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ROOT LOCUS

Consider the system

R(S) 8 E(s) " G(s) C(S)>
T H(s)

C(s) K-G(s)
R(s) 1+K-G(s) H(s)

Root locus presents the poles of the closed-loop system

when the gain K changes from 0 to

|K-G(s)-H (s)F1  Magnitude Condition

1+K~G(s)~H(S)=O:>{

£G(s)-H (s)=%180"-(2k+1) Angle Condition
k=0,12,...



Example:

K
s-(s+1])

K-G(s)-H(s) =

1+K-G(9-H(s) =0 = s*°+s+K=0

B 1
S1, = _E
Angle condition:
£ K =—/S—/s+1=—(180-6,) - 6,=180
s-(s+])
A s-plane
K=1
K=0 K=0
-1 AN
K=1/4




C3

Magnitude and Angle Conditions

K.G(s)-H(S) = K-(s+2)
(S+ pl) '(S+ pz) (S+ ps,) (S+ p4)
K.-B
|K-G(s)- H(s)| = . =1
Ar-Ap- Az Ay

Z39-HO = ¢-6-6,-6-6, = +180-(2k+])
for k=0,1, 2, ...

Test point
s

Jje 4

=1 §



Construction Rules for Root Locus

Open-loop transfer function:

_ B
KH(s) -G(g = KA(s)

m: order of open-loop numerator polynomial

n: order of open-loop denominator polynomial

Rule 1: Number of branches

The number of branches is equal to the number of poles
of the open-loop transfer function.

Rule 2. Real-axis root locus
If the total number of poles and zeros of the open-loop

system to the right of the s-point on the real axis is odd,
then this point lies on the locus.

Rule 3: Root locus end-points
The locus starting point ( K=0 ) are at the open-loop poles

and the locus ending points ( K= ) are at the open loop
zeros and n-m branches terminate at infinity.



Rule 4. Slope of asymptotes of root locus as s
approaches infinity

\

Asymptote

Y Real

>
/Ga

+180°-(2k + 1)
n—m ’

Y = k = 0,1,2,..

Rule 5. Abscissa of the intersection between
asymptotes of root locus and real-axis

n m
D - ea)
_ i=1 =1

n-m

Oa

(- pi ) = poles of open-loop transfer function
(- zi ) = zeros of open-loop transfer function

C5
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Rule 6: Break-away and break-in points
From the characteristic equation
f(s)=A(9+K-B(s)=0

the break-away and -in points can be found from:

&K _ _A(9:BO-AE-BE _ |
ds B%(s) B

Rule 7: Angle of departure from complex poles or
zeros

Subtract from 180° the sum of all angles from all other
zeros and poles of the open-loop system to the complex
pole (or zero) with appropriate signs.

Rule 8: Imaginary-axis crossing points

Find these points by solving the characteristic equation
for s=jo or by using the Routh’s table.
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Rule 9. Conservation of the sum of the system roots

If the order of numerator is lower than the order of
denominator by two or more, then the sum of the roots of
the characteristic equation is constant.

Therefore, if some of the roots more towards the left as K
IS increased, the other roots must more toward the right
as K in increased.
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Discussion of Root Locus Construction
Rules

Consider:

R(S) X E(s) " G(s) C(S)>
T H(s)

m

Zh .Sm—i
K-H(s)-G(9) =K B _ i . 1=
A(S) Zai .Sn—i

i=0

m: number of zeros of open-loop KH(s)G(s)

n: number of poles of open-loop KH(S)G(S)

Characteristic Equation: f(s)=A(9 +K-B(s) =0
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Rule 1: Number of branches

The characteristic equation has n zeros —
the root locus has n branches

Rule 2: Real-axis root locus

Consider two points s; and s> :

S{cp1=180, ¢2=0= 03, ¢4+¢5 = 1802
1 p1+92-03+04+95 = 3180

82{ ¢ =180, @2 =180, ©3=0, @4+¢5=360
G1TP2—03+P4+P5 =

Therefore, s;1 is on the root locus; S, iS not.



