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Synthesis of Lumped-Distributed Cascades
with Lossy Transmission Lines
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Abstract —In the analysis of large systems such as high-speed digital
computing networks and circuits on an LSI or VLSI silicon chip, lossy
lumped-distributed networks have been used to model their interconnec-
tions. A solution of the synthesis problem for these networks will aid in the
design of these circuits.

This paper establishes single-variable realizability conditions and synthe-
sis procedures for the class of lossy lumped-distributed cascade networks
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which contain lossy transmission lines and are described by a driving point
impedance expression of the form

n

Y ai(s, 2g) e@mMTors)
i=0

n
Z bi(s,25) e®—mTovs)
i=0

Z,=

where a,(s,z,), b;(s,zy) are two-variable, real polynomials in s and z,,
with z, the characteristic impedance, y(s) the progagation constant, and
T, the total “electrical length” characterizing each of the lossy lines.

The cascade networks consist of commensurate, uniform and/or tapered,
lossy (except distortionless [3], [4]) transmission lines interconnected by
passive, lumped (lossless and/or lossy) two-ports and terminated in a
passive load. This class includes general lines, leakage-free lines, RC-lines
and acoustic filters. The results also apply to cascades with noncom-
mensurate lines and to cascades of mixed transmission-line types.
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TABLEI
"o
type of commensurate line zo(s) =g To X(s)
o
general sTy+!
k1 T Toq(sTl+l)(ST2+l)
diffusive or RC-line ki
L=0,C=0 o TOF
R=0,C=0 ki s T\
kl
L=0 T \JsT+l
sT+1 °
c=0 kiqu+1 'l'0 sT+1
R=0 ki\’ T Toqs(snl)
cC=0 ki\’ sl*l Toq s(sT+1)
acoustic [5] ky s\’s’hl To °
(viscous medium) VsTiT

INTRODUCTION

RESENT day technology requires that the analysis

and synthesis of mixed lumped-distributed networks,
that is, networks containing both lumped and distributed-
parameter elements, be treated. Many design and simula-
tion problems where loss is unavoidable or non-negligible,
as in the modeling of the wiring on a silicon chip for
large-scale integration (LSI) and very large-scale integra-
tion (VLSI) [1], demand a synthesis theory that realizes
lossly mixed lumped-distributed coupling networks
terminated in an arbitrary load. Other applications [2] of
the lumped-distributed network model are to tunnel di-
odes, to the interconnecting wires in high-speed computing
networks to cascaded transmission lines with differing
characteristic impedances and accompanying parasitic
lumped elements, and, perhaps most importantly, to the
approximation problem of more powerful filters.

In the first of our two previous papers [3] we treated the
synthesis of lossless lumped-distributed cascade networks
and then extended the results in the second paper [4] to
cascade networks containing lossless and /or lossy lumped
two-ports and lossless transmission lines. This paper, the
third in a series of four presenting a unified theory for the
synthesis of mixed lumped-distributed networks,- treats
coupling networks containing lossless and /or lossy lumped
networks and lossy transmission lines connected in a
cascade configuration. Included in this class are lumped-
distributed cascade networks with commensurate, uniform
or tapered, and lossy transmission lines such as RC-lines,
general lines, leakage-free lines, and even acoustic filters

(5}

The analysis in [3], [4] establishing the expansion condi-
tions for a driving-point impedance expression of the pre-
scribed form deals with a completely general lumped-dis-
tributed cascade and hence is easily adapted to chains
containing lossy transmission lines. Thus the realizability
conditions first guarantee a cascade representation for any
input-impedance expression satisfying them and secondly,
ensure the positive realness of the lumped networks and
the transmission lines in the cascade representation of the
mmput impedance Z,.

After stating the results in the form of a theorem and
immediately illustrating them with a simple example, the
incorporation of the characteristic impedances of the
(i —1th and ith transmission lines into the chain-matrix
description of the jth lumped network is investigated and
then used to formulate the realizability conditions. Specific
examples to illustrate this process and the synthesis proce-
dure are then given. Within the examples section we also
give a realizability lemma which represents a unified
synthesis theory for distributed cascade networks consist-
ing entirely of transmission lines.

RESULTS
The contributions of this paper are stated in the follow-
ing theorem:
Theorem :

Any irreducible

a,(s, z, ) e@=WTor()

Zy=-
b,(s, z4) e @~ MToV®

1025|109

-~
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where z,, y(s), T, and their various permjtted combina- i=1,2,--,n+1:
tions are as specified in Table I, and a;, b; are single-vari-
able algebraic expressions involving s/ with j=0,1,2,-
m and irrational functions of the type Vs, VsT+1, or
equivalently a,, b, are two-variable real polynomials in
s, 2y, 1s realizable as a cascade of lossless and/or lossy
lumped two-ports interconnecting » lossy, uniform or
tapered, commensurate transmission lines characterized by
z,, their characteristic impedance, y(s) their propagation
constant, T, their electric length, and which is terminated
in a passive load, Table I, if and only if:

a) The 2i X 2i determinants, formed from the algebraic- ! (
expression coefficients of Z, and defined as

i-1
(ao - bO)Ei——l l—l Qx
k=0

A

i—1 -
(an + bn)Di—l l_IOLk
k=

Q|

(a,+5,)C 1ULk

4

| 2

1—1

apg— bo)Di—lkUO Ok
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: b,
n—1 an : bn——l bn
: Lo :
Ay_iv2 Bn—i+3 a, : bn—1+2 bn—1+3 bn
|
C&|ay a, a; J'_bl b, e by, i=1,2,---,n—1
ay a a1 i by b, b,y
4o a; 7, by b,_»
Do :
o :
a, | b,
b
n : n
n—1 an : bn—l bn
E .
p,a|dnoer G2 1T S Wb B e SR 0 R S
a9 a4 ai-1! by b, e by '
ao a;_, | by b;.»
o :
Do :
a, by
and
: b,
n—1 a, : bn—-l bn.
g a|fnimn Geiz T G 4 b B B
Ay an_it1 a,_1 : bn—i n—i+1 e bn—l
ay a; 5 | b, b;_,
Do :
o :
ag | by
with the nonspecified values of the above determinants with
Zeros; E A —bn . Gyaagtby
b) The algebraic expressions Q;, P, K;, L; defined by D, T a,— a,—b,” D, a,+bh,
the irreducible ratios of the algebraic expressions for all E, C
, Tno_o"_o0. =1 4
Dn D QO 0 1

