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Abstract-A kinematic analysis of human arm trajectories which underlie the production of learned, 
continuous movements (such as drawing of ‘figure 8s’ and stars) in free space is presented. The objective 
of this investigation was to see if a set of rules, which had been identified previously and which are 
appropriate for generating circular or elhptical motion of the wrist in an arbitrary plane, also hold true 
for arbitrary, learned trajectories provided one additional assumption is made: that apparently continuous 
complex movements are composed of unit segments. 

The results presented in this paper are consistent with this hypothesis. Furthermore, as predicted by 
the hypothesis, the wrist trajectory deviates little from planar motion in each segment while the plane of 
motion can change abruptly from one segment to the next. 

In a recent paper” we have considered a set of rules 
according to which simple trajectories (circles and 
ellipses) of the wrist can he generated in any arbitrary 
plane in free space. Also, a way was suggested for 
extending the use of this algorithm so as to encom- 
pass any arbitrary and complex trajectory that the 
human arm can execute in three-dimensional space. 

In this paper and the one which follows” we 
address the latter point by considering first the case 
of highly learned trajectories (drawing of ‘figure 8s’ 
and stars) and, in the next paper, that of trajectories 
which either require careful planning or which are 
drawn extemporaneously. 

To introduce this work it may be appropriate to 
recall briefly the main elements of the proposed 
algorithm as well as the assumptions which do allow 
one to generalize its use, i.e. to generate any arbitrary 
arm movement in space. We shall also restate the 
prediction which follows from these assumptions, the 
verification or falsification of this prediction being the 
major objective of these two papers. 

To begin with, it was found experimentally that 
when subjects draw circles and ellipses in different 
planes of free space, the motion at the wrist as well 
as the motion for a chosen set of anglesi2~i6 describing 

the orientation of the upper arm and forearm are 

close to sinusoidal.‘5 This set of angles is, in our 
hypothesis, the internal system of coordinates for 
movement co-ordination and perception (on the basis 
of kinesthetic information). The following relations 
between these angular motions (intrinsic parameters) 
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and the extrinsic parameters (the motion of the 
endpoint, i.e. the wrist) were identified: 

(a) the azimuth of the plane of motion at the wrist 
is linearly related to the phase between the yaw angles 
of the upper arm and the forearm and 

(b) the slant of the ellipse is linearly related to the 
phase between forearm yaw angle and the angular 
elevation of the arm.” 

Also, and most importantly, the angular motions 
of the arm and forearm were found to be constrained 
in the following way: the phase difference between the 
modulation of the angular elevations of the arm and 
the forearm is close to 180”, independently of the 
plane in space in which the figures are drawn. As a 
result of this constraint the number of degrees of 
freedom of the arm is effectively reduced from four 
(three at the shoulder and one at the elbow, assuming 
that the center of rotation at the shoulder joint is 
fixed) to three. Thus, while in general there is no 
unique configuration of the arm which corresponds 
to a given wrist position, the constraint mentioned 
above introduces uniqueness in the relation between 
intrinsic and extrinsic parameters during a move- 
ment. Note also that simulation studies” have shown 
the following: when this constraint is satisfied, the 
other two rules are obeyed over a wide range of 
random combinations of angular motions. Thus, the 
rules are valid for generating circles and ellipses of 
different sizes, in different parts of space and in 
different planes. 

Next, to make the algorithm applicable to arbi- 
trary movements we suggested the following two 
assumptions, both of which are reasonable based on 
available experimental evidence:5q*‘,2”22 

(1) apparently continuous, complex movements 
are composed of unit segments, and 
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(2) each of these segments is an arc of an ellipse 
generated according to the rules of the algorithm. We 
shall refer to the algorithm and these two assump- 
tions as the ‘hypothesis’. 

The point to he stressed is the following: according 
to the hypothesis the motion of the wrist during each 
segment of a trajectory would, of necessity, lie in one 
plane only.” Indeed, the experimental verification or 

falsification of this prediction for different types of 
trajectories, both learned and novel, is obviously of 
crucial importance if the hypothesis is to be accepted 
as plausible and adequate. 

In this paper we endeavor to show that learned 
trajectories as different as ‘figure 8s’ and stars can be 
accounted for by the hypothesis. In the subsequent 
paper” we will then present results obtained when 
subjects were asked to perform a novel task, namely 
to reproduce curved non-planar motion of the wrist. 

EXPERIMENTAL PROCEDURES 

Motor rasks 

Right-handed human subjects, who stood erect, were 
asked to draw simple figures such aa an ‘8’ or a star within 
a cube measuring 50 cm to a side. The approximate size of 
the figure and the plane in which it was drawn (for example, 
frontal or oblique) were also specified. They were asked to 
draw the figure repetitively at a comfortable tempo. 

