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Open-loop and Closed-loop Control

a. Open — Loop PARAMETER  DISTURBANCES

CHANGE
DESIRED INPUT l
OUTPUT OUTPUT
—» CONTROLLER —» —> ‘PLANT
b. Closed — L oop
DESIRED ERROR
OUTPUT OUTPUT

CONTROLLER p ACTUATOR L PLANT

SENSOR
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Some History

Date Technology Problem People Method
300-0BC Water clocks Ktesibios
Oil lamps Philon
Pneumatica Heron of
Alexandria
16th — 17" Temperatureand  Cornelis
century pressure regulators Drebbel
D. Papin
Speed regulators  J. Watt
|. Polzunov
19 century  Steamengine Stability Maxwell DE
Stability Ruth
Hurwitz
1920 Ship Steering Stab/design Minorsky DE
1927-32 Feedback amps  Stab/design Bode Nyquist LT
1930’s Power drives Stab/design Brown LT

1940’s Gun & radar syst. Stab/design Many LT



1950's Aircraft control Stab/time resp.

General theory ‘Optimal’ control

1960s Aerospace Multivariable
State space
Optimal Control

1970s Industrial control  Disturbance
rejection
Computational
methods & many
others

1980s Industrial control  Worst-case design
Plant changes
Robust control

Comments:
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Evans Root
locus

Wiener CofV

Pontryakin

Kaman SS

Bellman

Russian work

Many SS

Many Operator
theory

e Thisismain stream — many other branches (computer control,

chemical process contral, etc.).

e Recent work has confirmed that the techniques developed for
S SO systems by Bode, Nyquist, Evans & others are (when
intelligently used) capable of producing excellent designs.
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The Controller Design Process
Modeling

1. Model the system to be controlled.
2. Simplify the model, if necessary, so that it’s tractable.

3. Analyze the model & simulate if necessary; decide what sensors and
actuators are needed and where they should be placed.

4. (Usually) identify — by experiment — the values of model parameters.

5. Verify (by simulation and comparison with plant behavior) that the model
adequately represents the plant — if not, repeat from 1.

6. Decide on performance specifications.
Design
7. Decide on the type of controller to be used.

8. Design a controller to meet the specs; if impossible or overly complex,
repeat from 6.

Verification

9. Simulate the controlled system (computer model — step 1 — or pilot plant);
If unsatisfactory, repeat from appropriate point.

| mplementation
10.Choose hardware & software; implement and test the controller.

11.Tune the controller on-line if needed; train operators and maintainers to
get best use out of the system.
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MATHEMATICAL BACKGROUND

Complex Number S=o+jw
Complex Function G(s) = Gr + )G
dG(s) G(s+As)-G(s)

e G(s)isanalyticinaregionif G(s) and al its
derivatives exist in this region.

e Rational function:

KTT (s+ z
A KO
G(S)_ B()_ n
> 1I(s+p,)
j=1
-Z;: ZEros, -p;: poles, ms<n

Rational functions are analytic in the s-plane except at
isolated points called singularities.

Poles are singularities of G(s).
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L aplace Transforms

Consider f(t), suchthat f(t)=0 for t<O

E[f @)]=F(s)=] e™f(t)ct

£ (t)]= f(t)= % “"F(sktds

£]f(t)] exists if:

1. f(t) is sectionally continuous in every finite interval in
therange t >0

2. f(t) isof exponential order ast approaches infinity, i.e.,
there existsareal and positive constant ¢ such that

e '|f@)—> 0 fort—w and 0> 0

where o, isthe abscissa of convergence.

Remark1: f ()= e" for0<t< o

—> does not have a Laplace transform

f (t)=e' for0<t<T<w and
f ()= 0 for t>T

—> does have a Laplace transform
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oo

ELf®]= [ f@)ed

Remark 2: J
£ [1)]= ] e
£ [1O)=£,[ O+ [ 10"
£.and £. are equal iff
Ofe‘S‘ f()t =0
Remark 3: £.[6@¢)]= |8t} =dt=0
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L aplace Transform T heor ems

f(t) is a Laplace transformabl e function and

F(s) itsLaplacetrasform

Elft-a) ut-a)l=e*F(s)
glet@)]=F(G+a)

£[f (i\] = aF (as)

x )

u(t) : step
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Final value Theorem

lim f®=1]im sF (s)

[ s—0

under the following assumptions:

d
o ft)and 4 (t) are Laplace transformable
e |limf(t) exists

e F(s) analyticin Re(s) = 0 except for asingle pole
as=0

Based on the Laplace Transform theorems:

s—0

im [ 51O *a = 1ljm = ©)- 1)

. . —-g
since |[Ime”™ =1
s—=0

oo

> [S 0= 1) 10 =limiEE- 10)

s—0

> flo)=]imsF(s)

s—0



All

| nitial value Theorem

f(0+)=1]im sF (s)

S— oo

under the following assumptions:

e f(t) and :—t f (t) are both Laplace transformable

o |im sF (s) exists

S— oo

From the Laplace Transform Theorems:

IL@£+[% f(t)] -1 mj[% f (t)]e‘S‘dt ~0

S—o0

=linrpHs)-f(0+)=0
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Convolution

fl(t)o - 'Fl(s)
fo(t)o——oF,(s) t

f0) = £,(0) f,(0) = [, o), (r)de = £'[

0

Example:
Consider
(0 = {1 for 0 <t ST}
0 else
T
f (1) = 1 for OStsE
0 else
Find f;(t)

t

fo(t) = f1<t)>X< f, (t) = J.f1<t _T)fz (T)dT = El[Fl(S)’ F, (S)]

0



Using

t
Eﬁ):jdfzﬂ for
0
.
2
T
f3a)=JdT::__ for
0
.
a3
fa(t)= JdT:z > U for
T
f,(t)=£7[R(s) F,(s)]
1-e*
Fl(s) = s
il
1-e?
F (S) = s

Al13

N | o
IA I\
— [ sl
IA I\
— N |-

_l

I\

I\
S

&

for t>0 wu(): step



| nver se L aplace transform

f(t)= i “E (s)e*ds
27|

C— joo

Consider

<) B(s) _ K(s+2z).(s+2,)
&)= a0 Gl rp)

1. All roots are distinct and real:

Flg)=—2 4. 4+

stp T stp,
a, =[§((—3(S+ pk)LpK

4 a .
£1[ : ]:ake i
S+ P«

Al4
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2. Complex conjugate poles

Fg-9__asa | &

Ns) (s+p)s+p,) s+p
P, = P, *

@2, =| B o p,)

S=—pP;
equating real and imaginary parts = oy, o

Obtain f(t) using o4, o and the following table entries:

s+a
£le ™ coswt] = —
(s+a) " +w
. )
fle® snwt] =
[ ! (s+a)°+w”

2. Multiplereal poles

B(s) B(s)
F(s)= _
&9 GrpY s+
br br—l bl + a'r+1
(S+ pl)r (S+ pl)r_l S+ pl S+ pr+1

= + +ot



and
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Solution of linear differential equations
using the L aplace transform

1. Take the Laplace transform of each term and convert the
differential equation into an algebraic equation. Obtain
the Laplace transform of the dependent variable.

2. The solution is obtained after inverse Laplace transform
of the dependent variable.

Example: Simple mechanical system

my + ky = u(t) m k> 0
mlsY (s) — sy(0) — ¥(0) |+ KY(s) = U (s)

__U(s) , msy(0)+ny(0)
Y(S)_msz+kJr ms” +k

for U(s) = 1/s

y(t) :[% —% coig;t}r[y@) co%r::t + y(O)\/EI? S n\g’[}
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Transfer function

n m
a, y+..+a,y=byu+..bu ms<n

Take the Laplace transforms
(assuming zero initial conditions)

Y(s) B(s) bs"+..+b, .
U(s) Als) a,s"+..+a =G(s)

G(s) isthe transfer function from U(s) to Y(s)

Block diagrams

Open-loop

U(s) Y(s)
G(s)

Input output
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Closed-loop

R(s) “branch point”

_tQ_ G(9)
7 C(s)

“summing point”
or error detector

Parallel
X1(s) Gy(9) 4 . —Y(S)>
A ey Cf)
Y (8) = Gu(9)X(8) +Ga(9)X ()
Series (Cascade)
o Y(9

Gy(9) Gy(9)

Y(8) = Ga(5)G2A(9)X(s)
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Closed-loop

Reference signal R(S) Feed forward path
A}rror signd
RS X '
E(s Output signal C(s)
BN & [ e
7 C(s)
“summing point” B(s)
H(s) ‘branch point”
C(s)
Feed forward transfer function: ES =G(s)
Feed back transfer function: Bl _ (s)
' C(s)
B(s
Open-loop transfer function: % =G(s)H(s)
Cls)_  G(s

Closed-loop transfer function: R(s) 1+ G(s)H(s)

C(9) = G(9E(9) = G(3)|R(9) ~ B(9)]= G(9YR(9) ~G(8)H()C(9)

C(s) _ G(s)
R(s) 1+ G(s)H (s)
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Closed-loop subjected to disturbance

Reference signal R(s) N(s)
+

A}rror signal

R(s) + C(s)
_>Qﬂ G]_(S) +>Q > GZ(S) >

I H(S) |«

CN (S) _ G2 (S) |

N(s) 1+G,(s)G,(s)H(s) assuming R(s) =0
Cr(s) _ G, (8)62 (s) |

R(s) 1+ G,(s)G,(s)H (s) assuming N(s) =0

C(8)=Cy (8)+ Cals) = 29

~ 66, eHE

R(s)+ N(s)]
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Block Diagram Reduction

e e B o
1 ———-ll-lr_ -—-I'\( T=5,6.F [ -l iy

al 4 oo G155 =
e 8 T -GG, T GalaH,

i il 13 51050 e

) [~ Gty 1 Ge G aHe +on0eh g i

() Multiple-loop system;
(b) -(e) successive reduction of the block diagram
shown in (a)



- RULEs oF BLock DiAGRaM ALGEBRA

Original block diagrams Equivalent block diagrams

[ 4
3 A 61 AGL 62 AG1GZ A 62 AGa G] "46162
AG, AG,G, A AG,G.
4 4 G1 3 GZ I 52 6162 12
A [ 5 1461 046,46,
e & A AG+AG,
5 26, | C1+6Gp -
4 | Gz 2
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Signal flow Graphs (SFG)

A Sgnal Flow Graph (SFG) is a diagram which represents a set
of simultaneous linear equations.

It consists of a network in which nodes are connected by
directed branches.

Example:

Tnpat poile

fwp - [
hlixed no |!. ISuree]

i N T h * ¥
W Y b 1
o o A

= = 0
X X
gt swocks LIt o
{Bouroe ) -
:

{5k

X, = abx, + dx, + bcx,

Note that summations are taken over all possible paths
from input to output



Definitions:

Node:
Branch:

Source:

Snk:

Mixed node:

Path:

Forward path:

Loop:

A25

Point representing avariable or asignal.
Gain between two nodes

A node without outgoing branches (input
node)

A node with incoming branches only (output
nodes)

Both incoming + outgoing branches
Connected branches in the direction of the
branch arrows. If anode is crossed more

than once, it is closed.

From input node to output node without
crossing nodes more than once.

