A. Trochidis

Department of Physics and Mathematics,
School of Engineering,

University of Thessaloniki,

Thessaloniki, Greece

Sound Transmission in a Duct
With an Array of Lined Resonators

A simple method is presented for describing the sound transmission in a duct con-
taining an array of lined resonators. The impedance of a resonator element is
calculated, including the effect of the lining and the duct is modeled as a one-
dimensional waveguide with lumped impedances. An expression for the TL is derived
Sfrom considerations of pressure and mass flow continuity along the duct. Experi-
mental data compared to numerical computations show that the method developed
here describes satisfactorily the performance of the duct and allows useful parametric

Downloaded 04 Oct 2008 to 142.104.145.4. Redistribution st

analyses which can lead to improved design.

1 Introduction

There are many applications where the conventional types
of dissipative mufflers cannot be used. These applications usu-
ally involve hot gaseous flow containing carbon or other par-
ticles tending to close the pores of the sound absorbing lining
or to cause thermal cracking of the lining. Furthermore, the
performance of dissipative mufflers at low frequencies is poor.

Mufflers consisting of a rigid wall flow duct in which a series
of resonators is formed by partitioning a side wall have been
proved very useful in many applications involving hot gaseous
flow of carbon or oil particles providing adequate attenuation
ranging from as low as 50 Hz up to 500 Hz. The main ad-
vantages of this type of ‘‘resonator-mufflers” are their low
cost of construction and maintenance, their high durability
and their good performance at low frequencies. By using res-
onators with different dimensions a “‘resonator-muffler’’ can
be ‘““tuned’’ to perform over a predetermined frequency range.

Ingard and Pridimore-Brown (1951) investigated experi-
mentally the effect of the length of the backing cavity in a
lined duct configuration to find the optimum resonator con-
figuration. They have shown that an increase in the bandwidth
of attenuation could be obtained when the partitions were
spaced at one-half wavelength at the Helmholtz resonance
frequencies. In their experiments they used a series of identical
resonators. Cummings et al. (1988) also studied the sound
propagation in a duct lined with an array of resonators con-
sidering the nonlinear interaction between the acoustic field
and the resonators.

It is the aim of the present paper to develop a simple theory
that describes the performance of mufflers incorporating lined
resonator-elements taking into account the main parameters
involved. Our approach is similar to that described by Sullivan
(1979) for modelling perforated tube mufflers. The model is
based on the assumptions that only plane wave propagation
is allowed and that the flow velocities are small, so that flow
effects can be neglected. Based on these assumptions, the
impedance of a resonator-element is calculated and the duct
is treated like a one-dimensional wave-guide with lumped
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Fig. 1 Configuration of duct
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Fig. 2 Geometry of a resonator element

impedances at discrete points. An expression for the TL is
obtained and the main parameters involved, i.e., the dimen-
sions of the resonators and their openings, the flow resistance
of the lining, and the overall geometry of the duct are system-
atically investigated.

Finally, experimental results from measurements conducted
on model mufflers are compared to numerical calculations. It
is shown that the simple theory developed describes satisfac-
torily the performance of the mufflers, at least for design
purposes, and allows useful parametric analyses to find the
optimum resonator configuration which can lead to improved
design.
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2 Theory

The problem here is the propagation of low frequency sound
in a straight duct in which a wall is partitioned so that an array
of different Helmholtz resonators is formed.

All resonators are lined with usual rock wool absorptive
material (Fig. 1).

We will assume that only one-dimensional plane wave prop-
agation is allowed and the flow velocity is low so that it can
be neglected. First, an expression for the impedance of reson-
ator-element must be derived, including the effect of the lining.
Then, by treating the duct as a one-dimensional waveguide
with lumped impedances in discrete positions, an expression
for the transmission loss is obtained. These aspects are dis-
cussed in the following sections.

2.1 Propagation Constant. We start by analyzing the res-
onator-element shown in Fig. 2. To take into account the
additional.losses due to the lining we assume a complex prop-
agation constant K, within the resonator. To calculate K, one
needs to know the wall impedance Z,, of the lined wall.

It is well known that the case of a plane wave incident on
a locally reacting lining of uniform thickness d backed by a
rigid wall, the impedance encountered by the plane wave is
given by

Zw = _jYwCOt(Kwd)v (1)
where Y, and K, are the complex characteristic impedance
and propagation constant of the absorptive lining, respectively.

