Geometric Transformations and Projections

Prelude: Different Forms of the Transformation Matrix:

The transformation matrix can be expressed in two different forms:
» Post-multiplication form

In this approach, a point is represented as a row array (or matrix). The new point is
obtained by post-multiplying the old point in the following form, as illustrated using a
2D rotation and translation example.

=[x y1]
Prew = Pots X[T Toostomutioy = Pota X[RTpoetomattoty X7 Tooscomutipy
cosd singd 0
[Rl e =| =sin@ cos@ 0|, and
0 0o 1
0 0O
M1 =/ 0 0 0
a b1

The post-multiplication was once popular and used in our old notes on the web.
However, this approach is seldom used in more recent textbook and literatures.

¢ Pre-multiplication form

In this approach, a point is represented as a column array (or matrix). The new point
is obtained by pre-multiplying the old point in the following form, as illustrated using
the same 2D rotation and translation example.

X
T
p=|y|=[x vy
1
composne translatlonby(a b) rotation about Z axis
pnew pre multiply pold _ pre —multiply [R] pre —multiply pold
cosd -sin@d 0
rotauonaboutZams —
[R]re-muttinly sin@ cos@ O], and
1
0 a
translationby (a, b) —
I.T]pre multiply O O b
0 01

The pre-multiplication approach is widely used today in textbooks and computer
manuals. We use this approach in the lecture and in additional notes (on the web
and distributed in class).

The two approaches are equivalent. However, we do want to be consistent with
current practice. We will use pre-multiplication in our assignments and exam.
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1. Translations and Rotations

a) Translation

X1
Pi={y1
4
X1 Xqg X1+ Xy
Py=|Y1 [+|Ya|=|Y1+VYa |=P1+d
Z; Zy Z1t+ 24
b)  Scaling
X1 SXq
Pi=|Yy1 P, =|sy; Py =sP;
Z; sz,

c) Reflection (about XOY Plane)

X1 X 1 0 O
P1=|y1 P,=Iwn P,=10 1 0

Zl _Zl 0 0 _1
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d) Rotation about z Axis

X, r cos ¢ z
P =|y, |=|rsing ccw
KA z ) Y2 y
x,] [rcos(p+86) . Y1
P,=|y,|=]|rsin(p+8) P2
z z
_ 2 Py
r cos gcosé —rsingsing
=|rcos@sin@ +rsingcosé X2
X1
i z
X, cos@ -y, sind
=|x,sin@+y, cosd «
L Z

2. Homogeneous Representation

The representation is introduced to express all geometric transformations in the form of
matrix multiplication for the convenience of manipulation.
a) Translation

X5 1 0 0 Ty||X X+ Ty
_ 2| |01 0 Tylfyr| (ntTy
Pe=PlPror =10 0 1 1|2 ||z,
1 0 00 1 1 1
b)  Scaling
s, 0 0 0
0 S, 0 O
_ _ y
P, =[] P, and [S]= 0 0 s 0
0 0 0 1
c) Reflection (Mirroring)
1 0 0 O YOZ
0 1 0 0 X0Z ...
P, =[M]P; and [M]= 0 0 +1 0 about Oy with “-“ sign.
0 0 0 1
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d) Rotation about the z Axis

cos® -sin6 0 O
sin@ cos6 0 O
Pa=[R,JPr and [R]=| =~ o |
0 0 0 1
Similarly
1 0 0 0 cos®@ 0 sin® O
R_Ocose—sineo_ - 1= 0 1 0 0
[X]_ 0 sin@ cos® OFf [y]_ —sin® 0 cos® 0
0 O 0 1 0 0 O 1
Rotation about Z Axis - CCW by 0
AZ
)
By \
X 2 Y
%, ] [rcosg
P,=|y, |=|rsing
Zl Zl

X, r cos(¢+ 0) r cos@cos@ —rsingsind
P,=|Yy,|= I’sin(¢+0) =| rcos@cos@ +rsin@pcosd
Z; Z Z,

