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Summary-The  energy  density  spectra of transient electromag- 
netic  fields  generated by a  pulsed  ideal dipole source  in an infinite 
conducting medium  have  been  investigated for  various distances 
from the source. A characteristic  frequency ue, corresponding either 
to the  peak of the  spectrum  or  to  its half-width, is defined and 
shown to  vary  inversely as  the  square of distance  at  large  distances. 
The  behavior of uC with distance  is  a  measure of the behavior of the 
pulse  energy. Thus,  at  large  distances  it  appears  that  the  attenuation 
factor  associated with u,, exp 1 - r v ; a  1,  is  independent of r, due 
to the constancy of the product  r\))& From  this point of view, the 
transient fields do not  decrease exponentially as r, but  as  inverse 
powers of r. 

This  should  not  be  construed  as  meaning  that  the  transient pos- 
sesses  an  advantage over CW. The  attenuation for  monochromatic 
components of the pulse is  the  same  as for continuous  waves of the 
same frequency and  at  large  distances  the  energy put into  the high 
frequency  components  is  wasted. 

The  phenomenon  is  illustrated by calculations that  have  been 
carried  out for the  case of pulses in sea water. 

INTKODI-CT~OS 

T has been shown  by  Richards' t h a t  at large  dis- 
tances in an infinite  conducting  medium  the  varia- 
tion of the  peak  transient  electromagnetic fields 

generated  by  a  pulsed  dipole  source  takes  place  as r-& 
or T - ~ .  This  rather  unexpected  situation is not clarified 
b,- the  work of o ther   au thorP6 on the  subject. Conse- 
quently,  this  study \vas undertaken in order  to  relate 
this  phenomenon  to  the  exponential  attenuation  which 
is known to  apply  to  the  monochromatic  components of 
the pulse and  to  determine  whether  the  apparent  ad- 
vantage of transients  over  pulse-modulated  carriers 
might, i n  fact,  be  illusory. The  results  show  that a 
pulse  spectrum  with  appreciable  high-frequency  con- 
tent  wastes  energy. 

In this  development,  the  displacement  current  term 
of the wave equation  has  been  dropped,  since  the 
main  interest is i n  the fields a t  considerable  distances. 
At  these  distances  the  practical  aspect of the  problem 
is chiefly  concerned  with that  part of the  frequency 
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spectrum  containing  the  major  portion of the pulse 
energy,  and for these  frequencies  displacement  currents 
are negligible. 

For  purposes of investigation  the  source  has  been 
taken  as a magnetic  dipole  and  some  numerical  results 
are  developed  for  the  case  where  the  medium is sea 
water.  Using  triangular  and  rectangular  pulses,  es- 
pressions are  derived  for  the  relationship  between  pulse 
width,  distance  from  source,  and  frequency o, a t  which 
either  the  peak  or  the  half-width of the energl; density 
spectrum  occurs. I t  is  shown that   a t  large  distances 
an  approximation  can  be  made  which  results in a simple 
inverse  relation  between wlc and r?. The  product Y ~ / W ,  

then  appears  constant  whenever i t  occurs,  including  the 
exponential  term,  and, i n  the  sense  described,  esponen- 
tial  attenuation  does  not  occur. A n > -  given  spectral 
component of the pulse is attenuated  exponentially  with 
distance,  however,  and i t  therefore follows that  energy 
should  not  be  wasted  on high frequencies  which will 
be  effectively  filtered ou t  a t  long  distances. 

DEVELOPMEENT OF E Q r A T I O x s  

The fields  from an idealized  magnetic  dipole i n  a 
conducting  medium  can be derived  from  the  Hertz 
vector 

-_ e- P' rwpo 

4ii-Y 
= ___ m ( w )  7 (1) 

where  Fourier  transform  quantities  are  used  exclusively. 
The  displacement  current  term is not  included. The 
parameters  are defined as follows: 

p =permeability of the  medium, 
a=conductivit>- of the  medium, 
r = distance  from  source, 

m ( w j  =magnetic  moment  (transform) of the  dipole. 

IVhen m ( w )  is assumed  to  be  along  the  polar  axis  and 
the  medium is assumed  infinite,  the fields derived  from 
(1) are given by : 
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The  variation of the  transient  current  in  the loop 
constituting  the  dipole is now taken  to be as  shown in 
Fig.  1. The  Fourier  transform of this  current is 

and  from  this we obtain 

1 m ( w )  12 = 1 I ( w )  I2dA2 

where d A  is the  area of the loop. 
Lumping  together  factors  not  involving  frequency 

into  the  term L, and  making  the  abbreviation a = r v ’ G ,  
we find 

Differentiating  with  respect  to w and  setting  the  results 
equal  to  zero  gives  the  following  expressions,  wherein 
updenotes  a  frequency  to  be  associated  with  the  peak of 