For fiber-based porous sound absorbing material often used
in silencers, K, and Y, are given by Munjal (1987)

K £ Y12
Bw _ x)l/zil_.__} >
Ky ( J wPeX. )
Y, 1K,
Y, oK, e

where p, is the air density, £ is the flow resistance of the unit
thickness of the porous bulk material, ¢ is the porosity and x
is the structural factor of the material.

Considering each resonator element as an infinite duct of
height # lined on one side (Fig. 3) the wavenumber is given as
a solution of the well known transcendental equation

~AEtan JE=8 )

1
with E= (Kgh)?— (K,h)? and 8 =Kyhoco 7

w

The real and imaginary parts of the first root of the trans-
cendental equation may be obtained by nomograms or nu-
merically. A very reasonable and convenient approximation
can be obtained by writing (Mechel, 1987)
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Fig. 3 Resonator element as infinite duct
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Equations (5) and (6) give two complex values for K,. Of
particular importance is the one that gives lower attenuation.

2.2 Impedance of a Resonator-Element. The impedance
of the resonator-element shown in Fig. 2 consists of the neck
inertance and the cavity compliance with damping in series.
The compliance can be expressed in terms of K, as

K K (L—1
2= B o _ gy, Rx CORALZD)

7
g 90 Ko sinK, (L—1) ’ @

where p, and u; are the acoustic pressure and volume velocity
in the resonator, L is the length of the resonator and / is the
length of the opening.

The inertance of the neck, i.e., the opening can be expressed
as

Zy= —— = —— =jomy, ®

where Fy is the driving force, uy, is the volume velocity at the
neck, and S; is the area of the opening. Hence, m; is the
effective oscillatory mass taking into account the end correc-
tion. In other words, the opening is considered circular with
an equivalent radius v/ So/7. By adding the impedances given
by equations (7) and (8) the combined impedance of the res-
onator can be obtained. However, by adding the impedances
the geometry must be taken into account. The area of the
opening is Sp= /b, while that of the duct cross section S=hb.
Assuming plane wave propagation, the continuity of pressure
yields

Ds=Dum &)
while the continuity of mass flux requires
Sotipr= S, (10)
Thus, one can write
pe_puS _Fu S an
Us uMSO Upr S
or alternatively
F
M _ P, S (12)

uM_us S

Using equations (9) through (12) the total impedance of the
resonator can be expressed as

2 —
K, cosK, (L l)] . 13)

: So| .

Z,=joms+ S[ JPoCo K, sinK (L—1)

2.3 Transmission Loss. The idealized model of the duct
is shown in Fig. 4. Since every resonator can be represented
by an equivalent impedance Z, given by equation (13), the duct
can be modeled as a one-dimensional waveguide with lumped
impedances at discrete points, i.e., the middle of each opening.
The distance X is measured from the surface Z; (the opening

Ry, —=| By —
R Re — " — tp
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Fig. 4 One-dimensional idealized model of duct
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Fig. 5 Experimental arrangement

of the first resonator) in the direction of the incident wave.
The equations necessary for determining the acoustic pressures
and velocities along the duct are derived from considerations
of continuity of pressure and mass flow.

The continuity of pressure at any cross section through an
impedance position, say Z,, requires

Pn=Dn+1> (14)

where p,,, p,. are the acoustic pressures before and after the
considered cross section. Furthermore, the continuity of pres-
sure at any point X between two resonators, say #—1, n re-
quires

JK (X=X, _ Ko (Xy—X)

p(X)=py.e” Vitp, e (15)

where p, ., p,_ are the complex amplitudes of incident and
reflected waves at the nth resonator.
The continuity of the mass flow on the nth resonator opening
yields
SFun(Xn) =SOum(Xn) +SFun+1(Xn)’ (16)
where u,(X,), u,,;(X,) are the volume velocities before and
after the opening, respectively, u,,(X,) is the velocity at the
opening and Sg in the free cross section of the duct.
Finally, the volume velocity at any point X between two
resonators n, n— 1 can be expressed as
Uy (X)poCo=pnre K0 X~ Fn-V_p, e~ Koln=n-v (17)
By defining the incident pressure by p; and introducing a re-
flection coefficient r, equations (14) and (16) give at X=0
i+ i=pi(0)=py, +p,_e KX (18)

and

2
PoCo  Soi

— o — +u,(0)pgc
Z, Sy 10)pgcy
where u;, u, are the velocities of the incident and reflected
waves respectively, Z, is the impedance for the first resonator
and Sy, is the area of its opening.

