ELEC 405/511
Error Control Coding

Minimal Polynomials and BCH Codes



Minimal Polynomials

e Let a be an element of GF(g™). The minimal
polynomial of a with respect to GF(qg) is the smallest
degree monic (non-zero) polynomial

p(x) in GF(qg)[x]
such that p(a) =0
— The degree of p(x)isd,and d | m
— fla) = 0 implies p(x) | f(x)
— p(x) is irreducible in GF(q)[x]

— If ais a primitive element in GF(g™), p(x) is a
primitive polynomial.



e What are the other roots of p(x)?
— The conjugates of a:
{a, a9, a?, ..., a9"}

— This set of conjugates (with d elements) is called
the conjugacy class of a with respect to GF(qg)

— All the roots of an irreducible polynomial have the
same order so all elements of a conjugacy class
have the same order



Example: GF(8)

let o be a root of x3+x+1 —qg=2, m=3 and d|3
conjugacy class minimal polynomial

{0} X
{1} x+1
{a, a?, a*} (x+a)x+a)x+a®)=x>+x+1

{a3, o, o} (x+a’)x+a®)x+a’)=x>+x*+1



 Note that the roots are in GF(8), but the minimal
polynomials have coefficients in the ground field GF(2)

e Same as multiplying by the conjugate polynomial in
the complex field to obtain real coefficients

(x> + jx +1)(x* — jx +1)=x" +3x°+1
e Multiplying all the minimal polynomials of the non-

zero elements of GF(8) gives
(x+1)0 +x+1) (> +x°+1)=x"+1



GF(16) formed from x*+x+1

Power of o Polynomial in & Vector
-00 0 0000
0 1 1000
1 o 0100
2 a? 0010
3 a3 0001
4 o+1 1100
5 o2+o 0110
6 o3+a? 0011
7 o3+oa+1 1101
8 o’+1 1010
9 o3+a 0101
10 o2+o+1 1110
11 o3+al+o 0111
12 o3+o+a+l 1111
13 o3+a2+1 1011
14 o3+1 1001



GF(16) =GF(2%) g=2,m=4,d|4

let a be a root of x*+x+1

conjugacy class order minimal polynomials
{0} - X
{1} 1 x+1
{a,a’,a*,a”) 15 xh+x+l
{@®,a",a”,a’} X443+ x%+x+1
{o,a”} X2+x+1

{a7’a14’a13’a11} 15

xHx3+1



Cyclotomic Cosets

The partition of powers of a by the conjugacy classes
is called the set of cyclotomic cosets

GF(8):
GF(16):

GF(32):

{0},11,2,4}, {3,6,5}
{0}, {1,2,4,8}, {3,6,12,9}, {5,10},
{7,14,13,11}

{O}I {11214I81 16}) {3161121241 17})
{5,10,20,9,18}, {7,14,28,25,19},
{11,22,13,26,21}, {15,30,29,27,23}



e The generator polynomials of cyclic codes are
— products of irreducible polynomials
— factors of x"-1
so they are a product of minimal polynomials

e Therefore, one can look at cyclic codes in terms of
the roots of the generator polynomial g(x).



Binary Cyclic Homming Codes

If g(x) is a primitive polynomial of degree m over GF(2), the
ring of polynomials modulo g(x), GF(2)[x]/g(x), is the finite
field of order 2™,

If a is a root of g(x), then {0, 1, a, &*,--, o’ 7} are the 2m
elements of the field. Each element can also be represented
by a binary m-tuple.

Use the 2™-1 non-zero elements to construct the columns of a

matrix i I
H:[ll a, a ,:, ]

The code C with parity check matrix H is a Hamming code with
n =2M-1 as H contains all distinct non-zero m-tuples.
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e Since cH"= 0, we can express the set of codewords as
C={c,c,c_,lc,+ca+c,a’+-+c, _,a"" =0}
— ¢(x) has root a since c(a) =0
e Asg(a) =0, c(x) is a multiple of g(x)

— therefore ¢(x) is a codeword in the cyclic code
generated by g(x) and Cis this cyclic code

e All binary Hamming codes are equivalent to cyclic
codes

e Example: g(x) = x3+x+1 — GF(2)[x]/g(x) is GF(8)
The field elements are

0,1, a, a?, o= a+l, a*= a’+a, o = a?+a+l, a® = a?+1}
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1 0 01 011

