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On new relations in dispersive wave motion
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Abstract

Based on Whitham’s variational approach and employing the 4× 4 formalism for dispersive wave motion, new balance and
conservation laws were established. The general relations are illustrated with a specific example.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Whitham[1,2] has developed a variational approach to study linear and also non-linear wavetrains and its many
r

der con-
s period
a inciple is
i it is also
i errmann
[ average
L n and the
t s
o

ian,
b

0

amifications and applications in a variety of fields, including modulation theory.
The essence of Whitham’s approach consists in postulating a Lagrangian function for the system un

ideration, specializing this function for a slowly varying wavetrain, averaging the Lagrangian over one
nd, finally, to derive variational equations for this averaged Lagrangian. Since the average variational pr

nvariant with respect to a translation in time, the corresponding energy equation was derived, and since
nvariant to a translation in space, the “wave momentum” equation was also established. Kienzler and H
3] have shown that the two relations may be derived also by calculating the time rate of change of the
agrangian and the spatial gradient of the same function. It is also possible to obtain the energy equatio

hree “wave momentum” equations through a simple operation by applying thegrad operator in four dimension
f space-time. This has been carried out for elastodynamics by Kienzler and Herrmann[4].

The purpose of this contribution is to consider not only thegradoperator as applied to the average Lagrang
ut additionally also thediv andcurl operator, which has not been done before.
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Section2summarizes the basic relations of the problem at hand as presented in Whitham, Kienzler and Herrmann,
while Section3presents new results stemming from the application of thedivandcurloperators. Section4concludes
with a brief summary and some general comments.

2. Whitham’s variational approach

Whitham’s variational approach begins with postulating a LagrangianL = L
(
φ,− ∂φ

∂t
,
∂φ
∂xi

)
for any system

governed by a dependent variableφ =φ(t, xi) wheret is the time andxi are Cartesian coordinates. For linear systems,
L is a quadratic function ofφ and its derivatives.

Next a slowly varying wavetrain is considered

φ ∼ aω(θ + η), (2.1)

wherea is the amplitude,η the phase shifting angle andθ is the phase

θ(xi, t) = xiki − ωt, (2.2)

whereki is the wave number,ki = ∂θ
∂xi

andω the frequency,ω = − ∂θ
∂t

. This form is substituted into the Lagrangian
L, derivatives ofa, η, ω andki are all neglected as being small and the result is averaged over one period

L = 1

2π

∫ 2π

0
Ldθ. (2.3)

For any linear system, the resultingL is a function

L = L(ω, ki, a), (2.4)

or, more specifically,

L = G(ω, ki)a
2, (2.5)

where

i

f

w

G(ω, ki) = 0 (2.6)

s the dispersion relation.
Whitham proposes then an “average variational principle”

δ

∫
L

(
−∂θ
∂t
,
∂θ

∂xi
, a

)
dt dxi = 0 (2.7)

or the functionsa(xi , t) andθ(xi , t).
Since derivatives ofa do not occur, the Euler–Lagrange variational equation for this variable is merely

∂L

∂a
= 0, (2.8)

hile the variational equation forθ is

∂

∂t


 ∂L

∂

(
∂θ

∂t

)

 + ∂

∂xi


 ∂L

∂

(
∂θ

∂xi

)

 = 0, (2.9)
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or

∂

∂t

(
∂L

∂ω

)
− ∂

∂xi

(
∂L

∂ki

)
= 0. (2.10)

This conservation equation has become known as the conservation of “wave action”. According to Whitham, it plays
a more fundamental role than energy. Additionally, the consistency equations for the existence ofθ (integrability
conditions) require

∂ki

∂t
+ ∂ω

∂xi
= 0, (2.11)

∂ki

∂xj
− ∂kj

∂xi
= 0. (2.12)

Whitham then invokes Noether’s theorem, which briefly states that there exists a conservation equation corresponding
to any group of transformations for which the variational principle is invariant. Invariance with respect to a translation
in time t leads to the energy equation in the form