Closed path.

Non touching loops. Loops that do not possess common nodes.
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- G(s)
Rls) Cls)
1 Gis}
RIS E[SJUC[S)
—H(s)
M(s)
1
1 G1 { S) Gg (5)
RIs) E(s) Cls)

=H{s)

Block diagrams and corresponding signal flow graphs
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Properties of Sgnal Flow Graphs

1. A branch indicates the functional dependence of one signal
on another. A signal passes through only in the direction

specified by the arrow of the branch.

2. A node addsthe signals of al incoming branches and

transmits this sum to all outgoing branches.

3. A mixed node, which has both incoming and outgoing
branches, may be treated as an output node (sink) by adding
an outgoing branch of unity transmittance. However, we can

not change a mixed node to a source by this method.

4. For agiven system, the signal flow graph is not unique.
Many different signal flow graphs can be drawn for a given
system by writing the system equations differently.
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Mason’'s Formula for Signal Flow Graphs

P: Overall transmittance between input and output node.

A: determinant of path =
1 — (sumof al different loop gains)
+ (sum of gain products of all combinations of 2 non-
touching loops)
- (sum of gain products of all combinations of 3 non-
touching loops)
+....

A=1-> L+ LL - > LLL +..
a b,c

d,e,f

P« Gain of K" forward path

Ay. Cofactor of the k" forward path.
A 1s determined as the determinant A but with the loops
touching the k™ forward path removed.
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STATE - SPACE DESCRIPTION

Input - Output State - Space Description

! !

Transfer Function State vector X = [Xy... X, |

u(s) ¥(8)

u(s) yis) system >
— G{s) —> T
X

n differential equations of first
order

X=Ax+hu

differential equation of order n

y =cX+du

State: A set of variables X(t) =[x, (1),..,X,, (t)]T such that the knowledge
of these variables at t=1; together with the input u(t) for t>t,

determines the behaviour of the system for any time t > t,.

Minimal state: A set of variables x(t) with n minimal.

SISO (Single I nput Single Output) system description:

X=Ax+hu X: state vector
y=cx+du y: output

u: input

A: system matrix

b: input vector
C: output vector
d: direct input/output transmission
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Example:
x=[it), ve®] X=Ax+hu
6 y=vc(t) y=gcx+du
u = v(t)
V(t) l(t) IV(U
gi dt
La+ Ri+ve=vV
State-space description
R 1
X = LV
dvc — 0
At c vel L0

| nput-Output:

Vc(9)

9=V

from the above equations.

G(9=d+c (sl -A) b
Remark: One could also choose for state variables

= Vc(t) + Ri (t)
Z; = Vvc(t)

Choice of state variables is not unique.

Minimal number of state variables = order of system =
order of differential equation

IS unique.
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Nonunigueness of State-Space Realizations:

X=Ax+hu
y=cx+du
U

X=T2 Znew state

T : similarity transformation
det T= O

A =TAT
b=T"Db

c,=cT

Example (from previous page):

[z] [R 1] x]__-1
EA NI P
1[1 -1]
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CONTINUOUS STATE-SPACE EQUATIONS

X=Ax+bu XeR"

y=cx+du

ut) x() +

STATE-SPACE REPRESENTATIONS OF CONTINUOUSSYSTEMS

Observable Canonical Form

Y(s)  bys"+.t+b,  by,+bs'+.4b s

Uis) s"+as"'+.+a, 1+as ‘+.+a.s"

G(s) =

Y ()= boU(s) - s [ayY(s)—byU(s)] - s [azY ()~ bU(S)]-..- S "[a,Y (s) — bpU(s)]
Y(S)= boU(9)+S {U(s) —aY (9)+S (bU(9— aY (9)+s (bs...)}

Y (8)=boU(s) + Xn(s)
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Xn(9) =5 IbU(9) — &Y () + X n1 (9]

X na(9) =5 [bU(8) — 8,Y () + X _o(9)]

X 5(8) =S [bp_1U(S) —a,_1Y (8) + X1(9)]

X1()=5 "[baU(s) —anY(s)]

replace Y(s) in the above equations with Y(s)= bgU(s)+ X,(s) and transform
them in the time domain

Xn = Xn_1 —aXp + (b — ) u

Xn-1= Xp_2 —aoXp + (b2 —azbo) u

X; = —anXn + (bn — anbo) U

and
X, (0 . 0 -a, [x] [bra,bp]
. 1 _an_j_ . .
.| o : :
xn| L0« 01 —a |X;] [by1—a&bo]
]
y=[0, .. .., O 1] i |[+bgu
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Special Case (Observability Canonical For m)

(n-1)

y™W+ay" Py ta,  y+ay=u

Define the following state variables:

X=Ys %=Y, ..., Xg=y" Y
Then
).(1:X2, ).(2:X3, ey >'<n_1:xn
Xn= Y= —a x—..~aX, + U
and
Xx=Ax-+hu
y = cx+du
where
[ X, | [0 1 0 | (0]
0 0 1 0
0 1
[ Xn ] 78 —a | 1]
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Observability Canonical Form

v+ ay" Dy ta, g y+a,y=bouPbu" P+ +b,y U+b,u

Define states:
X1 =y —Bou
Xo = y—Bou-Bau=x1—Bu > X=X+

X3=Y—Bo U~ Bru—Bu=x2-B,u

Xn = y(n—l) _Bou(n_l)_---_Bn—lu = ).(n—l— Bn—lu
X ==8X; =81 X,..—aX, B U

Bo=bho

Br=by—aBo

Bo=by—afi —afo

Bn = bn - aan—l_-"_an—lﬁl - anBO

y=cx+du

A and c asin the previous case,

g

=| =[Bo]
S I
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Special Case:
Xn Xp -1 X2 | Ty
u % f f - — f f
a, a, p -1 Gn
A X - oy
Observability Canonical Form
¥ Y
Bn-1 B Bo
v Xn + X2 & X1 T y
> Bn +_ f - - f T f ¥
4 Y Y
ay Tp -1 )

Comments:
- Choice of state variablesis not unique

- Infinite many possibilities for a state-space description of a dynamic system
described by a differential equation.

- Forms with specia structure (like the above) are called canonical forms.




| nput-Output Description from State-Space Description

sX(S)=AX(s)+bU(s)
(sl-A)X(9)=bU(s)
X(s)= (sl —A)*bU(s)

YO _g—_pyt
U(S)—c(sl A) "b+d

Y(s)=[c(sl —A) h+d]U(s)

M atrix inversion, special case n=2

-1
1 |a b 1 d -b
use A _[c d] _detA[—c a]

A37
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M athematical M odels

Model: The mathematical description of the dynamic
characteristics of a system.

e Simplicity versus accuracy
e Time-variant versus time-invariant
e Linear versus nonlinear
e Linear systems are described by linear
differential equations.

e Nonlinear, such as

d?x (dx
+ -
dt ° dt

)2 dx .
+(x-1)— = Asin x
dt

are more complicate.

7= 70

Examples of mathematical modes of nonlinear dynamic systems
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Real Systems are nonlinear and time variant. However,
linear time-invariant approximations
around an operating point
are usually good approximations.

M athematical M odels of Smple Systems

Trandational Mechanical Systems

Newton's Law: mass x acceleration = ) Forces

..... : it i e

Spring-mass-dashpot system mounted on a cart

d?y dy du
= —b| 2> —-=— |-k(y-u
e (dt dt) (y=u)
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2
Y b Y by =M 4
dt o dt dt

m

which leads to the following transfer function:

Y(s bs+ k
o G(s)= ms® + bs+k

or to the following state-space model

. b. Kk b. Kk
Y+—Y+—Yy=—U+—U
m m m m
(04} (04) b1 b2
Using
ﬂo:bo:O

) . b .
X2=X1-ﬁlu=><1—au we obtain

HIERIR N
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Mechanical Rotational Systems

Mechanical rotational system

Ja_ =) Tx
\Torque
Angular acceleration
Inertia
: B Qks) 1
Jo+To=T T(s) Js+ f

Electrical Systems

RLC-Circuit

Simple RLC-circuit



The transfer function can be obtained from
« Ry, 1. _ 1
RANTE RTINS

Eo(s) _ 1
E.(s) LCs?+RCs +1

or from

Electrical circuit

Zl=LS+R ZZZE

E(s) Z, 1
E(s) Z,+Z LCS+RCs+1

A state-space model is obtained using

X, =€ X,=¢€ UuU=e

L Y=&=X

A42
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| oading effect in series connection

RC Circiut

The transfer function can be obtained from

and

1 ¢, . ,
C—lj (i, —i, dt + Rii, = &

1 : : . =1.
C—lj(lz—ll)tlt + R2|2-C—2J|2dt = —g,

1

[1.(s)-1.(s)l+RI,(s)= E(s)

Cs
CRECRICIGCERRRCES D
E,(9) 1

E(S) RCRC,S +(RC,+RC,+RC,)s+1



Transfer functions of cascaded el ements

X4(s) Y 1(s) = X4(9)

Y2(9)
Gy(9) Gy(s)
Y, (s) _
)= (5 (5)
Example;

Cascade of two non-loading RC Citcuits

E,(s) 1 K 1
E(s) (RCs+1) (R,C,s+1)
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Note the difference in the transfer functions between

the last and the previous circuit:

Cascade of two loading RC-Circuits

Eo(s) 1
E(s) RCR.C,s +(RC,+RC,+RC )s+1
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Operational Amplifiers

Operational amplifier

e, = K(e, —e) (K is~10%

|nverting amplifiers

Since 1=y, =-K(0-€) and K>>1,
it followsthat € =0 and

R
&="R &
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Non-inverting amplifier

Non-inverting operational amplifier
KR
e, = Ke - 1
R +R,

et
R+R K

: _ 4 R, 1
Since K>>1 (Kis~10%, and

>> —
R+R, K
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First order circuit

e
i,
1%}
I
o A Lf‘:‘} .
1

o

First order lag circuit using operational amplifier

Since the current flowing into the amplifier is negligible

&€ _cdE-&) _€8&
"R ; dt R
i1:i2+i3
Hence,
§-€¢_odE-&), €&
R ot R,

Sincee = 0, we have

R, d R, ad R R

e Cdeo & E.(s) _RZCS+1EO(S)

leading to
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Electromechanical systems

Armature controlled DC Motors

= COoOns1ant

Schematic diagram of an armature-controlled DC motor

b Air gap flux (assumed constant)

T Torque

& Voltage induced in the armature due to rotation
15, 11, Armature and field currents

¥ =K i and T =YKy, =K Kilsl, =Kil,
dot)

6 =K, = Kya()

For the armature circuit, we have:

di
L.—2+Ri,+e =¢e, =V
adt Raa eb a S
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For the mechanical part we have:

2
Jd 9+fd9:T:Ktia
dt dt

The Laplace Transforms of the above three equations lead to
K,s@(s)=E,(s)
(Las+R,)l(s)+ Ey(s)= Ei(s)
(3 + fs)o(s)=T(s)=K,1,(s)

and after eliminating E,(s) and 14(s), we have;

ofs) _ K,

E.(s) slLJs?+(L,f+RJI)ss+R,f+KK,|

For most small motors L, =0 = ignoreit.
Usng  Q(s)=s0(s) and E,(5)=V.(s)