0O 01 0111

H=/0 1 0 1 1 1 O|=[IP]

1 a a’°a’a a af

11 01 0 0 O
0 11 01 0O
1 1 1 0 0 1 O0
1 01 0 0 0 1

or

= x3+x+1

since g(x)

11 01 0 0 O
0 11 0100
O 01 1 01O
O 001 1 0 1
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BCH Codes

e B—-Bose
C — Ray-Chaudhuri
H — Hocquenghem
e BCH codes are a generalization of binary cyclic
Hamming codes
— g(x) is a primitive polynomial
— c(a) =0 if a'is a root of g(x)
— the corresponding parity check matrix has
columns corresponding to powers of o from o

to a"! or all 2™-1 distinct non-zero binary
vectors of length m
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e Example:m=4

n=2m1=15 1 0 1 1
Consider the parity check 0 1 1 1
matrix with columns 0 0O 1
arranged in increasing 0 0O 1]
integer label order =[1 2 3 15]

e To generalize to 2 error correction, more rows need
to be added to H. Add 4 more rows to H to get H'

H,{l 2 3 .. 15}
1 f) f fB) .. f(15)

How to choose f(i)?
14



e Suppose 2 errors have occurred in positions jand j
* The syndromes are S = eH' = h+h,
51= 1), 5, = flil+fU)
e Require a function f such that S; and S, can be used
to getiandj.
— try f(i) = i?
S, = i*+j% = (i+j)?= 5,2 — no unique solution in
GF(16)
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e Nexttry f(i) = i
+j =35,
P4+ =S,
Sy = (i) (2+ij+j%) = S;(S,°+i))
—ij=5,/S,+5.2

e Now iandj are roots of the equation
A(x) = (x+i)(x+j) =x*>+S;x+S,/S, + 5,2

Error Locator Polynomial
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B w e

Decoding Procedure

Compute the syndromes

Form the Error Locator Polynomial A(x)
Find the roots of A(x)

Flip the bits in the error positions
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Double Error Correction Decoding

e Calculate the syndromes S; and S,
—if$;=5,=0, no error
—ifS;#0and S,=5,3, 1 error at position i
—ifS;#0and S, # 5,3, solve for the roots of the

error locator polynomial

e if there are 2 distinct roots i and j, correct the errors at
these locations

e if no roots, 1 root or a double root, do nothing as more
than 2 errors have been detected

—if$;=0,S, #0, more than 2 errors have been
detected
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e To obtain a cyclic code, place the columns of H in
increasing powers of a

i 1a ad’a’at a*

3(2M-2)

1 ’a’a’a® -«

e For the GF(16) example

{1 a a’aPat- a“}

1 a3a6a9a12.”a12



e Now a codeword must satisfy
cH' =0
— cla)=0, c(a®) =0

e Therefore g(x) = M,(x)M;(x)
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e The two error correcting BCH codes have parameters
(2m-1,2m-1-2m,5), m > 3

e Example:
m=4,n=15,k=7,d=5 (15,7,5) BCH code

M, (x) = xHx+1

M3 (x) = x*x3+x2+x+1
g(x) = M (x)M5(x) = x3+x7+x5+x*+1
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GF(16) formed from x*+x+1

Power of o Polynomial in & Vector
- 0 0000
0 1 1000
1 o 0100
2 a? 0010
3 a3 0001
4 o+1 1100
5 o2+o 0110
6 o3+a? 0011
7 o3+oa+1 1101
8 o’+1 1010
9 o3+a 0101
10 o2+o+1 1110
11 o3+al+o 0111
12 o3+o+a+l 1111
13 o3+oa+1 1011
14 o3+1 1001



(15,7,5) BCH Code Example 1

e r=110111101011000 arithmetic in GF(16)

r(x) = 1+x+x203+x44x2+x0+x8+x 104 x11
The syndromes are : s, na) ] ot
B 5, B ria 3) o

The error locator polynomial is A(x) = x?+ atlx + 1

roots are a’ and a®

r = 110111101011000
e = 000000011000000
¢ = 110111110011000



(15,7,5) BCH Code Example 2

e arithmetic in GF(16)
e r=100000001000000

r(x) = 1+x8

S;=rla)=1+a=a* S;=r(a®)=1+a*=qa’
The error locator polynomial is

ANxX)=x"+Sx+S, /S, +S =x"+a’x+a’
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e To find the roots of the error locator polynomial,
substitute powers of a to find the error locations

x=0o'=1— 1+a’+a® =0
there is an error in the 1st position
Since x*+a°x+a’=(x+1)(x+ca)
there is also an error in the 9th position
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e \What about correcting an arbitrary number of errors?

i

(04
file')
fla')

g(x) = M (x)M;(x)...