∂

∂t

(
ω
∂L

∂ω
− L

)
+ ∂

∂xj

(
−ω ∂L

∂kj

)
= 0. (2.13)

Hereω∂L
∂ω

− L is the total energy (Hamiltonian) andω ∂L
∂kj

is the flux.
Invariance with respect to spacexi results in

∂

∂t

(
ki
∂L

∂ω

)
+ ∂

∂xj

(
−ki ∂L

∂kj
+ Lδij

)
= 0, (2.14)

whereδij is Kronnecker’s tensor of unity. This is called the “wave momentum” equation.
In [3] it was shown, that the energy Eq.(2.13)may be established by considering the time rate of change ofL,

i.e.,∂L/∂t and the “wave momentum” Eq.(2.14)may be derived by considering the spatial gradient∂L/∂xi.

s
mentum

e me balance
l

3

as latin
i

c
o ates) are
The complete set of four conservation equations may be obtained by the application of thegrad operator in
pace-time, as it was shown in[4].

It is to be noted that for non-uniform and non-linear waves neither the energy equation nor the wave mo
quation remain conservation laws, since both have to be supplemented by source terms and thus beco

aws. By contrast, the wave action relation always remains a conservation law.

. 4× 4 Formalism, application ofgrad

In order to introduce the 4× 4 formalism we agree upon that greek indices have the range 0, 1, 2, 3 where
ndices have the range 1, 2, 3 as before. Further we introduce the four coordinatesxµ as

xµ =
{
c0t,

xj.
(3.1)

The velocityc0 is used to render the dimension of the coordinates equal. It may be chosen arbitrarily,c0 = 1 m/s,
0 = velocity sound, or a characteristic wave speed, etc. In the theory of relativityc0 must be equal toc, the velocity
f light. Partial derivatives of a dependent variable with respect to the independent variables (coordin
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abbreviated by a comma followed by the index of the coordinate

∂()

∂xµ
= (),µ =



∂()

∂x0
= 1

c0

∂()

∂t
= 1

c0
()·,

∂()

∂xj
= (),j

(3.2)

Accordingly, we introduce the phaseθ as

θ = kµxµ (3.3)

with the four-vector of wave numbers

kµ =


k0 = − ω

c0
,

kj.

(3.4)

With (3.4), Eqs.(3.3)and(2.2)coincide. Finally, the derivatives of the phase are

θ,µ =


θ,0 = − ω

c0
,

θ,j = kj.

(3.5)

With (3.5), the averaged LagrangianL (2.3), (2.4) is a function ofθ,�

L = L(θ,µ). (3.6)

The partial derivatives ofL with respect toθ,� are then calculated to be

∂L

∂θ,µ
= L,θ,µ =

{
−c0L,ω,
L,k.

(3.7)

The Euler–Lagrange equation appertaining to(3.6) is thus written in a very compact form

(L,θ,µ ),µ = 0. (3.8)

of
w

t

w ry as the
e

With (3.7)and(3.2) it is easily seen that the Euler–Lagrange Equation(3.8)coincides with the conservation
ave action(2.10).
Next, we examine the four-gradient of the Lagrangian

gradL = ∂L

∂xν
= ∂

∂xµ
(δµνL). (3.9)

Using(3.6)and integration by parts leads to

L,ν = ∂L

∂θ,µ

∂θ,µ

∂xν
= L,θθ,νµ = (L,θθ,ν),µ − (L,θ),µθ,ν. (3.10)

Due to(3.8), the last term on the right-hand side of(3.10)vanishes and(3.10)can be rearranged with(3.9) to
he form

(Lδµν − L,θθ,ν),µ = 0, (3.11)

hich is a conservation law in space-time. The quantity in parentheses is usually designated in field theo
nergy–momentum “tensor” or material-momentum, cf. e.g.,[3,5]

Tµv = Lδµν − L,θ,µθ,ν. (3.12)
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It may be mentioned that this “tensor” is not invariant in space-time, i.e., Lorentz invariant but rather only Galileo
invariant.