‘and

1 Rg;— ldOI[(Q +el 1P)+e(K‘+et lL )]

[Z]é GM dOtde 1[(Qt € 1P)+e(K € lL )]

noi—1no:[(Q:i+ e P)—e,(K, +,ei—1Li)]
noi—140; [(Qi —e_P)— e (K, — ei—lLi)]

¢) The matrix [T}] for zy; = ny,; /dy;, i=1,2, - -,n
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with the common factors (resultants) of the matrix ele-
ments

M= {no,_1do[(Q; + €1 P)+ e, (K, + e, L,)];
nOi—ani[(Qi +e; P)—e (K + ei—lLi)] >
dOi—IdOi[(Qi —e,_1P)+e (K — ei—lLi)];
nOi—ldOi[(Qi —e_1P)—e (K, — ei—lLi)]}

eq=ngp=dyn21; e,==+1; ny,d, and the real poly-
nomials 2G,,2 F; of the definition
2G2FEM} & (e;—1€:m0;_110;dg;—1dp (Q;L; — P,K;)

as specified below are such that

1) D,%0, for i=1,2,---,n; .

2) [T;] is a real rational, positive real (PR) chain matrix
[4]) for all i =1,2,---,n with e;= +1 and/or ¢, = —1, ny,,
d,,; either explicitly specified by prescribing the transmis-
sion-line type of the cascade or determined to be compati-
ble with y(s) as in Table I, ny = dy, £1 and appropriate

a, a
(1+svVs)(2+2Vs +5)(2Vs +1)e?® + 2sVs (2—5) + (1= sVs )(2—=2Vs +s)(2/s —1)e 2F
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real polynomials 2G,,2 F; chosen from the definition
2G2FM? 2 e;_seing;_\ngido;_1do, (Q, L, — PK,)

and

3) The function Z; = ne,(Q,+1+€,P,:1)/dou(Qni1—
e, P, ) is real rational and positive real (pr).

Furthermore, [7;] represents the chain-matrix description
of the ith lumped two-port connecting the (i — 1)th and ith
transmission lines characterized by the propagation con-
stant y(s) and the characteristic impedance z,, in the
lumped-distributed cascade realization of Z,, while Z, is
its termination. ~
- We illustrate the use of the theorem at the outset to
demonstrate the ease of the realization technique and to
help in the proof of the theorem: Can the following given
Z, be realized with commensurate uniform RC-lines (z,
=24(s)=1/Vs, y(s)=Vs and T, = real constant)? And if
yes, what is its network realization?

ay

(n=2).

Zo—

Vs (2+2Vs +5)(2Vs +1)e?F —%s,/E —Vs (2—2/s +5)(2/s —=1)e 2P
b, ' 1 b,

This Z, is of the specified form for an RC-line cascade and has an initial lumped two-port characterized by

Pl A a()_b()_an—bn

O, _an+bn ag— by

_ (Vs —sVs)(2- 25 +5)(2s ~1) (L+svs —Vs)(2+2/5 +5)(1+2V5)

(1+V5 + sV )(2+2Vs +5)(2V5 +1) (1+Vs —svVs)(2—2Vs +5)(2Vs — 1)

=1+S\/E—\/§

14 svs +Vs
i(_léan+bn'a0+b0=1—sx/§—\/§
L, ay—by a,t+b, 1-s/s+Vs

or a chain-matrix description for z,=n,/d, =1Vs (RC- lines prescribed) of

1
A
1112 25037

4G, M,

which for e; = +1 becomes

[Tl]e1=+l= [(1) i],

and for e; =—1

do[(Q1+ P+ ey (K + Ly)]
dO[(Ql —P)+e (K - Ll)]
1 2[(1+S\/§)+e1(1—s1/§)]\/§ 2[(1+S\/§)—e1(1—sx/§)]
[ [2‘/54'91(“2\/3-)]‘/5

no[(@) + P)— e (K, + L)) }
”o[(Q1 —P)—e (K, — Ll)]

[2‘/5—91(—2‘/5_)] J

for 4G, M, = 4/s

S

for 4G, M, = 4.



RIEDERER AND WEINBERG: LUMPED DISTRIBUTED CASCADES

489

Note only [T3], ., is realizable. The second lumped network is obtained from

_ (1=s/s +V5)(2-2Vs +5)(2V5 1)

(1+svs +Vs)(2+2Vs +5)(2Vs +1)

(1+sVs)2+2Vs +5)(2Vs +1) Vs (2+2Vs +5)(2Vs +1)

2sVs (2—5) —2sVs .(1+S\/E+\/E)
(1+sV5)2+2V5 +5)(2V5 +1) Vs (2+2Vs +s)(2Vs +1) | (1=sVs +Vs)
(A-sV3)(2-2/s +5)(2Vs —1)  —Vs(2—2Vs +5)(2V5 - 1)
I s
Q, 2425 +s
and
Ky,a,tb, C L,
Z;_ao bo.E.a
_ (L+sVs +Vs)(2+2Vs +5)(2/5 +1)
(1—svs +Vs)(2-2Vs +5)(2Vs —1)
2svs (2—5) —2sVs
(1—sVs)(2-2/5 +5)(2V5 —1) —Vs (2-2Vs +5)(2Vs ~1)
(1+sV5)(2+2Vs +5)(2Vs +1) Vs (2+2¥s +5)(2vs +1) |

'(l—S\/;+\/~;)
(1+svs +Vs)
K, s
Z;_ 2-2/s +s

. from which for zy;_; = zy;=zy = ny /d, = k; /Y5 and

.14
[7.] 4G, M,

e G R

and

__1__[s 1+s]

[Tz]e1=+1,e2=~1—462, s s (not PR)

are obtained. There is no need to find [T2)e,= —1,e,-+1 and
(T3], =c,= -1 since [T}], - _, is not PR.
Finally, for the termination (n = 2)

£= Pn+1 — Ln+1

Q3 Qn+1 Kn+1
A aO—bO (1) Q1Q2 — 2\/-;_1
an+bn L1L2 2\/54‘1

(1-sVs)(2—2Vs +5)(2Vs —1)

1 ["odo[(Qz+31P2)+92(K2+91L2)]
d3[(Q, — e, Py)+ ey (K, - e,L,)]

—V5(2-2Vs +5)(2¥s —1)

ni[(Q,+e1Py)— ey (K, + e Ly)]
"odo[(Qz —ePy)—e, (K, — ele)]

with 4G, M, = 4/s

or .
z, = no(Qnirt+ enPusy)
do(Qui1~ €uPus1)
with
ZLIe,,= +1=2.
Again
Ziley=—1

need not be determined since [T5],,_ 41, ,,~ -, is not PR.
Hence, one possible cascade representation for the given
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Z, is
[1 SJ cosh\/; 71_—Smh1/; [1 1][1 0]
0 s 0 1lls 1
Vs sinhs coshy/s
coshys isinhx/s— )
K
Vs sinhvs coshvs

and thus Z, is realizable as a mixed lumped-distributed
cascade network containing RC-lines. Note that there is no
unique mixed lumped-distributed cascade representation
but rather there exist 2” distinct (not all necessarily PR)
representations for any given Z, of the theorem if the
types of lines are prescribed.