* If each additional function f(x) is chosen
appropriately we should be able to correct an
additional error for each function added

e One choice can be determined using

Vandermonde matrices
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Vandermonde Matrices

A
A A A A
V = 113 123 /133 13 ﬂ‘i EGF(qm)
_ﬂ’ln ﬂ“zn ﬂ“?? o ﬂ“: nxn

Theorem: If A, A,, A3, ..., A, are distinct non-zero
elements of GF(g™), then the columns of V are linearly

independent over GF(g™).
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Let A, = a1, a an element of order n in GF(g™)

1
1
1

(04
2

(04
3
(04

2t

4t

an—l

aZ(n—l)

a3(n—1)

2t(n-1)

2txn

2 2
o, 0 t

are roots of g(x)

Any 2t columns are linearly independent

d>2t
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e GF(2™) example: - M, (x)

|
a o o o
] . M, (x)
If a is a zero of g(x), so is a? and o*

Therefore, for d =5, only the rows

1 a o’ o™

1 a?) a6.” a3(n—1)
are required as previously shown. Redundant rows
can be removed. The number of rows determines n-k

so we want to minimize this number.
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Theorem 8.1 — The BCH Bound

Let C be an (n,k) g-ary cyclic code with generator
polynomial g(x).

Let a be an element of order nin GF(g™), n|g™-1. If g(x)
is the monic polynomial of smallest degree such that

b b+1 b+6-2
a ) a ’... ’a

are among its roots, then C has minimum distance at
least 6. g(x) is the product of the minimal polynomials
of the roots

g(X) = LCM{Mb(X)I Mb+1(X), Mb+6-2(x)}
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e §is called the design distance (typically 2t+1)

e The most commonly encountered BCH codes are the
n=qgm-1 primitive (ais a primitive element of GF(g™))
b=1 narrow-sense
BCH codes

e Forany mandt<n/2, there exists a binary primitive
BCH code with parameters

n=2m-1,d22t+1, n-k < mt

~a

product of t minimal polynomials of degree m or less
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e Forqg=2, every second row in the H matrix can be
deleted as a? has the same minimal polynomial as o

e Binary BCH code examples:
d=3 (2™m-1,2™-1-m,3) cyclic Hamming code
g(x) = My(x)
d=5 (2m-1,2™-1-2m,5)
g(x) = My (x)My(x)

33



Construction of BCH Codes

e To construct a t error correcting g-ary BCH code of
length n:

— Find an element a of order n in GF(g™) where m is
minimal, i.e. n|g™-1

— Select 2t consecutive powers of a starting with a?

— Find g(x), the LCM of the minimal polynomials for
these powers of a
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Example: Binary BCH Codes of Length 31

e g=2andn=31=2>-1som=5

e Let a be aroot of x>+x%+1

e The cyclotomic cosets modulo 31 are

Minimal polynomial

¢, 10} x+1 M, (x)
c, 11,2,4,8,16} X2+x2+1 M, (x)
c; 13,6,12,24,17} XP+HXAx3+x2+1 M, (x)
c: 15,10,20,9,18} XP+X4H+x2+x+1 M. (x)
c, 1{7,14,28,25,19} XPHX3+X2+x+1 M, (x)
c; {11,22,13,26,21}  x+x*x3+x+1 M, ,(x)
c;c {15,30,29,27,23}  x5+x3+1 M,c ()
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e Narrow-sense b=1

roots of g(x)
a, o

t

1

2 a,0fa3at
3 o,a%03..0°
4

a,0,03,... 08

g(x)
M, (x)
M, (x) M5(x)
M, (x)M5(x)Ms(x)
M, (x)M3(x)Ms(x) M (x)

code
(31,26,3)
(31,21,5)
(31,16,7)
(31,11,11)