As) _ K, Kn

V.S RJIs+Rf+KK, 1tst,

S

where
K

K, =
R f +KK,

T ——J&
" Rf+KK,
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Armature control of dc servomotors.  Consider the armature-controlled de ser-
vomotors shown in Figure 2-200a), where the field current is held constant, In this system,

R, = armalure resistance, ohm

L, = armature inductance, henry

i, = anmature current, ampere

ip = field current, ampere

¢, = applied armature voltage, volt

¢p = hack emf, vali

& = angular displacement of the motor shaft, radian

T = torque developed by the mator, N-m

J = equivalent moment of inertia of the motor and load referred to the motor

shalt, kg-m®
b = equivalent viscous-friction coctficient of the motor and load referred to the
maotor shaft, N-mfradisec

The torgue T developed by the moter 15 proportional to the prodoect of the armature current

By = EU[$} i Jl.':,‘,-'.:‘; ; iis) i Bzl
et e @Hr;_as + /R, | S Clslds + B =

"-"l E;:[-S]

-
d
%
-.|
‘-\_
o=
==
an
F

J; = consiont

{by)

Egls) K (s

i

sils £ 10

lch

(@ Schematic diagram of armature-controlled DC motor
(b) Block diagram obtained from Egs.
(c) Simplified block diagram.
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State-space description of armature controlled DC Motors

Form
ofs) K,
E.(s) s, s+1)
we have
§+1g— &ea
Tm Tm

Using the state variables

X1:9 and Xzzé
and
u=e and y=0=x;

we obtain the following state-space model.
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Positional DC servo system

Rlsh o ; F_| clst
——-b—(—?-_@:l—!" Hg 4—|g?;5 = ]]| =

] Amplifiar

- ! i P
7o o eG4 L | Rl METIEE.
__‘q%g’_.-’] = | g 5 : 7.5 +1 LS’ |
|

‘ "~ Servodriver
(b

a) Simple, low-cost positional servo system.
b) High-speed, high-precision positional servo system.
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Electronic motion control of DC servomotors

Serve- Tach
motar, gen=-rafcw
I
Fosition

inpus {%_b_l_,{ F,..E}{prwndrl BT - —bl —,—)_/

Lood I|J
]

‘ “elccw feedback (Voltage) J
Paosition feedback
()
Walocity
input Currant F‘WM -"1er i
_"'@_ lnTegrumr F"Eah!’lm\ sircuit Jrl for M':'mr s
Velloge £
I e |
I Curront fesdback |
‘ Servodrivar . e | J

yelacity teedbock (Woltoge £;)

(bl

a) High-speed, high precision postional servo system with speed
control using a servodriver, servomotor combination.
b) Functional diagram of a servodriver.
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Linear approximation of non-linear systems
Consider the system described by:
y = f(X) where y. output
X: input

(X,¥): operating point

The Taylor series expansion of y around (X — X) gives

y= f(Y)+[df (y)]x (x- 7)+i[d2f(y)}”(x_ XY +..

dx - 211 dx?

X

For small (x = X°) higher order derivatives are 0 and

y=y+k(x—X)
Isthe linear approximation of the non-linear system

where




AS56

Consider the system

y = f(X1,x2) where y: output
X1,Xo. Inputs
((%,,%,)y): operating point

The Taylor series expansion gives

- < of (Xq, X _ of (Xq, X -
y= f(Xl,X2)+|:M:| _ (Xl—X1)+ M (XZ_X2)+ _____
aX]_ )(1:)£1 Xf%
Xo=Xo X=X

Since higher order terms can be considered O

y=y+ k1()(1 _21)"' kz(xz - X2)

where
y= f (21’ X2)
= 9 (%)
dX, %,
_ 9y (X, %)
;= ) S
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Example:

il
under
Drain pressure Dran

i

| |
JJ | {L Pilat valve
’

Power cylinder

Schematic diagram of a hydraulic servomotor

Q: Rate of flow to the power cylinder

Ap = p, — P;: Pressure differencein the two power
cylinders
X Displacement of pilot valve

The relationship among the above variablesis given by the
nonlinear equation:

Q= f(x,Ap)

The linearized equation at (Q : Y,Aﬁ)= (0,0,0) isgiven by

Q-Q =qg=k(x-%)—k,(Ap—Ap)
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where

K, = 990 Ap) K = 9Q(x.Ap)

Ap=Ap Ap=Ap

Thisgives

Q= k]_X— szp kl’ k2 >0

Usng Qdt=Apdy where A: Piston area

p: Oil density
dy: Displacement of
mass
follows
dy
Ap=— A
P kz(kix p dt)

The force developed by the power piston is given by:

o)

Thisforceis applied to the mass m and including friction gives:

. : dy
+fy= kix— A
my+1y= kz(l pdt)

where

f: friction coefficient
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Thisgives:

Using

where

with

. A’p). Ak
my+| f + y=—=X
[+A7p=%
Xo——eX(s)
yo——eY(s)

X(s) istheinput
Y(s) isthe output

Y(s) k k

2 _
_ m— -
X(s) 32m+(k2f :A p} s(Ts+1)
2

K- Ak, T_ mk,
k,f +A*p k,f+A%p
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TRANSIENT RESPONSE ANALYSIS

Test signals:

e Impulse

° Step

e Ramp

e Sin and/or cos
Transient Response; for t betweenOand T
Steady-state Response: for t— o

System Characteristics:

o Stability - transient
o Relative stability - transient
o Steady-state error - Steady-state
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First order systems

C(s) 1 RS =S C(s)
R(s) Ts+1 \ P Ts

Unit step response;

C(s) = 1 1 _ }_ T
s sl+1

Ts+1 s

- UT
C(t)=1—e/ t >0

f)=r-ct)=e’ om0

c(T)=1-€'=0.632

dc (t)l _
dt =0
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Unit ramp response

qo Lt 1 1T T
Ts+1 & & s Ts+1

ct)=t-T+Te T 120

e(t):r(t)—c(t):T(l—e‘%) (>0
&) =T

1 )
it

6 |
7 Steady-state
eror

ar - A=t

()
T

|

-
ol
] 1 | ] | -
.t

-
0 27 a7 orF t

Unit-ramp response of the system



| mpul se response;

R(s) = 1 r(t) = 5(t)
1

C(s)= sT +1

e (1) = =5 t=0

0 T 2T 3T AT

Unit-impul se response of the system

B4

| nput Output
_yT
Ramp rt)=t t>0 c)=t-T+Te’ >0
_t
Step r(t) =1 t>0 c(t)=1-e ST t>0

-t/T

Impulse  r(t) = &(t) c(t) = eT >0
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Observation:

Response to the derivative of an input equals to derivative of
the response to the original signal.

Y (s) = G(s) U(s) U(s): input
Ui(s) =sU(s) Yi(s)=sY(s) Y (s): output
G(s) U1(s) = G(s) sU(s) =sY(s) = Y4(9)

How can we recognize if asystemis 1% order ?

r(t) System c(t)

r(t) = step

Plot log |c(t) — c()|

If the plotislinear, thenthe systemis1¥ order

Explanation;

ct)=1-¢ )= 1

log |c(t) —c(0)| = log\e't/T = Tt—



Second Order Systems

Block Diagram
F
: n
: L]
R(S) + K Position signal C ()

4_’@” s(Js + F)

Transfer function:;

cs K
RS JS+Fs+K

[SZJ—E]]K[ 2F ‘ﬂ

B6
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Substitute in the transfer function:
K

ER
F
I =2(w, =20
¢ = F
2 JIK

{:  damping ratio
wpn.  undamped natural frequency
o: Stability ratio

to obtain

Cy__ o
R(S) s*+2w. s+,

e Underdamped case: 0<{<1

F2-4JK<0 two complex conjugate poles
e Critically damped case: {=1

F2-4JK=0 two equal real poles
e Overdamped case: {>1

F2-4JK>0 two real poles
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Under damped case (0<(<1):

C(s) _

2
n

@

RS (s+lo,+ jo,Ns+lo, - jo,)

Re

4 Im

‘{ ””” Ne jwqg

| W
o 1-¢? i B

v
b Cwn
P o
i o { =—=cosp
P o,

W, = 1-C?

®,. undamped natural frequency

0y -
C: dampingratio

damped natural frequency
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Unit step response:

R(s) = 1/s

C(S) — 1— _ S+ Cwn _ Ca)n

s (s+lw.f+aw° (s+lm )+,

c(t) =1- €| cosa,t + sinw,t t>0

4

C(t)=1—%e§w”tsin(a)nﬁt+9) t>0

B =+1-C7 6 = tan ‘15—

e(t) =r(t)-c(t) = egw”t[cosa)dt + Lsi no,t ] t=0

20 A n

S

04 s

R R
: h

I~ I

10

8/ 10N !

L AL | '

1 2 3 4 5 6 7 8 9 10 11 12

] e

Unit step response curves of a second order system
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Undamped case ({=0):

Unit step response;

c(t) =1-cosw,t t>0

Critically damped case ({=1):

Unit step Response: R(s) = 1/s

C(s) o ° o

n n

RS) s*+2w, +o.° - (s+m_)°

1
s(s+w, )’

C(s) =

ct)=1-e™(1+wmt) t=0
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Overdamped case ({>1):

Unit step Response: R(s) = 1/s

C(9=

U)|H

(S+§cq1 +o \/71XS+§cq1 -, ﬁ)

st
_E ) >0

e
af_i( S,
with s, = ++C7-1)a,
~[t -2 -1,

c(t) =1+

If || << s, thetransfer function can be approximated by

C(s) _ s,
R(s) s+,

and for R(s) = 1s
c(t)=1-e* t>0

with

=(<.T— Cz—l)a%
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0.8

4

\A imate soluti
pproxima solurtion

Exact solution
c(=1+0077e~373_| 077¢ 027"

0.2 I
/
V_

Unit step response curves of a critically damped system.
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Transient Response Specifications

Unit step response of a 2™ order underdamped system:

cir) |

ty delaytime: timeto reach 50% of c(c) for the first time.
t risetime: timeto risefrom O to 100% of c(x).

t, peaktime: timerequired to reach thefirst peak.
oft,) — (=)
o)
ts settlingtime:  timeto reach and stay within a 2% (or

5%) tolerance of the final value c().