X, cos@ -y, sin@

=| x,sin@+ycosé

L Z1

X, | [cos@ =singd 0O]fx,
P,=|Y,|=|sind cos@ O}y, |=RyP

z, 0 0 1||z,
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Rotation about X Axis - CCW by 0

Ay
¥o
P \
Y 2 Z

_Xl Xl
y, |=| rcosg
7 rsing
_XZ Xl Xl
y, |=| rcos(@+8)|=| rcospcosd - rsingpsin g

z, | |rsin(p+6)| |rcosgpcos@+rsin@cosd
Xl

y, cos@ -z, sin8

|y, sind +2z, cosf

[ X, 1 0 0 X,

Y, |=|0 cos@ =sinf||y, |=RyP

z, 0 sin@ cos@ ||z,

Rotation about Y Axis - CCW by 0
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%, ] [rcosg
PL=1Y =] Wu

| Z rsing

"x, | [rcos(@—8)] [rcosgcosd+rsingpsing
P, =Y, |= Y1 = Y1

1z, | |rsin(p-6)| |rsingcosd+rcosgsing

[ x,cos@+z,sind

= Y1

| =X, sin@ +z, cosd

X, cosd 0 sind][x,
P,=1Y,|= 0 1 0 Y, :R[y]l:’1

| Z, -sin@ 0 cosé ||z,

Rotation about an Arbitrary Axis

Parametric Rep. of the Axis:

X =Au+X

y=Bu+yy

z=Cu+zg O<u<i

L =vA® +B* +C’u

Step 1: Translate Py to Origin
1 0 0 —-xp L
0 1 0 -y
[B]= 0 0 1 -z

000 1
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Step 2: Rotate Vector L about X Axis to get L into the x - z plane

vV =4B*+C°
s,inelzE
\Y,
c:osel:E
V
1 0 0 0] 1 0 0 O]
C B
0 cos®; -sing, 0| [0 = —-— O
7.0 - ¥
X . B C
0 sin®; cosB; O 0 — = 0
vV Vv
0 0 0 11 lo o0 0 1]

Step 3: Rotate L about the Y axis to get it in the z direction
Rotate a negative angle (CW)!
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. A
S|n92 = _I

Vv
c0s9, =—
L
[ cox8, 0 sinB, O] v 0o A 0_
L L
0 1 0 0 01 0 0
[Ry]=| . “|A Vv
-sinG, 0 cos6, 0| |22 o X ¢
L L
0 0 0 11 1o o o 1
Step 4: Rotate angle 6 about axis L .
2
6 Y
> X
cos@ -sin6 0 O
R 1= sin@ cos6 0 O
[R.]= 0 0 10
0 0 0 1
Step 5: Reverse the rotation about the Y axis
- v _
— 0 A 0
L L
[R ]—1 _ 0 1 0 0
vl —| A
N O X 0
L L
. 0 0 0 1]

Inverse of Rotation:

Replace 6 by -0
sin® by —-sin®
cos 0 by —cos O
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Step 6: Reverse rotation about the X axis

1 0 0 O
B
[ ]—1 0 \E/ V 0
Ryl =
0o -2 £y
vV V
10 0 0 1}
Step 7: Reverse translation
1 0 0 Xxq]
01 0 vy
[D]™" =
0 0 1 z,
10 0 0 1|
Overall Transformation
1;2 P
3, .
B /r
> X

(11 = PI"[R][R] [R[R ][R ]I

P, =[T]P,

Assignment 4:

1. Given[x, vy, z, 4'=[2 3 4 1",[A B C ' =[1 11 1, and =90",
find the composite transformation matrix [T] for Rotation about an Arbitrary Axis.

2. A line connects the point A at [1,0,0]" to the point B at [1,0,1]". A second line extends
from C at [1,0,2]" to D at [1,1,2]". Rotate line AB about line CD using vector-matrix
methods. The rotation should be 90° counter-clockwise as seen from the +Y axis.