NECESSITY

The necessity of the realizability conditions is estab-
lished by an analysis of the general cascade specified in the
theorem. A large part of this analysis and thus of the
necessity proof has already been carried out by the authors
in two recent papers [3], [4] for lossless transmission-line
cascade networks. The results of this analysis are easily
extended to cascade networks containing lossy transmis-
sion lines. The identical analysis becomes valid for lossy
transmission-line cascades upon a redefinition of the chain
matrix

1 [x; +u;
Tg; Yty

X~ U;
Yi— b

which for lossless line cascades characterizes the i th lumped
two-port network interconnecting the (i —1)th and ith
transmission lines. For lossy-line cascades (distortionless
lines excepted) this matrix is redefined by incorporating
the characteristic impedances of the (7 —1)th and ith lossy
transmission lines into the chain-matrix description of the
lumped two-port network

_ 1 e B
[»Ti]_Zg{[Yi 6:}'

Zpi-1 sinhy(s)]})}L [ai Bz]

In particular,
[ coshy(s) T,

(1/z¢;—1) sinhy(s)T, coshy(s)T, |2g/|% &
coshy(s)T, zo,; sinhy(s) Ty
(1/z4;)sinhy(s)T,  coshy(s)T,

can be rewritten as

1

Zor 1 sinhy(s)T,

‘10

20i—1

Thus we may define for lossy lines the matrices in [3], [4] as

1 [x,.+u,- xi—ui]_ 1 [
2g;lyitu yi—y 2g!

1 ? coshy(s)T;
sinhy(s)T,

\
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and HEE

for a termination Z, = N, /D, and where for zy; = n, /d,,
and zy, =1

1
do;—(nge; +do;B;) “i=‘2‘d0i—1("01ai—d0i:3i)

x;=

Yi= "Oi—l("oﬂi +dy,5;) v, = 5"0:‘—1(”01’7’;‘ —dy,9,).

For these definitions the analysis in the necessity proof
of [3], [4] for lossless-line cascades becomes directly appli-
cable to lossy-line cascades. Thus if the ith section of the
proposed lumped-distributed cascade is described by the
chain-matrix relation:

E, _ 1 [x,.+ui xi—ui]

I _2gi Yito, yi—v
coshy(s)T, sinhy(s)Ty || Eisq
sinhy(s)T, coshy(s)Ty || Li+a

then the input impedance of a general lumped-distributed
cascade from the ith section through to and including the
modified load

E /L1 =0,410/ b0
& ny/d;=do,N./no,Dy

is given by
n—i+1
Y g, ek ntim )T
E, k=0
Tl=20,i=n~i+1 , n+l>i>1
! Z b. k€[2k——n+i—1]y(s)T0
i
k=0

with the two-variable, real polynomials in s and z;

A =Xl T Ul

b =Ytk TV ks n+lzizl; O0<k<sn—i+1

N

k1=t b

Lok =8, bk

1 0 cosh'y(s)TO Sinh‘Y(S)TO 1 [1 0 ] a B
X coshy(s)T, 0 zoinfly, &

2g/

sinhy(s)T, [1 0]
coshy(s)T, |10 Zo:

0 ||le B [1 0 }
zoicrjly, 810 1/2,
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and, in particular,
ri10=0

rioin =@ 0t bo=(u;+0)t,
n
= (ui + Ui) n (uk - Uk)(”L - dL)
k=i+1

tiiio=a 60— bio=(u;— )t
n

=(u;—v,) Il (ue—v)(ny—dy)
k=i+1
Licin-i+2=0
Nitn—iv2 = noiv1 F b aoiin
=(xi+yi)ri,n—i+1

~ () T1 (et 3l +dy)

Licton—it1 = G p—iv1— Di poig

= (xi - yi)ri,n—H-l

~ (=) TT (ot n)(n+4,)

k=i+

n
(ag—bo) =(ayo—b1o) = kl_Il (ue— v )(ny—dy)
n
(a,+b,)=(ay0—b1o)= kl_ll (xe +y)(ny +dy).
Also derived in [3] is the evaluation of the determinants
D; and E; of the theorem in terms of the chain-matrix
elements of the lumped networks in a lumped-distributed
cascade. The identical column manipulation procedure used
to evaluate D, and E; is valid for obtaining the evaluation
of C,. The expressions for C;, D,, and E,, which also apply
to lossy-line cascades, are as follows:

i

491

i-1
ITL,
k=0

Ki A (an+bn) . Ci—l A
—L—;_ (ao_bo) D,_, -1
Il o
k=0
i-1 1<ign+1
(u; +v;) kI:IO(xk+yk)Lk
T (y—v)
kl—lo(uk —0) Qs
where
(“0f”0)=(x0+YO)é1
and

X1/ Vas1=Uns1/ Vg1 =Np/dy.

These new expressions for the irreducible ratios of the
theorem can be refined further by induction to read

kioy(x; = i) _ hP
hi_y(x;+ %) - h;Q;
hi_(u;+v;) _ kiK;
ki-l(ui_ v;) - kiL;’

if kg=hy,21 and the common factors (or resultants) are
defined by

k2 [y (ug+ o)) [y (u— v)]}

h; = {[kiﬂ(xi - Yi)] ) [hi—l(xi + yi)] }
with {k;, h;} =1.

1<igsn+l1

However, substitution of the definitions for x;, y;, u,,
and v, in terms of the lumped-parameter, chain-matrix
elements and the characteristic impedance z,, = ng,; /dy; in

G= (_1)[(2)i(i_2)/2 I1 {(_ U X+ ukyk)i_k_lrk,n;k+1lk,0}ri,l/ri,n—i+1

i

D;= (_1)i(2)i(i_2)/2 I1 {(‘ UpXy ukyk)i_k+1rk,n—k+1tk,0}

i

i i(i— i—k+1
E=(-1) )11 {(“kak"'“k)’k) " rk,n—k+1tk,0}ti,m—1/ti,0

valid for i =1,2,---, n.