Recording system 

The system used to record the motion of the arm in space 
and the analytical procedures used to calculate the angular 
motion at the shoulder and elbow have been described 
extensively in previous publications.“*‘*~” in brief, the 
locations of the elbow and of the wrist were determined 
ultrasonically and the fkxion-extension at the elbow joint 
was measured goniometrically. From these measures the 
angular elevations (8,/?) and yaw angles (q, a) of the arm 
and forearm were calculated, the angular elevation of a limb 
segment being given by the angle between that segment and 
the vertical (measured in a vertical plane) while the yaw 
angle is defined in the horizontal plane relative to the 
anterior direction (Fig. I). There is some uncertainty in the 
calculation of the yaw (q) and angular elevation (6) of the 
upper arm smce the center of rotation at the shoulder does 
not remain stationary. One estimate of this error is given by 
the difference between the measured and calculated angle of 
elbow flexion; the root mean square difference between these 
values ranged from 2” to 4”. 

Wrist and hand motion were not measured. Given the 
amplitude of the movements investigated, the contribution 
to the motion by these distal joints is negligible. For 
example, during handwriting on a horizontal surface’ the 
amplitude of wrist rotation is generally limited to a few 
degrees and the velocity of the motion at the finger tip is 
highly correlated with that at the wrist. Furthermore, in the 
experiments to be reported here subjects were asked to 
perform the task while keeping their wrist rigid. 

Electromyographic activity of shoulder and elbow 
muscles was recorded conventionally using surface 
electrodes. 

Data analysis 

For purposes of analysis we assumed that arm motion 
consisted of distinct segments and that each segment began 
and ended at an exttemum (maximum or minimum) of the 
tangential velocity of the wrist. The masons for detining 
segments in this arbitrary manner are as follows. First, the 
tangential velocity (Vr) at the wrist was not constant during 

a movement; rather it exhibited a considerable amount 01 
modulation (cf. Fig. 2). In the absence of any compelling 
reasons to the contrary, one might thus choose the cxtrema 
of VT to define a segment. Second. in agreement with 
previous observations’~2.8~22 as well as one assumption of the 
hypothesis being tested, the tangential velocity was found to 
be inversely related to the curvature K of the motion at the 
wrist (cf. Fig. 2). For a ‘figure 8’ the curvature is at a 
minimum at the point of,inflection of the curve, that is, 
where the motion changes from clockwise to counter- 
clockwise, or vice versa. Since a ‘figure 8’ can be approxi- 
mated by two ellipses, one above the other, the point of 
inflection constitutes an obvious choice of a segment bound- 
ary. Similarly, for a ‘star’, the curvature is maximal at each 
corner and one might expect each stroke to constitute a 
segment. Finally, a detailed investigation has shown that the 
curvature is proportional to the inverse of the cube of the 
velocitys,2’ (or equivalently, that the angular velocity is 
proportional to the curvature to the 2/3 power). in this 
work, it was found that the slope of this relationship can 
change abruptly, the change occurring always at points of 
inflection and usually at a minimum of the curvature. One 
way of interpreting this observation is that such a change in 
the constant of proportionality defines the beginning of a 
new segment. 

Curvature was calculated numerically.” The velocity of 
the wrist is given by 

v= v,t (1) 
where t is the tangent vector of unit length. The curvature 
K can then be calculated from 

dt 
K = z /v, 

I I 
(2) 

that is, the time rate of change of the tangent vector divided 
by tftt tangential velocity. Velocity was obtained by numeri- 
cal differentiation of the wrist position data following 
double-sided exponential smoothing. 

Sinusoids were fitted to the A’, Y and Z components of 
wrist velocity as well as to the velocities of the orientation 
angles (yaw and angular elevation) of the arm and forearm. 
The period of the sinusoidal oscillations in a given segment 
could differ from its duration and could vary from segment 

Fig. 1. Parameters used to define the angular orientation of 
the arm. The angles 0 and g repmaent the angular elevation 
of the arm and forearm, while the yaw angles are given by 

q and a. 
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Fig. 2. (A) Plot (as viewed from the perspective of subject) 
of the trajectory of the wrist in three-dimensional space and 
its projection on the horizontal and sagittal planes. This 
movement was assumed to consist of two segments; one is 
denoted by the solid traces, the other by the dashed lines. 
The arrows indicate the direction of motion. (B) Tangential 
velocity VT and the curvature K of the wrist motion as well 
as the angular velocities of the upper arm (r~, yaw; 8, angular 
elevation) and of the forearm (a, yaw; and /3, elevation). The 
vertical dashed lines coincide with the minima of the 
curvature and denote the beginning and end of a segment. 
Sinusoids were fitted to the angular velocities over each 
segment; they are indicated by dashed lines. The scale in (B) 
is per division: VP 5Ocm/s; K, 025/cm; angular velocities, 

25O”ls. 

to segment. The period was therefore chosen to minimize the 
sum of the distortions from sinusoidal motion of the 
velocities of the orientation angles. Distortion was defined 
conventionally as the root mean square difference between 
the fundamental component and the experimental value, 
normalized by the latter’s variance. It can thus range from 
oto I. 

