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Information Theory 

Channel Capacity and Coding 
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Channel 

• ``The channel is merely the medium used to 
the signal from transmitter to receiver. It may 
be a pair of wires, a coaxial cable, a band of 
radio frequencies, a beam of light, etc.’’ 

• More abstractly, the channel is 

 ``that part of the communication system that 
is either unwilling or unable to change’’ 



Discrete Memoryless Channel 
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Discrete Memoryless Channel 

Channel Transition Matrix 
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Binary Symmetric Channel 
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Binary Errors with Erasure Channel 
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BPSK Modulation 
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BPSK Modulation 
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Mutual Information for a BSC 
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Convex Combination 

• A convex combination is a linear combination 
of points where all coefficients are non-
negative and sum to 1. 

• Given a finite number of points x1, x2, …, xN in 
a real vector space, a convex combination of 
these points is given by 

  λ1x1 + λ2x2 + … + λNxN 

 where the λi satisfy  λi ≥ 0 and  λ1 + λ2 + … + λN=1. 
• Every convex combination of two points lies on 

the line segment between the points. 
 





Convex and Non-convex Sets 

x = λ1x1 + (1-λ1)x2 

 



3-Dimensional Probability Distribution 



Convex Functions 







Mutual Information 
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Channel Capacity 



Symmetric Channels 





Binary Symmetric Channel 
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r-ary Symmetric Channel 
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Binary Errors with Erasure Channel 
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Binary Errors with Erasure Channel 
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Binary Erasure Channel 
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Z Channel (Optical) 
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Blahut-Arimoto Algorithm 





Symmetric Channel Example 





Non-Symmetric Channel Example 
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Channel Capacity for the Z, BSC and BEC 



Channel Capacity 

• The channel capacity is the maximum 
information rate that can be supported by  
a channel 

• Each time a symbol is sent it is said to 

 use the channel 

• Thus capacity has the units 

 bits per channel use 



A Mathematical Theory of 
Communications, BSTJ July, 1948 

 ``If the channel is noisy it is not in general 
possible to reconstruct the original message 
or the transmitted signal with certainty by 
any operation on the received signal.’’ 
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Noisy Communication System 
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Error Correction Coding 

• BSC  p = 0.01  N = 3 

 

 

 

 

• Tradeoff between data rate and error rate  

Code Rate R Pe M=2NR 

1 0.0297 8 

1/3 0.000298 2 



Channel Code 





Jointly Typical Pairs of Sequences 







JN sequences 

KN sequences 

Jointly 
Typical 
Sequences 



Codeword Elements Chosen from X 



















Noisy Communication System 



The Data Processing Lemma 
 Cascaded Channels 
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The  overall transmission rate I(W;Y) for the cascade 
cannot be larger than I(W;X) or I(X;Y), so that  

 I(W;Y)  ≤  I(W;X) I(W;Y)  ≤  I(X;Y) 
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Fano’s Inequality 

H(X|Y) ≤ H(Pe)+Pelogb(r-1) 
 
H(X|Y) ≤ 1+NRPe(N,R) 
 



Channel Capacity: Converse 
 

For R > C the decoding error probability > 0 
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Arimoto’s Error Exponent EA(R) 









Random Coding Exponent 





Error Bounds 

• Random coding bound 

• Expurgated bound 

• Space-partitioning bound 

• Sphere-packing bound 

• Straight-line bound 



Channel Reliability Function 
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from AWGN  
to BSC 
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