It is therefore possible to express the irreducible alge-
braic-expression ratios P, /Q, and K, /L, of the theorem in
terms of modified lumped-circuit parameters of the general
cascade by substituting the various relations given above
into these algebraic expressions to yield

i—1

LN (a9~ by) Ei_, kI;I O
Qi (an+bn) Dl'—l izl
ITL,
k=0
i-1
(x,— ) I (= 0) Qs
=(x’+y')-f_=10 ,  1<igsn+1
T kUO(xk+yk)Lk

the common-factor expressions: ’

k;= {(ki—l[dOi—l(nOiai - doBi)+ "0i~1(”0iYi - dOiSi)]>;
X <hi—1[d0i—1(n01ai - dOi:Bi)— no;—1 (oY — d0i8i)] >}

h;= {<ki—1[d0i—1(”0“i +doB)—noi—1(ng v + do;i8,)])s
X <hi—1[d01—1(”0i0‘i + doiﬂi)+ ”Oi—l("OiYi - dOi‘si)])}

demonstrates that at most k;, = e, £4+1 and h;=+1 for

the modified lumped two-port description. Thus no com-

mon factors are present in the various components of the

k;, h; expressions above or
{kic1 oy} =1

{kicy,(u;—v)} =1, {hicy,(u+0))} =1
{kiop,(x;+ )} =1, {hi—l’(xi+yi)} =1
{(ui+vi)’(ui_vi)}=1 {(xi"J’i)’(xi"'Yi)}:l
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even if ny,_,=ny=n, and dy;,_, =d,; =d,. For other-
wise {k;, h;} #1 and a common factor in x;, y,, 4, U
would yield a Z; not in an irreducible form since {k;_,,
(u; = v;)} =ngd{f(s) or {h,_y,(u;+v;)} =ngdi{f(s) im-
Pliesl {ki_1,(x;+ ¥} =ngdif(s) or {h;_y,(x;—y)}=
ngd{f(s), respectively, and similarly {(u; + v;),(u,—v,))}
= ngd§f(s) implies {(x; = y)),(x; + )} = ngd§ f(s) for n,
and/or d,, containing irrational functions of s and «;, 8,
Y;, 8; real polynomials.
Hence,

kioi xi—y _ hP hioy uitv, _ kK,

hiy X +y hQ] ki . U,y N kL
become for k,=e; = +1 and &, = +1 (all terms in Q; must
have a plus sign) '

Xi T Vi
Xt

e_1b

Q;

u— v _ _ ek,
uitv, e 6L

and we may write

xi_ui]

1 [x;,+u
; YiT b

2g, Vit u

~ 46,

Thus the original matrix

_ 1 ja B
[T"]_zg;[vi 5:]
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ever, none of these representations need be physically
realizable. )

However, if a given Z;, is to represent the physically
realizable lossy-line cascade:

coshy(s)Ty  zysinhy(s)T, |

(7] El—sinhy(s)T0 coshy(s)T,
0

coshy(s)T,  z,sinhy(s)T; [N ]
L

[7:] ;l—sinhy(s)To coshy(s)T; D,
0

then
[T),i=1,2,---,n
must be PR chain matrices [4], [6] and N, /D, pr while z,,

v, and T, must be such that the transcendental chain
matrices characterize a particular transmission line type

1 (Q;+ei1P)te (K +e L) (Qi+e 1P)—e(K +e L)
(Qi—e1P)+e(Ki—e L) (Qi—eP)—e(Ki—e 1L)]

is recovered from the modified lumped two-port description

1 [x,.+ u;
2g, |yt

as follows:

1 0 1 [xi+ui x,-—-ui] 1 0
2g, L vitv yi—uifj0 2z
or in terms of the algebraic-expression ratios

[T] _ _1_ nOi—ldOi[(Qi + ei-lpi)“*' ei(Ki + ei—1L,-)]
! 4G, M, dOi—ldOi[(Qi—ei—ll)i)+ei(Ki—ei—1Li)]

Z9i-1

- where M, represents any common matrix-element factor
and e, = ng, = dy, 21, while the termination becomes

No _fow Mpoalon Xni1
D, dy, d doy Yuia
- &:_ . (Qn+1+enPn+1)
dOn (Qn+1_enPn+l)

Because of the presence of e;_;, e; in these last relations,
there exist a total of 2" distinct lumped-distributed cascade
representations for any Z, with the prescribed form and
Z, for which D,%0 i=1,2,---, n. For ny;_,, ny; unspeci-
fied there are at least (27)? distinct representations. How-

x,.—u,»]= 1 0 ]1 | B ! ?
Yi— b 0 zpi4 2g/ |V d; 0 —

Zp;

nOi—ani[(Qi + ei—lPi)_ ei(Ki + ei—lLi)]
dOi—ani[(Qi - ei—lPi)_ ei(Ki - ei—lLi)]

(e.g., tapered RC-line). These conditions, specified in the
theorem, are thus necessary for a Z; which is to represent
any of the prescribed cascade networks of the theorem.

SUFFICIENCY

Sufficiency of the theorem’s conditions is established by
showing that any Z, satisfying these conditions has a
realizable lumped-distributed cascade representation of the
types described in the theorem.

In their recent paper [3] the authors showed that any Z;
of a specified form similar to the one of this paper and for
which all the determinants D,#0 (i=1,2,---,n) has a
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(not necessarily realizable) lumped-distributed cascade rep-
resentation. This contention was established by using a
generalization of the Kinariwala-synthesis procedure {7]
which yielded an ith expansion section described by the

chain matrix:

sinh s7T |
cosh sT |

7 X - U:“coshsT
26/ | Y, +V, Y~V |lsinhsT

where X;, Y, U, V;, G/ were the real polynomials in s that
collectively represented the ith lumped expansion network
and the hyperbolic matrix represented the uniform, lossless
transmission line of delay 7 and unity characteristic im-
pedance.

The identical expansion process may be applied to any
Z, of the forms specified in this paper since the D, for both
lossless-line cascades and lossy-line cascades involve only
the coefficients of their Z, expressions and not the Z,
exponentials. For lossy-line cascades, however, the ith
expansion section is described by

1 [%+U Xy,
k=L
Y2/ YtV Y-V
coshy(s)T, sinhy(s)T,
sinhy(s)T, coshy(s)T,

where X;, Y, U, V,, G/ are algebraic expressions (or
two-variable, real polynomials in s and z,) and v, z,, and
T, are to specify the transmission line type. It remains to
be demonstrated that this expansion section represents a
physically realizable network of a lumped two-port and a
specified transmission line.