Determination of the plane of motion 

The instantaneous plane of motion of the trajectory of the 
wrist can be computed from its velocity and acceleration, 
The velocity is tangential to the trajectory (I), while the 
acceleration has tangential and perpendicular components, 
The velocity and acceleration vectors together de&e the 
instantaneous plane of motion, that is, the perpendicular to 
the velocity and acceleration vectors (the binormal) is 
perpendicular to the plane of motion. Thus 

n=VxA (3) 
where n is the binormai and the right side is the vector 
cross-product of velocity and acceleration. The components 
of n are given by 

nr Y v,a, - yP 

n, ‘v v,a, - v,a; 

n: 2: vxuy - v,.a, 

(4) 

where X, Y and ‘Z are the axes of a Cartesian coordinate 
system defined by the ~ght-hand rule. We also calculated 
the planar elevation JI and azimuth x of the plane of motion 
according to 

tan x = n&n, 

tan + = -n,/J(n: + nf) (5) 

where x is in the anterior direction, y in the lateral direction 
and z is downward. 

For each segment we computed the plane of motion in 
two ways: 

(1) by calculating the average value for n (4) over that 
segment and 

(2) by linear regression. Since the equation of the plane 
in a given segment is 

n,x + n,y + n,z = a (6) 

we calculated n and a to give the best fit of the wrist 
trajectory to (6) in a least-square sense. 

Finally, as a help in presenting the data we found it 
convenient to define another coordinate system in which the 
motion of a chosen segment of trajectory lies in the plane 
x’ = constant. This coordinate system results from two 
successive rotations: 

(1) by an angle x about the vertical axis and 
(2) by an angle J/ about the Y-axis defined after the first 

rotation. The two coordinate systems are related by 

X’ 

! ,l=[ 

cos* cos x cos $I sin x -sin+ x 

Y -sin x cos x 0 y I (7) 

2’ sin + cos x sin $ sin x CDS i/! Ii! z 

The wrist trajectory was rotated into this coordinate 
system using (7) and the deviation from planar motion (t) 
was quantified by 

t = {C vf/(rf + z?)}‘J (8) 

where r-r is the out-of-plane component of the velocity and 
v, and vZ are the in-plane components. 

RESULTS 

Figure 2 shows typical results obtained when sub- 
jects were asked to draw a ‘figure 8’ with their right 
arm. The upper panel (Fig. 2A) shows a perspective 
view of the path taken by the wrist in the per- 
formance of this task in three successive cycles, while 
Fig. 2B illustrates the changes in tangential velocity 



( VT) and curvature (K) of the wrist trajectory, as well 
as the modulation in velocity of the orientation angles 
of the upper arm (yaw, ‘I; angular elevation, I)) and 
of the forearm (yaw, LY, angular elevation, 8). 

In Fig. 2, the subject was asked to draw the figure 
in the frontal (Y-Z) plane (the height of the figure 
drawn being about 35 cm). The velocity of the wrist 
was not constant during the execution of the move- 
ment, ranging from 37 to 80 cm/s and was negatively 
correlated with the curvature ti which ranged from 
0.03 to 0.32/em. For the reasons detailed in Experi- 
mental Procedures, we assumed that the movement 
consisted of distinct segments and that a new segment 
began when velocity was at a maximum and curva- 
ture was at a minimum. Thus, one segment of the 
trajectory corresponds to the upper loop of the ‘figure 
8’ while the other corresponds to the lower loop. This 
may be appreciated in the perspective view of the 
wrist trajectory (as well as its projection on the 
sagittal and horizontal planes) in Fig. 2A, where the 
two segments are represented by solid and dashed 
lines, respectively. 

Segment boundaries are also indicated in Fig. 2B 
by the vertical dashed lines. A sinusoid was fitted in 
each segment to each of the angular velocities, that 
is upper arm yaw (q) and elevation (6) and forearm 
yaw (01) and elevation (b). The dashed traces show 
this fundamental component while the solid traces 
represent the experimental data. The sinusoids gave 
a good fit to the data except in the vicinity of 
the segment boundaries. At these boundaries the 
sinusoidal velocity was not infrequently discon- 
tinuous, while the experimentally obtained velocities 

showed no such discontinuities. (Note that a d~scon- 
tinuity in velocity cannot be realized physically since 
it implies that acceleration and torque are infinite at 
that point.) The average distortion 01’ the angular 
velocities from sinusoidal modulatjon over each 
segment ranged from 22% for forearm yaw (a) to 
41% for upper arm elevation (e). The standard 
deviation of the difference between the simulated and 
experimental angular displacements ranged from 1.4 
to 2.9“ in this trial. 

The ability of such a piecewise sinusoidal approxi- 
mation to capture the main features of the movement 
can be appreciated in Fig. 3. The upper row of this 
figure shows experimental data for the same trial as 
depicted in Fig. 2, while the lower row shows the 
results obtained when the motion of the wrist was 
computed assuming the angular motion of the upper 
arm and forearm to be sinusoidal in each segment. 
The panels show the projection of wrist mution on 
the frontal plane and the covariations between orien- 
tation angles. 

