ELEC 519A
Selected Topics in Digital Communications:
Information Theory

Channel Capacity and Coding
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Figure 1.2 Basic elements of a digital communication system.



e The channel

Channel

is merely the medium used to

the signal from transmitter to receiver. It may

be a pair of wi

res, a coaxial cable, a band of

radio frequencies, a beam of light, etc.”

e More abstract

“that part of t
is either unwil

y, the channel is

ne communication system that

ing or unable to change”
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Binary Errors with Erasure Channel




BPSK Modulation
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BPSK Modulation
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Mutual Information for a BSC
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Mutual information I(X:Y)

1-H(p)

N =

Probability of a “‘0"" at input, w



Convex Combination

* A convex combination is a linear combination
of points where all coefficients are non-
negative and sum to 1.

* Given a finite number of points x4, X, ..., Xy In
a real vector space, a convex combination of
these points is given by

Mg+ AX, + o+ NXy
where the A, satisfy A.>0and A + A, + ... + A =1.

* Every convex combination of two points lies on
the line segment between the points.



Definition (Convex set):

A set of points § is convex if, for any pair of points p1 € § and po € §, any point p on the
straight line connecting p1 and po will be also in the set S.



Convex and Non-convex Sets

X = Axg + (1-A)x,



3-Dimensional Probability Distribution
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Convex Functions

Definition (Convex function):

A real function f(x), defined on a convex set S (e.g., input symbol distributions), is concave
(convex down, convex “cap” or convex N) if, for any point z on the straight line between the pair
of points x1 and x9, i.e., . = Axr1 + (1 — Ao (A € [0,1]), in the convex set S:

flx) = Af(e1) + (1= A)f(22)

otherwise, if:

flo) < Af(x) + (1= A) f(a2)

then the function is said to be simply convex (convex up, convex “cup” or convex U).
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Figure 3.3: Convex N (convexr down or convexr “cap”) function.
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Figure 3.4: Convex U (convex up or convexr “cup”) function.
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Theorem (Convezity of the mutual information function):

The (average) mutual information I(X;Y") is a concave (or convexr “cap”, or convex N) function
over the conver set Sp of all possible input distributions {p}.
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Mutual information I(X:Y)

1-H(p)

N =

Probability of a “‘0"" at input, w



Theorem (Convexity of the mutual information function):

The (average) mutual information I(X;Y) is a convez (or convexr “cup”, or convexr U) function
over the convex set Sp of all possible transition probability matrices {P}.
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Channel Capacity

The mazimum value of I(X;Y) as the input probabilities p(z;)
are varied is called the Channel Capacity

C=max[(X:Y)

P(fl?z')



Symmetric Channels

A discrete memoryless channel is said to be symmetric if the set of output symbols {y;};=1. s can
be partitionned into subsets such that for each subset of the matrix of transition probabilities, each
column is a permutation of each other and each row is also a permutation of each other row.



Theorem (Capacity of a symmetric channel):

For a discrete symmetric channel, the channel capacity C' is achieved with an equiprobable
input distribution, i.e., p(xx) = %,Vk‘, and is given by:

J
C = [Zp(yj\wk)10gbp(yj\wk)J + log, J
j=1




Binary Symmetric Channel

Transition probabilities

1-p

X, 0 0 Y

Received
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Mutual information I(X:Y)

1-H(p)

N =

Probability of a “‘0"" at input, w
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Binary Errors with Erasure Channel




Binary Errors with Erasure Channel
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Binary Erasure Channel




/ Channel (Optical)

0 » 0O (light on)

1 > 1 (light off)



Blahut-Arimoto Algorithm
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Symmetric Channel Example
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Non-Symmetric Channel Example

( 0.1000 0.2500 0.2000 0.1000
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Channel Capacity for the Z, BSC and BEC
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Channel Capacity

 The channel capacity is the maximum

information rate that can be supported by
a channel

* Each time a symbol is sent it is said to
use the channel

* Thus capacity has the units
bits per channel use



A Mathematical Theory of
Communications, BSTJ July, 1948

“If the channel is noisy it is not in general
possible to reconstruct the original message
or the transmitted signal with certainty by
any operation on the received signal.”



Noisy Communication System
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Error Correction Coding

« BSC p=0.01 N=3

CodeRateR | P, | M=2" _

1 0.0297 8
1/3 0.000298 2

* Tradeoff between data rate and error rate



Channel Code
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Theorem (Shannon’s channel coding theorem,):

Let C be the information transfer capacity of a memoryless channel defined by its transition
probabilities matrix P = {p(y|x)}. If the code rate R < C, then there exists a channel code C of
size M and blocklength N, such that the probability of decoding error P, is upperbounded by an
arbitrarily small number €;

P. <e¢

provided that the blocklength N is sufficiently large (i.e., N > Ny).