Note: for t = 4, g(x) actually has 10 consecutive powers
of a as roots, thus d = 11.
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Binary BCH Codes with b =0

b=0— start witha®=1

For t error correction 2t roots of g(x): 1, o, a?, ..., o?t?!

g(x) has x+1 as a factor
dis even — d > 2t+2

roots of g(x): 1, a, a?, ..., a?tL, a®t
™

conjugate of root at
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Example: GF(8)

e t=1,2t=2,b=0: 1and a are the roots
g(x) = (x+1)(x3+x+1)
= x*+x3+x2+1 d=4>2t+1

e (7,3,4) cyclic code
— dual of (7,4,3) Hamming code

e h(x)=x3+x%+1
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xXx3+x2+1

g(x)

1 01 1100
01 011120
O 01 0111

G=

xX3+x+1

X34+x2+1  h*(x) =

h(x)

11 01 0 0O
0 11 01 02O
O 011 01O
O 001 101

H=
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GF(64) Minimal Polynomials

{1,2,4,8,16,32}
{3,6,12,24,48,33}
{5,10,20,40,17,34}
{7,14,28,56,49,35}
(9,18,36)
{11,22,44,25,50,37}
{13,26,52,41,19,38}
{15,30,60,57,51,39}
(21,42}
{23,46,29,58,53,43}
{27,54,45)
{31,62,61,59,55,47}

xO+x+1
XOHxHx24+x+1
XOHx+x2+x+1
xo+x3+1
X3+x%+1

XS +x3+x+1
XSHx 3 +x+1
XS +x*+x%+1
X2 +x+1
XOHx+x*+x+1
x3+x+1
xo+x°+1

M (x)
M3(X)
Ms(x)
M, (x)
Mg(X)
M, ,(x)
M 3(x)
M s(x)
M, ,(x)
M,3(x)
M., (x)
M3, ()
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Primitive BCH Codes of Length 63

(63,57,3) (63,51,5) (63,45,7)
(63,39,9) (63,36,11) (63,30,13)
(63,24,15) (63,18,21) (63,16,23)
(63,10,27) (63,7,31)
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Non-primitive BCH Codes

e Example n=21,g=2 m="7?
n|2™-1 m=6 (minimal) so use GF(64)
e Let a be a primitive element in GF(64)
letB=a> sothat PB?l=a=1
e Fort=2 roots are B, B? B3, B* — a3, ab, o, a'?
g(x) = (XO+x*+x24+x+1) (x3+x%+1)
= X2+xB+x7+X°+ x4+ x+1
(21,12,5) non-primitive BCH code
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e |f g(x) generates a cyclic code of length 21, it must be
a factor of x?1+1

e Check:

X214 1=(x+1) (x2+x+1) (03+x+1) (03324 1) (XO+x*+x%+x+1) (XC+x+x*+x%+1)
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e There are many cases where the actual minimum
distance is greater than the desighed distance

e Example: construct a BCH with n =23
23|21 — GF(2%Y) 2'1-1=23x89

e Let o be a primitive element in GF(21%)

e B=a¥sothatBB=a8*23=1
— t=1: required roots are B, B2
— adding the conjugates, the roots are:

B,B2,34 B8 B16,332 = B9 B18 B13 33 B6 R12

g(x) = xI1+x2+x7+x04+x°+x+1

e design distance is 5: code parameters are (23,12,7)
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110001110101 0O0O0O0O0O0O0O0O0O00O0
co1100O01110101O0O0O0O0O0O0O0O0O0TO0
o 0110O0O0O01110101O0O0O0O0O0O0O0O0O0
o 00o0110O0O0O11101010O0O0O0O0O0O0TO0
o 0oo0o0110O0O011101010O0WO0O0O0O00O0
o oooo001100O011101010H0O0WO0WO00O0
o ooo0oo00O01100O011101010©000@0O0
o oo o0 o0 0011 00O01110101000@0O0
o oo o0 o0 0060011 0O0O0T1110101000
o o ooooo00o00601100O0111010100
o o oo o000 0O0110O0O011101010

O 0o 00O 0OO0OOOOOO11O0O0LO01111O0101

G=
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