When subjects are asked to draw circles and 
ellipses in different planes, we had found 
previously “.” that the modulation of angular 
elevation of the forearm @> was about 180‘ out of 
phase with that of the upper arm (@), with a standard 
deviation of about 25”. Moreover, when the motion 
was close to the frontal plane (azimuth x 3r 0”), the 
two yaw angles (q and a) were modulated approxi- 
mately in phase with each other (with a range of 
+- 30”). Finally, the slant of the ellipse (a) was found 
to be highly correlated with the phase difference 
between forearm yaw and elevation. 

Siutation 

Fig. 3. The top row shows experimental data for the same trial as shown in Fig. 2. The panels depict the 
projeetiffn of the wrist trajectory an the frmt& plane and angle-arigk plots of the orientation an&s; the 
two angular eIevations (@, B) and upper arm yaw (q) and forearm yaw (a) as a function of &rearm anguiar 
elevation (8). The lower row shows only the fundamental component (sinusoid) of the modulation of the 
orientation angles and the motion of the wrist which would resutt from such a sinusoidal modulation, 
assuming the length of the arm and forearm to be 30~x11. The solid traces and dashed lines denote the 
two segments constituting this motion, as defined in Fig. 2. The data points corresponding to the boundary 

between adjacent segments have been omitted in the simulations. 
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The phase relations among the orientation angles 

which hold for the segments of the ‘figure 8’ are not 

too different from those reported above. They are not 
always identical for the two segments, however. For 
example, for the trial illustrated in Figs 2 and 3, in 
the lower loop /I led ~9 by 185 & 5”. However. the 
phase lead in the upper loop, while still within the 
range of values found for circles and ellipses, was 
significantly less (144 f 3”). This can be appreciated 
in Fig. 3. During the dashed portion of the plot of fi 
vs 0, the relationship between these two variables is 
close to rectilinear, as would be expected if they were 
180” out of phase, while the solid portion describes an 
ellipse. Also, in the upper loop q lagged a by 29 f 2” 
while it led by 44 f 5” in the lower loop. In this trial, 
the coefficient of correlation between slant (a) and 
the phase difference between forearm yaw (a) and 
angular elevation (/I) was 0.998. 

For the most part the data illustrated in Figs 2 and 
3 are representative of the results obtained from three 
subjects when they were asked to draw ‘figure 8s’ in 
the frontal plane or in oblique planes. In most cases, 
wrist velocity was maximal (and the curvature K at a 
minimum) when the two loops of the ‘figure 8’ 
crossed. In some instances, however, there was an- 
other maximum of the velocity in the middle of one 
or both of the loops and a corresponding minimum 
of the curvature. That is, one or both of the loops 
were flattened at the top or the bottom. In those cases 

we also assumed that each segment was demarcated 
by a maximum of the velocity, one complete cycle of 
the motion now requiring three or four segments (see 
Fig. 7). 

In two of the three subjects the phase relations 
among the orientation angles were as shown in 
Fig. 3. The changes in angular elevations of the arm 
and forearm were close to 180” out of phase (/l led 0 
by 174 f 31”, N = 104 segments, in one subject, and 
by 181 + 34”, N = 42, in the other subject). For the 
third subject, this phase difference was substantially 
different from 180” (139 f 45, N = 34) and also 
substantially different from the results obtained when 
he was asked to draw circles and ellipses (196 + 23“, 
N = 15). In all three subjects, the slant (e) of each 
segment was highly correlated with the phase 
difference between b and tl (correlation coefficient r 

ranging from 0.975 to 0.989). 
The analysis of the kinematic aspects of the data so 

far considered brought to light the presence of one 
characteristic common to all trials. While-each seg- 
ment defined a close-to-planar trajectory, the plane of 
motion of adjacent segments could differ appreciably. 
This can be ascertained by inspection of Fig. 2A. The 
upper loop (solid traces) lies in a plane which is close 
to the vertical since its projection on the horizontal 
plane describes a straight line. On the contrary, the 
lower loop is inclined with respect to the vertical, its 
projection on the horizontal plane describing an 
ellipse. (Note that this finding was not conditioned 
explicitly in the way the task was defined. On the 

contrary, in the request to ‘draw a figure 8’ it is 
implicit that it be drawn in one plane.) 

To characterize this observation more precisely we 
computed the instantaneous normal to the plane of 
motion in the manner described in Experimental 
Procedures. The components (n,, nY, n,) of this vector 
of unit length are shown in Fig. 4A for the same trial 
illustrated in Figs 2 and 3. From the normal vector 

we also calculated the planar elevation (II,). that is the 
inclination of the plane of motion with the vertical, 
and the azimuth (x), that is the angle of the plane of 
motion relative to the sagittal plane. A negative value 
of $ indicates that the upper portion of the plane is 
anterior to the lower portion. A positive value of x 
indicates the anterior portion of the plane is to the left 
of its posterior portion. 