Rule 3: Root locus end-points

Magnitude condition:

m
I (s+z)
}@ 1 =1
AL s )
=1

K=0 open loop poles
K=< m open loop zeros

m-n branches approach infinity

Rule 4. Slope of asymptotes of root locus as s
approaches infinity

KBS _
A(s)
: K-B(s) _
IS'ID xS Islﬁrpsn_m = -1
7" = —K for s—»

Using the angle condition:

,IYM_ K —+180- (2-k+1) ’ k:l, 2, 3, Sy

or

C10
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(n—m)-£s=1180-(2-k+1)

leading to
_ #180°-(2-k+1)

n—m

ZS= Y

Rule 5. Abscissa of the intersection between
asymptotes of root-locus and real axis

m

S+ Y p+..+]lln
A(s) _ ; =1 - _k

B(s) "+ Y z+..+]]z

i=1 i=1

Dividing numerator by denominator yields:
m n
s> z-Dp s+ = —-K
i=1 i=1

For large values of s this can be approximated by:

-m

Yz->np
S_i:l i=1

n-m

- _K

The equation for the asymptote (for s—«) was found in
Rule 4 as
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this implies Ca=" =

Rule 6: Break-away and break-in points

At break-away (and break-in) points the characteristic
equation:

fs) = AS)+K-B(s) = O

has multiple roots such that:

df(s) ' L dA(®s)
s =0 = A(S+K-B(s) =0 (A()_ S)
= for k=--218) , f(s) has multiple roots

B (s)
Substituting the above equation into f(s) gives:

AS)-B(9)-A(9-B(s) =
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Another approach is using:

AlS)
- B(s) from

f(s)=0

This gives:

dK _ A(s)-B(s)—Als)-B(s)

ds B*(s)

and break-away, break-in points are obtained from:

dK

— =0
ds

Extended Rule 6:

Consider
f(s) = AlS+K-B(s) = 0

_ _A8)
- B(S)

If the first (y-1) derivatives of A(s)/B(s) vanish at a given point
on the root locus, then there will be y branches approaching and
y branches leaving this point.

The angle between two adjacent approaching branches is given

by:

and

by =+
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The angle between a leaving branch and an adjacent
approaching branch is:

0 - i1800

’ y

Rule 7: Angle of departure from complex pole or zero

03
, = 90

; = 180 —(6,+6,—0)

)

Rule 8: Imaginary-axis crossing points

Example: f(s) = S+b-s°+c-s+K-d=0

83 1 C For crossing points on the Imaginary axis:
s b Kd « _ be

s’ | (bc-Kd)/b b-c-K-d=0 = )
S Kd Futher, b-S"+K-d=0 leading to

. |[K-d :
S12 = i‘j-JT = 1 ]O
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The same result is obtained by solving f(j@w)=0.

Rule 9. Conservation of the sum of the system roots

From
n
AS)+K - B(s):H(s+ )
i=1
we have
n m n
H(s+ p;j)+ K -H(s+ri ):H(s+ri)
i=1 i=1 i=1
with

n
A(s)= (S+ pj) B(s)= (s+ zj)
li;[ and H

i=1

By equating coefficients of s"™* for n = m+ 2, we obtain
the following:

Sum of open- n n Sum of closed-
loop poles Z— Pi = Z—ri loop poles

l.e. the sum of closed-loop poles is independent of K !



Table 6-1 Open-Loop Pole-Zero Configurations and the
Corresponding Root Loci

jo

oy

7N

qY

N

74\

I

joi

jw

Jjo A

Jjo k

Section 6-3 / Summary of General Rules for Constructing Root Loci
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Effect of Derivative Control and Velocity
Feedback

Consider the following three systems:
Positional servo.