The defining two-variable polynomials of the lossy-line
expansion section are obtained in a manner identical to the
method that yielded the lossless-line section parameters in
[3], [4]. They are determined from the irreducible ratios of
algebraic expressions

I4 ’
X Ay U A
b 9
Yy Bin-in v, B

i=1,2,---,n+1

‘with X, =X/, Y,=Y/, U =U’, V,=V, except when the s/
coefficients (j=0,1,---,n) of X/ and ¥, or U/ and V}’
are either both odd or even real constants (zero of course
considered as even), for which case X;=3X/ and Y¥,=3Y’
or U =3U’ and V, =3}V, respectively; while for A,,,,_,.+1
=0, X;=0and ¥,= 1 forB,,, i+1=0, X;=1and Y, =0;
forA,O—O U= OandV 1; andforB,O—O U= 1 and
V,=0. The 1rredu01b1e ratios themselves are obtained from

the remainder function after the (i —1)th expansion step:

n—i+1
Z A. ke[Zk‘("_i+1)]Y(S)To
i,
k=0
i’“IZO— n—i+1
Z B ke[lk—(n—i+1)]y(x)To
i,
k=0

where the algebraic-expression coefficients of ;_,Z, are
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defined in terms of the (i —1)th expansion parameters:

2Ai,k = (Ri*l,k + 7;'—1,/()

k= (Ri-l,k - 7}—1,/()
Ri 1 w="Viidi 141t U 1B 1 k11>
O<k<gsn—i+1
Toaw=Yadi 1~ Xy By, 2<isn+tl

and specifically,

Ri—l,n~i+1 = (Ai,n~i+1 + Bi,n~i+1) = (Xz + Yi)Pi,n—i+1
R 0=(4,0+Bo)=(U+V)a,

with
Rn,O = (An+1 ot B n+1, o) = (Xn+l + Yn+1)Pn+1,o
= (Un+1+V+1)‘In+1 0> _
T i = (A, n—i+l Bi,n—i+1)=(‘Xi_Y;‘)pi,n—i+l
T 10= (Ai,O - i,O) = (Ui - Vi)qi,o
with
T, o= (An+1,o - Bn+1,o) = (Xn+l - },n+1)pn+1‘0
= (Un+1—Vn+1)qn+1,0
and

i i—1
IT(x + Yk)Pi,n~i+1 =(a,+ b")kl:ll(_ Vi X, +UY,)

i i-1
kl_—-ll(Uk - Vk)qi,O = (ao - bo)klj[l(_ VX, +UY,)

with the common factors p; , ;1=
4i0=A;0 Bipyand T,y , ;,,=R,_; 1=0; 4, =aq,,
By =bis Pusr,0=dnir0and X, =U 5 Y=V

Notice that no relationship is assumed to exist between
the expansion polynomials X;, Y;, U, V;, G/ (or 4, ;; B; ;
R; 5 T; ;) of the sufflclency proof and the x;, y;, u;, v;, &
(or a, ;; b,, ;s I;.j» 1 ;) used in the necessity proof.

Also derived in [3] are the evaluations of the determi-
nants E;, D, in terms of the generalized synthesis parame-
ters. The identical evaluation process used to determine
E,, D; can also be applied to C; for its evaluation and is
valid for lossy-line cascades with the result that

Ainists Bipoivns

E = (2)i(i—l)/2 n

k=1

i
D = (2)1(1—1)/2 1-1

&anMHHHn/m
o/ 1]

o i [ k
C. = (2)!( L2 ]._.[ Rk,n—k(_Tk,O/ Ule)]Ri,O/Ri,n—t

=1

where H, £ -V, X, +U,Y,,.
These results allow us to express the irreducible ratios of
algebraic expressions of the theorem in terms of the gener-
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alized synthesis parameters:
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i—1 Ki l]l"’V: k1=10 “k+Yk)Lk
P, ag—b, E,_ 110 L U-v, il
05,75 D, I W=
e flgen)
= X +Y,)L
i-1 Kn+1 — Xn+1+Yn+1 k=0 . KTk
ﬂ Ok L, Uis17 Vi z
_a9=by Ty p-iv1 k=0 I (U=7) 0k
- an+bn ‘ T;'—IO . i-1 ’ . k=0 A
T L, with (Up— V) = (Xo + Y) = Qg = Lo 2 1.
k=0 ) The specification of the generalized expansion parame-
_ I<isn+l ters X,,Y; and U, V; as irreducible or their special defini-
i-1 tions ensures that the algebraic expressions (X, — Y;), (X; +
K .a-+b C., ALLx Y,) and (U, + V), (U, — V;) are also irreducible.
7= : "I Hence the irreducible ratios of the theorem can be
i G~ by Dy . .
I o, expressed in terms of the generalized synthesis parameters
k=0 as i
i1 P, _X-Y,
Iz, 0, Xty
_4+h, R0 k=0 ' 1<isn+1
ag—by Riqnis1 =1 K, _U+V
e L U-v
_ R with X,.,=U.p, Y,11=V,s, since Q;=(X,+Y,) and
with E, /D, =C,/D,=1 or L, = (U, —V;) by induction and
i-1 (7] =L X,+U, X,-U
P (X-Y) I (Ue=7)o e Y,+V, Y-V
0, (x,+y) izl
o X+ H oy v, [0+ P)+ (K )] (1@, R)~ (K, L)
= 4G [(Q P)+(K L)] [(Qi_Pi)_(Ki_Li)]
ﬁ (U, - V)0 with ,Zy =X, 1/, 1= (@i + P1)/(Qpir— Prvy)-
Py (Uyy=Voir) k=0 * "*=F However, no unique determination of the ith lumped
0,01 (X 1t Y.) T expansion network from the given Z; in terms of the
kHO(Xk +Y,) L, expansion parameters is possible in view of the following
- identities:
[(x_lw.--l) (Xf_l—U,_l)}[ || i+ W) <X,»—U,~)}[ X[ Kt Us) - (K= U)
(Y +Vio) (Yo —Viy) (Y;+v) (,-V%) (Y1 Vi) (Y1 —Vin)
=[(Xi—1_Ui—1) ()(i—1+(]i—1) [( V) (,-V) [X]{(‘XI+1+U+1) (X1~ Ui1) |
(Yi—l_'l/i—l) (Yi—l+V;’—1) (X +U) (X:_Uz) (Y:+1+V+1) (Yi+1"V;‘+1)
=[(X,-_l——U,-_l) (X,»_1+U,-_1)] [(Y ) (v ][(Y,Hwﬂ) (Y1 = Visr)
(Yi-l_Vi—l) (Yi——1+V;'—l) (X U) (Xz'*'Uz) (Xz+1+U+1) (Xi+1 Ui+1)
where
[X]é coshy(s)T, sinhy(s)T,
sinhy(s)T, coshy(s)Ty|

