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Final Examination – December 2006

ELEC 200 – Engineering Graphics

Section F01

Answer Sheet

1. (20%) Let pv = [xv, yv, zv, 1]T be the view point and let po = [xo, yo, zo, 1]T be the object point.  Derive the perspective projection which views po from pv and write it as a product of elementary translation(s), rotation(s), perspective(s) and projection(s).  Draw one or more diagrams which clearly show(s) every relevant point, line, distance and angle.
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To translates po to the origin.
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Rxy() rotates p into the yz plane and Ryz() aligns the result with the z axis.


We have  
[image: image33.emf],  which takes pv into p, defined by
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Now define  
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Applying these transforms takes the viewpoint into the point [0, 0, r, 1]T and we can immediately write the perspective transformation, Vz, looking at the origin from this point and the orthogonal projection, Pz, onto the xy plane as
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The perspective projection sought is just the product of all the above transforms, in order of appearance:
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2. (15%) Wite a MatLab script that animates the following rolling motion over a total of N frames:
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Using 2D homogeneous coordinates, you may assume that you have a 3×N matrix, Q, containing the vertices of the object in columns, such that the call

h = patch( …

  'vertices', [Q(1:2,:); zeros(1,size(Q,2)]', 'faces', [1:size(Q,2)] …

);

will create a patch object with a single face having the shape of the object which is to be transformed, placed so that the center of the circular part of the object is at the origin.  Take the radius of the circular part of the object to be r.  Use drawnow() instead of getframe().

% assume we have Q, h and N as defined in the question

R = [ % rotation for one frame
  cos(pi/N) -sin(pi/N)  0

  sin(pi/N)  cos(pi/N)  0

  0          0          1

];

T = [ % translation for one frame
  1  0 -r*pi/N

  0  1  0

  0  0  1

];

c = [r*pi/2 r 1]'; % initial center of the circular part

Tc = [ % translation from the origin to the initial center
  1  0  c(1)

  0  1  c(2)

  0  0  1

];

Q = Tc * Q; % place the object in its initial position
set(h, 'vertices', [Q(1:2,:); zeros(1,size(Q,2))]');

for i = 1:N

  To = [ % translate from current center to origin
    1  0 -c(1)

    0  1 -c(2)

    0  0  1

  ];

  Ti = [ % translate back to current center
    1  0  c(1)

    0  1  c(2)

    0  0  1

  ];

  Q = T * Ti * R * To * Q; % rotate and translate object
  c = T * c; % translate the center
  set(h, 'vertices', [Q(1:2,:); zeros(1,size(Q,2))]');

  drawnow;

end
3. Consider translations and rotations in three dimensions, expressed as 4x4 homogeneous matrices.

a)
(10%) Prove that translation and rotation do not commute in the general case.

Let 
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 be an arbitrary translation and

let 
[image: image15.wmf]ú

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ê

ë

é

=

1

0

0

0

0

a

a

a

0

a

a

a

0

a

a

a

R

33

32

31

23

22

21

13

12

11

 be an arbitrary rotation.  Then, by direct

calculation, we have
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but
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since these are clearly not equal in the general case, we have the desired result that T and R do not commute in general.

b)
(5%) Prove that they do commute in the specific case when the translation is perpendicular to the plane of the rotation.  Hint: Use your freedom to choose the coordinate system to simplify the algebra.

Choose the coordinate system so that the rotation is in, say, the xy plane, in which case the translation must be along the z axis.

We have 
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and
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and this time the results are equal, therefore T and R do commute in this case.  Since the geometry is independent of the choice of coordinate system, T and R will always commute when the translation is perpendicular to the plane of the rotation.

4. [image: image30.emf]y
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(10%) Sketch the Bézier curves defined by the following control polygons.  Hint: recall the rule about midpoints and tangents.

5. (10%) Sketch the Bézier blending functions Jni(t) over 0  t  1 for n = 3.  Label the curves you draw to show which is which.

[image: image31.emf]a) b)

c) d)


6. (15%) Consider the operation of rotating about an arbitrary point, p = [x, y, 1]T, in the plane.  Using 3×3 homogeneous matrices, prove that rotating about the origin and then applying the translation that moves the image of p back to its original position is equivalent to translating to the origin, performing the rotation and then translating back.

Let c = cos and s = sin.  Then 
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the result of rotating p about the origin by , and
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 takes this point back into p, so that
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but the process of translating p to the origin, rotating by  and then translating back to p is given by
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  and these are obviously equal,

therefore the two operations are equivalent.

7. (15%) Sketch top, front and right side views of the following object. 
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