Due to(3.11), Tµv is divergence-free.

Tµν,µ = 0. (3.13)

Equation(3.11) is valid only as long asL depends on the parametersxv through the functionsθ,� only. If L
depends onxv explicitly, (3.11)differs from zero by terms involving the explicit derivatives ofL with respect toxv.
The material behaviour of the system under consideration is then either time-dependent or inhomogeneous.

Exploring the physical interpretation of the conservation law(3.13)we consider first the componentν = 0. Using
(3.1)–(3.5)and(3.7) leads to

Tµ0,µ = − 1

c0

[
∂

∂t
(ωL,ω − L) − ∂

∂xj
(ωL,kj )

]
= 0, (3.14)

which is identical with the conservation-of-energy equation given in(2.13). Proceeding similarly withν = i we arrive
at the wave momentum Eq.(2.14)

Tµi,µ =
[
∂

∂t
(kiL,ω) + ∂

∂xj
(Lδji − kiL,kj )

]
= 0. (3.15)

Thus, the application ofgrad in space-time delivers both conservation of energy and conservation of wave
momentum.

With (3.14)and(3.15)the components of the material-momentum tensor are[5]

T00 = L− ωL,ω = −H Hamiltonian or total energy,

Tj0 = 1

c0
ωL,kj = 1

c0
Sj field intensity or energy flux,

T0i = c0kiL,ω = −c0Ri field-momentum or wave-momentum density,

Tji = Lδji − kiL,kj = −Bji material-momentum or Eshelby tensor.

(3.16)

All quantities are understood as average quantities in the spirit of(2.3). With (3.16), Eq.(3.13)can be rewritten
a

tion
l g
t n
o
o deeper
d
f

4

it
s r
s

Tµν,µ =

− 1

c0
(H· − Si,i) = 0,

−(Rj · + Bji,j) = 0.
(3.17)

Concluding this section it may be mentioned that Eq.(3.10)reveals a further possibility to derive the conserva
aws treated so far. By multiplying the Euler–Lagrange Eq.(3.8), with the phase derivativeθ,v leads after rearrangin
o (3.11)along solutions of(3.8), i.e., multiplying conservation of wave action(2.10)with ω delivers conservatio
f energy whereas multiplying withkj delivers conservation of wave momentum. Obviously,ω andkj play the role
f integrating factors and the resulting conservation laws are first integrals of the wave-action equation. A
iscussion of this matter and its connection to the Neutral–Action Method introduced by Honein et al.[6] may be

ound in[3].

. New relations

Since the application of the standard vector operationgrad to the LagrangianL delivers conservation laws,
eems to be intriguing to explore whether or not the application of the vector operationsdiv andcurl lead to furthe
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conservation laws. The operatorsdivandcurl are to be applied to vectors (or tensors). Following[4], the appropriate
vector is expected to bexνL.

4.1. Application of the div operator

First let us consider the divergence of the vectorxνL. We have

∂(xνL)

∂xν
= αL+ xν

∂L

∂xν
, (4.1)

whereα= δvv relates to the dimensionality of the problem. If we consider three spatial coordinates and the time
coordinate,α is equal to four. With(3.10)and(3.8)the quantity∂L/∂xν may be replaced by (L,θ,µθ,ν),µ and instead
of ∂(xνL)/∂xν we use∂(xνδνµL)/∂xµ. Rearranging(4.1) in this way and integration by parts where appropriate
leads with(3.12)to

xν(L,θ,µθ,ν),µ − (xνδνµL),µ + αL =
[
xν(L,θ,µθ,ν − Lδνµ)

]
,µ − L,θ,µθ,νδνµ + αL

= [−xνTµν] ,µ − L,θ,µθ,µ + αL = 0 (4.2)

