 ( )

1/ 2( ) ( 1) 1/ 2 ( ) ( ) ( 1) 1/ 2 ( )

( ) ( )

( ) ( ) ( , ) ( )

k k k

k k k k k kλ λ
−+ +

=

⎡ ⎤= ⎣ ⎦
�
K F P KF P

G F P G P F P
 



 15

4. A Numerical Example 

Here we consider a stable 3-D state-space digital filter with 
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and 
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The above filter admits a minimal state-space model with 
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After l2-scaling, the l2-sensitivity of the filter was found to be 

89.8732 10S = ×  

By applying the proposed algorithm with initial P(0) = I3 and 810ε −= , 

it took the algorithm 15 iterations to converge to a solution 
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and ( ) 38.4292 10optλ = × . The minimized l2-sensitivity was found to be 
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4. Conclusion 

•  The problem of minimizing a l2-coefficient sensitivity measure 

for separable-denominator 3-D state-space digital filters has 

been investigated. 

• To this end, the problem is formulated as a constrained 

optimization problem and is solved using an iterative technique. 

• Our computer simulation has indicated that the algorithm 

proposed here works well with satisfactory efficiency. 
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