The above matrix relations are specific cases of the general matrix product

)Fe (K1 +e_,Py)

[(Q, 1+e2P
e, P y) (Qioy—

(Qi1— ei—2Pi—1)+ ei_1(Kio1—

i ei—IPi)+ei(Ki - ei—lLi) (@ —e

(Ql 1+el 2
ei—2Pi—1) e, (K;_

1) e (K + e, P
17 €6i- 2P 1)

)i

i—1Pi)“ei(Ki - ei—lLi)

[(Qz +e,_P)te (K, +e L) (Q:+ e, P)—e (K + ei—lLi)][ X ]
(Q

[(Qi+1 + eiPi+l)+ei+1(Ki+1 +e; L;+1)

(Qiv1—€Piv1)+ e (K1 — (Qis1—

€ i+1)

(Qin1te

P q)- e (Kiprt eiLi+1)l
eiPi+1)_ei+1(Ki+1

- eiLH—l)
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for

ei_,=+1, e_,=+1, e=+1, e, ;=+1
ei_,=+1, e_1=-1, e=+1, e ;=+1
e,_,=+1, e_=-1, e=-1, ¢,.,;=+1

respectively, and illustrate the fact that for e;= +1 there
are 2" distinct cascade representations in terms of the
expansion parameters for any Z, of the prescribed form
and for which D, #0, i=1,2,---,n.

Thus the general expansion cascade

Al X1 X (X5

with
[T”]= 1 [(Qi+ei—1Pi)+ei(Ki+ei—
I 4G/ (Qi—e1P)te (K —e
[ < ] _ {C?shy(s)ﬂ, sinhy(s)TO}
sinhy(s)T, coshy(s)T,
and

. Xn+l/)/n+1= (Qn+1+enPn+1)/(Qn+1—enPn+l)
and e, =1, may be rewritten as

|

1
0

0
1/z2y

which for the following definitions:

el 1e Jimls 2

0 1/24-, 0z
”Oi—ldOi[(Qi+ei~1Pi)+ei(Ki+ei—1Li)]
4G, M, dOi—ldOi[(Qi_ei—1Pi)+ei(Ki_ei—lLi)]

[ ]_ [ 0 ][Xn+l] nOn(Qn+1+enPn+1)
1/20" Yn+1 dOn(Qn+1—enPn+1)
with M, equated to any common matrix-element factors
and 2G,,2 F; chosen from the definition
2G2FM? = e;_yeng; ynodo;_ido(Q:L; — P.K,)
such that [T;] is PR (if possible), becomes
coshy(s)T,

1

Ny
D[

1
0

a s

2g, sinhy(s)T,

T, 1 .
[7:] ;—smhy(s)T0 coshy(s)T,
o1

coshy(s)Ty  zg,;sinhy(s)T, N
ATl 1. A
[7:] Z—smhy(s)TO coshy(s)T, [DL]
0i

Therefore, the conditions of the theorem are sufficient to
guarantee any Z, satisfying them to be the input imped-

<]

[(1) 00][(1) 1/z(l,-_1][77‘"][(1> "
o sl X ol
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ance of a realizable lumped-distributed cascade containing
lossy transmission lines.

EXAMPLES

We illustrate the realization techniques of this paper
with two additional examples: the first specializes the
results to cascades consisting of lossy or lossless transmis-
sion lines (no lumped two-ports) and the second demon-
strates the applicability of the cascade networks for which
z,,; is not specifically prescribed for a given v,(s) or to
cascades consisting of a limited mix of transmission line
types (e.g., for v,(s) =ys RC lines and /or LG lines). The

L) (Q+ ei—IPi.)_—ei(Ki + e_1L,)
lLi) (Qi - ei—lPi)_ ei(Ki - eiAlLi)

Ao 1]
M(l) 1/020,][><][(1) z(()),.H(l) 1/020,-]'-'”
1 0 X1
0 1/20"][}Ir:+1}

nOi—ani[(Qi +e,_1P)—e (K, + ei—lLi)]
d0i~1”0i[(Qf —e_,P)- ei(Ki - ei—lLi)]

|

second example serves as an introduction to a forthcoming
paper on noncommensurate lines and mixed-line cascades.
Before the first example we state a realization lemma for
a special class of distributed cascades which the results of
this paper and those of [3], [4] prove. These distributed
cascades are composed exclusively of transmission lines of
the same type whether the type be lossy or lossless (e.g., all
lossless, all distortionless, all RC, all general, etc.).
Lemma: Any Z, of the forms prescribed in the theorems
of this paper and [3] is realizable as a distributed cascade
network composed exclusively of n commensurate, uni-
form or tapered, lossless or lossy transmission lines of the
same or similar type (e.g., all RC or a mix of RC and LG
lines, etc.) and terminated in a passive load if and only if
for the definitions a) and b) of the two theorems and



IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS, VOL. CAS-31, NO. 5, MAY 1984

Note that P, /Q, exists, P, /0, =K,/L; and z, =

(O +

P)/(Q;— P) =1 /Zf Hence, by the lemma the first
1) R exists (or D, # 0), expansion section is the RC-line:
i
2) B =f? and cosh(1.1Ys)  1/2Vssinh(1.1Vs)
Qi i 2Vs sinh (1.1Ys) cosh(1.1Vs)
i
Q,+P klj (Q+ Py while according to the theorem the first lumped-netWork
3) z0i=12pi-1" 0, -P description is
11
[1,]= 1 [d01[(Q1+P1)+el(K1+L1)] nou[(Q1+ P)~e (K, + L,)]
] =
4G, M, dOl[(Ql —P)+e (K, - Ll)] "01[(Q1 —P)—e (K, - Ll)]

