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Part D: Control System Design
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Open-loop and Closed-loop Control

a. Open – Loop

b. Closed – Loop
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Some History

Date Technology Problem People Method

300 – 0 BC Water clocks
Oil lamps

Pneumatica

Ktesibios
Philon

Heron of
Alexandria

16th – 17th

century
Temperature and
pressure regulators

Speed regulators

Cornelis
Drebbel
D. Papin
J. Watt
I. Polzunov

19 century Steam engine Stability

Stability

Maxwell

Ruth
Hurwitz

DE

1920 Ship Steering Stab/design Minorsky DE

1927-32 Feedback amps Stab/design Bode Nyquist LT

1930’s Power drives Stab/design Brown LT

1940’s Gun & radar syst. Stab/design Many LT



A4

1950’s Aircraft control

General theory

Stab/time resp.

‘Optimal’ control

Evans

Wiener
Pontryakin

Root
locus

C of V

1960s Aerospace Multivariable
State space
Optimal Control

Kalman
Bellman
Russian work

SS

1970s Industrial control Disturbance
rejection
Computational
methods & many
others

Many SS

1980s Industrial control Worst-case design
Plant changes
Robust control

Many Operator
theory

Comments:

• This is main stream – many other branches (computer control,
chemical process control, etc.).

• Recent work has confirmed that the techniques developed for
SISO systems by Bode, Nyquist, Evans & others are (when
intelligently used) capable of producing excellent designs.
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The Controller Design Process
Modeling

1. Model the system to be controlled.

2. Simplify the model, if necessary, so that it’s tractable.

3. Analyze the model & simulate if necessary; decide what sensors and
actuators are needed and where they should be placed.

4. (Usually) identify – by experiment – the values of model parameters.

5. Verify (by simulation and comparison with plant behavior) that the model
adequately represents the plant – if not, repeat from 1.

6. Decide on performance specifications.

Design

7. Decide on the type of controller to be used.

8. Design a controller to meet the specs; if impossible or overly complex,
repeat from 6.

Verification

9. Simulate the controlled system (computer model – step 1 – or pilot plant);
if unsatisfactory, repeat from appropriate point.

Implementation

10. Choose hardware & software; implement and test the controller.

11. Tune the controller on-line if needed; train operators and maintainers to
get best use out of the system.
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MATHEMATICAL BACKGROUND

Complex Number s =  � + j�

Complex Function G(s) = GR + jGI
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• G(s) is analytic in a region if G(s) and all its
derivatives exist in this region.

• Rational function:
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-zi: zeros, -pj: poles, m � n

Rational functions are analytic in the s-plane except at
isolated points called singularities.

Poles are singularities of G(s).
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Laplace Transforms

Consider f(t),  such that  f(t) = 0 for t < 0

( )[ ] ( ) ( )∫
∞ −==
0

£ dttfesFtf st

( )[ ] ( ) ( ) dsesFtftf
jc

jc

st∫
∞+

∞−

− ==
π2
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£ 1

£[f(t)] exists   if:

1. f(t) is sectionally continuous in every finite interval in
the range  t > 0

2. f(t) is of exponential order as t approaches infinity, i.e.,
there exists a real  and positive constant � such that

( ) 0→− tfe tσ
for  t �� and � > �c

where  �c    is the  abscissa of convergence.

Remark 1: ( ) 2tetf = for 0 � t � �

� does not have a Laplace transform

( ) 2tetf = for 0 � t � T < �  and
( ) 0=tf for  t > T

� does have a Laplace transform
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Remark 2:
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Laplace Transform Theorems

f(t) is a Laplace transformable function and

F(s)  its Laplace trasform

• ( ) ( )[ ] ( )sFetu sααα −=−⋅-tf£ u(t) : step
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Final value Theorem

( ) )(limlim
0

ssFtf
st →∞→

=

under the following assumptions:

• f(t) and ( )tf
dt

d
 are Laplace transformable

• ( )tf
t

lim
∞→

  exists

• F(s) analytic in Re(s) � 0 except for a single pole
at s = 0

Based on the Laplace Transform theorems:
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Initial value Theorem

( ) )(0 lim ssFf
s ∞→

=+

under the following assumptions:

• f(t) and ( )tf
dt

d
 are both Laplace transformable

• )(lim ssF
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From the Laplace Transform Theorems:
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Convolution
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Inverse Laplace transform
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2. Complex conjugate poles
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Solution of linear differential equations
using the Laplace transform

1. Take the Laplace transform of each term and convert the
differential equation into an algebraic equation. Obtain
the Laplace transform of the dependent variable.

