ELEC 200 – Fall 2006
Midterm Solutions

1. a) [12 marks] Let P be the plane passing through the point [4,3,2,1]T and normal to vector [2,3,4,1]T.  Derive a matrix, M, which transforms P so that it is parallel to the yz plane and still passes through [4,3,2,1]T.  Express M as a product of elementary transformations.

Let A be the transformation that rotates the plane so it becomes parallel to the yz plane, and let T be the translation that moves the given point to the origin.  Then

M  T-1AT
where it is immediately obvious that


[image: image32.emf]0

2

4

6

0

2

4

6

0

2

4

6

20

29





3

4

2

   and   
[image: image2.wmf]ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

=

1

0

0

0

2

1

0

0

3

0

1

0

4

0

0

1

1

-

T


but there are four different ways to define A, any one of which completes a correct solution to this question.  Since A rotates the plane  to become to the yz plane, it also rotates the normal, N = [2,3,4,1]T to become parallel to the x axis.  There are 4 ways of doing this:

1. Rotate N by  about z into the zx plane, then by  about y into the x axis, in which case
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2. Rotate N by  about y into the xy plane, then by  about z into the x axis, in which case
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3. Rotate N by  about x into the zx plane, then by  about y into the x axis, in which case
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4. Rotate N by  about x into the xy plane, then by  about z into the x axis, in which case
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b) [8 marks] Draw one or two diagrams showing the derivation of M.

The following diagram shows the plane, P, its normal, N, and the translation, T, which moves it to the origin:
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The following diagram goes with case 1 above:
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The following diagram goes with case 2 above:
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The following diagram goes with case 3 above:
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The following diagram goes with case 4 above:
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2. a) [5 marks] Describe in words the action of the matrix, T, where
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The matrix T shears lines parallel to the x axis into lines making an angle of tan-1 a with the x axis and then translates by displacement [b, c, d]T.

b) [5 marks] Express T as a product of elementary transformations.
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3. a) [5 marks] Given a quadrilateral, ABCD, lying in the xy plane as shown below, derive the transformation matrix, T, that transforms ABCD into A'B'C'D' and express T as a product of elementary transformations.
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The figure A'B'C'D' is obtained from ABCD by a rotation of  radians about the origin.  No other terms are required, so T is a trivial single-term product:
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b) [5 marks] Assuming the gridlines in the above figure have unit spacing, calculate the matrix, T, numerically.

Since sin  = 0 and cos = -1, we have
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4. [20 marks] Using 3D homogeneous coordinates, write a MatLab function that takes no parameters and returns a 4 × 4 matrix that transforms the the line from [1,0,0,1]T to [0,1,0,1]T into the line from the origin to [1,1,1,1]T.

There are two ways to do this problem.  Both begin by translating the starting point of the line to the origin and then rotating the line to align it with a coordinate axis.  Any axis will do, so we choose the simplest, which is the y axis.  Once the line has been brought into coincidence with the y axis, we can either scale it to length and rotate it up, or shear it up to bring its endpoint to a height of 1 above the xy plane.  Finally, we rotatate the resulting line by /4 radians to put it in its final position.  Either method is correct.

% --------------------------------------------------------------

% MakeTransform – Return a 4 x 4 homogeneous transform matrix

%       that takes the line from [1,0,0,1]T to [0,1,0,1]T into

%       the line from [0,0,0,1]T to [1,1,1,1]T using scaling and

%       rotation.

%

% Args: none

%

% Rtns: A - 4 x 4 homogeneous transform matrix

% --------------------------------------------------------------

function A = MakeTransform()

  T = [ % translate starting point to the origin
    1  0  0 -1

    0  1  0  0

    0  0  1  0

    0  0  0  1

  ];

  c = 1/sqrt(2); s = -1/sqrt(2);

  R1 = [ % rotate about z by –pi/4 to align with the y axis
    c -s  0  0

    s  c  0  0

    0  0  1  0

    0  0  0  1

  ];

  a = sqrt(3)/sqrt(2);

  Sc = [ % scale the line to make length = sqrt(3)
    1  0  0  0

    0  a  0  0

    0  0  1  0

    0  0  0  1

  ];

  c = sqrt(2)/sqrt(3); s = 1/sqrt(3); 

  R2 = [ % rotate about x to make z = 1 at the endpoint
    1  0  0  0

    0  c -s  0

    0  s  c  0

    0  0  0  1

  ];

  R3 = R1; % rotate another -pi/4 to the final position
  A = R3 * R2 * Sc * R1 * T; % compose the transformations
end

% --------------------------------------------------------------

% MakeTransform – Return a 4 x 4 homogeneous transform matrix

%       that takes the line from [1,0,0,1]T to [0,1,0,1]T into

%       the line from [0,0,0,1]T to [1,1,1,1]T using shear.

%

% Args: none

%

% Rtns: A - 4 x 4 homogeneous transform matrix

% --------------------------------------------------------------

function A = MakeTransform()

  T = [ % translate starting point to the origin
    1  0  0 -1

    0  1  0  0

    0  0  1  0

    0  0  0  1

  ];

  c = 1/sqrt(2); s = -1/sqrt(2);

  R1 = [ % rotate about z by –pi/4 to align with the y axis
    c -s  0  0

    s  c  0  0

    0  0  1  0

    0  0  0  1

  ];

  a = 1/sqrt(2);

  Sh = [ % shear along z to make z = 1 at the endpoint
    1  0  0  0

    0  1  0  0

    0  a  1  0

    0  0  0  1

  ];

  R3 = R1; % rotate another -pi/4 to the final position
  A = R3 * Sh * R1 * T; % compose the transformations
end
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