If the Lagrangian is a homogeneous function of degreen in θ,µ, i.e., if

nL = ∂L

∂θ,µ
θ,µ (4.3)

holds, and since

(L,θ,µ )θ,µ = (L,θ,µθ),µ

along solutions of the Euler–Lagrange Eq.(3.8), Eq.(4.2) is rewritten as[
xνTµν − n− α

n
θL,θ,µ

]
,µ = 0 (4.4)

m

(

The vector

Vµ = xνTµν − n− α

n
θL,θ,µ (4.5)

ight be called the virial of the system[7,8]and its divergence vanishes

Vµ,µ = 0. (4.6)

The resulting conservation law can be transformed into the more usual form by emplying(3.1)–(3.5), (3.7)and
3.12). In addition, we assume linear elastic behaviour,n= 2 andα= 4. The result is

∂

∂t

[
t(ωL,ω − L) − (xjkj + θ)L, ω

] − ∂

∂xi

[
(tω − θ)L,ki + xj(Lδij − kjL,ki )

] = 0. (4.7)

On checking Eq.(4.7)we use(3.5)and the product rule where appropriate, and arrive at

−2(2L− ωL,ω − kiL,ki ) + t

[
∂

∂t
(ωL,ω − L) − ∂

∂xi
(ωL,ki )

]
− xj

[
∂

∂t
(kjL,ω) + ∂

∂xi
(Lδij − kjL,ki )

]

−θ
[
∂

∂t
(L,ω) − ∂

∂xi
(L,ki )

]
= 0. (4.8)
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Since it was assumed that the Lagrangian is homogeneous of grade 2, the first bracket of(4.8) vanishes due to
(4.3). With the remainder of Eq.(4.8)we arrive at the statement(S.1):

t times conservation of energy

minus xj times conservation of wave momentum

minus θ times conservation of wave action

equals a divergence-free expression.

(S.1)

4.2. Application of the curl operator

Thecurl operator in space-time makes use of the completely skew-symmetric permutation tensorεαβµv of rank
4.

Applying curl to the vectorxµL and use of(3.10)with (3.8)results in

εαβµν(xµL),ν = εαβµν(δνλxµL),λ = εαβµν(δµνL+ xµL,ν) = εαβµν
[
xµ(L,θ,λθ,ν),λ + Lδµν

]
= εαβµν

[
(xµL,θ,λθ,ν),λ − (L,θ,µθ,ν − Lδµν

]
(4.9)

Rearrangment leads to

εαβµν
[
xµ(Lδλν − L,θ,λθ,ν)

]
,λ = εαβµν(Lδµν − L,θ,µθ,ν), (4.10)

or, with (3.12), to a more compact form

εαβµν(xµTλν),λ = εαβµνTµν. (4.11)

It turns out that the application of thecurl operator leads to a conservation law only if the material-momentum
tensorTµν is symmetric, i.e.,Tµν = Tνµ, which is generally not satisfied. Exploring the physical significance of
(4.10)and(4.11)further, we return to the usual notation in the same manner as shown above. We have to distinguish
b

e is equal
t ity
etween two cases, namely

Case a :α = k, β = l

∂

∂t

[
c0tkjL,ω + 1

c0
xj(ωL,ω − L)

]
+ ∂

∂xi

[
c0t(Lδij − kjL,ki ) − 1

c0
xj(ωL,ki )

]

= c0kjL,ω − 1

c0
ωL,kj = −(c0Rj + 1

c0
Sj). (4.12)

Thus, rotation in space and time results in a balance rather than a conservation laws. The right-hand sid
o the negative sum of field momentum and field intensity appropriately scaled by the characteristic velocc0.