Mp maximum overshoot : 100%

04<(<0.8

Gives agood step response for an underdamped system
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Risetime t; time from 0 to 100% of ¢(«)

ot)=1 = 1-€°“ (cosy,t +Lsi na,t)=1

J1-C2

sinw,t, =0

¢
J1-C°

cosm,t. +

Peak time t,: time to reach the first peak of c(t)

dc (t . 0 _tw
d’f ) i, =0 = (Snawyt,) : ”CZeC”tp:O
snwyt, =0
T




M aximum overshoot My:

T
t=t, = —
(OF

Coft ) eria) ¢
M, =dt,) =1-e"*""*'(cosT+

e

sinm)

Settling time tg:

oot

c(t)=1- hsir{wdtﬂanl 1252 ]

ot
. . e n
approximate ts using envelope curves: env(t) =1+ e
clf) |
1+ . o
'."'I—_fl
1+ S
PALE ik ot
Lay
1 K_
1=
J1 -2
s 4 ‘ r £ 2 3|T e
\J"ITE_:2
z:ﬂ _14»2 (%r —cos7!' )

Pair of envelope curves for the unit-step response curve

4 4 3 3

2% band: tS:E:C—(I)n 5% band tszgza

n

B15
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Settling time ts versus C curves{T = 1/(Cm,) }

6T
ST
AT e
4
DR . S R
3T
5
2T | 3
I 5% Tolerance i
T
03 04 O5 06 O7 08 09 10
ci{r)
> \
/
! Ry —_—— . —
/7 N — f—
Y i
Jf i '
/ System I [ |- Discontinuity
,rf : n setthing hime
fa"
o
0 .' _
e — | !




| mpulse response of second-order systems

2
0

C(s) = i
() s*+2lw s+’ R =1

underdamped case (0< { < 1):

e ““'sinm y1- %t t>0

c(t) =
vl C

the first peak occurs at t=1to

and the maximum peak is

- i S
O(to) 6on eXp[ \/ﬁt C ]

B17
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critically damped case ( { = 1):

ct)=w te™™ t>0

overdamped case ( £ >1):

W W
c(t) = D e - e %! t>0

NI N

1.0
08
0.6
[}4 ”/'—\
02 /
ORI ==
o \
-02 /‘
0.4
0.6
08—
-1.0 ' Il
2 4 i1 8 10 12
[

Unit-impulse response for 2" order systems



B19
Remark: Impulse Response = d/dt (Step Response)

eln) | .
Unit-impulse response

Relationship between t,, M, and the unit-impulse response curve of a system

Unit ramp response of a second order system

2
W, 1

2 a2 R(S):1/52

Cls)=—
s“+2lw,+w,” S

for an underdamped system (0< (< 1)

2
ct)y=t- 2§+e‘5‘"t gcoswdt+ﬁsinwdt t>0
Wy, ), 1—§2

n

and the error:

e(t) = r(t) —c(t) = t—c(t)
at steady-state:

()= |im eft)=2

t—oo n
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Examples:

a. Proportional Control

R(s) E(9) 1 e
$? " s(Js+F)
2
C(s) _ @,
R(S) s*+2w,+o]
with
K
ER
F
3= 2{w, =20
f__F
2 JK

Choose K to obtain ‘good’ performance for the closed-loop system
For good transient response:

04<(<0.8 - acceptable overshoot

o, Sufficiently large - good settling time
For small stead- state error in ramp response:

: 2 2F F
=)= lime)= o= =

> n

- largeK

Large K reduces &) but also leadsto small £ and large M,
—>Compromise necessary
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b. Proportional plus derivative control.

C(s)

RO EO) KtK,s 1
C(s) _ K, +Kgs
Rl J&+(F+K,)s+K,
with
F + Ky K,

PN I

The error for aramp responseis.

s?J+sF
E(s)= -R(s
) SPI+s(F+Ky)+K, S
and at steady-state:
! F
e(°°)=||mSE(S)=K—
s—0 p
. K,
using 7=
c(s) o,’ S+ Z

R(s) z s2+2lw s+’
Choose K, K to obtain ‘good’ performance of the closed-loop system

For small steady-state error in ramp response 2> K, large

For good transient response > Ky sothat 0.4<(<0.8
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c. Servo mechanism with velocity feedback

sO(s)

R(s) + + K o)
Js+F S
Kh

Transfer function

O(s) K

R(s) Js*+(F+KK,)s+K
where

o= FHKK,

24/ KJ

w, =\ (not affected by velocity feedback)
F
() = Pa for aramp

Choose K, K}, to obtain ‘good’ performance for the closed-loop system
For small steady-state error inramp response =2 K large

For good transient response 2> K, sothat 0.4<{<0.8

Remark: The damping ratio { can be increased without
affecting the natural frequency o, in this case.
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Effect of a zero in the step response of a 2" order system

C(s)_ o, S+ z
R(s) z s*’+2lw.s+w,’

cl(r)

Unit-step response curves of 2™ order systems
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Unit step Response of 3'% order systems

C(S) . a)nz p
Rs) (+2ws+o,’[s+p) 0<C<1 R(s)=1/s
d)=1-—, " il

T Be(B-211 pr(B-2+1

- deomt- o P 2 )

p
where B = Zo.

I/ AmE
V4

0 1 2 3 4 5 & 7 8

wpyi

Unit-step response curves of the third-order system, {= 0.5

The effect of thepoleat s=-pis.
¢ Reducing the maximum overshoot
¢ |ncreasing settling time
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Trangent response of higher-order systems

C(s) bys"+..+b, ,s+b, K(s+2z).(s+z,)

R(s) s"+..+d _.s+a, (s+p).(s+p,) n>m
Unit step response
KD (s+3) .
C(s) =— _ '
Z(s+ p,) (52+2Cka)ks+a)k)
j=1 kel
0<l<1 k=1,...r and g+2r=n
9. a  Lh(s+&m )+cm1-¢°
C(S):§+2 9, +2h<( £0,)+G.0, . Gy
s Ts+p, & S+Xe+a
q r
ct)=a+Y ae” +Y het™ co{wk\/l— Ckzt)
=1 k=1
Jchke‘Ck“’ktsin(a)k 1—§k2t) t>0
k=1

Dominant poles: the poles closest to the imaginary axis.
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STABILITY ANALYSIS

Conditions for Stability:

A. Necessary condition for stability:

All coefficients of A(s) have the same sign.

B. Necessary and sufficient condition for stability:
A(s) %0 for Rels] >0
or, equivaently
All poles of G(s) in the left-half-plane (LHP)

Relative stability:

The system is stable and further, all the poles of the system
are located in a sub-area of the left-half-plane (LHP).
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Necessary condition for stability:

A(s)=a,s"+as" " +..+a,,s+a,
= ay(s+ p s+ p,).(s+ p,)

= 858"+ 8y(py+ P+ .. P, 8"
+ag(P P, + ot PoyPy)s"

+a,(p,P,.-Py)
-p; to -p,, are the poles of the system.

If the systemisstable —> all poles have negative real parts
—> the coefficients of a stable polynomia have the same sign.

Examples:

A(S):53+52+S+1 can be stable or unstable
A(S)zsg —S+s+l is unstable

Stability testing

Test whether all poles of GG(s) (roots of A(s)) have
negative real parts.

Find all rootsof A(s) = too many computations

Easier Stability test?



Routh-Hurwitz Stability Test

A(S) = (X()Sn + Ollsn-l+... + 0.1 S T0O,

Sn Op 0OH 0Oy
g+t o; O3 O
g+l b, b, bs
Ck G
3 e &
s f,
S O1
o= L[ az‘:aiaz—aoag
—a |8 & &
p = L[ A_an-an
—a | & &
Cl:i‘al 2, _ab —ab, o
b o b| B ¢

Properties of the Ruth-Hurwitz table:

B28

1. Polynomia A(s) is stable (i.e. al roots of A(s) have
negative real parts) if thereis no sign changein the first

column.

2. The number of sign changes in the first column is equal
to the number of roots of A(s) with positive real parts.
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Examples:;

A(S) = aS + 04 S+ ot

For 2™

dy a,

>0, o; >0 o0,>0 or
<0, o;<0, o0,<0

order systems, the condition that all coefficients of

A(s) have the same sign is necessary and sufficient for
stability.

A(S) = Oy 53+ 05132 + 0LS 03

S a, a,
s° 4 a,
~ a8, — dy8;
4
s° a,
>0  0>0, o3>0 00 — 0oz > 0

(or al first column entries are negative)
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Special cases:

1. The properties of the table do not change when al the
coefficients of a row are multiplied by the same positive
number.

2. If the first-column term becomes zero, replace 0 by ¢ and
continue.
e If the signs above and below ¢ are the same, then
thereisapair of (complex) imaginary roots.
e |If there is a sign change, then there are roots with
positive real parts.

Examples;

A(S) =S +25° + s+2

3

S 1 1
2 2 2
1
SO 0—¢ - pair of imaginary roots (s=4j)
S 2

A(S) = s°- 3s+2 = (5-1)*(s+2)

s® 1 -3
s O=e¢ 2
2 : .
s -3-= —> two roots with positive real parts

£
s? 2
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3. If dl coefficients in a line become 0, then A(s) has roots
of equal magnitude radially opposed on the real or
Imaginary axis. Such roots can be obtained from the roots
of the auxiliary polynomial.

Example;

A(9)= S + 25" +24 S + 485 -25s -50
s 1 24 -25
s* 2 48 -50
0 0 > auxiliary polynomia p(s)
p(s) = 2s* + 485 - 50

) _ g 1 65

ds
s 8 96
s 24 -50
st 1127 0
s —-50

e A(s) has two radially opposed root pairs (+1,-1) and
(+5],-5]) which can be obtained from the roots of p(s).

e One sign change indicates A(s) has one root with
positive real part.

Note:
A(s) = (st) (s1)(st3))(s-5))(st2)
p(s) = 2(s*-1) (S* +25)
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Relative stability

Question: Have all the roots of A(s) adistance of at least
o from the imaginary axis?

A Im
Substitute s with G
S=z-cinA(s)
and apply the
Routh-Hurwitz -
test to A(2)

Closed-loop System Stability Analysis

R(s) C(s)

K G(s)
Question: For what value of K is the closed-loop system
stable?

Apply the Routh-Hurwitz test to the denominator polynomial
KG (s)
1+ KG (s) °

of the closed-loop transfer function
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Steady-State Error Analysis

E(s) C(s)
G(s)

R .

H(s)

Evaluate the steady-state performance of the closed-loop
system using the steady-state error e

e, =lime(t) = lim sE(s)

1

= R(s)
1+ G(S)H (s)

E(s)
for thefollowing input signals:  Unit step input
Unit ramp input
Unit parabolic input

Assumption: the closed-loop system is stable

Question: How can we obtain the steady-state error e of the
closed-loop system from the open-loop transfer
function G(s)H(s) ?



Classification of systems:

For an open-loop transfer function

K(T,s+D)(T,s+1---

GloH(s) = sV (T,s+1)(T,s+1)---

Type of system:  Number of polesat the origin, i.e.,, N

Static Error Constants: Kp, Ky, Ka
Open-loop transfer function: G(s)H(s)

) G(s)
Closed-loop transfer function: Gy (8) =

1+ G(s)H (s)

Static Position Error Constant: K

Unit step input to the closed-loop system shown in fig, p.

B33.
. 1
R(s) = s &= MsES) = I 50RO
Define: Kp = ISiLTOIG(S)H(S) = G(0)H (0)
1
TypeO system K € = 1+ K

Kp=
Type 1 and higher Kp= 0 es=0

B34
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Static Velocity Error Constant: K,

Unit ramp input to the closed-loop system shown if fig, p. B33.

