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1. Introduction

Distributed algorithms to achieve average consensus in net-
works have been widely investigated (Carli & Zampieri, 2014;
Franceschelli & Gasparri, 2019; Olfati-Saber & Murray, 2004; Ren,
Beard, & Atkins, 2007; Schenato & Fiorentin, 2011; Xiao & Boyd,
2004; Xie & Lin, 2017; Xie & Wang, 2007). For average consensus
on static (i.e., time-invariant, fixed) digraphs, Olfati-Saber and
Murray (2004) and Xiao and Boyd (2004) justified that a balanced
and strongly connected topology was necessary and sufficient
to guarantee convergence. Weight-balanced digraphs are essen-
tial in distributed averaging. In Rikos, Charalambous, and Had-
jicostis (2014), Rikos et al. proposed distributed algorithms over
static topologies to solve the weight balancing problem when the
weights were arbitrary non-negative real numbers. Given a gen-
eral strongly connected digraph, Gharesifard and Cortés (2012)
considered how to find corresponding weight-balanced digraphs,
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and proposed two algorithms to achieve this goal by selecting the
out-edge weights to balance the in-degrees and out-degrees.
Randomized designed network communication protocol, in-
terferences in wireless sensor networks and ad hoc networks,
imperfect fading channels, and etc., make the topology (con-
nectivity) vary with time. In these scenarios, it is desirable to
quantify the effects of randomness on the performance of average
consensus algorithms. To the best of our knowledge, the first
work on the average consensus over random networks is Hatano
and Mesbahi (2005), with several works followed in different
settings (Aysal, Yildiz, Sarwate, & Scaglione, 2009; Boyd, Ghosh,
Prabhakar, & Shah, 2006; Fagnani & Zampieri, 2007; Patter-
son, Bamieh, & El Abbadi, 2010; Pereira & Pagés-Zamora, 2010;
Tahbaz-Salehi & Jadbabaie, 2008, 2009). In Boyd et al. (2006),
Boyd et al. analyzed the averaging problem for an arbitrary
network graph with pairwise gossip constraints, and derived the
upper and lower bounds of the e-averaging time, which was
depended on the second largest eigenvalue of a doubly stochastic
matrix. Pereira and Pagés-Zamora (2010) investigated the almost
sure convergence in the mean square sense for wireless sensor
networks with random asymmetric topologies, and analyzed the
mean square error (MSE) of the state in probabilistic term from
two different cases: links with equal and different probabilities of
connection. Aysal et al. (2009) studied an asynchronous broad-
casted gossiping algorithm to calculate the (possibly weighted)
average of the initial measurements of the nodes in the network,
and showed that the broadcast gossip algorithm converges almost
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surely to a consensus value, which was in expectation equal to the
desired average of initial measurements. Patterson et al. (2010)
defined the convergence in terms of the variance of deviation
from the average, and derived the expressions for the mean
square convergence rate in the asymptotic limits of a small failure
probability for large networks. In Fagnani and Zampieri (2007),
Fagnani and Zanpieri relaxed the requirement on symmetric
communication graph and focused on the probability consensus
analysis of random protocols with homogeneous link failures.
They derived conditions to achieve probability consensus, and
analyzed the mean square performance of the normalized dis-
tance from the consensus. Tahbaz-Salehi and Jadbabaie (2009)
considered the convergence of consensus algorithms when the
underlying graphs of the network were generated by an ergodic
and stationary random process. They proved that the consensus
algorithms converge almost surely, if and only if, the expected
graph of the network contains a directed spanning tree.