Jointly Typical Pairs of Sequences

- 1 ,,

Tx(0) = <x such that: ~v log, p(x) — H(X)‘ <9
. ( 1

7y (6) = <y such that: ¥ log, p(y) — H(Y)‘ <9

}
)

1

Txy(0) = {(Xa}’) : ‘ﬁlogw(xay) — H(XY)

<4}




Theorem (Shannon-McMillan theorem for jointly typical pairs of sequences):

Given a dependent pair of memoryless sources of joint entropy H(XY'), for a blocklength N
sufficiently large (i.e. N > Ny), the set of pairs of vectors {(x,y)} can be partitioned into a set of
jointly typical pairs of sequences 7Txy (0) and a set of jointly atypical pairs of sequences 7+ () for
which:

a) The probability of atypical sequences is upperbounded as:

Pr{(x,y) € Txy(0)] < € (3.30)

b) If the pair of sequences (x,y) € Txy () then:

pNIHXY )] iy ) < p=NIHXY)=d] (3.31)

¢) The number of elements in the set of jointly typical pairs of sequences Txy (d) is upperbounded

by:

| Txy (8) < bNH(XY)+0] (3.32)




JN sequences

| Zx (0)]] = BV HEONY Ty (6) || = NI

~ V(XY

KN sequences 1 7xy(9)
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Codeword Elements Chosen from X
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x(3) x(1) x(2) x(4) x(3) x(1) x(2) x(4)
- o Figure 10.4. (a) A random code.

(b) Example decodings by the
~ 5(ya) =0 typical set decoder. A sequence

that is not jointly typical with any
~ S(yp) =3 of the codewords, such as y,. 1s

decoded as s = 0. A sequence that
s 1s jointly typical with codeword
x(3) alone, yy, is decoded as § = 3.
Similarly, y. is decoded as s = 4.
A sequence that 1s jomntly typical
with more than one codeword,
such as yg4, 1s decoded as s = 0.
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Theorem (Shannon’s channel coding theorem,):

Let C be the information transfer capacity of a memoryless channel defined by its transition
probabilities matrix P = {p(y|x)}. If the code rate R < C, then there exists a channel code C of
size M and blocklength N, such that the probability of decoding error P, is upperbounded by an
arbitrarily small number €;

P. <e¢

provided that the blocklength N is sufficiently large (i.e., N > Ny).



Noisy Communication System
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The Data Processing Lemma
Cascaded Channels

I(W;Y)

W X Y
— IWX) ——— I(xy) |——

The overall transmission rate I(W;Y) for the cascade
cannot be larger than I(W;X) or I(X;Y), so that

I(WY) < [(W:X) I(W;Y) < 1(X;Y)




Theorem (Converse of the channel coding theorem):

Let a memoryless channel with capacity C' be used to transmit codewords of blocklength N and
input information R. Then the error decoding probability P. satisfies the following inequality:

If the rate R > C, then the error decoding probability P, is bounded away from zero.



log, r

log, (r-1)

H(P_)+P_log,(r-1)

————————————1——

0 (r-1)/r



Fano’s Inequality

H(X|Y) < H(P_)+P_log,(r-1)

H(X|Y) < 1+NRP,(N,R)



Channel Capacity: Converse

ForR>C the decoding error probability >0




Arimoto’s Error Exponent E,(R)

«—Straight line

with slope 1
E,(R)
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Figure 6.7 E4(R) fora BSC with p = 0.1.



Theorem (Shannon’s channel coding theorem (random coding exponent)):

Let C be the information transfer capacity of a memoryless channel defined by its transition
probabilities matrix P. If the code rate R < C, then there exists a channel code C of size M and
blocklength N, such that the probability of decoding error P. is upperbounded as:

1+s
P N, R < IIliIl II]iIl bSN X )PLY X (l (1+s)
e( ) _86[0,1] Sp E (E i’ ] ‘ )

provided that the blocklength N is sufficiently large (i.e., N > Np).
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Random Coding Exponent
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Figure 3.13: Random coding exponent E,(R) for block codes for BSC with € = 1072,



Error Bounds

Random coding bound P.(N, R) < b~ VE-(F)
Expurgated bound P.(N, R) < b~ VE=(H)
Space-partitioning bound P.(N, R) > b~V Er(1)
Sphere-packing bound P,(N,R) > p—NVEs(R)

Straight-line bound P.(N, R) > p=VEll)



Channel Reliability Function
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