The results presented in Fig. 4A reinforce the 
conclusion drawn by visual inspection from the plot 
of Fig. 2A. For the upper loop the plane of motion 
lies close to the vertical, since II, is close to zero (for 

example between 0.85 and 1.6 s), and it changes 
abruptly in the lower loop where $ becomes negative 
(for example between 1.6 and 2.35 s). This can also be 
appreciated by inspection of the vertical component 
(n,) of the normal to the plane of motion, which is by 
definition zero when the plane of motion is vertical. 
The component of the normal in the anterior- 
posterior direction (n,) reverses sign as the movement 
changes from a clockwise direction to counter- 
clockwise. (For clockwise rotation in the frontal 
plane the normal points in the anterior direction and 
n, is negative.) The direction of the movement 
changes when the curvature K is at a minimum, that 
is at the point of junction of two segments as we have 
defined them. 

For each segment we calculated the average plane 
of motion, as indicated by the dashed lines in Fig. 4A. 
We then rotated the wrist trajectory, using the coor- 
dinate transformation given in Experimental Pro- 
cedures by (7) so that a given segment would lie in 
the plane x’ = constant. The results of this operation 
are shown in Fig. 4B. The plot on the left in each row 
shows the projection of the wrist motion on the x’--z’ 
plane (i.e. an edgewise view). The heavy, solid lines 
denote the segment which on average lies in the 
x’ = constant plane, the dashed lines the preceding 
and succeeding segments. The extent to which the 
curve describing a given segment deviated from pla- 
nar motion, that is c, was calculated as described in 
Experimental Procedures. For the two segments illus- 
trated in Fig. 4B, 6 was 0.082 (top row) and 0.067 
(bottom). For the seven segments which were ana- 
lyzed for this trial, L averaged 0.086. In each case, the 
greatest deviation from planar motion occurred close 
to the boundary between adjacent segments. 

In this trial the change in the orientation of the 
plane of motion from one segment to the next was 
substantial: in the upper loop of the ‘figure 8’, the 
planar elevation II/ was -4 + 2” (average of four 
segments), while it was -25 f 2” for the lower loop 
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Fig. 4. (A) Variation in the ins~nt~~us normal to the plane of motion and the two angles which can 
be used to define it ($-planar elevation and X-azimuth) for the same triat as shown in Figs 2 and 3. 
The x-component of the normal points in the posterior direction, nv to the left and nz upwards. n,Y reverses 
sign when wrist motion changes from clockwise to counter-clockwise, i.e. at the beginning of a new 
segment. The dashed lines indicate the best fit to planar motion for each segment. Scale per division: 
direction normals (n,, n,, n,bI, JI and x-90’. (B) Extent to which each segment deviates from planar 
motion. Wrist trajectory was rotated into the plane x’ = constant and the lefimost plot in each row shows 
the projection of the trajectory onto the x’-z’ plane (edgewise view) while the rightmost plot shows a 
head-on view +‘-z’ plane). The verticai dashed lines are provided for reference and denote the plane of 
motion of the segment indicated by solid traozs. The dashed portions of the curve depict the trajectories 

of the preceding and succeeding segments. Note that the x’ scale has been expanded. 

(three segments). The change in the azimuth x of the 
plane of wrist motion was much Iess in this trial 
(x = 19 f 3” in the upper loop, 25 + 2” in the lower 
loop). This trial was not atypical of the results 
obtained from three subjects when we asked them to 
draw ‘figure 8s’ in the frontal plane or in oblique 
planes. For these subjects, in 23-37% of the cases, 
planar elevation Jt changed by more than 20” from 
one segment to the next, the average change ranging 

32 

cm 

z 

0 I 

Y 32 cm 

from 14 to 18”. As for the azimuth x, it changed by 
more than 20” in 9-31% of the instances, with an 
average ranging from 10” to 17”. The deviation from 
planar motion for each segment (c) averaged from 
0.071 & 0.025 to 0.098 + 0.05 1 for the three subjects. 

The results presented in Figs 2-4 concerning ‘figure 
8s’ can be summarized as follows: If it is assumed that 
the wrist trajectory consists of discrete se$meats, each 
beginning and ending when the curvature of the 

Fig. 5. The projection of wrist trajectory onto the frontal plane (left) and sagittal plane (right). Note the 
abrupt change in the plane of motion between the upper and lower segments of the ‘figure 8’. 
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trajectory is at a minimum, then the modulation in 
the orientation angles of the arm and forearm can be 
adequately approximated as sinusoidal. The phase 
relations among the orientation angles and their 
correlation with parameters characterizing the wrist 
trajectory (plane of motion, slant) were for the most 
part close to those found previously when subjects 
were asked to draw circles and ellipses. Finally, the 
plane of motion of the wrist can change rather 
abruptly at the boundary between segments but 
remains fairly constant within each segment. 