_ T S .i i
RE=1Us"  e.=lim 1+G(s)H(s) s° i SG(S)H (s)
Define: Ky =limsG(s)H (s)
Type 0 system Ky=0 B = 0
Type 1 system K, =K e = 1K,
Type 2 and higher Ky =0 es=0
Static Acceleration Error Constant: Ka

Unit parabolic input to the closed-loop system shown in fig, p. B33

s e- S 1 _im 1
R(s) = Us it 1+G(9)H(9) & HosG(S)H(S)

Define: Ky =1im s*H (s)G (s)
Type 0 system Ka=0 €= ®©
Type 1 system Ka=0 B = 0
Type 2 system K,=K es=1/ K,
Type 3 and higher Ka= 0 es=0
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Summary:

Consider a closed-loop system:

R(S) E(s) C(s)
G(s)

H(s)

with an open-loop transfer function:

_ K(T,s+1)-(T,s+1)..
G(s)H (s)= sN(Ts+1) (T,s+1)..

and static error constants defined as:

K, =limG(s)H (s) = G(O)H (0)
szlsjmsG(S)H(S)
Ko =lim s*H (s)G(s)

The steady-state error es isgiven by:

Unit step Unit ramp Unit
rit) =1 r(t) =t parabolic
r(t) = t4/2
1 1 = =
Typeo ess=:L+Kp(=1+K) &= &= ®
Typel =0 e =Kiv(= %) Bss= ©
= = 1,1
Type 2 o) es—0 ess_K_a(_E)
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Corredation between thelntegral of error In
step response and Steady-state error In
ramp r esponse

R(s) é; E(s) G(s) C(s) >

E(9)= Lle(t)] :7e—ste<t)dt

IlmE(s)—I|m/e e(t)dt = /e(t)dt
s—0 0

s—0
substitute E(s) = 1+é()s) in the above eq.
: R(s) r _ 1
= step: R(s) = =
im g9 =)0 ep: R(s) = <

(o]

1: 1 l _1; 1 _ 1
je(t)dt—lllp[1+e(s) s} I!Lps.e(s) KV

0

P Steady-state error in unit-ramp input = esg

ey :7 e(t) ot
0
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c(t)
[ o .

c(t)t

(CIILONGZ

c(t)
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ROOT LOCUS

Consider the system

R(S) 8 E(s) " G(s) C(S)>
T H(s)

C(s) K-G(s)
R(s) 1+K-G(s) H(s)

Root locus presents the poles of the closed-loop system

when the gain K changes from 0 to

|K-G(s)-H (s)F1  Magnitude Condition

1+K~G(s)~H(S)=O:>{

£G(s)-H (s)=%180"-(2k+1) Angle Condition
k=0,12,...



Example:

K
s-(s+1])

K-G(s)-H(s) =

1+K-G(9-H(s) =0 = s*°+s+K=0

B 1
S1, = _E
Angle condition:
£ K =—/S—/s+1=—(180-6,) - 6,=180
s-(s+])
A s-plane
K=1
K=0 K=0
-1 AN
K=1/4
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Magnitude and Angle Conditions

K.G(s)-H(S) = K-(s+2)
(S+ pl) '(S+ pz) (S+ ps,) (S+ p4)
K.-B
|K-G(s)- H(s)| = . =1
Ar-Ap- Az Ay

Z39-HO = ¢-6-6,-6-6, = +180-(2k+])
for k=0,1, 2, ...

Test point
s

Jje 4

=1 §



Construction Rules for Root Locus

Open-loop transfer function:

_ B
KH(s) -G(g = KA(s)

m: order of open-loop numerator polynomial

n: order of open-loop denominator polynomial

Rule 1: Number of branches

The number of branches is equal to the number of poles
of the open-loop transfer function.

Rule 2. Real-axis root locus
If the total number of poles and zeros of the open-loop

system to the right of the s-point on the real axis is odd,
then this point lies on the locus.

Rule 3: Root locus end-points
The locus starting point ( K=0 ) are at the open-loop poles

and the locus ending points ( K= ) are at the open loop
zeros and n-m branches terminate at infinity.



Rule 4. Slope of asymptotes of root locus as s
approaches infinity

\

Asymptote

Y Real

>
/Ga

+180°-(2k + 1)
n—m ’

Y = k = 0,1,2,..

Rule 5. Abscissa of the intersection between
asymptotes of root locus and real-axis

n m
D - ea)
_ i=1 =1

n-m

Oa

(- pi ) = poles of open-loop transfer function
(- zi ) = zeros of open-loop transfer function

C5
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Rule 6: Break-away and break-in points
From the characteristic equation
f(s)=A(9+K-B(s)=0

the break-away and -in points can be found from:

&K _ _A(9:BO-AE-BE _ |
ds B%(s) B

Rule 7: Angle of departure from complex poles or
zeros

Subtract from 180° the sum of all angles from all other
zeros and poles of the open-loop system to the complex
pole (or zero) with appropriate signs.

Rule 8: Imaginary-axis crossing points

Find these points by solving the characteristic equation
for s=jo or by using the Routh’s table.
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Rule 9. Conservation of the sum of the system roots

If the order of numerator is lower than the order of
denominator by two or more, then the sum of the roots of
the characteristic equation is constant.

Therefore, if some of the roots more towards the left as K
IS increased, the other roots must more toward the right
as K in increased.
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Discussion of Root Locus Construction
Rules

Consider:

R(S) X E(s) " G(s) C(S)>
T H(s)

m

Zh .Sm—i
K-H(s)-G(9) =K B _ i . 1=
A(S) Zai .Sn—i

i=0

m: number of zeros of open-loop KH(s)G(s)

n: number of poles of open-loop KH(S)G(S)

Characteristic Equation: f(s)=A(9 +K-B(s) =0
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Rule 1: Number of branches

The characteristic equation has n zeros —
the root locus has n branches

Rule 2: Real-axis root locus

Consider two points s; and s> :

S{cp1=180, ¢2=0= 03, ¢4+¢5 = 1802
1 p1+92-03+04+95 = 3180

82{ ¢ =180, @2 =180, ©3=0, @4+¢5=360
G1TP2—03+P4+P5 =

Therefore, s;1 is on the root locus; S, iS not.



Rule 3: Root locus end-points

Magnitude condition:

m
I (s+z)
}@ 1 =1
AL s )
=1

K=0 open loop poles
K=< m open loop zeros

m-n branches approach infinity

Rule 4. Slope of asymptotes of root locus as s
approaches infinity

KBS _
A(s)
: K-B(s) _
IS'ID xS Islﬁrpsn_m = -1
7" = —K for s—»

Using the angle condition:

,IYM_ K —+180- (2-k+1) ’ k:l, 2, 3, Sy

or

C10
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(n—m)-£s=1180-(2-k+1)

leading to
_ #180°-(2-k+1)

n—m

ZS= Y

Rule 5. Abscissa of the intersection between
asymptotes of root-locus and real axis

m

S+ Y p+..+]lln
A(s) _ ; =1 - _k

B(s) "+ Y z+..+]]z

i=1 i=1

Dividing numerator by denominator yields:
m n
s> z-Dp s+ = —-K
i=1 i=1

For large values of s this can be approximated by:

-m

Yz->np
S_i:l i=1

n-m

- _K

The equation for the asymptote (for s—«) was found in
Rule 4 as
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this implies Ca=" =

Rule 6: Break-away and break-in points

At break-away (and break-in) points the characteristic
equation:

fs) = AS)+K-B(s) = O

has multiple roots such that:

df(s) ' L dA(®s)
s =0 = A(S+K-B(s) =0 (A()_ S)
= for k=--218) , f(s) has multiple roots

B (s)
Substituting the above equation into f(s) gives:

AS)-B(9)-A(9-B(s) =
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Another approach is using:

AlS)
- B(s) from

f(s)=0

This gives:

dK _ A(s)-B(s)—Als)-B(s)

ds B*(s)

and break-away, break-in points are obtained from:

dK

— =0
ds

Extended Rule 6:

Consider
f(s) = AlS+K-B(s) = 0

_ _A8)
- B(S)

If the first (y-1) derivatives of A(s)/B(s) vanish at a given point
on the root locus, then there will be y branches approaching and
y branches leaving this point.

The angle between two adjacent approaching branches is given

by:

and

by =+
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The angle between a leaving branch and an adjacent
approaching branch is:

0 - i1800

’ y

Rule 7: Angle of departure from complex pole or zero

03
, = 90

; = 180 —(6,+6,—0)

)

Rule 8: Imaginary-axis crossing points

Example: f(s) = S+b-s°+c-s+K-d=0

83 1 C For crossing points on the Imaginary axis:
s b Kd « _ be

s’ | (bc-Kd)/b b-c-K-d=0 = )
S Kd Futher, b-S"+K-d=0 leading to

. |[K-d :
S12 = i‘j-JT = 1 ]O
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The same result is obtained by solving f(j@w)=0.

Rule 9. Conservation of the sum of the system roots

From
n
AS)+K - B(s):H(s+ )
i=1
we have
n m n
H(s+ p;j)+ K -H(s+ri ):H(s+ri)
i=1 i=1 i=1
with

n
A(s)= (S+ pj) B(s)= (s+ zj)
li;[ and H

i=1

By equating coefficients of s"™* for n = m+ 2, we obtain
the following:

Sum of open- n n Sum of closed-
loop poles Z— Pi = Z—ri loop poles

l.e. the sum of closed-loop poles is independent of K !



Table 6-1 Open-Loop Pole-Zero Configurations and the
Corresponding Root Loci

jo

oy

7N

qY

N

74\

I

joi

jw

Jjo A

Jjo k

Section 6-3 / Summary of General Rules for Constructing Root Loci

C16
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Effect of Derivative Control and Velocity
Feedback

Consider the following three systems:
Positional servo.

R{s) N Cls) -
Closed-loop poleS: 5 56 * Position
s=-01%j-0995 (a)

System [

Pos_itio_nal servo with s Py B s s I 1) 0(s)
derivative control. (b)
Closed-loop poles:
s=-0.5%j-0.866 System IT
Positional servo with £ s —fem—"
velocity feedback. (c)
Closed-loop poles: 1+ 06s
s=-05 i] -0.866 System IT
)
. Gi(s) =
Open-loop of system I: (S) s-(5-s+1)
_ 5:(1+08s)

Open-loop of systems Il and II: G(s) = S-(5-S+ 1)



Root locus for the three systems

jo 5

4,

a) System |

Closed-loop zero 10 &

b) System I

C18



C19

Open-loop zero 10 &

c) System |l

Closed-loop zeros:

System I: none
System Il:  1+0.8s=0
System Ill:  none

Observations:

e The root locus presents the closed loop poles but
gives no information about closed-loop zeros.

e Two system with same root locus (same closed-loop
poles) may have different responses due to different
closed-loop zeros.
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Unit-step response curves for systems I,Il and Il :

c(l)ﬁ
1.8

L6

1.0

System 1
0.8

0.6 System I

0.4 System I

0.2

The closed-loop transfer function of System IIL is

Cyu(s) 1 ]
Ry = 03 T J0866) + 03 —j0.360)

For a unit-impulse input,

70.577 —j0.577
C(s) = 5705 10866 5+ 0.5 — j0.866

The unit-step response of system Il is the fastest of the
three.

This is due to the fact that derivative control responds
to the rate of change of the error signal. Thus, it can
produce a correction signal before the error becomes
large. This leads to a faster response.
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Conditionally Stable Systems

System which can be stable or unstable depending on

the value of gain K.