2. The solution is obtained after inverse Laplace transform
of the dependent variable.

Example: Simple mechanical system
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Transfer function

ububyaya m

m

n
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Take the Laplace transforms
(assuming zero initial conditions)
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G(s) is the transfer function from U(s) to Y(s)

Block diagrams

Open-loop

G(s)
Y(s)U(s)

input output
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Closed-loop

Parallel

Y(s) = G1(s)X1(s) +G2(s)X2(s)

Series (Cascade)

Y(s) = G1(s)G2(s)X(s)

-

+
G(s)

C(s)

R(s)

“summing point”
  or error detector

“branch point”

G1(s)

G2(s)

Y(s)

X1(s)

X2(s)

+

+

G1(s) G2(s)
X(s) Y(s)
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Closed-loop

Feed forward transfer function: )(
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Feed back transfer function: )(
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Open-loop transfer function: )()(
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Closed-loop transfer function:
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=
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=

Output signal  C(s)

“branch point”

-

+
G(s)

C(s)

R(s)

“summing point”

H(s)

Reference signal  R(s)

E(s)

Error signal
Feed forward path

B(s)
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Closed-loop subjected to disturbance
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Reference signal R(s)

E(s)

Error signal

G2(s)

N(s)
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Block Diagram Reduction

(a) Multiple-loop system;
(b) -(e) successive reduction of the block diagram

shown in (a)
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Signal flow Graphs (SFG)

A Signal Flow Graph (SFG) is a diagram which represents a set

of simultaneous linear equations.

It consists of a network in which nodes are connected by

directed branches.

Example:

3413 bcxdxabxx ++=

Note that summations are taken over all possible paths
from input to output
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Definitions:

Node: Point representing a variable or a signal.

Branch: Gain between two nodes

Source: A node without outgoing branches (input
node)

Sink: A node with incoming branches only (output
nodes)

Mixed node: Both incoming + outgoing branches

Path: Connected branches in the direction of the
branch arrows. If a node is crossed more
than once, it is closed.

Forward path: From input node to output node without
crossing nodes more than once.

Loop: Closed path.

Non touching loops: Loops that do not possess common nodes.
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Block diagrams and corresponding signal flow graphs
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Properties of Signal Flow Graphs

1. A branch indicates the functional dependence of one signal

on another. A signal passes through only in the direction

specified by the arrow of the branch.

2. A node adds the signals of all incoming branches and

transmits this sum to all outgoing branches.

3. A mixed node, which has both incoming and outgoing

branches, may be treated as an output node (sink) by adding

an outgoing branch of unity transmittance. However, we can

not change a mixed node to a source by this method.

4. For a given system, the signal flow graph is not unique.

Many different signal flow graphs can be drawn for a given

system by writing the system equations differently.
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Mason’s Formula for Signal Flow Graphs

∑ ∆
∆

=
k

kkPP
1

P: Overall transmittance between input and output node.

�: determinant of path =
1  –   (sum of all different loop gains)
+ (sum of gain products of all combinations of 2 non-
touching loops)
- (sum of gain products of all combinations of 3 non-
touching loops)
+…..

∑ ∑ ∑ +−+−=∆
a cb fed

fedcba LLLLLL
, ,,

...1

Pk:  Gain of kth forward path

�k: Cofactor of the kth forward path.
�k  is determined as the determinant ∆ but with the loops
touching the kth forward path removed.
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STATE - SPACE  DESCRIPTION

Input - Output

Transfer Function

differential equation of order n

State - Space  Description

State vector [ ]x x x n
T= 1,...,

n differential equations of first
order

x Ax bu
.

= +

y cx du= +

State: A set of variables [ ]x t x t x tn
T

( ) ( ), .., ( )= 1  such that the knowledge

of these variables at t t= 0  together with the input u(t) for t t≥ 0

determines the behaviour of the system for any time t t≥ 0 .

