ELEC 519A
Selected Topics in Digital Communications:
Information Theory

Joint Entropy, Equivocation and Mutual
Information



Joint Entropy
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Conditional Entropy

H(X|Y) =
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Chain Rule

H(XY)=H(X)+H(Y|X)
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Information Channels

An information channel is described by an
Input alphabet X

Output alphabet Y

Set of conditional probabilities p(y;|x;)



Binary Symmetric Channel

Transition probabilities
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Binary Symmetric Channel

Transition probabilities
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Non-Symmetric Binary Channel
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Mutual Information

Hxivy;) = I(xg) — I(wily;)
I(l'?:;”yj) — —108;510(513@')— [—logbp(%\yj)]




Iyj;zi) = 1(y;) — I(yj]@)
I(y;;2:) = —log,p(y;) — [—logy, p(yjlzi)]

- plyjles)
I(y;; ;) = logy,
7 p(y;)

I(ziyy) = 1(y;; x0)




Average Mutual Information
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Example

0,0,0], [0,1,0], [1,0,0], [1,0,1]

(1) = % = H(Y) = .811 bits

(X;Y) = H(Y) — H(Y[X)
=.811-.500 = .311 bits




Non-Symmetric Binary Channel
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Non-Symmetric Channel Example

H(X)  =.811
H(X|Y) =.619
* H(X)—H(X]Y)=1(X;Y) =.192

H(Y)  =.998
H(Y|X) =.806
e H(Y)—=H(Y|X) = I(Y;X) =.192

o H(XY) = H(X) + H(Y|X) = H(Y)+H(X|Y) = 1.617



Mutual Information for a BSC
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Mutual Information for a BSC

HY|X) = _Zz-p(mhyj)10gp(y,f|i*i)
— _ZZp ;) p(y;|:) log p(y;|z:)
_ —Zp ©;) Y p(y;|v:) log ply;|a:)
; )
= —> p(x)[plogp +Plogp]

= —[plogp+plogp

I[(X;Y) = H(Y)+[plogp+plogp]
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ply=0) = wp+wp
ply=1) = wp+wp

H(Y) = —[(wp+wp)log(wp+ wp) + (wp + w@p) log(wp + wp) |
— H(wp+ )
I(X;Y) = H(uwp+Tp) — Hp)

For w =1/2

I(X:Y) = H[1/2(p) + 1/2(1 - p)] — H(p)
= H(1/2) - H(p)

— 1-H(p)
Forw=0or1
I(X:Y) = H(p)—H(p)
= 0
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Mutual information 1(X:Y)
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Probability of a ““0" at input, w



1.0

H(Y')
H (wp + wp)
1
Hy|x) 2

Entropy function

-1.0




In(x) -1

1 IIIIIIIIIIIIIIIIIllrlIIIIIIII“IIIIIIIIIIIIIIIIIII

IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII llllllllllll

0

0,2 0,4 0,6 0,8

1

1,2 1,4 1,6 1,8

2

-4



Conditional Mutual Information

p(xilyj, zi)
p(xi|zx)

I(zi;y|21) = log,




Conditional Mutual Information

(i yj|2k) = Iag|zk) — I(@i]y;, 2)




Conditional Mutual Information
1(X;Y) = H(X) — H(X]|Y)

H(X|Z): average uncertainty remaining in X after the observation in Z
H(X|Y Z): average uncertainty remaining in X after the observation in both Z and Y

I(X;Y|Z): average amount of uncertainty in X resolved by the observation in Y

1(X;Y|Z) = H(X|Z) = H(X| Y2)



Joint Mutual Information

1(X;YZ) = 1(X;Y) + 1(X;Z]Y)
1(X;YZ) = 1(X;Z) + 1(X;Y]|2)
1(X;YZ) < 1(X;Y) + 1(X;Z)



H(XYZ)




Mutual Information for Three Alphabets

* For two alphabets
1(X;Y) = H(X) — H(X]Y)

* For three alphabets
1(X;Y;Z) = I(X;Y) = I(X;Y]|Z)



Probabilities for Three RVs

vi yyoa | Py k) plalyy, ) pledze)  plasy;) pla)
0 0 0 1/4 1 1/2 /4 1/2
0 0 1 0 0 1/2 /4 1/2
0 1 0 0 0 1/2 /4 1/2
0 1 1 1/4 1 1/2 /4 1/2
1 0 0 0 0 1/2 /4 1/2
10 1 1/4 1 1/2 /4 1/2
1 1 0 1/4 1 1/2 /4 1/2
11 1 0 0 1/2 /4 1/2




Binary Symmetric Channel

Transition probabilities
1-p

Received
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Mutual information 1(X:Y)
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Additivity of Mutual Information
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Probabilities for a Repetitive BSC

vi vy 2 | plr) plas,yy, 2k) p(Y;, zk)

0 0 0| 1/2 1/200°) 1/20*+7%)
0 0 1| 1/2 1/2(p) pp

0 1 0| 1/2 120D PP

0 1 1| 1/2 172007 1/2(p*+7?)
10 0 1/2 1/20% 1/20*+7)
10 1]1/2  1/2(pp) PP
11 0| 1/2 1/2(p) PP
11 1|12 1200 1202 +77)
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Two Cascaded Channels
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Data Processing Theorem

 The mutual information between the input and
output can never exceed the mutual information
between the input and an intermediate point

* The mutual information between the input and
output can never exceed the mutual information
between the output and an intermediate point

e Data processing cannot increase the amount of
information in the data



ool
2
3 -
1
3
2
3 @




Mutual information I(A; )
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A Mathematical Theory of
Communications, BSTJ July, 1948

" The fundamental problem of communication is
that of reproducing at one point exactly or
approximately a message selected at another
point. ... If the channel is noisy it is not in general
possible to reconstruct the original message or
the transmitted signal with certainty by any
operation on the received signal.”



A Mathematical Theory of
Communications, BSTJ July, 1948
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“The fundamental problem of communications is a
point in the sound completely or choose another
point about the news. If the channel is noisy, it is
not generally possible to reconstruct the original
message or any operation on the received
transmission signal and the signal uncertainty.”




A Mathematical Theory of
Communications, BSTJ July, 1948
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“The fundamental problem of communication points in
the sound completely or choose another point on the
news. If the channel is noisy, it is not generally
possible to restore the original message or any

process on the transfer of signals received signal
uncertainty.”



A Mathematical Theory of
Communications, BSTJ July, 1948

Das grundlegende Problem der Kommunikation
Punkte in den Sound komplett oder wahlen Sie einen
anderen Punkt auf die Nachricht. Wenn der Kanal ist
laut, es ist nicht generell moglich, die ursprungliche
Nachricht oder einen Prozess der Ubertragung von
Signalen wiederempfangenen Signals Unsicherheit

" The fundamental problem of communication

points in the sound completely or select a different
item on the news. If the channel is noisy, it is generally
not possible, the original message or a process of re-
transmission of signals received signal uncertainty.”



Relative Entropy

* The Relative Entropy between two

distributions p(X) and q(X) is defined as the

expectation of the logarithm of the ratio of
the distributions

Dp(X)| [a(X)] = E [log(p(X)/a(X))]



Relative Entropy
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