Fig. 1-Dipole current. 

the  spectral  density,  and  the  abbreviation p=u& 
is made: 

2 
-tan---(p3 + 4p2 + Sp + 8) = 8p2 + 16p + 16. (10) 

up 1.v 
0,TV 2 

For  arbitrary 147, i t  is obviously  difficult to  deal  with 
these  equations.  However, if trial  values  are  assumed, 
i t  can  be  ascertained  that  for W<<a2, the  value of w p  
satisfying (10) and (11) will be  sufficiently  small so that  
the  approximation 

can  be  made.  Under  this  condition  the  equations  be- 
come  independent of W ,  and  a  solution  for p is readily 
obtained in each  case. Eq. (12) is not satisfied  for 
w , W ~ Z .  in  the  first  quadrant  except  for p=O. Hence,  in 
this  range of frequency  the  energy  spectral  density  for 
N,(w)  is monotonically  decreasing  from  its  value a t  
w = 0, and some  quantity  other  than  peak  value  must  be 
used as  a  measure of spectrum  behavior.  One  possibil- 
ity,  denoted  by w1:2, is the  value of w for  which 
I H J w )  I * = + I  H,(O) I 2. I t  can  be  shown  that  this  latter 
quantity is $(L3?( W4/4)). Assuming  distances  suf- 
ficiently  great so that  w1:2W is  small, me approximate 
(1 -cos w W q 2  by ( w W ) ~ / ~ .  The relation to  be  satisfied 
becomes 

where p’  is defined as  udwT2.  
Eqs.  (lo), (1 1) , and (14) can now be  solved  for p or p‘ 

under  the  given  assumptions.  Table I presents  the 
values  obtained  for p and p‘, together  with  the  values 

3.19X  lo6 

rP  r? 7 2  

7.11XlOj 1 . 0 1 ~ 1 0 5  
,,(sea water) = rad/sec wl12(sea water) = rad/sec ,,(sea water) = rad/sec 
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of w,(wp or w ~ : ~ )  both for an  arbitrary medium and for 
sea  water (a = 4 mho!meter, p = 4n x lo-' henry/meter). 

T o  determine  more specifically the  limits  within 
which the  assumption (13)  is valid, we may  note  that 
when w p W i Z  =* radian,  the  tangent  differs  from  its 
argument  by  about 10 per  cent.  Since wp=p2/ 'a?,  we 
require 

p 2  1;J.' 5 a? (15) 

for the  assumption  to  be  reasonably  good.  This  condi- 
tion,  with p replaced by p ' ,  applies  also in obtaining 
(14). For a particular field component, p or p' assumes 
its  appropriate  numerical  value  from  Table I .  

-It lesser distances  the  trigonometric  term  in  the 
spectral  density  equations  plays a more important role. 
By  assuming specific values of W, the problem  can  be 
attacked on a point-by-point  basis,  and  the  results 
plotted as in  Fig. 2. Although  only  the  electric field 
situation is shown, a similar  analysis  can  be  made for 
HS and H,. 

1 IO M. 

100 M 

-320 +0°: 

lo' loz IO-' I IO 10' lo3 lo4 lo5 

W ,  R A D I A N S  I SEC 

Fig. 2-Energy density spectrum for E+, triangular 
pulse, at various distances. (W <=4000~.) 

The  steeply sloping  line of Fig. 2 represents  the  energy 
spectral  peak  behavior  under  the  conditions defined by 
(15). I t  is therefore an absolute  upper  limit  on  the 
spectral  peak  regardless of the  value of W. The  gently 
sloping  lines  are  the  result of the  point  by  point  calcula- 
tions,  and  show  that  the  peak  frequency decreases 
relatively  slowly  until  the  critical  distance is reached. 
Beyond the  critical  distance,  the  product a d &  is con- 
s tan t ;   tha t  is, w p  varies as I - ? .  

In  order  to  determine  the  attenuation  with  distance 
of the  main  energy of the pulse, an  evaluation  can now 

be  made  of I E,(w) [ and I H e ( w )  I at w =up.  I H T ( w )  I a t  
w = w ~ : ~  is probably of less interest  and is therefore 
not  calculated. Using the  relations  given  by  Table I ,  
writing 

and  reintroducing  factors  not  involving  frequency  into 
(7) and (8), it is found  that: 

0.358 WI,dA sin 0 I E&) ] U p  = - J 
U r4  

(under  condition a 2 5 .6624F)  (18) 

(under  condition a 2 3.236dF) .  (19) 

For  the pulse  considered,  these  equations  are  applicable 
to   any highly  conducting  medium (a>>w~), provided 
the  restriction  as  to  distance of (16) is satisfied. The  
electric field magnitude for  sea water is obtained  im- 
mediately  by  substituting a = 4 in (18). The  magnetic 
fields do  not  depend  on  the  parameters of the  medium. 
An interesting  point is that  varying  widths of the 
transmitted pulse are  converted  into  proportionally 
varying  amplitudes a t  large  distances. 

I t  should  be  noted  that a physical  measurement of the 
field quantities  expressed as transforms  necessarily  in- 
volves an  integration  over  the  bandwidth of the meas- 
uring  device.  This  nlultiplies  the  units of (18) and (19) 
by (sec-') . 

The  variation of electric field associated  with  the 
spectrum  peak a t  distances for  which a is less than pv'E 
seems to be  rather difficult to  formulate  analytically. 
An approximate  expression  can  be  obtained  by  examin- 
ing 

I t  can  easily  be  verified that  the  product 

does  not differ greatly  from  unity  until a d ;  becomes 
larger  than  about 3. From  Fig. 2 it can  be seen that  this 
condition  holds for a major  part of the  small  slope 
linear  variation of x//w,. The  product 1 ~ w W  (1  -cos 
w W )  is also  nearly  constant  when  evaluated a t  o, in 
this  region.  Consequently,  the  electric field as defined by  
the  above  equation  varies  approximately as l / y 2  for a 
5 3 d / R   a n d  as 1/v4  for a 2 5 . 6 6 2 d F .  I t  is apparent 
from (2) that  the  transition from l/? to 1/r4 behavior 
is due  to  the presence of the  multiplicative  factor w p  
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and  to  the  fact  that  it  begins to  vary  as l l r ?  after  the 
critical  distance  has been reached.  The  absence of this 
w factor  in (3) and (4) assures us that  a l / r 3  behavior 
will obtain for both  "near"  and  "far"  situations  for  the 
magnetic field. 

The  above  considerations  can  be clarified b>- ref- 
erence to Fig. 3, where  the  energy  spectral  density for 
E+ of a  pulse  with W=0.001 second is plotted  for 
various  distances  from  the  source  in  sea  water.  The 
spectrum is, of course,  continuous  from  zero  to  in- 
finity,  with  nulls in this  case  separated by 2000 T. The 
plot is carried  out  only  up  to  the second  null. The first 
spectral  peaks  for Y = 1 meter  and r =  10 meters differ 
by  40 db,  whereas  those  for Y =  100, 1000, and 10,000 
meters differ by 80 db. 

. O O l l  ' ' ' ' ' ' ' ' ' ' ' I' ' 

.o I 0 . 1  I .o 10 2 Ib3 ;$ 

I I O  l o 2  lo3 lo4 105 lo6 
r ( M E T E R S  I N  S E A   W A T E R )  

I I  I I , 
a ( f i r 1  

Fig. 3-Behavior of electric field energy spectral peak  with distance. 

Alternatively,  the figure can  be used to  compare  the 
attenuation of monochromatic  waves of different  fre- 
quencies. For  example, if we wished to  transmit a 
single  frequency  with  minimum  attenuation for a 
distance of 10,000  meters,  entirely  through  water, we 
would be  required  to  select  a  frequency of around lo-? 
radian/second  or less. If the  maximum  distance were 
only 300 meters, a frequency of around 30 radian/sec- 
ond  could  be used. 

Likewise, if transient  propagation  with  minimum 
attenuation is desired, the  duration of the  transient 
should  be  chosen so that  the wc of its  predominant 
energy  spectral  peak  undergoes  the  minimum  attenua- 
tion of 40 d b  per  decade of distance  over  the  range  re- 
quired. 

RECTANGULAR PULSE 
To  demonstrate  that  the  spectrum for a  different 

type of transient will behave in essentially  the  same 
way, a development  for  the  rectangular  pulse  can  be 
carried  out  along  exactly  the  same lines. In  this  case 
the  transform  current is 

I ,  
I ( w )  = 7 (1 - e- imF).  (2 1) 

zw 

The  energy  spectral  density for the  electric field is as  
follo~vs : 

I E&) 12 

Since  this  density is monotonically  decreasing  for 
oW<P, as  in the  case of H,. for the  triangular pulse, 
we find i t  necessary to  investigate ~ 1 ~ 2 .  I t  can  be  shown 
that  

I &(O) 12 = L4?W?/2, (23) 

so that  for  distances  such  that w W  is small, 

is the  determining  equation  for wl/'. This  gives 

e-.'(I + p' + p'?) = 1/2, (25) 

with  the  result p ' =  2.674 or 

Evidently  the loss of high  frequencies  occurs in a  man- 
ner  similar to   tha t  of the  triangular pulse: i . e . ,  either 
up or wl/? decreases  with  distance  as l/r2. . 

PHASE VELOCITY 
In a  highly  conducting  medium (a>>we) the  phase 

velocity  for  a  monochromatic  wave is known to  be 
- 

(27) 

I t   has  been  shown that  w c  for a transient  pulse at large 
distances  varies  continuously as Y - ~ .  By  substituting 
w =up in the  above  equation, we define a  velocity v, 
which is associated  with  the  peak of the  energy  spec- 
trum.  Taking up for the electric field (triangular  pulse), 
u =  4 mho  per  meter,  and p=$.rrX lo-' henry  per  meter, 
we find: 

1.143 X lo6 
Z'P = -___ meters/second. (28) 

T 
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At 1 kilometer in sea water, L’, is thus seen to  be 1143 
metersisec.  Since up a t  1 kilometer is 3.28 radians;sec 
(W<0.1 sec) and since a nlonochromatic  wave of fre- 
quency  3.25 radians’sec propagates  at a constant  phase 
velocity of 1143 meters,:’sec, i t  is evident  that  the  action 
of the medium  on the  spectrum of the pulse is simply 
that of low-pass  filtering. 

GENEK.IL CONSIDERXTIOYS 

-Although the foregoing calculations  have  been  carried 
out for  only  two  particular  types of transient, i t  is ob- 
vious  that  the  same  procedure is applicable in any case. 
When  computational difficulties arise,  the  information 
of interest  can  always  be  obtained  from  point-by-point 
graphical  plots,  numerical  calculations,  etc. 

The  most  obvious  and  the  most  important  factor in 
an  analysis of this  kind is the  assumed  linearity of the 
medium.  After a transient  has  traveled  an  arbitrary 
distance,  its  spectrum  can  be  considered  to  consist of a 
superposition of monochromatic  components,  each of 
which has been acted  upon as if i t  alone  existed. In 
an); particular  situation,  knowledge of the  general 
attenuation v s  the  frequency-distance  characteristics 
of the  medium  enables  one  to  make  an  educated  guess as 
to  how a spectrum will appear  at  various  distances from 
the source.  Guesswork  on  such a basis  should  tell  us 
that  the  generation of high-frequency  components is 
quite  undesirable for communication  over  appreciable 
distances. I t  is this  point  that  has been  demonstrated 
by a specific analysis  for  triangular  and  rectangular 
pulses. 

Propagation in a conducting  medium is analogous  to 
propagation  along a transmission  line  under  two  dif- 
ferent  situations. ’This analogy can  be seen by inspec- 
tion of the  general  equation for voltage  on  a  line  with 
distributed  parameters X, L (in  series) and C, G (in 
shunt) : 

Setting L and G or R and C equal  to zero  gives an 
equation  corresponding  to  that  obtained  by omission 
of the  displacement  current  term  from  the  wave  equa- 
tion : 

The  result is the diffusion equation in each  case. Phys- 
ically, i t  is somewhat  more  satisfactor]. to use the 
analog  obtained  when R and C are zero,  since the  units 
then  correspond  more  directly. 

This well-known analogy is mentioned  here  because 
the RC transmission  line %as originally  investigated 

more than 100 years ago,: and, as would be  expected, 
some  important  conclusions as to  its performance  have 
long  been  known.’  These  results are  immediately  ap- 
plicable to  the  situation  that is the  topic of this  paper. 
Some of the  major  conclusions  are as follows: 

Signal  velocity is inverse1)- dependent  on  distance. 

The pulse shape is “smeared  out” in  time. 

Consequently,  there is a limitation  on  signaling 
rate. 

coscLvsIossg 

After a fairly  small  distance of travel  in  an  infinite 
conducting  medium,  most of the  energy in a  transient 
pulse is contained  in a frequency  range  around its 
lowest  spectral  peak. a n  analysis of the  behavior of this 
peak  or  its half width,  therefore,  gives a good description 
of what is happening  to  the  major  portion of the  energy 
in the pulse.  Under  the  conditions  assumed, it has been 
shown  in  the  case  of  triangular  and  rectangular  pulses 
generated  by a magnetic  dipole that  the  energy spec- 
trum  displays  the following characteristics: 

1) As distance  increases up  to a critical  value  which 
can  be  deterrnined i n  terms of pulse width,  there is a 
slow shift  downward in the  frequency uc a t  which the 
spectrum  peak  or  its half width  occurs.  In  this  range, 
the electric field associated  with w e  decreases  approxi- 
mately as r+, while magnetic fields decrease as  r-3. 

2) Xfter  the  critical  distance is reached, w, shifts 
downward  proportionally  as r-?. Then  the  electric 
field associated  with w e  decreases as rP4. In  this  “far” 
range  an Y - ~  behavior  continues  to  obtain  for  the  mag- 
netic fields. 

3) The  same  considerations  applJ-  to  propagation of 
transients as to  propagation of continuous  waves; 
namely,  the  range of transmission  sets  an  upper  limit  to 
rhe  frequencies which can be  sent  with  minimum  at- 
tenuation.  Energy  put  into frequencies  above  this 
limit is essentially  wasted. 
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