R(s)

K —»G(s)

C(s)>

unstable

)

stable

/,Xa

¥~ unstable

Minimum Phase Systems

All poles and zeros are in the left half plane.
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Frequency Response Methods

X(t) y(0)

> G(9) >
X(s) Y(s)
X(t) = Xsin(wt) X(s) = saf;
X a 3 b
Y = 68 X6 = 66 Sra’ s+jco+s—jcoJr - s+|s

yt) = ae’*' +ae* + > he®
stable system <= Rg—§) < 0 forall i

o oo = Yt) = ae ' +ae”"

0 X XG(=]j )
a = G(s S+ = — .
( ) SZ‘/'(DZ ( .l %(S__Jw) 2]

_ ® X . X G(j ®)

a = G(s) S—|® =1
(92, 3(s-i0) T

(s=jw)
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G(iw) = |G(jw)|-&° _ (M)
(jo) = |G(j )] 0 = | Coian

and

G(-jw) = |G(jw)| e'*
J(@tHg) _ (@t
2)

y() = X|qj)-

Input x(#) = X sin wt

/

¥ ¢ > 0 phase lag
M m m N ¢ < 0 phase lead
VA VAN .Y

\u ut y(r) = ¥ sin (et + ; _ Y(J )
Qutput (1) = ¥ sin (et + ¢) G(jw) = —X(jw)
Gliw)| = | ——= _
| (J )l ‘X(J 0)) Magnitude response
. Y() w)
o = Z£(G =/
( (J Ct))) X(j ] )) Phase response

= Y-sin(t +¢
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Connection between pole locations and Frequency Response

Jor g K(s+2)
G = ——
" g s(s+ p)
e . |K|-|jo +2|
e G -
% Gl liow]||io+p|

|
o
|
N
o]
9y
N
Q)
-
S
N’
[
S
|
R
|
>
N

‘ Determination of the frequency
response in the complex plane.

Frequency Response Plots

e Bode Diagrams
e Polar Plots (Nyquist Plots)
e Log-Magnitude-Versus-Phase Plots (Nichols Plots)
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Bode Diagrams

e Magnituderesponse  |G(j o)
20logd G(jw)| indB

e Phaseresponse £ G(jm) in degrees

Basic factors of G(j):

e GainK
e Integral or derivative factors (j(o)i1

.
e Firg-order factors (1+ joT)

5\l
_ 1+2jj—w+ o
e Quadratic factors oy | o

1. Gain Factor K

Horizontal straight line at magnitude 20 log(K) dB

Phaseis zero



2.
o (jo)’
20Io4_—1‘ = —20logw
jo
magnitude:
phase: -90°
¢ (jo)

20lod jw| = 20logw
magnitude:

phase: +90°

Slope = 20 dB/decade

_f—————
—_
=) .

100

| |

(a) Bode diagram
of G(jw) = ljw;

(b) Bode diagram of
G(jw) = jw.

1 10

Bode diagram of
G(jw) = ljw

@
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Integral or derivative factors (jco)i 1

straight line with slope —20 dB/decade

straight line with slope 20 dB/decade

dB }

Slope = 20 dB/decade

| ]
10 100 o

|
&

0° | | | -
0.1 1 10 100 w

Bode diagram of
Gjw) =jw

)
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3. First order factors (1+ j(oT)i 1

. 1+ joT)"?
Magnitude:
20log : =—20logV1+ w?T? dB
1+ JoT

for w<<T ' = 0 dB magnitude

for o>T' = —20log(wT) dB magnitude

Approximation of the magnitude:
1
for ® between0and @ = T O dB

1
for o >> T straight line with slope —20 dB /decade

Phase:

Z(1+joT)” = —tan (aT)
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10 ; ; 2 ; :
A;Symptdte Corner frequency
0 Y
——
dB / \'——— Asymptote

Exact curve \

. N
N

00
\
. ¢ —45°
Log-magnitude curve
together with the as- S~
ymptotes and phase —90° I " " " 1 5
angle curve of wF Wr s aw T r T T T
V(1 + joT). "
- +1
e (1+joT)
: , 1
Using 20log|l+joT| = —20log|———
1+ JoT
: 1 1
L+ joT) = tan (0T) = - L|——
1+joT
dB &
40 |-
Exact curve
20r+——-—————r——""""5 1 \
| Asymptote
0 . E
—20 |— Asymptote i i
~40 ! } : .
001 o1 1L 10  w
T T T T
¥\
90°

the asymptotes and phase-angle
T curve for 1 + jwT.

0° i/{ | Log-magnitude curve together with
. w
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4. Quadratic Factors

1

] 2
a)n a)n
Magnitude:

2
. wz 2 - 2
20log| G(jw)| = —ZO'OQJ[l_wZn] _[Zj[wn]]
for

w<<w, = 0dB
for

G(jw)=

O<¢c<1

2
®>> 0 = —20Iog( @ ) = —40Iog(£] dB
@ n )

p=tan™ £G(jw)=—tan™

Resonant Frequency:

(L)T:(I)n\/l_zg2

Resonant Peak Value:

I\/ITz‘(-;(ja))‘max=

1

2£64/1-¢*
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20
10
dB 0
Log-magnitude
curves together with -10
the asymptotes and
phase-angle curves
of the quadratic 0°
transfer function
¢ —90° }—
= \\ :
\
—180° |-
0.1 0.2 04 06081 2 4 6 8 10
w
@n
Example:
: 10(jw + 3)
G(lo)

) (ja))-(ja)+2).((jw)2+ ja)+2)

75 (jg’) +1
G(jw)=

. . 2 .
] J—w+1 (Jw) +Jw+1
2 2 2




40 T T T T TT] T —T T T T T

~ Exact curve N

20 ‘-i"\\/ ’@ ]

/ \\ A

2 G(jw) \ _=#

— \ -
-~ -
dB 0 =T = "“"'\ 3)_|
N (@
. N _
N

ol 6\

—40 Lol L [ A
0.2 04 060381 2 4 6 810

90° T T T T T T T T T T 17

o° /
b —90° S

—180° é} —

270° by gyl L
0.2 04 06081 2 4 6 8 10

C31

Bode diagram of the system consid-
ered in Example 8-1.
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Frequency Response of non-M inimum Phase systems

Minimum phase systems have all poles and zeros in the left half s-plane
and were discussed before

Ju Juk

S N S — 3 o— =
1 1 T 1 o
T 7 1 T
_1+7s 1=7s
Gils)=173 Tys Gals) =1 +7y5

Pole-zero configurations of a minimum phase svstem Gy () and
nonminimum phase system a(s).

Consider

A1(S)=1+Ts Ay(s)=1-Ts Ag(s)=Ts-1
then

[Ar(jo)| = |Az(jo) = [Ag(jo)

ZPo(Jo) = — LA (jw)
ZA3(Jo) =180 — Ay (jw)
Weknow that  phase of A(jow) from 0°to +90°

-  phaseof A(jw) from 0°to -90°
phase of As(jw) from 180°to +90°
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Phase-angle charac-
teristics of the sys-
tems Gi(s) and Ga(s) _gge

-180°

s Y

Phase-angle characteristic of the two systems G;(s) and G,(s) having
the same magnitude response but G,(s) is minimum phase while Gx(S)
IS not.

Frequency Response of Unstable Systems

Consider

1 1 1

(3 S)=—— (3 S) =
1+Ts 2(8) =77 3 =751

Gi(s) =
then

Gi(jo) = [Go(jw) = [Ga(jw)

ZGy(jo) = -2 Gy(jo)

£ Gy(jo) = —180°— £ G(jo)

Weknow that  phase of Gi(jw) from 0°to -90°
-  phaseof Gx(jw) from 0°to +90°
phase of Gs(jw) from -180°to -90°
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Relationship between System Type and L 0g-
M aagintude curve

Type of system determines:
o the dope of the log-magnitude curve at low frequencies
e for minimum phase, also the phase at low frequencies

TypeO

Position Error Coefficient Kp # 0

dB 4
—20 dB/decade

20 log K, /

—40 dB/decade

yrd

O - -
w in log scale

o Sopeat low frequencies: 0 db/decade
e Phase at low frequencies (minimum phase): 0°

lim G(jo) = Kp

®n—0
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Typel

Velocity Error Coefficient Ky#0 (Kp = oo)

Ky = limjoG(jo)

w—0
. K
G(jo) = J—O\D/ for w<<1
KV
20logK, = 20Iogj— for w=1
)

dB 4

—20 dB/decade

w in log scale

—40 dB/decade

e Slope at low frequencies. -20 db/decade
e Phase at low frequencies (minimum phase): -90°



Type?2

Acceleration Error Coefficient K,

K= lim (jo )?G(jw)=0

w—0
(Kp: Ky =)
| K
G(jw) = (0)2 for @< 1
20logK, = 20log (jo)a)z for =1

dB 4
- 40 dB/decade

N

—60 dB/decade

1J)A/ 20 log K,

- ~20 dB/decade

[

win log scale

e Sopeat low frequencies. -40 db/decade
e Phase at low frequencies (minimum phase): -180°

C36
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Polar Plots (Nyqguist Plots)

Im 4

[« Re[G(jw)] —= G(ja)) - |G(jw)|*46(ja))

w3

N T Re =Re[G(jow)]+Im[G(jw)]

Im[G(w)]
G(jw) — l

Advantage over Bodeplots:  only one plot

Disadvantage: Polar plot of G(]®)=G,(Jw)-G,(j®) ismore
difficult to construct than its Bode plot.

Basic factors of G(jw):

|ntegral or derivative factors (jco)i1
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First order factors (1+ j(x)T)i 1

: 1 :
G(jw) = Tt 0T = X+jY

1+ w*T? 1+w?2T?

It can be show that (X —0.5)2 +Y2 = (0.5)2

= Polar plot isacircle with
o Center (1/2,0) and
e Radius0.5.

(a) (b)




Quadratic Factors

G(jo)= R
1+2§j[“’ le) 15¢ >0
Wn Wn
Iirrcl)G(ja)) =1£0
lim G(jo) = 0~ —180°
W — oo

. 1
G(jo,)=——s 90
125

Im A

C39



wafio (2]

imG(jw) = 1£0
lim G(jo) = e0~180°
W —> oo

Im 4

C40
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Gener al shapes of polar plots

KA+ joTy)...A+ joTy)
(jo) A+ joTi).. A+ joTy)

G(jw)=

n = order of the system (denominator)

A = type of system A>0
m = order of numerator n>m
Im
Type 2 system
w=0
=
Re
Type O system

For low frequencies. The phase at @ — 0 is A(-90')

For system type 1, the low frequency asymptote is obtained by taking:
Re[G(jw)] for o — 0

For high frequencies: The phaseis: (n- m) (- 90°)
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Im 4 Im &
= 0 =0
P N
0 Re 0 Re
1 w ] w
o - ‘L 1+jwT [ *
! 0 jolT 0
Im } Im 4 T
Jjw —-h-—ct l+jwl — ®
w=0 w=0
A y
0 Rye 0 | Re
Im
. Im & iaT
(jw)2 W= 1+joT =
0 @ 0 R:e 0 1 Re
w=0
1
Imp 1o (1 +jwT) (1 +jaTs) (1 + joT3)
0 0 Re 1 .
w= -
1 +jwT Q w=0""] Re
1 +jwaTl
(a>=1)
W, 1+ jowl
Jol(jo)? + 2{w,(jo) + 0, jo(l +joTs) (1 + jwT3)
Im } Im &
> 0 Re
0 RC =00
=0
0 0
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L og-M agnitude-Ver sus-Phase Plots (Nichols Plots)

IGl in dB

IGlin dB

IGl in dB

20

0 !
10 @ G= _1_ —
Jjo
0
w=1
~10 10 —]
-20 =
—180° 0° 180°
/G
20
o
10 - f —
w=0 w
0
G=1+jwT
-10 |- —
20 | |
—180° 0° 180°
/G
20 T T T
G = G0 + 2w,(0) + &,
10 wn2 o
w=0 /
0 w
~10 I _
-20
—180° 0° 180°

G

IGlin dB

Gl in dB

IGlin dB

20

10 -

-180°

20

180°

10 -

—180°

20

OO
/G

180°

0
10—/
@

I [

1

G= - _
joll +jaT)

180°



Example:

Frequency Response of a quadratic factor

The same information presented in three different ways:

e BodeDiagram
e Polar Plot
e Log-Magnitude-Versus-Phase Plots

3 | — —— tm 4 ‘ o, 4 -
M, sk N
0 ¥ M,
| fah = o 0 *
5 “ !
=L w =)
E Re = 3
= =
2 -0} T D g _
g ]
[ w
\ _1a e + N
2900 =
IS L 1
t=3
—180° i I | — 180 -9 o
0.2, 0.5, ah, Ly pics

(a} () ]

Three representations of the frequency response of ——— ! —=, for £ = 0.
l’lJ'|

(a) Bode diagram; (b) polar plot; (c) log-magnitude versus phase plot.
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Nyquist Stability Criterion

The Nyquist stability criterion relates the stability of the
closed loop system to the frequency response of the open-
loop system.

R(s) + C(s)
G(s) >
H(s) —
Open-loop: G- H (S
Closed-loop: G

1+ G(S)- H(S)

Advantages of the Nyquist Stability Criterion:

e Simple graphical procedure to determine whether a
system is stable or not

e The degree of stability can be easily obtained
e Easy for compensator design

e The response for steady-state sinusoidal inputs can be
easily obtained from measurements
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Preview

Mathematical Background

e Mapping theorem

e Nyquist path

Nvquist stability criterion

Z=N+P

Z: Number of zeros of (1+H(s)G(s)) in the right half
plane = number of unstable poles of the closed-loop
system

N: Number of clockwise encirclements of the point
—1+j0

P: Number of poles of G(s)H(s) in the right half plane

Application of the Stability Criterion

e Sketch the Nyquist plot for ® € (07,)
e Extend to @ € (-o0,+0o0)

e Apply the stability criterion (find N and P and compute
Z).
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Mapping Theorem

The total number N of clockwise encirclements of the origin
of the F(s) plane, as a representative point s traces out the
entire contour in the clockwise direction, is equal to Z — P.

_ A9

F&=%6

P:  Number of poles, Q(s) =0
Z. Number of zeros, A(s) =0

s-plane F(s) plane

contour




[T 1T o
....... ,_ _-:\‘__ i

(a) (v}

Mapping for F(s) = s/(s+0.5), (Z=P =1)

fo n

C48

X

rI
o
O a)
0
s
{a)

Example of Mapping theorem (Z — P = 2).

fea v

(b}

&7

i

Qi

(b}

ml‘j
C AR d
r.f
(a)

Example of Mapping theorem (Z - P =-1).
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Application of the mapping theorem to stability

analysis
s-plane A F(s) plane
+Ho
/ Nyquist path
(the complete
right half plane
Is enclosed inside
the path)
>
3
3
o F(s)=1+G(s)H(s)

Mapping theorem: The number of clockwise
encirclements of the origin is equal to the difference
between the zeros and poles of F(s) = 1+ G(s)H(s).

Zeros of F(s) = poles of closed-loop system

Poles of F(s) = poles of open-loop system
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Frequency response of open-loop system: G(jo)H(jo)

‘ s-plane F(s)(=1+G(s)H(s))-plane , G(s)H(s)-plane
+o toIm
i i . .
R=co : 1+G(jo)H(jw)
Re
1 T T T 0 A A W -
! G(aH( o)
F(S)=1+G(S)H(S)
-jo :
I
"4 | GH Plane m GHPlane
0 1 Re 0 Re
8 1 + Gjw) H(jo)—
1+ Glfan Hij
+ Gl jo) H{je) N Gtjw) )

Frequency response of a type 1 system
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Nvquist stability criterion

Consider

R(s) + C(s)
G(s) >

H(s) D IE—

The Nyquist stability criterion states that:

Z=N+P

Z: Number of zeros of 1+H(s)G(s) in the right half s-plane

= number of poles of closed-loop system in right half s-

plane.

N: Number of clockwise encirclements of the point —1+j0

(when tracing from @ = -o0 t0 ® = +o0),

P:  Number of poles of G(s)H(s) in the right half s-plane

Thus: if Z=0 — closed-loop system is stable
if Z>0 — closed-loop system has Z unstable
poles

if Z<0 — impossible, a mistake has been made



C52

Alternative form for the Nyquist stability criterion:

If the open-loops system G(s)H(s) has k poles in the right
half s-plane, then the closed-loop system is stable if and
only if the G(s)H(s) locus for a representative point s tracing
the modified Nyquist path, encircles the —1+j0 point k times

in the counterclockwise direction.

Frequency Response of G(jow)H(jw)

for @ : (-o0,+0)

a) o : (07,+<0) : using the rules discussed earlier
b) ® : (0,-) : G(-jw)H(-jw) is symmetric with G(jo)H(jm)
(real axis is symmetry axis)

c) ®:(0,0"): nextpage
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Poles at the origin for G(s)H(s):

(..)

s’l(...)

G- He=

If G(s)H(s) involves a factor then the plot of G(jw)H(jo),

S/"L

for o between 0" and 07, has A clockwise semicircles of

infinite radius about the origin in the GH plane. These

semicircles correspond to a representative point s moving
along the Nyquist path with a semicircle of radius € around

the origin in the s plane.

Jer g
. GH Plane
+jm

Jo+

jo- yl

,jw
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Relative Stability

Consider a modified Nyquist path which ensures that the
closed-loop system has no poles with real part larger than

-Op .

G Plane

£ Flame

Figore 8-69
Modified Nyquist path.
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Phase and Gain Margins

A measure for relative stability of the closed-loop system is
how close G(jw), the frequency response of the open-loop
system, comes to —1+j0 point. This is represented by phase
and gain margins.

Phase margin: The amount of additional phase lag at the

Gain Crossover Frequency , required to bring the system
to the verge of instability.

Gain Crossover Frequency: o, for which

G{ja)ojzl
Phase margin: y=180° + £G(jo,) = 180°+ ¢

Gain margin: The reciprocal of the magnitude ‘G(ja)l)‘ at the

Phase Crossover Frequency m; required to bring the system
to the verge of instability.

Phase Crossover Frequency: ®; where LG(ja)l):—180°

Gain margin: Kg=_ L+
J Gliwy)

Gain margin in dB: Kg in dB= —20Iog‘G(ja)1]‘

Kg in dB > 0 = stable (for minimum phase systems)
Kg in dB < 0 = unstable (for minimum phase systems)



Positive
; \ gain margin
o b A
o * [ Log w
= | )
g - L
;o
! i
) | i
—90° \]"i
|
~180° - S
-270° |- Positive
phase margin
Stable system
Im
Positive
pain G plane
margin
fr——
l
- -1 4 Re
Positive
phase
margin
Gifja)
Stable system
Positive
phase
margin
+ . £
9 4
20
) { Posi_rivc
= gain
~| margin
2100 —180° 907
it;

Stable system

{a)

(b)

(c)

Negative
gain margin

| - S

iGlin dB

60"

531 —-180°

-270°

/

- e m . — —

Log w

Negative
phase margin

Unstable system

Im

Log w

Negative
phase margin

7 plane

|Glin dB
| el (D

=270

s
N

=1 Megative
[~ Eain
margin

G(e)

Unstable system

Re

Negative
gain
margin

)

i

~._ Negative
™~ phase
margin

—-180°
G
Unstable system

Figure: Phase and gain margins of stable and unstable
systems (a) Bode diagrams; (b) Polar plots; (c) Log-
magnitude-versus-phase plots.
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If the open-loop system is minimum phase and has both
phase and gain margins positive,

- then the closed-loop system is stable.

e For good relative stability both margins are
required to be positive.

e (Good values for minimum phase system:
e Phase margin : 30° — 60°

e Gain margin: above 6 dB
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Correlation between damping ratio and frequency
response for 2"% order systems

R(s) + On C(s)
s(s+2¢wp ) >
C(s) o’ C(io) o (©)
= o(m
R(s) % + 20wnS+ w2 R(i0) = M(o)- €

Phase marqin:

v = 180°+2G(jw) G(jw): open loop transfer function

2

| Wn

IG(jw):| jo(jo+ 2§a>n)| becomes unity for w1=wn\/\/1+ agt —2¢?
y:tan—l|: 2§wn}:tan_1 2
ane R e

- vy depends only on
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Performance specifications in the frequency

domain:

ot T n

R )

o:: Cutoff Frequency
O<w<wm:: Bandwidth

Slope of log-magnitude curve: Cutoff Rate

e ability to distinguish between signal and noise

. Resonant Frequency

¢ indicative of transient response speed

e @ = increase, transient response faster (dominant
complex conjugate poles assumed)

r = max|G(jm)| : Resonant Peak
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Closed-Loop Frequency Response

Open-loop system:  G(s)

. CO_ G
Stable closed-loop system: =
e Rs 1+G(S)
R(s) + C(s)
g G(s) >
%
A
Gs| _P
1+G(s) F?A
Im 4
—1 + 40 o _
P 8 ,qﬁr} Re
$—6
G /]
\G(fw}




Closed-Loop Freguency Response:

C10)__Ggo) jo
= =M-e
R(j) 1+ G(jo)

Constant Magnitude Loci:

Constant Phase-Anqgle Loci

Gljw)=X+jY > zel%=,

—— 1 =const
1T+ X+jY

(X+}é)2 +(Y+}/2N)2 :%+(%]2, N =tano

C61



 M=13 M=1 e
M=14

Figure:

A family of constant M circles.
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Im &

(b

Figure:

(a) G(jw) locus superimposed on a family of M circles;

(b) G(jw) locus superimposed om a family of N circles;
(c) Closed-loop frequency-response curves
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Experimental Determination of Transfer Function

e Derivation of mathematical model is often difficult and
may involve errors.

e Frequency response can be obtained using sinusoidal
signal generators.

Measure the output and obtain:
e Magnitudes (quite accurate)
e Phase (not as accurate)

Use the Magnitude data and asymptotes to find:

Type and error coefficients
Corner frequencies
Orders of numerator and denominator

If second order terms are involved, C is obtained from
the resonant peak.