1 4dy, 0
4G, M| 0  8/sn,

with zgy 21 is such that
a) for a prescribed line-type cascade

zg; =kyzg
with z, the characteristic impedance of the prescribed lines

and k; a positive real constant;
b) for a limited mixed line-type cascade

zg;=kny/dy
with z,, compatible with y(s)=T0n0_d0 (e.g., for y(s)
= Tyws, zo, = ks or k,/Vs; for vy(s)=
T/ (sT,+1)(sT, +1), 2o, = ky/(sTy +1) /(sTy +1)

ky/(sT,+1)/(sT; +1); etc) and k; a real positive con-
stant; and
€) Zy,+1 18 a pr rational function of s.
Furthermore, the ith transmission line or ith expansion
section in the distributed-cascade synthesis of Z, is char-
acterized by the propagation constant y(s) with the total
“electric length” T; and the characteristic impedance z;,
while the cascade network termination is given by zg, ;.
Now we consider the given impedance

where e, =+1 is chosen to eventually achieve a unit
matrix for [7;], which is required if the realization cascade
is to consist entirely of RC transmission lines. Thus for
ny =1 and dy, =2Vs or zy, =1/2/s with 2G, M, = 8/s,
[7;] becomes the unit matrix and the first expansion-sec-
tion description from the theorem is identical to the one
obtained by application of the lemma.

(3+6vs)(2/s —3)
(3+6Vs )(2Vs +3)

O _

a,+b, D L,

3(2Vs +3)  2Vs (3)(2Vs +3)

3(2/5 +3)e3 M +6Vs el 1 +6Ys e L +3(2)s —3)e 23

Z =
2/53(2V5 +3)e>3F +(2Vs —6) el ¥ — (2Vs +6)e” 1 —3(2/s —3)e

and determine whether this Z, possesses an RC line
cascade realization. An examination of the form of Z,
shows that it could represent a realizable, commensurate,
uniform or tapered, RC-line cascade since Y(s)= TO\/E
with T, =1.1 and a;, b; are real polynomials of Vs.

The initial network is obtained from

P aa,— b, (3-6Vs)2/s +3) _1-2/s
01 a,tb, (3+6/5)(2Vs +3) 1+2/s
Kisagtby _(3-6/s)(2Vs —3)  1-2/s
Ly ag=by (3+6y5)(2Vs —3) 1+2/s

. 6Vs s (2Vs =6) | 1+2/s
3205 +3)  25(3)@s +3) | 142
325 —3)  —2V5(3)(2Vs —3)
which yields
P, 1
0, 3 |
Kya _aytb G Li_ (3+6Vs)(2/s +3)
L, (ag=by) Di Q1 (3+6Vs)(2s —3)
6Vs —2Vs (2Vs +6)
32 -3) -2(3)25 -3)| 142/
325 +3)  2/5(3)(2vs +3) | 1+2Vs
3(2s =3). —2Vs(3)(2Vs —3)
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so that we get
K, 1

L, 3°

Note that all terms in the algebraic expression Q; must
have the plus sign, otherwise the section in question will
not be realizable. Using the lemma

R O+P 1 4 1

02 01 QZ e PZ 2 \/E 2
and the second section is the RC transmission line de-
scribed by

cosh(1.1v¥s)  1/Vssinh(1.1Vs)
Vs sinh (1.1Vs) cosh(1.1Vs) |
Similarly
P 1 Ky 1
—=== and =3
or
3 .
Zgy=— while for
s
& — Pn+1 - 2‘/5 =3
Qs Qus1 25 +3
Vs 6

Hence the given Z, has an RC-line cascade representation
of

[ cosh (1.1Vs)
2ys sinh (1.1Ys)

[ cosh (1.1Ys)
Vs /3sinh(1.1Vs)

1/2Vs sinh (1.1Vs) |
cosh(1.1Vs)

3/ys sinh(1.1Vs) [2]
cosh (1.1Ys) 1

and is pr.

It must be emphasized that the lemma applied to all
distributed cascades even to those containing a variety of
transmission line types. In fact, z; = zy,_(Q; + P,)/(Q, —
P,) whenever P,/Q,= K, /L, even in a lumped-distributed
cascade realization of a given Z,, and P,/Q,=K,/L, =0
implies that the ith line is identical to the (i —1)th or a
two-unit length line (27;) can be extracted from Z, as the
(i — Dth line.

As a second example we examine

this cascade expansion of Z,. However,

cosh (1.1vs)
Vs sinh (1.1Vs)
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Tyy(s)

=/(s+1)(2s +1) indicates that the only permitted z,,

are zy, = k(s +1)/(2s+1) and ky(2s+1)/(s+1)

(Assume k; =1 to simplify matters.)

Calculating the various P, /Q; and K;/L; yields

K, Vs+1-V25+1

i_\/s+1—\/2s+1 _
L, fs+1+V25+1

0, s+1+V2s+1

hH_O K_0
0, 1 L, 1
P, —sys+1 K5 sys +1

Q5 B sVs+1 +vV2s+1

_I_’4_= Vs+1 -2y2s+1
Vs +1 +2v2s+1

L,y B V2s +1 —=2y2s +1

Ky _fs+1+2/25+1
Ly s+1-2/2s+1

Q4

Because P, /Q, =K, /L, and P, /Q, =K, /L, we can im-
mediately write

L QP [+l _ QP [l
nm g -P V2s+1 feTiug Tp TV o541

These calculations assume the first two lumped networks
desired are described by the unit chain matrix.

But e;=+1 and zy,=z,={(s+1)/(2s+1) or Z,, =

z,=y(2s +1) /(s +1) implies that there are four possible

1/Vs sinh(1.1Ys)
cosh (1.1/s)

chain-matrix descriptions for the initial lumped network or

(m1g~ = rl=[} 9]
(157 = [T] = LSEI 2s0+1]
(nls =1l =[,.%, 5]
(1 =1n= [ 3]

Vs+1 {[S\/s+1 +V2s +1][2V2s +1 +s5 +1 [eVE D+ 4 o/s +1[2/25 +1 —Vs +1 JeVsTDEs+D

o V25 +1 {[S\/S F1+V2s +11[2V2s +1 +Vs +1 ]V DD 4 o5 +1[2V25 +1 —Vs +1 Jevs +h@s+1)

—sVs F1[2V2s +1 +Vs +1]e VOV TD 4 [25 T —s/s + 1 ][2V2s +1 =5 +1 Je Ve has#}

+sVs +1[2V2s +1 +Vs +1]e VOD@HD —[25+1 —sy/s +1][2V2s +1 —Vs +1 ]e‘3V(”1)(2’“)}

and determine whether it is realizable as a lumped-
distributed cascade. Note we are not specifying the lines in

of which only [7};] and [T},] are PR. The second lumped
two-port will have four distinct chain-matrix representa-
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tions (e, = +1, z,, =z, or z,) for each of the four initial
lumped-network descriptions or a total of 16 matrices.
However, there is no need to find the 8 chain matrices
generated by [T},] and [T},] since the latter are not PR.
Similarly, not all of the remaining 8 chain-matrix descrip-
tion of the second lumped network need be PR. In fact,
only four