R{s) N Cls) -
Closed-loop poleS: 5 56 * Position
s=-01%j-0995 (a)

System [

Pos_itio_nal servo with s Py B s s I 1) 0(s)
derivative control. (b)
Closed-loop poles:
s=-0.5%j-0.866 System IT
Positional servo with £ s —fem—"
velocity feedback. (c)
Closed-loop poles: 1+ 06s
s=-05 i] -0.866 System IT
)
. Gi(s) =
Open-loop of system I: (S) s-(5-s+1)
_ 5:(1+08s)

Open-loop of systems Il and II: G(s) = S-(5-S+ 1)



Root locus for the three systems

jo 5

4,

a) System |

Closed-loop zero 10 &

b) System I

C18
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Open-loop zero 10 &

c) System |l

Closed-loop zeros:

System I: none
System Il:  1+0.8s=0
System Ill:  none

Observations:

e The root locus presents the closed loop poles but
gives no information about closed-loop zeros.

e Two system with same root locus (same closed-loop
poles) may have different responses due to different
closed-loop zeros.
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Unit-step response curves for systems I,Il and Il :

c(l)ﬁ
1.8

L6

1.0

System 1
0.8

0.6 System I

0.4 System I

0.2

The closed-loop transfer function of System IIL is

Cyu(s) 1 ]
Ry = 03 T J0866) + 03 —j0.360)

For a unit-impulse input,

70.577 —j0.577
C(s) = 5705 10866 5+ 0.5 — j0.866

The unit-step response of system Il is the fastest of the
three.

This is due to the fact that derivative control responds
to the rate of change of the error signal. Thus, it can
produce a correction signal before the error becomes
large. This leads to a faster response.
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Conditionally Stable Systems

System which can be stable or unstable depending on

the value of gain K.

R(s)

K —»G(s)

C(s)>

unstable

)

stable

/,Xa

¥~ unstable

Minimum Phase Systems

All poles and zeros are in the left half plane.
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Frequency Response Methods

X(t) y(0)

> G(9) >
X(s) Y(s)
X(t) = Xsin(wt) X(s) = saf;
X a 3 b
Y = 68 X6 = 66 Sra’ s+jco+s—jcoJr - s+|s

yt) = ae’*' +ae* + > he®
stable system <= Rg—§) < 0 forall i

o oo = Yt) = ae ' +ae”"

0 X XG(=]j )
a = G(s S+ = — .
( ) SZ‘/'(DZ ( .l %(S__Jw) 2]

_ ® X . X G(j ®)

a = G(s) S—|® =1
(92, 3(s-i0) T

(s=jw)



Cc23

G(iw) = |G(jw)|-&° _ (M)
(jo) = |G(j )] 0 = | Coian

and

G(-jw) = |G(jw)| e'*
J(@tHg) _ (@t
2)

y() = X|qj)-

Input x(#) = X sin wt

/

¥ ¢ > 0 phase lag
M m m N ¢ < 0 phase lead
VA VAN .Y

\u ut y(r) = ¥ sin (et + ; _ Y(J )
Qutput (1) = ¥ sin (et + ¢) G(jw) = —X(jw)
Gliw)| = | ——= _
| (J )l ‘X(J 0)) Magnitude response
. Y() w)
o = Z£(G =/
( (J Ct))) X(j ] )) Phase response

= Y-sin(t +¢
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Connection between pole locations and Frequency Response

Jor g K(s+2)
G = ——
" g s(s+ p)
e . |K|-|jo +2|
e G -
% Gl liow]||io+p|

|
o
|
N
o]
9y
N
Q)
-
S
N’
[
S
|
R
|
>
N

‘ Determination of the frequency
response in the complex plane.

Frequency Response Plots

e Bode Diagrams
e Polar Plots (Nyquist Plots)
e Log-Magnitude-Versus-Phase Plots (Nichols Plots)
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Bode Diagrams

e Magnituderesponse  |G(j o)
20logd G(jw)| indB

e Phaseresponse £ G(jm) in degrees

Basic factors of G(j):

e GainK
e Integral or derivative factors (j(o)i1

.
e Firg-order factors (1+ joT)

5\l
_ 1+2jj—w+ o
e Quadratic factors oy | o

1. Gain Factor K

Horizontal straight line at magnitude 20 log(K) dB

Phaseis zero



2.
o (jo)’
20Io4_—1‘ = —20logw
jo
magnitude:
phase: -90°
¢ (jo)

20lod jw| = 20logw
magnitude:

phase: +90°

Slope = 20 dB/decade

_f—————
—_
=) .