Use phase to determine if system is minimum phase or not:

e Minimum phase: ®—> -« phase =-90 (n - m)
(n-m) difference in the order of denominator and
numerator.
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Compensation Technigues

¢ Performance specifications for the closed-loop system

o Stability

e Transient response > T, M (settling time, overshoot)
or phase and gain margins

o Steady-state response > ey (Steady state error)

e Trial and error approach to design

Performance specifications

Root-locus or
Frequency
response
techniques

Synthesis

v
Analysis of closed-loop system

No

Are specifications
met?
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Basic Controls

1. Proportional Control

+ E(s) K M(s) G

M (s) _ m(t) = K - e(t)

2. Integral Control

+ E(s) K M(s)

M(s) _ K _
=5 s m(t) = Kj-e(t)dt

Integral control adds a pole at the origin for the open-loop:
e Type of system increased, better steady-state performance.

- Root-locusis“pulled” to the left tending to lower the
system’ s relative stability.
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3. Proportional + Integral Control

' B9 | LK MO g

M(S) _ Ki _ KDS+ Ki — .
Bg == m(t) er(t)+jK,e(t)dt

A pole at the origin and a zero at ‘Ei are added.

p

4. Proportional + Derivative Control

+ B9 | K, +Kys MO G
M (s) _ de(t)
WY K +K m(t) =K e(t)+ K,—=
gg ~ oK (t) = K elt)+ K, ”

e Root-locusis“pulled” to the left, system becomes more
stable and response is sped up.

e Differentiation makes the system sensitive to noise.
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5. Proportional + Derivative + Integral (P1D) Control

M(s)
+ E(s .
© Kp+de+ﬁ | G(9)
S
I\/I_(s):KerKderﬁ
E(s) S

m(t) = K je(t)+ K, dilt(t)Jr Kije(t)dt

e More than 50% of industrial controlsare PID.
e More than 80% in process control industry.

e When G(s) of the system is not known, then initial values
for Ky, Kg, Ki can be obtained experimentally and than
fine-tuned to give the desired response (Ziegler-Nichols).

6. Feed-forward compensator



Design G¢(S) using Root-Locus or Frequency Response

techniques.

E(s)

G.(s)

M(s)

G(s)

D5
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Freguency response approach to
compensator design

| nfor mation about the performance of the closed-loop system,
obtained from the open-loop frequency response:

e Low frequency region indicates the steady-state behavior.

o Medium frequency (around -1 in polar plot, around gain
and phase crossover frequenciesin Bode plots) indicates
relative stability.

e High frequency region indicates complexity.

Requirements on open-loop frequency response

e Thegain at low frequency should be large enough to give
a high value for error constants.

e At medium frequencies the phase and gain margins should
be large enough.

¢ At high frequencies, the gain should be attenuated as
rapidly as possible to minimize noise effects.

Compensators
e |ead:improves the transient response.
e lag: improvesthe steady-state performance at the expense
of slower settling time.
¢ |ead-lag: combines both



D7

L ead compensator s

1

S+ —

_ Ts+1 T
GC(S)_KcaaTs+1_KCS+1 T>0 and O<a<l1

arl

® Poles and zeros of the lead compensator:

1

[
NG
1
aT T

e Frequency response of G¢(jm):

w in r.l'.ilJ.-"'JEiJ
The maximum phase-lead angle ¢, occurs a o, , where:
-

sng =—%
Or, 1o and

lo —} logT +10 L Om =
o =29 97 E JaT
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Since

1

~Ja

1+ joT
1+ jwaT

O=0p,

the magnitude of G,(jw) a ®,, isgiven by:

Glia)=KA/a

Polar plot of alead network

a(joT +1)
(jowaT +1)

where 0<ax<l

IS given by
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. ead compensation based on the
frequency response

Procedur e

1. Determine the compensator gain Koo satisfying the given
error constant.

2. Determined the additional phase lead ¢, required (+
10%~15%) for the gain adjusted (K.o.G(S)) open-loop
system.

3. Obtan o from sn¢,, = 1-a
1+a

4. Find the new gain cross over frequency w. from
K.alG(je,)=10loga

5. Find T from w, and transfer function of G¢(s)

T _ 1
Jao, and
Gc(s): K a Ts+1
als+1

General effect of lead compensator:

e Addition of phase lead near gain crossover frequency.
e |ncrease of gain at higher frequencies.
¢ |ncrease of system bandwidth.
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Example:

Consider
i G(s) G(9)
G(s) = ——
where ~ s(s+2)

Performance reguirements for the system:

Steady-state: Ky =20
Transient response; phase margin >50°
gain margin >10 dB

Analysis of the systemwith G.(s) = K

ForK,=20 - K=10

Thisleads to: phase margin = 17°
gain margin = +oo dB
Design of a lead compensator:

Ts+1
als +1

G.(s)=K.a

4K .a _ oK

1. K,=]imsG.(s)G(s)= =20 > K.o=10
s—0
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2. Fromthe Bode plot of K.aG(jw), we obtain that the
additional phase-lead requiredis.  50° - 17° = 33°.

We choose 38° (~33° + 15%)

. . 1-a
Iang., =s9n38 =—— —
¢m 1+ a 9 (04 024

Since for wy, the frequency with the maximum phase-lead
angle, we have:

1+jo,T| 1
1+jo,aT Ja

We choose w., the new gain crossover frequency so that

om=w and |G (s)G(s XS o,

This givesthat:
K.aG(jw,) =‘ 0 |
‘ Ja) +2‘

has to be equal:

(%)L_G.Zda

From the Bode plot of K.oG(jw) we obtain that

40
jo (jo, +

2)} =—6.2dB g w.=9rad/sec
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Thisimpliesfor T

1 1 1

@ =—== —Orad/sec = =441
Jar  Jo24r 27

and

K.=2_m7
2a

G (s)= 4173744

s+18.4

The compensated system is given by:

41.7(s+ 4.41) : 4 >

s+18.4 s(s+2)

The effect of the lead compensator is:

Phase margin: from 17° to 50° - better transient response
with less overshoot.

o . from 6.3rad/sec to 9 rad/sec - the system responseis
faster.

Gain margin remains o .
K, 1520, asrequired - acceptable steady-state response.
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db
- = \

2 !
—ag” — ]
.':-u..._‘____‘k L
- —-‘—‘—._“_-_‘——-
—|8::"! | s et S

2 a4 1- a8 10 20 40 S0 80 0
win radssec

40

Bode diagram for Kc-a-G(jw)=jw(sz)

i e T “r“" | |

EL,-:\_\_\ ‘“J . At 5

e o - e e ]
h-“"._‘ T EG:
-'-'..“"\-'_‘_‘-‘-‘- I_
db o —r— e
T8 ) e
A a7
~
e
= 41 ...
20 ¢
-

= o e [EEs
L |r:r -1
—an? _i__
S } Gel3 |
v N |
=150 1 o IR e el ot —
1 E 4 & 8io 20 40 &0 80 100
e i SR

Bode diagram for the compensated system

Lio+44 4

G l(jo jo) = 41
(j0)5(jo) jo+18.4 jo(w+ 2)



. ag compensator s

Ts+1 S+?
G.(s)=K - K
(&)= KB o T T>0, B>1
BT
Poles and zeros:;
™
N
1 1
T BT
Frequency response:
m
» :

D14

Polar plot of alag compensator K B(jwT+1)/(jwBT+1)



D15

—s0°F

Bode diagram of alag compensator with K=1, =10

’_S‘}—\
=~

/

-20log3

Magnitude of (jwT+1)/(jwBT+1)
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L ag compensation based on the
frequency response

Procedur e

1. Determine the compensator gain K3 to satisfy the
requirement for the given error constant.

2. Find the frequency point where the phase of the gain
adjusted open-loop system (KL G(s)) isequal to -180° +
the required phase margin + 5°~ 12°.

Thiswill be the new gain crossover frequency ..

3. Choose the zero of the compensator @ = 1/T at about 1
octave to 1 decade below . .

4. Determine the attenuation necessary to bring the
magnitude curve down to 0dB at the new gain crossover
frequency

-KBlG(jo.)=-20log B > B
5. Find the transfer function G(s).

Gener al effect of lag compensation:

e Decrease gain at high frequencies.
e Move the gain crossover frequency lower to obtain
the desired phase margin.
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Example:

Consider

Gc(s) G(s)

where
1

s(s+1)0.5s+1)

G(s)=

Performance reguirements for the system:

Steady state: Ky =5
Transient response; Phase margin > 40°
Gain margin > 10dB

Analysis of the systemwith G(s) = K

K, =]imKG(s)=K =5
s—0

for K =5, the closed-loop system is unstable

Design of a lag compensator :

S+
Go(9 =K, — =K Bt
oy 1 BTs+1

BT




D18

1. K=l ronGc(S)G(S)= KB =5

2. Phase margin of the system 5G(s) is -13°
- theclosed-loop system is unstable.

From the Bode diagram of 5G(jw) we obtain that the
additional required phase margin of 40° + 12° =52° is
obtained at ® = 0.5 rad/sec.

The new gain crossover frequency will be:
o. = 0.5 rad/sec

3. Place the zero of the lag compensator at ® = 1/T = 0.1
rad/sec( at about 1/5 of ).

4. The magnitude of 5G(jw) at the new gain crossover
frequency w; =0.5 rad/sec is 20 dB. In order to have . as
the new gain crossover frequency, the lag compensator
must give an attenuation of -20db at ...

Therefore
-20logp=-20dB > Pp=10
5 1
K.=—=05 S
. =B , pole : BT 0.01
and
G.(s)= 0.5 s+ 0.1

s+ 0.01
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ol

_1&fe :_Jl Sl

L | b i - ! s I i ;
) 3 O O S
4 006l 002 004 ml 2 0406 | z 4

il in raddsec

Bode diagrams for:
o Gi(jo) =5G(jw) (gain-adjusted KLBG(jw) open-loop
transfer function),
o G(jm)/K = G(jw)/5 (compensator divided by gain K3 =
5),
o G (jw)G(jw) (compensated open-loop transfer function)

The effect of the lag compensator is:

e Theorigina unstable closed-loop system is now stable.

e The phase margin ~ 40° - acceptable transient response.
e Thegain margin= 11dB - acceptable transient response.
o K,isb5asreguired - acceptable steady-state response.

e Thegain at high frequencies has been decreased.
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L ead-lag compensator s

S+T1 o +1 sT,+1
GC(S):KC 1. f = ﬁ Sht
s+ s+ = 7’ L +1 S’BT2+1

al,  pT, Yy

T, T, >0, B>1 and y>1

Frequency response:

10

db —I0k e s B

- Z 00—

ao——————

Jlals}
T

=]
=]
o
=B
o}
Hj=—
HlE

n rodsses

Bode diagram of alag-lead compensator given by

1 1
Gc(s): Kc : 2
Y 1

s+4 | s+

T .BTz

withKe=1,y=8=10and T,= 10T,
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J/‘»\Hljzw= i

Y

W=

1 ,'KI__ " He

Polar plot of alag-lead compensator given by

withK,=1and y=p

Comparison between lead and lag compensator s

L ead compensator

L ag compensator

o High pass

o Low pass

o Approximates
derivative plus
proportional control

o Approximates integral plus
proportional control

o Contributes phase lead

o Attenuation at high
frequencies

o Increasesthegain
crossover frequency

o Moves the gain-crossover
frequency lower

o Increases bandwidth

o Reduces bandwidth