Minimal state: A set of variables x(t) with n minimal.

SISO (Single Input Single Output) system description:

x Ax bu
.

= + x: state vector
y cx du= + y: output

u: input

A: system matrix
b: input vector
c: output vector
d: direct input/output transmission
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Example:

++ 

--

L
di
dt

Ri v vc+ + =

[ ]x i t v tc
T= ( ), ( )

y v tC= ( )
u = v(t)

C
dv
dt

ic =

x Ax bu
.

= +
y cx du= +

State-space description

x
di

dt
cdv

dt

R

L L

C
A

i

v L

b

c

.
=













=

− −





















+













1

1
0

1

0
v

[ ] [ ]y v

c
v

d

vc
C

= =








 +0 1 0

i

Input-Output:

G s
V s
V s

C( )
( )

( )
=  from the above equations.

G(s)= d+ c (sI - A)
−1

b

Remark: One could also choose for state variables

z v t Ri tC1 = +( ) ( )
z v tC2 = ( )

Choice of state variables is not unique.

Minimal number of state variables = order of system =
order of differential equation

is unique.
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Nonuniqueness of State-Space Realizations:

x Ax bu
.

= +
y cx du= +
⇓
x Tz= z new state:

T : similarity transformation
det T≠  0

z T ATz T bu
.

= +− −1 1

y cTz du= +

z A z b u
.

= +1 1

y c du= +1 z

A T AT1
1= −

b T b1
1= −

c cT1 =

Example (from previous page):

z

z

R x

x
1

2

1

2

1

0 1







=













T  x=

-1

=
−





1 1 1

0
T

R R
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CONTINUOUS STATE-SPACE EQUATIONS

x Ax bu
.

= + x ∈ nR

y cx du= +

(t) (t) (t)(t)

STATE-SPACE REPRESENTATIONS OF CONTINUOUS SYSTEMS

Observable Canonical Form

G s
Y s

U s

b s b

s a s a

b b s b s

a s a s

n
n

n n
n

n
n

n
n( )

( )

( )

...

...

...

...
= =

+ +
+ + +

=
+ + +

+ + +−

− −

− −
0

1
1

0 1
1

1
11

Y s b U s s a Y s b U s s a Y s b U s s a Y s b U sn
n n( ) ( ) [ ( ) ( )] [ ( ) ( )] ... [ ( ) ( )]= − − −− − −

0
1

1 1
2

2 2- -- -

Y s b U s s b U s a Y s s b U s a Y s s b( ) ( ) { ( ) ( ) ( ( ) ( ) ( ...))}= + − + − +− − −
0

1
1 1

1
2 2

1
3

Y s b U s X sn( ) ( ) ( )= +0
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X s s b U s a Y s X sn n( ) [ ( ) ( ) ( )]= − +−
−

1
1 1 1

X s s b U s a Y s X sn n−
−

−= − +1
1

2 2 2( ) [ ( ) ( ) ( )]

:

X s s b U s a Y s X sn n2
1

1 1 1( ) [ ( ) ( ) ( )]= − +−
− −

X s s b U s a Y sn n1
1( ) [ ( ) ( )]= −−

replace Y(s) in the above equations with Y s b U s X sn( ) ( ) ( )= +0  and transform

them in the time domain

x x a x b a b un n n

.
( )= − + −−1 1 1 1 0

x x a x b a b un n n

.
( )− −= − + −1 2 2 2 2 0

x a x b a b un n n n

.
( )1 0= − + −

and

x

x

a

a

a

x

x

b a b

b a b
n

n

n

n

n n
.

:

:

:
.

... ...

:

:

...

:

:

:

:

:

:

1

1

1

1 0

1 1 0

0 0

1

0

0

0 0 1

























=

−
−

−













































+

−























−

−

u

[ ]y

x

x

b u

n

, ... ..., ,

:

:

:

=























+0 0 1

1

0
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Special Case (Observability Canonical Form)

y a y a y a y un n
n n

( ) ( ) ...
.

+ + + + =−
−1

1
1

Define the following state variables:

 x y x y1 2= =, ,
.