Applying the product rule of differentiation where appropriate,(4.12)is transformed to

c0t

[
∂

∂t
(kjL,ω) + ∂

∂xi
(Lδij − kjL,ki )

]
+ 1

c0
xj

[
∂

∂t
(ωL,ω − L) − ∂

∂xi
(ωL,ki )

]

− c0Rj − 1

c0
Sj = divergence, (4.13)
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which leads to the statement(S.2):

c0t times conservation of wave momentum

plus xj times conservation of energy

minus the sum of field momentum and field intensity

equals a divergence

(S.2)

This divergence generally does not vanish. Note the interchange of conservation of wave momentum and energy
and the change in sign between the statements(S.1)and(S.2).

Case b :α = 0, β = k

∂

∂t

[
(xjki − xikj)L,ω

] + ∂

∂xl

[
xj(Lδli − kiL,kl ) − xi(Lδlj − kjL,kl )

] = L,kikj − L,kj ki. (4.14)

The right-hand side of(4.14)vanishes for isotropic materials, i.e., if the wave speed is direction-independent[2]
and it turns out that rotation in space (while keeping the time axis fixed) leads to a conservation law for isotropic
materials. On checking(4.14)by differentiation as above yields the statement(S.3):

xj times conservation of wave action inxi − direction

minus xi times conservation of wave action inxj-direction

equals a divergence-free expression

(S.3)

4.3. Example

As a first simple example we consider wave motion in a one-dimensional, linearly elastic bar on a linearly elastic
foundation, with Young’s modulusE, cross-sectional areaA, densityρ, mass per unit of lengthµ=ρA, spring-
stiffness per unit of lengthβ and axial displacementu. A prime indicates differentiation with respect to the axial
coordinatex and a dot indicates differentiation with respect to time. The LagrangianL is given by[2]

L = 1
µu̇2 − 1

EAu′2 − βu2. (4.15)

rdon
e

t s
d f wave
a

b ion
w n
g

2 2

After proper adjustment of the constant,(4.15)may also be identified as the Lagrangian of the Klein–Go
quation of quantum mechanics.

The averaged LagrangianL follows to be

L = 1

4
a2(µω2 − EAk2 − β), (4.16)

he term in parentheses being the dispersion relation of the system. With elastic foundation (β 	= 0) the system i
ispersive, without it (β = 0) the system is non-dispersive. The Euler–Lagrange equation or conservation o
ction is

µω̇ + EAk′ = 0. (4.17)

As a second example we consider wave motion in a one-dimensional, linerarly elastic beam withE andµ as
efore, second moment of inertiaI and transverse displacementw. As mentioned a prime indicates differentiat
ith respect to the axial coordinatex and a dot indicates differentiation with respect to time. The LagrangiaL is
iven by[2]

L = 1

2
µẇ2 − 1

2
EI(w′′)2 (4.18)
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and the averaged LagrangianL follows to be

L = 1

4
a2(µω2 − EIk4), (4.19)

the term in parentheses being again, the dispersion relation of the system. The Euler–Lagrange equation or conser-
vation of action is

µω̇ + 6EIk2k′ = 0. (4.20)

The components of the material-momentum tensor(3.16)for this two-dimensional (x, t) setting are identified as

T00 = L− ωL,ω = −H,
T10 = 1

c0
ωL,k = 1

c0
S,

T01 = c0kL,ω = −c0R,
T11 = L− kL,k = −B.

(4.21)

Thegradoperator leads to two equations that correspond to(3.14)and(3.15), namelyν = 0:

1

c0
T00

· + T10
/ = − 1

c0

[
(ωL,ω − L)· − (ωL,k)

/
]

= 0, (4.22)

or

H· − S/ = 0, (4.23)

which states that energy is conserved, andν = 1:

1

c0
T01

· + T ′
11 = (kL,ω)· + (L− kL,k)

/ = 0, (4.24)

or

w

�

o

e
t

t

H· + B/ = 0, (4.25)

hich states that wave momentum is conserved.
The dimensionality of the problem under consideration isα= 2 and the degree of homogeneity isn= 2. Thus

−n in (4.4) is equal to zero and thediv operator yields

[t(ωL,ω − L) − xkL,ω]· − [tωL,k + x(L− kL,k)]
/ = 0, (4.26)

r

[tH+ xR]· − [tS− xB]/ = 0. (4.27)

The term in the first bracket might be identified as the energy–field momentum virial,V0 (scalar moment), whil
he term in the second brackets is the material momentum-energy flux (field intensity) virial,V1, e.g.,

V
•
0 + V/1 = 0. (4.28)

Thus, the time rate of change of the virialV0 is balanced by the spatial rate of change of the virialV1.
The application of the product rule of differentiation verifies the well-known fact that the HamiltonianH equals

he negative of the material forceB in one-dimensional problems of elasticity[3].
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Thecurl operator involves the permutation tensorεµv of rank two and only rotation in space-time is possible.
The corresponding equation to(4.12)is

[
−c0tkL,ω − 1

c0
x(ωL,ω − L)

]·
+

[
−c0t(L− kL,k) + 1

c0
x(ωL,k)

]/
= −c0kL,ω + 1

c0
ωL,k, (4.29)

or [
c0tR− 1

c0
xH

]·
+

[
c0tB+ 1

c0x
S

]/
= c0R+ 1

c0
S, (4.30)

which is, as mentioned above, a balance rather than a conservation law. The first term in brackets might be labelled
as the energy–field momentumcurl−C0, as the second term in brackets is the material momentum energy fluxcurl
C1. The right hand side represents the negative of the sumc of material momentum density and the energy flux.
Thus

C
•
0 + C/1 = −c, (4.31)

which states that the sum of the time rate of change of the curlC0 and the spatial rate of change of the curlC1, is
not vanishing, but is rather balanced by−c. Note again the chiasmus betweenR↔ H andS↔ B and the change
in sign between(4.27)and(4.30).

5. Conclusions

Based on Whitham’s variational formulation of dispersive wave motion, it has become possible to extend his
conservation laws of “wave motion”, “energy” and “wave momentum”. While Whitham’s approach to establish the
latter two laws was based on the application of Noether’s theorem, it was shown here that they in fact can be obtained
by subjecting the average Lagrangian to the operator ofgradin four-dimensions of time and three-dimensional space
as this is done in the theory of relativity. Developments were restricted to linear problems and a four-dimensional
“Lagrangian vector” was subjected to two further standard operators ofdiv andcurl. In the first of these two cases
a n for the
“ n rotation
i ation law
f d.

r
( d
i

s may
b problems.
I hose two
d

be made to
a ance)
l validated
b so-called
s -element
m
[

conservation law for the “wave virial” was derived, while in the second case merely a balance equatio
wave curl” was obtained because it did not appear possible to remove a non-vanishing source term, whe
n space and time was considered. Rotation in space, while keeping the time axis fixed, led to a conserv
or isotropic materials. To illustrate the general relations, two two-dimensional (int, x) examples were presente

It is recalled that thegrad operator (translation) leads in fracture mechanics to theJ-integral, thediv operato
self-similar expansion) yields theM-integral and thecurl operator (rotation) results in theL-integral, as discusse
n [3,4].

Whitham has shown that his variational formulation of dispersive wave motion for linear uniform problem
e extended to non-uniform (non-homogeneous and/or time-dependent) media and also to non-linear

t would indeed be a tempting task to extend the essential contents of the present contribution along t
irections and the authors intend to tackle this task in the near future.

As regards the value and usefulness of conservation and balance laws in a general way, reference may
n evaluation of such laws by Olver[9]. It may suffice to mention here the applicability of conservation (and bal

aws in numerics. Being incorporated into various algorithms, the accuracy of the numerical results can be
y checking whether or not the conservation laws are satisfied identically. If the equations are not satisfied,
purious material nodel forces occur in finite-element calculations, which can be used to improve the finite
esh by shifting the nodes in such a way as to eliminate the spurious forces, cf. Braun[10], Müller and Maugin

11], Steinmann et al.[12].
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