Taking into account that

poCo{u;+u,) =p(0) 19)

(u;+u.) =pi(1—r)/pyco (20)
equation (19) can also be written as
0oCo S »
pi(1=r)=pi©0) 72 « -2 +py +p_e ¥ 2D
Z, Sp

Similarly, introducing a transmission coefficient ¢ for the trans-
mitted wave, one can write for the end position X,,, namely
after the last resonator

pn(Xn) =tpi (22)
and

2
000 Stn
=2 X+ ip,.
Z, Sk Pi

Using the aforementioned procedure, one can easily write

pn+e_jK0(Xn_xn*1)_pn— =pit (23)
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FOUR IDENTICAL RESONATORS
L=400mm
=150 mm
h=150 mm
b=500 mm
TLEB)
50 1
50 100 . 200 400 60.0 . 16K
FREQUENCY(H2)
Fig. 6 Transmission loss of a duct with four identical resonators. Pre-
dicted , measured 0.

L (length) = 400 mm, b (width) =500 mm
h (height) =150 mm, / (opening) =150 mm
£ =40.000 Ns/m4,

EIGHT DIFFERENT RESONATORS
Lz600mm , Lz 200mm , [=300mm , Lz400mm
L5=300mm, LEZOOmm ,L7:500mm1 LﬁOOmm

{=100mm
h=200mm
b =500mm

TL(dB) |
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Fig. 7 Transmission loss of a duct with eight resonators of different
length. Predicted , measured 0.

b (width) = 500 mm, h (height)=20 mm

I (opening) = 100 mm, { =40.000 Ns/m?

for ail resonators.

in general for a system consisting of # resonators a system of
2n + 2 equations for 2x + 2 unknows, namely the complex am-
plitudes p, ., , p,_ and the coefficients r and ¢. These equations
can be solved straightforwardly for ¢ and the transmission loss
can be expressed as

TL =20 log(1/%). (24)

3 Measurements

The experimental arrangement consisted of a square section
duct (anechoically terminated) with double 2+2 mm walls
having internal dimensions 500 mm X 500 mm and a length of
4 m. On the bottom of the duct a series of Helmholtz resonators
were constructed using L-shaped steel panels. All cavities were
100 mm deep and 500 mm wide. The length of the resonators
as well as the length of their openings were systematically
varied. All resonators were lined with a 50 mm thick mineral
wool layer.

An acoustic driver supplied the acoustic signal fed to the
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Length(mm)l L, L, Ly Ls Ls L L, Lg
7 600 500 400 500 300 200 400 300
2 600 200 300 400 300 200 500 400
3 600 400 300 600 300 200 400 200
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Fig.8 EHect ot the ordering of the resonators on the transmission loss

50 70‘0 200

source from a signal generator and a power amplifier. The
measurements were made using the transfer function method
(Chung et al., 1980). The formula used for determining the
transmission loss was

Hr_Hll‘Z
Hr—H(IiZ

where HY, and HY, are the transfer functions measured at the
upstream and downstream directions, respectively, H,= 1S4,/
S, 2 with S, S4q the autospectra at the upstream and down-
stream measurement locations. Finally, H,= e/, where X is
the microphone spacing. To measure the transfer functions
four 1/4 in. condenser microphones, two at either side, were
used the outputs of which were fed to a four-channel analyzer.
The experimental arrangement is shown in Fig. 5.

TL =20 log -20 loglH,, (25)

4 Results and Comparison With Theory

The results of this part of the investigation are presented in
the form of curves of transmission loss in decibels plotted
against frequency in cycles per second. The theoretical curves
were calculated using the procedure described previously.

Typical results for two different resonator combinations
compared with theoretical predictions are shown in Figs. 6 and
7. The first case concerns a duct with four identical resonators
while the second one a configuration of eight different reso-
nators. It can be seen that the agreement between predicted
and measured results is good over the entire frequency range
of interest. Both cases indicate that the method developed is
sufficiently accurate to give confidence in its use at least for
design purposes.