. . . ,  x yn
n= −( )1

Then

x x x x x xn n

.
,

.
, ...,

.
1 2 2 3 1= = =−

x a x a x un n

.
...1 1= − − − +n= y(n)

and

x Ax bu= +
.

y = cx+du

where

x

x

xn

=























1

:

:

:

A

a a an n

=

− − −





















−

0 1 0

0 0 1

0 1

1 1

... ...

:

: . :

... ...

b =























0

0

1

:

:

[ ]c = 1 0 0.. and d = 0
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Observability Canonical Form

y a y a y a y b u b u b u b un n
n n

n n
n n

( ) ( ) ( ) ( )...
.

...
.

+ + + + = + + +−
−

−
−1

1
1 0 1

1
1+

Define states:

x y u1 0= −β

x y u u x u2 0 1 1 1= − − = −
. . .

β β β --> x = x +    uβ2 11

.

x y u u xu3 0 1 22
= − − =

.. .. . .
β β −β u−β2

:

x y u u x un
n n

n n n= − − − = −− −
− − −

( ) ( ) ...
.

1
0

1
1 1 1β β β

u�xa...xaxax nn121n1nn +−−−= −�

β0 0= b
β β1 1 1 0= −b a
β β β2 2 1 1 2 0= − −b a a
:
β β β βn n n n nb a a a= − − − −− −1 1 1 1 0...

and

x Ax bu
.

= +

y = cx + du

 A and c as in the previous case,

 

[ ]b d

n

=
















=
β

β
β

1

0:
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Special Case:

Observability Canonical Form

Comments:

- Choice of state variables is not unique

- Infinite many possibilities for a state-space description of a dynamic system
described by a differential equation.

- Forms with special structure (like the above) are called canonical forms.
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Input-Output Description from State-Space Description

x Ax bu
.

= +

y cx du= +

sX(s)=AX(s)+bU(s)

(sI-A)X(s)=bU(s)

X s sI A bU s( ) ( ) ( )= − −1

Y s
U s

c sI A b d
( )
( )

( )= − +−1

Y s c sI A b d U s( ) [ ( ) ] ( )= − +−1

 Matrix inversion, special case n=2

use A
a b

c d A

d b

c a
−

−

=








 =

−
−











1
1

1
det
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Mathematical Models

Model: The mathematical description of the dynamic
characteristics of a system.

• Simplicity versus accuracy

• Time-variant versus time-invariant

• Linear versus nonlinear

• Linear systems are described by linear

differential equations.

• Nonlinear, such as

( ) xA
dt

dx
x

dt

dx

dt

xd
sin1

2

2

2

=−+




+

are more complicate.

Examples of mathematical modes of nonlinear dynamic systems
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Real Systems are nonlinear and time variant.  However,
linear time-invariant approximations

around an operating point
are usually good approximations.

Mathematical Models of Simple Systems

Translational Mechanical Systems

Newton’s Law:  mass x acceleration =  � Forces

Spring-mass-dashpot system mounted on a cart

( )uyk
dt

du

dt

dy
b

dt

yd
m −−





 −−=2

2
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ku
dt

du
bky

dt

dy
b

dt

yd
m +=++

2

which leads to the following transfer function:

( )
( ) ( )

kbsms

kbs
sG

sU

sY

++
+== 2

or to the following state-space model

u
m

k
u

m

b
y

m
+=++ ��

m
k

y
b

ÿ

α1 α2 b1 b2

Using
000 == bβ

m

b
ab =−= 0111 ββ

2

021122 




−=−−=

m

b

m

k
aab βββ

x1 � � � �0u =y

u
m

b
xu −== 1112  -x x �� β we obtain

u

m

b

m

k
m

b

x

x

m

b

m

k
x

x
⋅
























−

+


















−−=








2

2

1

2

1
10

�

� [ ] 







=

2

101
x

x
y
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Mechanical Rotational Systems