100

| |

(a) Bode diagram
of G(jw) = ljw;

(b) Bode diagram of
G(jw) = jw.

1 10

Bode diagram of
G(jw) = ljw

@
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Integral or derivative factors (jco)i 1

straight line with slope —20 dB/decade

straight line with slope 20 dB/decade

dB }

Slope = 20 dB/decade

| ]
10 100 o

|
&

0° | | | -
0.1 1 10 100 w

Bode diagram of
Gjw) =jw

)
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3. First order factors (1+ j(oT)i 1

. 1+ joT)"?
Magnitude:
20log : =—20logV1+ w?T? dB
1+ JoT

for w<<T ' = 0 dB magnitude

for o>T' = —20log(wT) dB magnitude

Approximation of the magnitude:
1
for ® between0and @ = T O dB

1
for o >> T straight line with slope —20 dB /decade

Phase:

Z(1+joT)” = —tan (aT)
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10 ; ; 2 ; :
A;Symptdte Corner frequency
0 Y
——
dB / \'——— Asymptote

Exact curve \

. N
N

00
\
. ¢ —45°
Log-magnitude curve
together with the as- S~
ymptotes and phase —90° I " " " 1 5
angle curve of wF Wr s aw T r T T T
V(1 + joT). "
- +1
e (1+joT)
: , 1
Using 20log|l+joT| = —20log|———
1+ JoT
: 1 1
L+ joT) = tan (0T) = - L|——
1+joT
dB &
40 |-
Exact curve
20r+——-—————r——""""5 1 \
| Asymptote
0 . E
—20 |— Asymptote i i
~40 ! } : .
001 o1 1L 10  w
T T T T
¥\
90°

the asymptotes and phase-angle
T curve for 1 + jwT.

0° i/{ | Log-magnitude curve together with
. w
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4. Quadratic Factors

1

] 2
a)n a)n
Magnitude:

2
. wz 2 - 2
20log| G(jw)| = —ZO'OQJ[l_wZn] _[Zj[wn]]
for

w<<w, = 0dB
for

G(jw)=

O<¢c<1

2
®>> 0 = —20Iog( @ ) = —40Iog(£] dB
@ n )

p=tan™ £G(jw)=—tan™

Resonant Frequency:

(L)T:(I)n\/l_zg2

Resonant Peak Value:

I\/ITz‘(-;(ja))‘max=

1

2£64/1-¢*
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20
10
dB 0
Log-magnitude
curves together with -10
the asymptotes and
phase-angle curves
of the quadratic 0°
transfer function
¢ —90° }—
= \\ :
\
—180° |-
0.1 0.2 04 06081 2 4 6 8 10
w
@n
Example:
: 10(jw + 3)
G(lo)

) (ja))-(ja)+2).((jw)2+ ja)+2)

75 (jg’) +1
G(jw)=

. . 2 .
] J—w+1 (Jw) +Jw+1
2 2 2




40 T T T T TT] T —T T T T T

~ Exact curve N

20 ‘-i"\\/ ’@ ]

/ \\ A

2 G(jw) \ _=#

— \ -
-~ -
dB 0 =T = "“"'\ 3)_|
N (@
. N _
N

ol 6\

—40 Lol L [ A
0.2 04 060381 2 4 6 810

90° T T T T T T T T T T 17

o° /
b —90° S

—180° é} —

270° by gyl L
0.2 04 06081 2 4 6 8 10

C31

Bode diagram of the system consid-
ered in Example 8-1.
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Frequency Response of non-M inimum Phase systems

Minimum phase systems have all poles and zeros in the left half s-plane
and were discussed before

Ju Juk

S N S — 3 o— =
1 1 T 1 o
T 7 1 T
_1+7s 1=7s
Gils)=173 Tys Gals) =1 +7y5

Pole-zero configurations of a minimum phase svstem Gy () and
nonminimum phase system a(s).

Consider

A1(S)=1+Ts Ay(s)=1-Ts Ag(s)=Ts-1
then

[Ar(jo)| = |Az(jo) = [Ag(jo)

ZPo(Jo) = — LA (jw)
ZA3(Jo) =180 — Ay (jw)
Weknow that  phase of A(jow) from 0°to +90°

-  phaseof A(jw) from 0°to -90°
phase of As(jw) from 180°to +90°
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Phase-angle charac-
teristics of the sys-
tems Gi(s) and Ga(s) _gge

-180°

s Y

Phase-angle characteristic of the two systems G;(s) and G,(s) having
the same magnitude response but G,(s) is minimum phase while Gx(S)
IS not.

Frequency Response of Unstable Systems

Consider

1 1 1

(3 S)=—— (3 S) =
1+Ts 2(8) =77 3 =751

Gi(s) =
then

Gi(jo) = [Go(jw) = [Ga(jw)

ZGy(jo) = -2 Gy(jo)

£ Gy(jo) = —180°— £ G(jo)

Weknow that  phase of Gi(jw) from 0°to -90°
-  phaseof Gx(jw) from 0°to +90°
phase of Gs(jw) from -180°to -90°
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Relationship between System Type and L 0g-
M aagintude curve

Type of system determines:
o the dope of the log-magnitude curve at low frequencies
e for minimum phase, also the phase at low frequencies

TypeO

Position Error Coefficient Kp # 0

dB 4
—20 dB/decade

20 log K, /

—40 dB/decade

yrd

O - -
w in log scale

o Sopeat low frequencies: 0 db/decade
e Phase at low frequencies (minimum phase): 0°

lim G(jo) = Kp

®n—0
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Typel

Velocity Error Coefficient Ky#0 (Kp = oo)

Ky = limjoG(jo)

w—0
. K
G(jo) = J—O\D/ for w<<1
KV
20logK, = 20Iogj— for w=1
)

dB 4

—20 dB/decade

w in log scale

—40 dB/decade

e Slope at low frequencies. -20 db/decade
e Phase at low frequencies (minimum phase): -90°



Type?2

Acceleration Error Coefficient K,

K= lim (jo )?G(jw)=0

w—0
(Kp: Ky =)
| K
G(jw) = (0)2 for @< 1
20logK, = 20log (jo)a)z for =1

dB 4
- 40 dB/decade

N

—60 dB/decade

1J)A/ 20 log K,

- ~20 dB/decade

[

win log scale

e Sopeat low frequencies. -40 db/decade
e Phase at low frequencies (minimum phase): -180°

C36
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Polar Plots (Nyqguist Plots)

Im 4

[« Re[G(jw)] —= G(ja)) - |G(jw)|*46(ja))

w3

N T Re =Re[G(jow)]+Im[G(jw)]

Im[G(w)]
G(jw) — l

Advantage over Bodeplots:  only one plot

Disadvantage: Polar plot of G(]®)=G,(Jw)-G,(j®) ismore
difficult to construct than its Bode plot.

Basic factors of G(jw):

|ntegral or derivative factors (jco)i1
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First order factors (1+ j(x)T)i 1

: 1 :
G(jw) = Tt 0T = X+jY

1+ w*T? 1+w?2T?

It can be show that (X —0.5)2 +Y2 = (0.5)2

= Polar plot isacircle with
o Center (1/2,0) and
e Radius0.5.

(a) (b)




Quadratic Factors

G(jo)= R
1+2§j[“’ le) 15¢ >0
Wn Wn
Iirrcl)G(ja)) =1£0
lim G(jo) = 0~ —180°
W — oo

. 1
G(jo,)=——s 90
125

Im A

C39



wafio (2]

imG(jw) = 1£0
lim G(jo) = e0~180°
W —> oo

Im 4

C40
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Gener al shapes of polar plots

KA+ joTy)...A+ joTy)
(jo) A+ joTi).. A+ joTy)

G(jw)=

n = order of the system (denominator)

A = type of system A>0
m = order of numerator n>m
Im
Type 2 system
w=0
=
Re
Type O system

For low frequencies. The phase at @ — 0 is A(-90')

For system type 1, the low frequency asymptote is obtained by taking:
Re[G(jw)] for o — 0

For high frequencies: The phaseis: (n- m) (- 90°)
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Im 4 Im &
= 0 =0
P N
0 Re 0 Re
1 w ] w
o - ‘L 1+jwT [ *
! 0 jolT 0
Im } Im 4 T
Jjw —-h-—ct l+jwl — ®
w=0 w=0
A y
0 Rye 0 | Re
Im
. Im & iaT
(jw)2 W= 1+joT =
0 @ 0 R:e 0 1 Re
w=0
1
Imp 1o (1 +jwT) (1 +jaTs) (1 + joT3)
0 0 Re 1 .
w= -
1 +jwT Q w=0""] Re
1 +jwaTl
(a>=1)
W, 1+ jowl
Jol(jo)? + 2{w,(jo) + 0, jo(l +joTs) (1 + jwT3)
Im } Im &
> 0 Re
0 RC =00
=0
0 0




C43

L og-M agnitude-Ver sus-Phase Plots (Nichols Plots)

IGl in dB

IGlin dB

IGl in dB

20

0 !
10 @ G= _1_ —
Jjo
0
w=1
~10 10 —]
-20 =
—180° 0° 180°
/G
20
o
10 - f —
w=0 w
0
G=1+jwT
-10 |- —
20 | |
—180° 0° 180°
/G
20 T T T
G = G0 + 2w,(0) + &,
10 wn2 o
w=0 /
0 w
~10 I _
-20
—180° 0° 180°

G

IGlin dB

Gl in dB

IGlin dB

20

10 -

-180°

20

180°

10 -

—180°

20

OO
/G

180°

0
10—/
@

I [

1

G= - _
joll +jaT)

180°



Example:

Frequency Response of a quadratic factor

The same information presented in three different ways:

e BodeDiagram
e Polar Plot
e Log-Magnitude-Versus-Phase Plots

3 | — —— tm 4 ‘ o, 4 -
M, sk N
0 ¥ M,
| fah = o 0 *
5 “ !
=L w =)
E Re = 3
= =
2 -0} T D g _
g ]
[ w
\ _1a e + N
2900 =
IS L 1
t=3
—180° i I | — 180 -9 o
0.2, 0.5, ah, Ly pics

(a} () ]

Three representations of the frequency response of ——— ! —=, for £ = 0.
l’lJ'|

(a) Bode diagram; (b) polar plot; (c) log-magnitude versus phase plot.
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Nyquist Stability Criterion

The Nyquist stability criterion relates the stability of the
closed loop system to the frequency response of the open-
loop system.

R(s) + C(s)
G(s) >
H(s) —
Open-loop: G- H (S
Closed-loop: G

1+ G(S)- H(S)

Advantages of the Nyquist Stability Criterion:

e Simple graphical procedure to determine whether a
system is stable or not

e The degree of stability can be easily obtained
e Easy for compensator design

e The response for steady-state sinusoidal inputs can be
easily obtained from measurements
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Preview

Mathematical Background

e Mapping theorem

e Nyquist path

Nvquist stability criterion

Z=N+P

Z: Number of zeros of (1+H(s)G(s)) in the right half
plane = number of unstable poles of the closed-loop
system

N: Number of clockwise encirclements of the point
—1+j0

P: Number of poles of G(s)H(s) in the right half plane

Application of the Stability Criterion

e Sketch the Nyquist plot for ® € (07,)
e Extend to @ € (-o0,+0o0)

e Apply the stability criterion (find N and P and compute
Z).
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Mapping Theorem

The total number N of clockwise encirclements of the origin
of the F(s) plane, as a representative point s traces out the
entire contour in the clockwise direction, is equal to Z — P.

_ A9

F&=%6

P:  Number of poles, Q(s) =0
Z. Number of zeros, A(s) =0

s-plane F(s) plane

contour




[T 1T o
....... ,_ _-:\‘__ i

(a) (v}

Mapping for F(s) = s/(s+0.5), (Z=P =1)

fo n

C48

X

rI
o
O a)
0
s
{a)

Example of Mapping theorem (Z — P = 2).

fea v

(b}

&7

i

Qi

(b}

ml‘j
C AR d
r.f
(a)

Example of Mapping theorem (Z - P =-1).
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Application of the mapping theorem to stability

analysis
s-plane A F(s) plane
+Ho
/ Nyquist path
(the complete
right half plane
Is enclosed inside
the path)
>
3
3
o F(s)=1+G(s)H(s)

Mapping theorem: The number of clockwise
encirclements of the origin is equal to the difference
between the zeros and poles of F(s) = 1+ G(s)H(s).

Zeros of F(s) = poles of closed-loop system

Poles of F(s) = poles of open-loop system
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Frequency response of open-loop system: G(jo)H(jo)

‘ s-plane F(s)(=1+G(s)H(s))-plane , G(s)H(s)-plane
+o toIm
i i . .
R=co : 1+G(jo)H(jw)
Re
1 T T T 0 A A W -
! G(aH( o)
F(S)=1+G(S)H(S)
-jo :
I
"4 | GH Plane m GHPlane
0 1 Re 0 Re
8 1 + Gjw) H(jo)—
1+ Glfan Hij
+ Gl jo) H{je) N Gtjw) )

Frequency response of a type 1 system
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Nvquist stability criterion

Consider

R(s) + C(s)
G(s) >

H(s) D IE—

The Nyquist stability criterion states that:

Z=N+P

Z: Number of zeros of 1+H(s)G(s) in the right half s-plane

= number of poles of closed-loop system in right half s-

plane.

N: Number of clockwise encirclements of the point —1+j0

(when tracing from @ = -o0 t0 ® = +o0),

P:  Number of poles of G(s)H(s) in the right half s-plane

Thus: if Z=0 — closed-loop system is stable
if Z>0 — closed-loop system has Z unstable
poles

if Z<0 — impossible, a mistake has been made
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Alternative form for the Nyquist stability criterion:

If the open-loops system G(s)H(s) has k poles in the right
half s-plane, then the closed-loop system is stable if and
only if the G(s)H(s) locus for a representative point s tracing
the modified Nyquist path, encircles the —1+j0 point k times

in the counterclockwise direction.

Frequency Response of G(jow)H(jw)

for @ : (-o0,+0)

a) o : (07,+<0) : using the rules discussed earlier
b) ® : (0,-) : G(-jw)H(-jw) is symmetric with G(jo)H(jm)
(real axis is symmetry axis)

c) ®:(0,0"): nextpage
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Poles at the origin for G(s)H(s):

(..)

s’l(...)

G- He=

If G(s)H(s) involves a factor then the plot of G(jw)H(jo),

S/"L

for o between 0" and 07, has A clockwise semicircles of

infinite radius about the origin in the GH plane. These

semicircles correspond to a representative point s moving
along the Nyquist path with a semicircle of radius € around

the origin in the s plane.

Jer g
. GH Plane
+jm

Jo+

jo- yl

,jw
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Relative Stability

Consider a modified Nyquist path which ensures that the
closed-loop system has no poles with real part larger than

-Op .

G Plane

£ Flame

Figore 8-69
Modified Nyquist path.
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Phase and Gain Margins

A measure for relative stability of the closed-loop system is
how close G(jw), the frequency response of the open-loop
system, comes to —1+j0 point. This is represented by phase
and gain margins.

Phase margin: The amount of additional phase lag at the

Gain Crossover Frequency , required to bring the system
to the verge of instability.

Gain Crossover Frequency: o, for which

G{ja)ojzl
Phase margin: y=180° + £G(jo,) = 180°+ ¢

Gain margin: The reciprocal of the magnitude ‘G(ja)l)‘ at the

Phase Crossover Frequency m; required to bring the system
to the verge of instability.