To investigate the effect of the main parameters involved
on the transmission loss, a series of parametric studies were
made, where the length of the resonators, the length of the
openings, and the flow resistance of the lining were system-
atically varied.

(1} Effect of the Sequence of the Resonators.

The effect of varying the sequence of the eight resonators used
in our investigation is shown in Fig. 8. The length of the
opening for all resonators was kept constant equal to 100 mm.
This figure shows clearly that the ordering of the resonators
has a considerable effect on the results. As would be expected
the longer resonator determines the low limit while the shorter
one the upper limit of the frequency range over which the
system is active. There is a certain combination that provides
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SAME ARRAY OF RESONATORS
DIFFERENT OPENINGS

T-1=50mm
2-1=100mm
3-L=150mm
TL(dB) |
50 A
50 00 200 400 800 16K
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Fig. 9 Effect of the length of the openings of the resonators on the
transmission loss

SAME ARRAY OF RESONA TORS
DIFFERENT FREE CR0OSS SECTION

1 100 %500 mm®
2 200 x500 mm?
3 300 x500 mm?

T(dB) |

501

200 wo 800
FREQUENCY (Hz )

Fig. 10 Effect of the free cross section of the duct on the transmission
loss

50 100

the optimal 7L over the entire frequency range without any
depressions in the TL curve. It is a well known principle of
room acoustics that a random combination of Helmholtz res-
onators is not effective as long as overlap of the effective
absorbing area of two adjacent resonators occurs. It seems
that the determination of the ordering of the resonators that
leads to optimal performance is the most difficult aspect.

(2) Effect of the Opening Length.
The effect of varying the length of the opening of the resonators
is shown in Fig. 9. The sequence and the length of the reson-
ators were kept constant, while the length of the openings were
varied from 50 mm to 150 mm in three steps. It can be seen
that the length of the opening effects mainly the frequency
range over which the silencer is active since it determines the
“‘Quality Factor” Q of the resonators. It seems that for the
resonators used in otir invéstigation a length of 100 mm pro-
vides the optimal results.

(3) Effect of the Flow Resistance.
To investigate the effect of the flow resistance of the lining
on the TL a series of measurements were made using three
different values of &, i.e., 40.000, 60.000, and 80.000 Ns/m*.
It was seen that the variation of the flow resistance of the
lining, within the aforementioned limits, has no significant
effect on the 7TL.
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(4) Effect of the Free Cross Section.
The results of changing the cross section of the duct are shown
in Fig. 10. These are predicted results obtained by using the
theoretical model developed. These curves demonstrate the
importance of the flow velocity in the duct. The cross section,
however, of a silencer in a practical application is determined
by limitations imposed by the velocity and pressure required.

5 Conclusions

A simple theory for modeling silencers incorporating Helm-
holtz resonators has been presented. It is based on a procedure
in which each resonator is considered as an impedance, so that
the whole duct is modeled as a one-dimensional waveguide
with lumped impedances.

Comparisons of calculated curves with experimental results
has shown that it is possible to predict accurately the trans-
mission loss of a silencer lined with an array of Helmholtz
resonators. Furthermore, the model permits quick parametric
analyses leading to optimal design.

Conclusions on the effect of varying some of the main pa-
rameters involved are as follows:

(1) The ordering of the resonators is important for the
transmission loss. The position of the longer and shorter
elements determines the combination which provides
optimal attenuation.

(2) The length of the openings for a given combination of
resonators determines the width of the frequency range
over which the silencer is active.

(3) The variation of the flow resistance of the lining, within
the values exhibited by the usual fiber-based absorptive
materials, has no significant effect on the transmission
loss.

Based on the aforementioned conclusions, the following design
guide lines could be proposed for this type of silencers:
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(1) Determination of the frequency range over which the
silencer should be active by considering the noise spec-
trum of the source. Thus, the length of the longer and
shorter resonator-elements can be fixed.

(2) Determination of the cross section and the overall di-
mensions of the silencer considering the limitations im-
posed by the flow velocity and pressure required for
the specific practical application.

(3) Order the resonators in pairs starting with the longest
and shortest elements forming the first pair, then the
next longer and shorter elements forming the second
pair and so on.

(4) After the fixation of the main parameters involved, use
a computer program based on the developed procedure
in order to check the performance of the silencer.
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