Mechanical rotational system

∑= TJa

                                            Torque
                            Angular acceleration

      Inertia

TfJ =+ ωω�     
( )
( ) fJssT

s

+
=Ω 1

Electrical Systems

RLC-Circuit

Simple RLC-circuit
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The transfer function can be obtained from

ie
LC

e
LC

e
L

R
e

11
000 =++ ���

( )
( ) 1

1
2

0

++
=

RCsLCssE

sE

i

or from

Electrical circuit

RLsZ +=1 LC
Z

1
2 =

( )
( ) 1

1
2

1

20

++
=

+
=

RCsLCsZZ

Z

sE

sE

ii

A state-space model is obtained using

01 ex =     02 ex �=     ieu =    10 xey ==

u
LCx

x

L

R

LCx

x
⋅












+



















−−=








1
0

1
10

2

1

2

1

�

�

[ ] 







=

2

101
x

x
y
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Loading effect in series connection

RC Circiut

The transfer function can be obtained from

( ) ieiRdtii
C

=+−∫ 1121
1

1

( ) 02
2

2212
1

11
edti

C
iRdtii

C
−=−⋅+− ∫∫

( ) ( )[ ] ( ) ( )sEsIRsIsI
sC i=+− 1121

1

1

( ) ( )[ ] ( ) ( ) ( )sEsI
sC

sIRsIsI
sC 02

2
2212

1

11 −=−+−

and

( )
( ) ( ) 1

1

112211
2

2211

0

++++
=

sCRCRCRsCRCRsE

sE

i
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Transfer functions of cascaded elements

( )
( ) ( ) ( )sGsG
sX

sY
21

1

2 =

Example:

Cascade of two non-loading RC Citcuits

( )
( ) ( ) ( )1

1

1

1

2211

0

++
=

sCR
K

sCRsE

sE

i

G1(s) G2(s)
Y2(s)X1(s) Y1(s) = X2(s)
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Note the difference in the transfer functions between

   the last and the previous circuit:

Cascade of two loading RC-Circuits

( )
( ) ( ) 1

1

112211
2

2211

0

++++
=

sCRCRCRsCRCRsE

sE

i
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Operational Amplifiers

Operational amplifier

)( 120 eeKe −=  (K is ~ 104)

Inverting amplifiers

Inverting amplifier

1
1

'

R

ee
i i −

=
2

0
2

'

R

ee
i

−
=

Since    i1 = i2 ,    e0 = -K (0 – e’)    and    K >> 1,

it follows that    e’ = 0    and

ie
R

R
e

1

2
0 −=
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Non-inverting amplifier

Non-inverting operational amplifier

0
21

1
0 e

RR

KR
Kee i +

−=

0
21

1 1
e

KRR

R
ei 





+

+
=

Since   K>>1  (K is ~ 104),    and     KRR

R 1

21

1 >>
+

ie
R

R
e 





+=

1

2
0 1
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First order circuit

First order lag circuit using operational amplifier

Since the current flowing into the amplifier is negligible

1
1

'

R

ee
i i −

=
dt

eed
Ci

)'( 0
2

−=
2

0
3

'
R

ee
i

−=

i1 = i2 + i3

Hence,
( )

2

00

1

'''

R

ee

dt

eed
C

R

eei −
+

−
=

−

Since e’ = 0, we have

2

00

1 R

e

dt

de
C

R

ei −−= and 
( ) ( )sE

R

CsR

R

sEi
0

2

2

1

1+
−=

leading to
( )
( ) 1

1

21

20

+
−=

CsRR

R

sE

sE

i
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Electromechanical systems

Armature controlled DC Motors

Schematic diagram of an armature-controlled DC motor

Ψ: Air � ������ ��� ���� 	�

���
 ���
�����

T: Torque
eb: Voltage induced in the armature due to rotation
ia, if; Armature and field currents

ff iK=Ψ and ataffa iKiiKKiKT ==Ψ= 11

)(
)(

tK
dt

td
Ke bbb ωθ ==

For the armature circuit, we have:

sabaa
a

a VeeiR
dt

di
L ==++
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For the mechanical part we have:

at iKT
dt

d
f

dt

d
J ==+ θθ2

The Laplace Transforms of the above three equations lead to

( ) ( )sEssK bb =Θ

( ) ( ) ( ) ( )sEsEsIRsL abaaa =++

( ) ( ) ( ) ( )sIKsTsfsJs at==Θ+2

and after eliminating Eb(s) and Ia(s), we have:

( )
( ) ( )[ ]btaaaa

t

a KKfRsJRfLJsLs

K

sE

s

++++
=Θ

2

For most small motors  0=aL     �   ignore it.