Phase Crossover Frequency: ®; where LG(ja)l):—180°

Gain margin: Kg=_ L+
J Gliwy)

Gain margin in dB: Kg in dB= —20Iog‘G(ja)1]‘

Kg in dB > 0 = stable (for minimum phase systems)
Kg in dB < 0 = unstable (for minimum phase systems)
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; \ gain margin
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~180° - S
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phase margin
Stable system
Im
Positive
pain G plane
margin
fr——
l
- -1 4 Re
Positive
phase
margin
Gifja)
Stable system
Positive
phase
margin
+ . £
9 4
20
) { Posi_rivc
= gain
~| margin
2100 —180° 907
it;

Stable system

{a)

(b)

(c)

Negative
gain margin

| - S

iGlin dB

60"

531 —-180°

-270°

/

- e m . — —

Log w

Negative
phase margin

Unstable system

Im

Log w

Negative
phase margin

7 plane

|Glin dB
| el (D

=270

s
N

=1 Megative
[~ Eain
margin

G(e)

Unstable system

Re

Negative
gain
margin

)

i

~._ Negative
™~ phase
margin

—-180°
G
Unstable system

Figure: Phase and gain margins of stable and unstable
systems (a) Bode diagrams; (b) Polar plots; (c) Log-
magnitude-versus-phase plots.
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If the open-loop system is minimum phase and has both
phase and gain margins positive,

- then the closed-loop system is stable.

e For good relative stability both margins are
required to be positive.

e (Good values for minimum phase system:
e Phase margin : 30° — 60°

e Gain margin: above 6 dB
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Correlation between damping ratio and frequency
response for 2"% order systems

R(s) + On C(s)
s(s+2¢wp ) >
C(s) o’ C(io) o (©)
= o(m
R(s) % + 20wnS+ w2 R(i0) = M(o)- €

Phase marqin:

v = 180°+2G(jw) G(jw): open loop transfer function

2

| Wn

IG(jw):| jo(jo+ 2§a>n)| becomes unity for w1=wn\/\/1+ agt —2¢?
y:tan—l|: 2§wn}:tan_1 2
ane R e

- vy depends only on
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Performance specifications in the frequency

domain:

ot T n

R )

o:: Cutoff Frequency
O<w<wm:: Bandwidth

Slope of log-magnitude curve: Cutoff Rate

e ability to distinguish between signal and noise

. Resonant Frequency

¢ indicative of transient response speed

e @ = increase, transient response faster (dominant
complex conjugate poles assumed)

r = max|G(jm)| : Resonant Peak
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Closed-Loop Frequency Response

Open-loop system:  G(s)

. CO_ G
Stable closed-loop system: =
e Rs 1+G(S)
R(s) + C(s)
g G(s) >
%
A
Gs| _P
1+G(s) F?A
Im 4
—1 + 40 o _
P 8 ,qﬁr} Re
$—6
G /]
\G(fw}




Closed-Loop Freguency Response:

C10)__Ggo) jo
= =M-e
R(j) 1+ G(jo)

Constant Magnitude Loci:

Constant Phase-Anqgle Loci

Gljw)=X+jY > zel%=,

—— 1 =const
1T+ X+jY

(X+}é)2 +(Y+}/2N)2 :%+(%]2, N =tano
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 M=13 M=1 e
M=14

Figure:

A family of constant M circles.
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Im &

(b

Figure:

(a) G(jw) locus superimposed on a family of M circles;

(b) G(jw) locus superimposed om a family of N circles;
(c) Closed-loop frequency-response curves
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Experimental Determination of Transfer Function

e Derivation of mathematical model is often difficult and
may involve errors.

e Frequency response can be obtained using sinusoidal
signal generators.

Measure the output and obtain:
e Magnitudes (quite accurate)
e Phase (not as accurate)

Use the Magnitude data and asymptotes to find:

Type and error coefficients
Corner frequencies
Orders of numerator and denominator

If second order terms are involved, C is obtained from
the resonant peak.

Use phase to determine if system is minimum phase or not:

e Minimum phase: ®—> -« phase =-90 (n - m)
(n-m) difference in the order of denominator and
numerator.