3. A plane surface intersects the coordinate axes at three points A = [5,0,0]", B = [0,5,0]
and C = [0,0,10]". A given point P is on the plane. Find the matrix of geometric
transformation that move the point P five units down on the plane to P*. (Line PP" is
perpendicular to edge AB and is on plane ABC. PP’ =5))
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Viewing Coordinate System

a) View Window

View Plare
@) Yiew Window >
Viewpert
Berk Sohyp, (View Window)
Xy
( For porallel
pre J“‘ed"f m, /Z
viewer at oo) y ViEWiNG PirECTION
j—l viewer

Aute CAD Default
Set

- ]

VIEWER
4 »

* Right hand coordinate system

» 2D coordinate system on the view plane.

» Some "old" graphics systems use a left-hand coordinate system. A different
geometric transformation matrix must be used.

Z
X LH Coar. Sys,
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b)  Orthographic View versus World Coordinate System
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c)  Perspective and Parallel Projections

We want to produce a 2D image (projection) of a 3D object.
* Perspective Projection
* Parallel Projection

e 3D oéjtf«{.
@ Pw?eu‘gve Pﬁjcmé“m

Frove da, CP Ploms,

@ PMA&%/ Bﬁ"e c;f\rh

2
P‘"D*fh!z‘vf:
g FH"AW
Center of
Projedn, ,ep * Pm—a..rf/fjd ,ﬁ'u.r Ay A Ao

‘b porodled Lonis
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Definition of a General Viewing Coordinate System

a)  What are involved?

Bg(wyaj::cu Vi),

View Plane
View Window

vV copd

. ves ( Viewing Coor.Sys.)
0 J Viewer, €P
MCS D;:::;i?m (Center oF Prej ectiom)
(Model )
weg

b)  How to Set Up the Viewing Coordinate System (VCS)!
i)Define the view reference point

-
P=P, P, P,)
ii)  Define the line of the sight vector n (normalized)
~ T
=N, Ny, N,) and N2 +N,2+N,2 =1
iii)  Define the "up" direction
_ T
v=(Vy, vy, V,) Oh, V=0

This also defines an orthogonal vector, U
U=Vxn

(U, V, ﬁ) forms the viewing coordinates
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iv)  Define the View Window in U -V —W coordinates

P I v
Y e
l’ Y
a L__
/ >

c) Parallel Projection

First transform coordinates of objects into the UVn coordinates (VCS), then
drop the n component. (n — depth)

Overlapping x-y-z and U-V -n
i) Translate O, to O.

10 0 -0,

01 0 -0,
[D] =

00 1 -0,

00 0 1 |

ii) Align the n axis with the Z axis.
A=N,, B=N,, C=N,

L=yN% +N2 +N2
V= N2 +N2

The procedure is identical to that given in 5.2.
* rotate 6, about x: [R,]

* rotate 6, about y: [Ry]
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iii) Rotate 8, about the Z axis to align U with x and/or V withy. At this

o I I T
point, V is given by (VX, Vy, 0) where

Vi Vi

Vy Vy
0 = [R y] [R X] [DOV ) 0] VZ
1 1

L 7
We need to rotate by an angle 85 about the Z axis

_ [ZauZ wnp -V _Vy
L—‘/VX +Vy§, S|n93—TX, cose3—T

'V VgL 00

R ]- Vi Vy 00
’ 0 0 10
) 0o 0 1]

3
<y
*

Engr 150 Additional Notes on Geometric Transformations and Projections



iv) Drop the n coordinate

1 0 0 0 u u
0100 |V v
[Oul=|g o o of |o|=Pdl,
000 1] \1 1

In summary, to project a view of an object on the UV plane, one needs to
transform each point on the object by:

[T1=[Dy] [R.] [Ry] [Ry] [Doy. ]
u X
pr = X =[1p=(1 |
1 1
2 1 A
L—
— x

Note: The inverse transforms are not needed! We don't want to go backtox-y -z
coordinates.
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