Using ( ) ( )sss Θ=Ω   and  ( ) ( )sVsE sa =

( )
( ) m

m

btaa

t

s s

K

KKfRJsR

K

sV

s

τ+
=

++
=Ω

1

where

bta
m KKfR

K
K

+
=

bta

a
m KKfR

JR

+
=τ
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(a) Schematic diagram of armature-controlled DC motor
(b) Block diagram obtained from Eqs.
(c) Simplified block diagram.
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State-space description of armature controlled DC Motors

Form 
( )
( ) ( )1+

=Θ
ss

K

sE

s

m

m

a τ

we have

a
m

m

m

e
K

τ
θ

τ
θ =+ ���

1

Using the state variables

x1= �     and     θ�=2x
and

u = ea    and    � � � � �1

we obtain the  following state-space model:

a

m

m

m

eK
x

x

x

x












+



















−=









ττ

0
1

0

10

2

1

2

1

�

�

[ ] 







=

2

101
x

x
y
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Positional DC servo system

a) Simple, low-cost positional servo system.
b) High-speed, high-precision positional servo system.
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Electronic motion control of DC servomotors

a) High-speed, high precision postional servo system with speed
control using a servodriver, servomotor combination.

b) Functional diagram of a servodriver.
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 Linear approximation of non-linear systems

Consider the system described by:

y = f(x) where y: output
x: input

 ( )yx, : operating point

The Taylor series expansion of y around ( )xx −  gives

( ) ( ) ( ) ...
)(

!2

1)( 2

2

2

+−







+−



+=

==

xx
dx

yfd
xx

dx

ydf
xfy

xxxx

For small ( )xx −   higher order derivatives are 0 and

( )xxkyy −+=

is the linear approximation of the non-linear system

where

( )xfy =

xxdx

ydf
k

=
= )(
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Consider the system

y = f(x1,x2) where y: output
 x1,x2: inputs

( )( )yxx 21, : operating point

The Taylor series expansion gives

( ) ( ) ( ) .....
),(),(

, 22
2

21
11

1

21
21

22

11
22

11

+−












∂

∂
+−








∂

∂
+=

=
=

=
=

xx
x

xxf
xx

x

xxf
xxfy

xx
xx

xx
xx

Since higher order terms can be considered 0

( ) ( )222111 xxkxxkyy −+−+=

where

( )21 , xxfy =

( )

22

111

21
1

,

xx
xxx

xxf
k

=
=∂

∂=

22

112

21
2

),(

xx
xxx

xxy
k

=
=∂

∂=
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Example:

Schematic diagram of a hydraulic servomotor

Q : Rate of flow to the power cylinder

12 ppp −=∆ : Pressure difference in the two power

cylinders

x : Displacement of pilot valve

The relationship among the above variables is given by the
nonlinear equation:

( )pxfQ ∆= ,

The linearized equation at ( ) ( )0,0,0,, =∆pxQ  is given by

( ) ( )ppkxxkqQQ ∆−∆−−==− 21
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where

pp
xxx

pxQ
k

∆=∆
=∂

∆∂= ),(
1

pp
xxp

pxQ
k

∆=∆
=∆∂

∆∂= ),(
2

This gives

0, 2121 >∆−= kkpkxkQ

Using Q dt = A p dy where A: Piston area
p: Oil density
dy: Displacement of

mass
follows






 −=∆

dt

dy
Apxk

k
p 1

2

1

The force developed by the power piston is given by:






 −=∆

dt

dy
Apxk

k

A
pA 1

2

This force is applied to the mass m and including friction gives:





 −=+

dt

dy
Apxk

k

A
yfym 1

2
���

where

f:  friction coefficient
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This gives:

x
k

Ak
y

k

pA
fym

2

1

2

2

=





++ ���

Using

where X(s)  is the input
Y(s)  is the output

( )
( ) ( )1

2

2
22

2

1

+
=






 ++
=

Tss

k

s
k

pAfk
ms

k

Ak

sX

sY

with

pAfk

Ak
k

2
2

1

+
=

pAfk

mk
T

2
2

2

+
=

( )sXx •−−�

( )sYy •−−�


