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Abstract Conservation laws are a recognized tool in phys-
ical and engineering sciences. The classical procedure to
construct conservation laws makes use of Noether’s The-
orem. It requires the existence of a Lagrange-function for
the system under consideration. Two unknown sets of func-
tions have to be determined. A broader class of such laws is
obtained, if Noether’s Theorem is applied together with the
Bessel-Hagen extension, raising the number of sets of un-
known functions to three. The same conservation laws can
be obtained by using the Neutral-Action method with the ad-
vantage that only one set of unknown functions is required.
Moreover, the Neutral-Action method is also applicable in
the absence of a Lagrangian, since for this procedure only
the governing differential equations are needed. By this, the
Neutral-Action method appears to be the most useful tool in
constructing conservation laws for systems with dissipation.

The intention of this paper is to give a reference for fur-
ther research on this topic rather than showing some detailed
calculation on a special subject. Thus, the Neutral-Action
method is introduced in detail and is applied to a simple ex-
ample (the telegraph equation) to show the usefulness of this
procedure for further applications in electronics.
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1 Introduction

When investigating mathematical problems, the use of con-
servation laws is quite common in physical and engineering
sciences. In electrodynamics the Maxwell-equations (in in-
tegral form) can be interpreted as conservation laws. Kirch-
hoff’s nodal and loop laws in electronics are conservation
laws for currents and voltages, respectively. Recently, a
broader class of these conservation laws, so-called material
conservation laws, were established [1–3]. In the applica-
tion to the field of piezoelectricity has been discussed. Es-
pecially, the literature on these conservation laws in elec-
tronics is sparse. One reason might be that it is not always
possible to find a physical interpretation of the conservation
laws established. But even though, conservation laws form a
reliable tool for testing new calculation schemes and numer-
ical programming. They are employed in the discussion of
global existence theorems, stability of solutions and others
[4]. The classical method to construct conservation laws is
based on Noether’s Theorem. However, it can only be ap-
plied in certain restricted cases. In her classical approach,
Noether [5] assumed that a Lagrangian function is avail-
able for the system of interest. This assumption excludes
the application of these methods to systems for which a La-
grangian function does not exist, due to, e.g., dissipation. By
using the Neutral-Action method [6], this requirement can
be disregarded, since a given set of governing partial differ-
ential equations is sufficient to construct conservation laws.
It, therefore, follows that a systematic treatment of dissipa-
tive systems in terms of conservation laws becomes possi-
ble. But even if a Lagrangian function is available, it can be
shown that the Neutral-Action method delivers (with con-
siderably less effort) the same results as Noether’s method
in combination with Bessel-Hagen’s extension [3, 7, 8].
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Fig. 1 Definition of conservation laws

2 Definition of conservation laws

A mechanical system is considered that is governed by a
system of q differential equations

�β

(
xi, να,

dνα

dxk

)
= 0, β = 1,2, . . . , q (1)

with xi i, k = 1,2, . . . ,m (independent variables), να α =
1,2, . . . ,μ (dependent variables), in which �β denotes an
operator acting on the independent and dependent variables,
as well as on their derivatives, representing some differential
equation. If any set of m associated functions

Pi, i = 1,2, . . . ,m (2)

satisfies

m∑
i=1

dPi

dxi

= 0 (3)

along solutions of (1), then (3) is denoted a conservation
law with Pi being the conserved current. Equation (3) can
be interpreted as a local formulation of a conservation law,
because the divergence of the conserved current occurs.

A conservation law may also be written in integral form.
Let B be a body (infinitesimal volume element dV ), which
is enclosed by a surface S (area element dA) and unit out-
ward normal vector ni (Fig. 1). By using the divergence the-
orem we can write

∫
B

m∑
i=1

dPi

dxi

dV =
∫

S

m∑
i=1

Pini dA = 0 (4)

leading to a conservation law in global form.

3 The Neutral-Action method

As mentioned above the methodology to establish conser-
vation laws is different depending upon whether the sys-
tem considered is Lagrangian or not. The classical way of
constructing conservation laws for Lagrangian systems has
been established by the mathematician Emmy Noether [5]

and was extended by Bessel-Hagen [7] in (1921). It starts
from the action integral defined as the integral of the La-
grangian over an arbitrary domain in the space of indepen-
dent variables. Noether’s theorem guarantees the existence
of a conservation law, if transformations of the dependent
and independent variables exist leaving the action integral
invariant. Such transformations are called variational sym-
metries. A detailed elaboration on this topic can be found
in [4] and [3]. The extension of Bessel-Hagen is based on
the fact that the Lagrangian is not unique. It is rather possi-
ble to add a term which satisfies the Euler-Lagrange equa-
tions identically, thus leaving the equations of motion un-
changed. Such an extension is also called “gauge function”
or “Null-Lagrangian”. By adding this “Null-Lagrangian” to
the original Lagrange-function, further conservation laws
can be derived. For systems without a Lagrangian, no pro-
cedure existed for a systematic construction of conserva-
tion laws, until the Neutral-Action method was advanced
[6]. Most recently, this method has been applied to the sub-
ject of material or configurational mechanics [3] as well as
for dynamics [9] and dispersive wave motion [10]. All what
is required is the set of differential equations governing the
system

�β

(
xi, να,

dνα

dxk

)
= 0. (5)

First, the concept of the already mentioned “Null La-
grangian” will be introduced. In the following, let Eα() de-
note the Euler-operator (cf., e.g., [4])

Eα() =
[

∂

∂να

−
m∑

i=1

d

dxi

(
∂

∂ dνα

dxi

)

+
m∑

i=1

m∑
j=1

d2

dxidxj

⎛
⎝ ∂

∂ d2να

dxi dxj

⎞
⎠

⎤
⎦ (). (6)

If a Lagrange function can be written as

L̃ =
m∑

i=1

dFi

dxi

(7)

with

Fi = Fi(xk, να), i, j, k = 1, . . . ,m (8)

it follows that

L̃ =
m∑

i=1

dFi

dxi

⇐⇒ Eα(L̃) = 0, (9)

i.e., this special Lagrange function satisfies the Euler-
Lagrange equation identically. On the other hand, if the
Euler-Lagrange equation is satisfied identically, then it fol-
lows that the associated Lagrange function is a divergence.
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The proof is quiet simple. For convenience, we only prove
this relationship for the first order Euler-Lagrange equation.
It should be mentioned that Fi may also depend on the deriv-

atives of the dependent variables dνα

dxi
, d2να

dxidxj
, . . . . In this

case the Euler-Lagrange equation has to be expanded [4].
Consider the Lagrangian L̃

L̃

(
xi, να,

dνα

dxi

)
=

m∑
i=1

dFi(xi, να)

dxi

=
m∑

i=1

∂Fi

∂xi

+
m∑

i=1

μ∑
α=1

∂Fi

∂να

dνα

dxi

. (10)

The first order Euler-Lagrange equation is

∂L̃

∂να

−
m∑

i=1

d

dxi

(
∂L̃

∂ dνα

dxi

)
= 0. (11)

For the first term in (11) we find

∂L̃

∂να

= ∂

∂να

m∑
i=1

dFi

dxi

=
m∑

i=1

∂2Fi

∂να∂xi

+
m∑

i=1

μ∑
β=1

∂2Fi

∂να∂νβ

dνβ

dxi

(12)

while for the second term it follows

m∑
i=1

d

dxi

(
∂L̃

∂ dνα

dxi

)
=

m∑
i=1

d

dxi

⎛
⎝ ∂

∂ dνα

dxi

m∑
j=1

dFj

dxj

⎞
⎠

=
m∑

i=1

d

dxi

[
∂

∂ dνα

dxi

(
∂Fi

∂xi

+
m∑

j=1

μ∑
β=1

∂Fj

∂νβ

dνβ

dxj

⎞
⎠

⎤
⎦

=
m∑

i=1

d

dxi

∂Fi

∂να

=
m∑

i=1

∂2Fi

∂xi∂να

+
m∑

i=1

μ∑
β=1

∂2Fi

∂νβ∂να

dνβ

dxi

.

(13)

Because of permutability of second order derivatives, equa-
tions (12) and (13) yield the same result. Thus the Euler-
Lagrange equation is satisfied identically. L̃ is called a “Null
Lagrangian”. Setting the variation of the action integral

A =
∫

B

L̃dV (14)

of such a Null Lagrangian to zero, one obtains

δA = 0 ⇐⇒ Eα(L̃) = 0, (15)

where δA denotes the variation of the dependent variables.
This means that the action integral A does not depend on the
explicit functional form g(x) inside the domain of integra-
tion but only on the values at the boundary of B . So the idea
is to seek after characteristic functions fβ such that

q∑
β=1

fβ�β =
m∑

i=1

dPi

dxi

. (16)

From (9) and (15), it follows

Eα

⎛
⎝ q∑

β=1

fβ�β

⎞
⎠ = Eα

(
m∑

i=1

dPi

dxi

)

= Eα(L̃) = 0 ⇐⇒ δA = 0 (17)

with

A =
∫

B

L̃dV =
∫

B

q∑
β=1

fβ�β dV . (18)

The characteristics fβ have to be determined from (17). The
action integral behaves neutrally under its variation, so the
formalism is called “Neutral-Action method”.

4 Application to the telegraph-equation

The method is illustrated with a rather classical example of
electronics. The wave equation with a damping term is a
reasonable mathematical model for a variety of evolution
processes in many areas of physics. One special application
in electromagnetism is the so-called telegraph equation, in
which positive damping occurs, which, in turn, corresponds
to dissipation. Telegraph wires can be modeled as an electri-
cal circuit, which consists of a resistor of resistance R and a
coil of inductance L. Furthermore, it is supposed that current
is getting lost from the wire to the ground, either through a
resistor of conductance G or through a capacitor of capaci-
tance C (Fig. 2).

The electric voltage u(x, t) at position x and time t can be
determined by solving the partial differential equation [11]

∂2u

∂x2
= RGu + (RC + LG)

∂u

∂t
+ LC

∂2u

∂t2
(19)

which is referred to as the telegraph-equation. For the elec-
tric current, an analogous equation can be derived. If, for
convenience, we set

()′ = ∂

∂x
(),
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Fig. 2 Schematic of a telegraph wire

()̇ = ∂

∂t
()

and use the abbreviations

k1 = LC,

k2 = RC + LG,

k3 = RG,

we can rewrite (19) as

� = u′′ − k1ü − k2u̇ − k3u = 0. (20)

In the following, we use this representation of the telegraph
equation to discuss the construction of conservation laws in
electronics.

5 Calculation of conservation laws

Since dissipation occurs in the telegraph equation, the clas-
sical methods in constructing conservation laws are not ap-
plicable. As mentioned above, the Neutral-Action method
appears to be the most useful tool in constructing conserva-
tion laws for these kind of systems. The condition for the
existence of a conservation law for the telegraph equation
(20) requires the fulfillment of the equation

E(f �) =
[

∂

∂u
− d

dx

(
∂

∂u′

)
− d

dt

(
∂

∂u̇

)

+ d2

dt2

(
∂

∂ü

)
+ d2

dx2

(
∂

∂u′′

)]
(f �) = 0. (21)

In (21), the mixed second derivative of u is dropped, since
(20) does not depend on u̇′. Now, we have to specify the
dependence of the characteristic f which we take to be

f = f (t, x). (22)

A simple calculation involving equations (20)–(22) results
in

E(f �) = f ′′ − k1f̈ + k2ḟ − k3f = 0. (23)

For any f which satisfies (23), the associated conserved cur-
rents can be calculated using (16) with q = 1:

f � = f (u′′ − k1ü − k2u̇ − k3u) = dPt

dt
+ dPx

dx
. (24)

The conserved currents are

Pt = k2f u − k1(ḟ u − f u̇) (25)

and

Px = f ′u − f u′ (26)

which, in fact, fulfill Ṗt + P ′
x = 0 . In particular, one such f

can be found by the ansatz

f (t, x) = g(x)h(t) (27)

leading to

g′′ + K2g = 0 (28)

and

ḧ − k2

k1
ḣ + k3 + K2

k1
h = 0 (29)

with the solutions (for K2 > 0)

g(x) = A cosKx + B sinKx (30)

and

h(t) = Ceλ1t + Deλ2t (31)

with

λ1,2 =
k2 ±

√
k2

2 − 4(K2 + k3)k1

2k1
.

Here A, B , C, D (only three beeing linearly independent)
and K are arbitrary constants. The corresponding currents
Pt and Px are

Pt = [
(k2u + k1u̇)

(
Ceλ1t + Deλ2t

)
− k1

(
Cλ1e

λ1t + Dλ2e
λ2t

)
u
]

× [A cosKx + B sinKx] (32)

and

Px = [K(−A sinKx + B cosKx)u

− (A cosKx + B sinKx)u′] [
Ceλ1t + Deλ2t

]
(33)
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in which u is the solution of (20). Unfortunately an interpre-
tation of this conservation law in electronical terms has not
been found so far.

6 Conclusions

The classical procedure of constructing conservation laws
is via Noether’s theorem. It requires the existence of a La-
grangian for the system under consideration. Furthermore,
this method demands the knowledge of infinitesimal trans-
formations, which have to be calculated in a separate step.
Further conservation laws can be obtained by using Bessel-
Hagen’s extension, since the equations of motion are left
unchanged when a so called “gauge function” is added to
the Lagrangian. This gauge functions have to be determined
additionally. The same conservation laws as above can be
obtained by using the Neutral-Action method, where only
one set of unknown functions fβ have to be calculated.
Moreover the Neutral-Action method can also be applied
in the absence of a Lagrangian, since only the governing
differential equations are required for this procedure. Thus
it is possible to calculate conservation laws even for dissi-
pative systems. A conservation law for such a dissipative
system, the telegraph equation, has been derived with the
Neutral-Action method. As regards the value und usefulness
of conservation and balance laws in a general way, reference
may be made to an evaluation of such laws by Olver [4].
It may suffice to mention here the applicability of conser-
vation (and balance) laws in numerics. Being incorporated

into various algorithms, the accuracy of the numerical re-
sults can be validated by checking whether or not the con-
servation laws are satisfied identically. If the equations are
not satisfied, so-called spurious material nodal forces occur
in finite-element calculations, which can be used to improve
the finite-element mesh by shifting the nodes in such a way
as to eliminate the spurious forces [12, 13]. It seems that
with a systematic treatment even more conservation laws
can be obtained for this problem. Studies along this line are
in progress and will be dealt with in a forth-coming paper.
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