Figures 5 and 6 provide two more illustrations of 
these findings. Figure 5 illustrates another ‘figure 8, 
which the subject was asked to draw in smaller size 
(22 cm in height, l/3 smaller than the trial in Fig. 2). 
The projection of the wrist motion on the sagittal 
plane in the right panel shows clearly the abrupt 
change in the plane of wrist motion at the boundary 
between the two segments, making this feature inde- 
pendent from size. 

Figure 6 illustrates a trial in which the subject was 
asked to draw a ‘figure 8’ in an oblique plane. As can 
be seen from the projection of wrist motion on the 
horizontal plane in the perspective plot (Fig. 6A) and 
from the plot of planar elevation ($) in Fig. 6B, the 
upper loop of the figure was in a vertical plane, $ 
being close to zero, while the lower loop has a 

substantial inclination ($ ranging from -25” to 
-30” for different segments). In this trial, the 
azimuth of the plane of wrist motion was also found 
to change by as much as 25” from one segment to the 
next. 

We also asked subjects to draw a ‘figure 8’ lying on 
its side, that is ‘00’. The results for this task are shown 
in Figs 7-9. The curvature of the wrist trajectory 
reached a minimum and the velocity a maximum in 
the middle of each loop as well as at the point of 
inflection, where the motion changes from clockwise 
to counter-clockwise (Fig. 7). Therefore, according to 
the criteria for segment identification one cycle of the 
motion consists of four segments; they are denoted by 
the different line symbols in Fig. 7A and their bound- 
aries are indicated by the dashed lines in Fig. 7B. 
Sinusoids gave a good fit to the modulation in the 
angular velocities in each segment and were able to 
reproduce quite well the figural aspects of the motion 
(compare the upper and lower rows of Fig. 8A). Also, 
the angular elevations of the arm (0) and forearm (8) 
were close to 180” out of phase. For the two subjects 
who performed this task this phase difference aver- 
aged 168 f 3 1 o (N = 67 segments) for one subject and 
188 _+ 19” (N = 51) for the other. In both cases the 
slant Q of each segment was highly correlated with the 
phase difference between forearm yaw (a) and angu- 

Fig. 6. A ‘figure 8’ drawn in an oblique plane. The format and scales of (A) to (C) are the same as in 
Figs 2 and 4. 
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Fig. 7. (A) Trajectory of the wrist for a trial in which the 
subject was asked to draw ‘co’. Based on the modulation in 
the tangential velocity of the wrist, four segments were 
assumed for this trial. They are denoted by the divot line 
symbofs. (B) Variation in tangential v&&y V, and curva- 
ture K and the angular velocities of the arm and forearm for 
the same trial. The vertical dashed lines indicate the four 
segments for the first cycle of the movement, beginning with 
the solid portion (first clockwise segment) in (A). Scales per 
division are: Y, 5Ocm/s; K, 025/cm; angular v&&ics, 

2oo”is. 

lar elevation /3 (r = 0.989 and 0.969). Finally, as may 
be seen in Fig. 9, the plane of wrist motion can 
change abruptly even in the middie of one loop, that 
is at minima in the curvature which do not corre- 
spond to a point of inflection. For example, in the 
segment extending from 3.5 to 3.95 s, rr,=O.91. 
n,, = 0.37 and x = 22” whiIe in the subseqwnt 
segment {from 3.95 to 4.35 s) n, = 0.99, nY = 0.09 and 
x = 5”. 

The assumption that the trajectory of apparently 

continuous wrist motion consists of distinct segments 
and that the modulation of the orientanon angles of 
the arm is sinusoidal within each segment should also 
account for rectilinear wrist motions, according to 
the hypothesis. To ascertain this point we asked 
subjects to draw simple figures consisting of straight 
line segments, such as a five-pointed star. In this case 
it seems reasonable to assume that each segment is 
terminated when the curvature reaches a maximum, 
that is at the corners of the star. 

The rest&s for one trial are illustrated in Figs 10 
and I I. Figure 10 presents a comparison of the 
experimental data with the results of the simulation 
in which the angular motion was sinusoidal in each 
segment. The projection of wrist motion on the 
frontal plane and the co-variations of the orientation 
angles are shown. The simulation captures the form 
of the experimental data, including the curvature of 
some of the strokes which make up the star. As was 
the case for the other figures, the angular elevations 
of the arm and forearm were close to 180” out of 
phase on average (176 f 22” and - 173 + 48’ for the 
two subjects) and the slant of each segment was 
highly correlated with the phase difference between 
forearm yaw and angular elevation (r = 0.885 and 
0.817). The plane of motion in each segment cannot 
be estimated reliably for this task since each of the 
segments was close to rectilinear. 

As a Iast point we wish to consider briefly move- 
ment dynamics. So far we have shown that a seg- 
mentation of apparently continuous movements is 
apparent in the kinematic characteristics of the distal 
motion and in the angular motions at the shoulder 
and elbow joints. One could thus expect to find 
evidence for such a segmentation also in the dynamic 
characteristics of the movement, namely the torques 
acting at the shoulder and efbow joints which are 
responsible for generating the movement as we11 as in 
the pattern of activation of muscles which contribute 
to produce those torques. Therefore, in one subject 
we recorded the electromyographic activity of some 
of the muscles which participate in the movement 
(deltoid, the elbow flexor bra~h~oradialis and biceps, 
which acts as a flexor at the elbow and shoulder) and 
calculated the torques at the two joints from the 
angular motion and its derivatives.‘” 

As can be seen from Fig. 12, there are no obvious 
abrupt changes either in the torque or in the electro- 
myographic activity which could suggest the presence 
of segmentation. The data shown in Fig. 12A are 
from trials in which the subject drew a ‘figure 8’ on 
its side (co) and in Fig 12B for a ‘figure 8’ drawn in 
an oblique plane. The time-scale has been normalized 
to the duration of one cycle (t = I .O) and the reversal 
from clockwise to counter-clockwise motion occurs 
at t = 0.5 and t = 1.5. Thus, segments begin at time 
t = 0 and I = 1.0, and also at t = 0.5, as indicated by 
the dashed lines. (In Fig. 12A, there are in fact four 
segments per cycle, see Fig. 8.) Data for a number of 
cycles have been averaged. It is evident that EMG 
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Fig. 8. (A) Comparison of experimental data and the results of a simulation assuming sinusoidal motion 
of the orientation angles of the arm and forearm for the same trial as in Fig. 7. (B) Experimental data 

from another subject, the motion of the wrist having a somewhat different form. 

activity and torque are modulated in a relatively 
continuous fashion and that the beginning of a new 
segment is not marked by any sudden obvious change 
in the pattern of activity. One other finding is appar- 
ent in Fig. 12. The pattern of activation of a given 
muscle can be very different from task to task and 
from muscle to muscle. Furthermore, even the timing 
of peaks in the activity of muscles which have similar 
actions (i.e. biceps and brachioradialis) can differ 
substantially (see Fig. 12A, where the second peak in 
brachioradialis lags that in biceps by more than 
100 ms). 

DISCUSSION 

The data presented here support the hypothesis 
stated in the Introduction, namely that apparently 
continuous movements are composed of unit seg- 
ments, each of which constitutes an arc of an ellipse 
generated according to the rules of the algorithm 
described there. In fact, these rules were found to be 
obeyed for planned wrist trajectories different from 
those used previously for identifying the rules. We 
performed simulations in which we assumed that 
each elliptical arc resulted from sinusoidal motion of 

the orientation angles at a common frequency. The 
motivation for assuming sinusoidal angular motion 
was provided by a mathematical analysis we have 
presented previouslylsJ7 and which was summarized 
in the Introduction. The intent of the simulations was 
to ascertain the extent to which this assumption gave 
a satisfactory approximation of the data. In fact we 
were able to reproduce the essential features of the 
movement, namely the form of the motion in space, 
the relationship between curvature and speed of the 
wrist trajectory and the relationships among the 
orientation angles constituting the intrinsic coordi- 
nate system. Finally, each segment of the wrist tra- 
jectory was found to be restricted to one plane only, 
as predicted by the hypothesis. 

A fundamental constraint of the algorithm is that 
the modulation in the angular elevation of the arm 
and forearm be close to 180” out of phase.” This 
constraint was obeyed in the present data although 
the variability in this phase relation was sometimes 
greater than for circles and ellipses. (However, in one 
of the subjects this phase relation did differ substan- 
tially from 180” when he was asked to draw ‘figure 
8s’.) As a result of this constraint the slant of the 
elliptic arc is determined by the phase difference 
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between yaw and angular elevation of the forearm. 
These two parameters were always highly correlated 
and thus this criterion also is satisfied. Finally, the 
algorithm states that the azimuth of the plane of 
motion is related linearly to the phase difference 
between upper arm and forearm yaw angles. Since all 
movements performed by the subjects were close to 
the frontal plane (azimuth x < 30”) the general valid- 
ity of this relationship could not be tested. 

To determine these phase relations we assumed 
that the motion of each of the orientation angles was 
sinusoidal during each segment. It should be noted 
that this assumption was the simplest we could make 
and that other forms of periodic motion may also 
conform to the experimental observations. For 
example, the general criterion for planar wrist motion 
and for the observed relationship between tangential 
velocity and curvature is that the second derivative of 
velocity be parallel to velocity (eq. 8 of Ref. 17). 
Sinusoidal modulation of velocity is only one partic- 
ular solution obeying this condition. Similarly, a 
central tenet of our hypothesis is that there are simple 
relations between extrinsic and intrinsic parameters 
of the motion. We have characterized the intrinsic 
parameters as phase relations between sinusoidal 
modulations of the orientation angles. However, 
these parameters could also be represented in terms 
of the relative timing of the maxima (or minima) of 
the orientation angles (or their derivatives). If so, the 
requirement for sinusoidal angular motion could be 
relaxed. Whether one or the other of these represen- 
tations is preferable depends exclusively on the 
manner in which this algorithm is implemented by the 
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Il. Variation in tangential velocity, curvature and 
angular velocities when the subject was asked to draw a 
five-pointed star. Data are for the same trial as in Fig. 10 
and the segments corresponding to one cycle of the move- 
ment have been denoted by the vertical dashed lines. Scales 
per division are: Vn 100 cm/s; K, 2/cm; angular velocities, 

2500/s. 

nervous system. Lacking any knowledge on this 
point, we have chosen the representation which is 
simplest mathematically. 

We also assumed that the motion of the arm 

consisted of unit segments. Abrupt changes in the 
plane of motion have been reported previously by 
Morasso,” who asked subjects to generate scribbles 
in three-dimensional space. He found that the torsion 
(the rate of change of the plane of motion) exhibited 
segmented characteristics’. A segmentation of the 

trajectories of handwriting and drawing movements 
(at points other than cusps, where the tangential 
velocity is zero) has been suggested explicitly on the 
basis of abrupt changes in the value of the coefficient 
relating the tangential velocity and curvatureE~2’~22 and 
in simulation studies of handwriting.’ Furthermore, 
on the basis of measures of latency and duration 
Monsell” has presented evidence indicating that 
speech consists of a sequence of discrete sub-units. 

Our data obviously support these points of view, 
the findings that each segment of the trajectory of the 
wrist describes a plane and that the plane of motion 
can change abruptly providing the strongest support. 
Together with data to be presented in the following 

paper’* (showing that subjects are unable to produce 
wrist trajectories in which the plane of motion 

changes smoothly and continuously), they demon- 
strate that, as required by the algorithm,” the motion 
of the human arm is constrained to be piecewise 

planar. One can thus expect that some additional 
constraints are required to join together adjacent 
segments in a smooth manner. While we have not 
investigated this problem, one should note that dis- 
continuities in velocity will be smoothed auto- 

matically by the viscoelastic properties of the mus- 
culoskeletal sytem and the fact that muscles are 
capable of generating only a finite amount of force. 

Two points remain to be mentioned. The first 

concerns the possible neural substrates of the algo- 
rithm. On this point one might postulate that there 
should exist neurons whose frequency and/or pattern 
of discharge is correlated with one of the parameters 
which are explicit in the algorithm, such as the 
azimuth or planar elevation of wrist motion. How- 
ever, the strong possibility exists that such parameters 
would be encoded not in the discharge of a single 
neuron (or homogeneous population of neurons) but 
rather in the behavior of a population each of whose 
elements have different discharge characteristics. For 
example, Georgopoulos et uI.‘.~ have shown that 
single neurons in motor cortex are broadly tuned to 
the direction of arm movement in two-dimensional 
space. Only by making appropriate assumptions were 

they able to show that the behavior of the population 
is highly predictive of the direction vector of the 
movement. Another possibility is that the phase 
relations we have described are encoded centrally by 
a population of coupled neural oscillators (e.g. neur- 
ons having intrinsic oscillatory properties6) whose 
phasing and frequency can be regulated. 

The second point is meant to emphasize the sen- 

sorimotor nature of the tasks investigated and the 

implications of our findings with regard to the per- 
ception of ongoing movements on the basis of kines- 
thetic information.” On this point it should be 
stressed that the proposed algorithm is transistive, 
that is, given a desired motion of the wrist it can be 

used to predict the angular motion of the arm and 
forearm and, conversely, given the motion of the 
orientation angles (the intrinsic coordinate system) 
one can predict the motion of the endpoint (wrist). 
Thus the algorithm can be utilized both for the 
generation of arm movements as well as for their 
perception, elements of the topology of this sen- 
sorimotor mapping having been specified pre- 
viously.“” In short, one can conceive a self-initiated 
action and its perception to form a functional unit, 
the proposal being that its unitary nature is provided 

by a transitive algorithm. 
While some consequences of this proposition can 

ultimately be tested in the case of arm movements, 
there are a number of fundamental questions which 
must be resolved. For example, what is the spatial 
resolution of the hypothesized mapping between in- 
trinsic and extrinsic coordinates? Thus, is the lack of 
awareness by the subjects of appreciable distortions 
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occurs at f = 0, 0.5 and 1 .O, as indicated by the vertical dashed lines. The scale for the torques is 
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in the trajectories of arm movements due to poor 
spatial resolution during the movements or is it the 
consequence of the approximations inherent in the 
algo~t~, as we have suggested? Furthermore, what 
is the perceptual representation of a given moment? 
On this second question one could suppose that the 
parameters we have identified (plane of motion and 
slant) are primitive and that the perceptual represent- 
ation derived from these parameters is more abstract 
(e.g. form). This may not be unlikely since the plane 

of motion could change by as much as 25” from one 
segment to the next, yet the subjects were not aware 
of this fact. Furthermore, such a scheme is similar to 
what has been proposed for visual processing,9 
namely that the perceived image is construe%3 out of 
more primitive ekments. 
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