(== g 9] tmae=[9 ]
(== [0 5] manm =[]

are realizable. Carrying the expansion process to a conclu-
sion yields the following 16 realizable lumped-distributed
cascade network representations for the given Z;:

]

G R S I [P B e
R

BN
ol PGy e IBres)
o2l ] fe e

where

coshy/(s +1)(2s +1)

s+1
2s(s+1) (2s +1)

(2s+1) 2s(s +1)}
X
2
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CONCLUSIONS

With the results of this paper and of their previous work
[3), [4] the authors have established a complete and unified
synthesis theory for commensurate, lumped-distributed
cascade networks: the first paper [3] treats the class of
lossless lumped two-ports and lossless transmission lines
and the class of lossless lumped two-ports and distortion-
less lines. (Although this class is not specifically discussed,
the theorems in [3], [4] hold for distortionless line cascades
if sT is replaced by sT + B8.) The second paper [4] treats
lossless /lossy lumped networks and lossless or distortion-
less lines; while this third paper treats lossless /lossy lumped
two-ports and lossy (except distortionless) lines. The third
paper also gives a single set of realizability conditions for
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the total class of distributed cascade networks not contain-
ing lumped-element networks. A forthcoming paper, com-

- pleting this series, will treat lumped-distributed cascades
consisting of noncommensurate lines or transmission lines
of different types. ’

The theory is a unified synthesis theory because it is
formulated in terms of definitions which are identical for
all classes of commensurate lumped-distributed cascade
networks. In fact, the same definitions are also used in the
formulation of the synthesis theory for non-commensurate
lines.

Note that no transformations of variables are used to
formulate the various realizability conditions, and that the
definitions and synthesis procedures are given in terms of
the algebraic-expression or real-polynomial coefficients of
the prescribed Z;. Hence, the synthesis theory is given
entirely as a single-variable formulation.

The evaluation of the various definitions or determinants
which yield the cascade-expansion sections can easily be
obtained through a column manipulation process [3] for
one determinant, D,, since C;, D;, E; are obtained from
D, by appropriate column and row deletions.

Realizability conditions for more specialized cascade
configurations are easily written simply by adding ap-
propriate conditions to those of the stated theorems. Thus
if all the lumped networks in the cascade realization of a
Z, of this paper are to be reciprocal two-ports, then the
additional condition becomes

ei—leinOi—ldOi—anidOi(QiLi - PK;)= 4Mi2Gi29

while the additional realizability condition which permits
the transfer of all loss from the lumped networks to the
transmission lines in a cascade consisting of lossy lumped
networks and lossless transmission lines to yield a cascade
of lossless lumped networks and distortionless lines for a

n
Z aie(lt—n)sT
i=0

n
Z b~€(2i_n)ST
i
i=0

Z,= a;, b; real polynomials in s

requires that

n
Z a;e(Zi—n)sT
zi=-5
Z bile(Zi—n)sT

i=0
with a/=e~®~mkg, b/ = e~ ~MPBp, satisfy the realizabil-
ity conditions of the theorem in [3]. To obtain the network
realization of the given Z; in terms of the lossless lumped
networks and the distortionless lines we simply replace the
lossless transmission lines in the realization of Z; with
distortionless lines possessing a propagation constant (sT
+ B).

In addition, the synthesis procedures of these papers
extract the entire i/th lumped two-port and its associated
transmission line as an entity at each synthesis step. Hence,
at most (n +1) expansion steps are required to obtain a
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cascade representation of any given Z,. Should any of the
C, = E; =0 then the corresponding lumped network is sim-
ply a connection made by a pair of wires and the corre-
sponding transmission lines combine to a two-unit length
line of the same characteristic impedance.

The commensurate specification for the n transmission
lines in the cascade realization of Z; requires that their

time constants (if they exist) be related as follows:

ﬂ=... _£=... _ﬁé:r.

Rl R, Rn '
and/or

C1_ _Ci_ _CnA

G, G, —@~E

and that their electric lengths are given by either

xyRG, 2T,, x)RC 2T, or x)/LG 2T,
where R, L,, G,, L, and x; are either the uniform or

tapered (per unit length) [5] line parameters of the ith line
with x; its total length.
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CAD Modeling of Three-Terminal Piecewise-Linear
Device Characteristics

SAMIR S. ROFAIL

Abstract — The purpose of this work is to construct a circuit analysis
model synthesizing piecewise-linear characteristics of a three terminal
device, using only two-terminal piecewise-linear resistors together with
linear controlled sources. The model is based on representing the function,
to be modeled, by a finite amount of tabulated data.

I. INTRODUCTION

The piecewise-linear technique is one of the methods that can
be applied to handle nonlinear networks [1]-[3]. In applying such
technique, one could first obtain the circuit model that realizes
the network characteristics then piecewise linearize its elements
[2]. Another approach is to express the terminal characteristics in
a piecewise-linear spatial form [4], then realize the resulting
surface using the appropriate piecewise-linear elements together
with controlled sources. Van Eijndhoven and Jess [6] demon-
strated that piecewise-linear systems can be decomposed into
subsystems which, in turn, can be stored using a hierarchical tree
structure. In their work, however, the (V' -1TI) characteristics and
dimensions of the basic piecewise-linear network elements forming
a subsystem have not been investigated. This paper proposes a
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Fig. 1. Three-terminal device.

modeling scheme based on the second approach to realize the
three-terminal piecewise-linear characteristic using only two-
terminal piecewise-linear elements together with /inear controlled
sources. Investigating such an equivalent is conceptually im-
portant to show whether multidimensional piecewise-linear ele-
ments extend the existing range of mathematical network ele-
ments.

II. THE CIRCUIT REALIZATION OF A THREE-TERMINAL
PWL CHARACTERISTICS

Consider the three-terminal PWL device, Fig. 1, whose char-
acteristics are represented by the following input and output
descriptions, Fig. 2(a), (b):

Il=Gl(V1’V2)
L=G,(V,V,) @

where (V1,V5), (I, I,) are the independent and dependent sets of
variables respectively; G,, G, are piecewise-linear functions and
the partitioning of V; and V, into linear regions, Fig. 3, is
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