Event-triggered communication mechanism offers an oppor-
tunity for improving efficiency while maintaining system per-
formance (see, e.g., Dimarogonas, Frazzoli, & Johansson, 2012;
Ding, Wang, Shen, & Wei, 2015; Seyboth, Dimarogonas, & Johans-
son, 2013; Yi, Yang, Wu, & Johansson, 2019 and the references
therein), and a recent overview on event-triggered consensus and
control of multi-agent systems can be referred to in Nowzari,
Garcia, and Cortés (2019). For networks of a single integrator
agent with or without communication delays, and networks of
double-integrator agents, Seyboth et al. (2013) presented a con-
trol strategy for multi-agent coordination with event-based
broadcasting. Ding et al. (2015) focused on the event-triggered
consensus control problem for a class of discrete-time stochastic
multi-agent systems with state-dependent noises. In Yi et al.
(2019), an event-triggered consensus protocol for first-order
continuous-time multi-agent systems with input saturation was
considered, and there was no requirement of any prior knowledge
on the global network parameters. It should be pointed out
that most of the existing works focus on the event-triggered
consensus mechanism design for networks with deterministic
links, where the randomness of links is neglected. We fill this gap
by studying the convergence time problem of event-triggered av-
erage consensus over random networks, which is more practical
given the random behavior of communication links, particularly
in the wireless domain. When considering the event-triggered
average consensus for a network with random link failures, the
following open issues should be addressed carefully. Topologies
of networks with random link failures are relatively sparser, and
the introduction of the event-triggered communication will make
the topology even sparser, is it feasible to introduce the event-
triggered communication to those kinds of networks? If so, how
to quantify the impact of the event-triggered communication
on the consensus performances, and how to design the trigger-
ing function such that both the convergence and convergence
accuracy can be guaranteed?

In this paper, inspired by Fagnani and Zampieri (2007) and
Tahbaz-Salehi and Jadbabaie (2009), we investigate the average
consensus over random networks with heterogeneous random
link failures, and focus on the analysis of convergence efficiency.
We define a new notion of («, y )-convergence time, rather than
the e-averaging time in Aysal et al. (2009) and Boyd et al. (2006),
to evaluate how fast the algorithm converges in probability y to
the value at most @ away from the average. The random network
we considered is a special case of those proposed in Fagnani and
Zampieri (2007) and Tahbaz-Salehi and Jadbabaie (2009), and we
try to derive an explicit result on the convergence time. More-
over, Fagnani and Zampieri (2007) assumed the link probabilities
in the network to be homogeneous. Also, the prearranged net-
work we considered is different from Pereira and Pagés-Zamora
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(2010). We assume it to be connected undirected or strongly
connected directed, while the one in Pereira and Pagés-Zamora
(2010) was assumed to be fully connected, which may not al-
ways be satisfied in practice, especially for large-scale networks.
Furthermore, inspired by the existing event-triggered mechanism
for continuous-time cases in Seyboth et al. (2013), we further
study the event-triggered scenario to qualify the performance and
reveal the impact of the event-triggered mechanism.

The main contributions are listed as follows: (1) We provide
the average consensus model in networks with heterogeneous
random link failures, analyze the condition on consensus param-
eter for convergence, and derive the analytical expression of the
lower and upper bounds of («, y )-convergence time. (2) We con-
sider the impacts of event-triggered mechanism to the average
consensus with heterogeneous random link failures, derive the
upper bound of the steady mean square convergence error, and
the expression of the finite upper bound («, y )-convergence time.

The remainder of this paper is organized as follows. Section 2
introduces the basic notations and concepts. The problem formu-
lation is introduced in Section 3. Section 4 presents the analysis
of the convergence and the performance-based design of the
triggering parameters. Simulation results and concluding remarks
are given in Section 5 and Section 6, respectively.

2. Preliminaries
2.1. Notation

Let 1, and 0, be the vector consisting of n ones and zeros,
respectively. For a matrix A € R™", its transpose and spec-
tral radius are denoted by AT and p(A), respectively, while its
Euclidean-norm is denoted by ||A|| = v/ Amax(ATA), where A (A)
is the maximum eigenvalue of A. We use notation diag(a;) to
denote a diagonal matrix with a; being its (i, i)th entry. Matrix
A is row stochastic if it is non-negative and satisfies A1, =
1,. Moreover, A is doubly stochastic if both A and AT are row
stochastic. For a given vector x € R", its cardinality and Euclidean
norm are denoted by |x| and | x|, respectively. Symbols Pr{-}
and E[-] denote the probability and expectation, respectively. The
conditional expectation of X given Y is denoted by E[X|Y]. I, is
the identity matrix with dimension n x n. For any real number
r, its ceiling and floor functions are denoted as [r] and |r],
respectively. Matrix I7, is denoted by 1,11 /n.

2.2. Graph theory

The information flow communicated among nodes of a fixed
network can be modeled by a digraph G = (V, &), where V =
{1,2,...,N} is the nonempty set of N nodes, and & = {(j, i) :
i,je V} denotes the directed edge set. A directed edge (j, i) € &€
means that node i can obtain information from node j. Let A =
[Aj] be the adjacency matrix of network G. If (j, i) € &, one has
Aj = 1, otherwise Aj = 0. For i # j, if (j, i) € £ implies (i, ]) € &,
the graph is said to be undirected, and it is directed, otherwise.
A directed path in a digraph is an ordered sequence of nodes so
that any two consecutive vertices in the sequence are an edge
of the digraph. A digraph is strongly connected if, for any distinct
nodes i and j, there exists a directed path that connects them. The
in-degree and out-degree of node i are defined as d; = Z]N:] Ajj
and d} = Z,N:1 Aji, respectively. A digraph is balanced if the in-
degree and out-degree are equal for all nodes. The in-neighbor
set of node i is denoted as N; = {j € V,j # i.(.i) € &}.
The Laplacian matrix of a graph is defined as L = D — A, where
D = diag(d;) is the in-degree matrix. For a connected graph, 0
is the simple eigenvalue of L with the associated eigenvector 1y,
and the eigenvalues of matrix L can be ordered in the ascending
form as 0 = |A4(L)| < [A2(D)] < -+ < |An(L)]-
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3. Problem formulation

The average consensus in networks with heterogeneous ran-
dom link failures and the event-triggered communication are
formulated in this section.

3.1. Average consensus over networks with heterogeneous link fail-
ures

We consider the average consensus in a prearranged network
G = (V,¢&) with heterogeneous random link failures, where
the adjacency and Laplacian matrices are denoted as A and L,
respectively. The random network caused by link failures at time
k (k = 0,1,2,...) is denoted as G(k) = (V,&(k)), and the
(i, j)-entry of its adjacency matrix A(k) is written as

Au(k) = A,’j51j(l<), (])

where §;(k) = 0 denotes the link failure from node j to i at k. In
random network G(k), let 0 < p; < 1 be the link probability of
(j,1) € &€, and one has

8,(k) = {

Here, we assume that for all k,I = 0,1,2,... and k # I, §;(k),
8ii(I) are independent and identically distributed (i.i.d.). The in-
degree and Laplacian matrices of G(k) are denoted by D(k) =
diag(d;(k)) and L(k) = D(k) — A(k), respectively, where d;(k) =
Z]I.V: 1 Ajj(k). Moreover, the expected network G is defined as the
one associated with the expected adjacency matrix A = E[A(k)]
and Laplacian matrix L = E[L(k)].
The update of state x;(k) for node i is designed as

Y Aik)(xik) — xi(k)). (3)

jev

1, with Dij>»

2
0, with 1 — Djj- ( )

xi(k + 1) = x;(k) —

where ¢ > 0 is the parameter to weight the disagreement among
neighboring nodes and its design will be presented in Section 4.1.

Let x(k) = [x1(k), ..., xN(k)]T, one can obtain the matrix form of
(3) as

x(k+1) = (Iy — puL(k))x(k) 2
where W(k) = Iy — uL(k).

W(lk)x(k), (4)

3.2, Event-triggered communication over random networks

For node i (i € V), we use X;(k) to denote the latest broadcasted
state, and k, to denote its Ith triggering instant. Assume that for
k € [kl, k,+1) xi(k) = x,(k,) and node i keeps its in-neighbor’s

state x](k’) as Xj(k) before a new information reception. Then, (3)

is changed into
xi(k+ 1) = x(k) — Y Ag(k)(RiCk) — Ri(k)). (5)
jev

Let ej(k) = x;i(k) — xij(k) be the difference between the latest
broadcasted and current state of node i. Motivated by Seyboth
et al. (2013), the distributed triggering function fi(e;(k)) is de-

signed with one exponentially decreasing threshold ¥ and one
constant offset ¢, shown as

filei(k)) = lei(k)] — (c + "), (6)

where ¢ > 0 and 8 > 0 are triggering parameters to be designed
in Section 4.2. Specifically, the event times for node i are defined
by

K, = min[k > k;’}fi(ei(k)) > 0}.
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3.3. Some definitions

Let xq,e = ITyX(0) be the initial average vector of N nodes. The
definition of convergence to the average is given as follows.

Definition 1 (Convergence Boyd et al, 2006). A sequence of ran-
dom vectors {x(k) (k=0,1,2,...); converges to the average Xy,
(i) in expectation, if lim,HOOE[x(k) = Xaue; (ii) in mean square, if
E[”X(k)nz] < 09, E[Hxavenz] < 00, and limk—>ooE[||x(k)_Xave||2] =

It should be mentioned that (3) and (5) are randomized be-
cause of the link failures and/or event-triggered communications.
Then x(k) might not converge exactly to the initial average Xy,
but to a neighborhood of it (Fagnani & Zampieri, 2007). This is
captured by the notion of convergence in («, y )-probability, and
the earliest time for achieving « accuracy with y probability is
defined as («, y )-convergence time.

Definition 2 (Convergence in («, y )-probability Ding et al., 2015).
One consensus protocol achieves convergence in («,y)-
probability, if for any y € [0,1] and « € R > 0, the se-
quence of random vectors {x(k) (k=0,1,2,.. .)} converges to

a ball centered at x4, with radius « and probability at least y,
i.e., limy oo Pr{[IX(k) — Xqell < @} > y holds.

Definition 3 ((«, y )-convergence Time). For a sequence of random

vectors {x(k) (k=0,1,2,...)}, givenany y € [0,1] and @ € R >
0, suppose that ||x(0) — xgpell # O, its («, y )-convergence time Ty
”X(k) - Xave”

is defined as
— - = (1} = )’},
1X(0) — Xayell

indicating the least iterations needed for x(k) to be « close to X,
with probability at least y.

Tk = inf{k P

4. Main results

In this section, we will illustrate the results of convergence
analysis and the triggering parameter design for average consen-
sus over networks with heterogeneous random link failures.

4.1. Convergence analysis

We first make some assumptions and provide a lemma.
Assumption 1. The prearranged network G is undirected con-
nected. For a pair of communicating nodes i and j, they suffer the

same link failures, i.e., 8;(k) = &;i(k) and p; = pji. Therefore, W(k)
and W = E[W(k)] are symmetric.

Assumption 2. All W(k) (k = 0,1,2,..
E[W(k)W(I)] = W2 (k # I) holds.

.) are i.i.d. Therefore,

Lemma 1 (Boyd et al., 2006). Let X be a random variable such that
0 < X < B, then for any 0 < o < B, one has

E[X] —«

— a :

Let x(k) = x(k) — Xq. be the difference between x(k) and
the initial average xg,.. Under Assumption 1, W(k) is symmetric,
then W(k)1y = 1y and 1yW(k) = 1} hold. Hence, one has
ITyx(k) = Xgpe. Then the evolution of x(k) can be written as

x(k+1)= (W(k) - )((1<)+an(1<))

HM i 7)

Pr{X > a} >

= M(k)x
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where M(k) = W(k)—IIy. Let M be E[M(k)]. Under Assumption 2,
one has E[x(k)] = M*X(0).

The results on convergence and convergence time are given in
Lemma 2 and Theorem 1, respectively.

Lemma 2 (Fagnani & Zampieri, 2007; Tahbaz-Salehi & Jadbabaie,
2009). Under Assumptions 1-2, if p(M) < 1, then average consensus
protocol (4) over prearranged network G achieves its convergence in
expectation.

Theorem 1. For average consensus protocol (4) over prearranged
network G under Assumptions 1-2, then, (i) p(Cw) < 1 guarantees
its convergence in mean square; (ii) if p(Cw) < 1 and p(M) < 1,
the finite («, y )-convergence time Ty is upper bounded by

2(1 —
Tu = Fog(““”w (8)

log p(Cw)
and there exists an x(0) such that Ty is lower bounded by
Ty Llog(l —y +_ycx2)J

2log p(M)
where Cy = E[MT(K)M(k)].

Proof. We first give the convergence analysis of (4) in mean
square. From (7), one has

E[X"(k)x(k)|x(k — 1)]

= E[X"(k — )M"(k — )M(k — D)x(k — 1)]
=X"(k — DE[M"(k — )M(k — 1)]x(k — 1)
< p(Cw)X"(k — DR(k — 1),

where Cy = E[M"(k)M(k)]. With repeatedly conditioning and by
using (10), one finally obtains

E[X(k)x(k)] < p"(Cw)X"(0)X(0). (11)
Thus if p(Cw) < 1, one has klim E[IX(K)I*)] = 0. Hence, the

convergence of (4) in mean square is achieved.
For the upper bound of («, y )-convergence time, according to
Markov’s inequality, for any non-zero ||x(0)||, from (11), one has

~ ~ 2 k
LCIE ELIRIIZ] _ p(Cw).
1%(0)1l o?1x(0)]12 o?
Then the upper bounded («, y)-convergence time Ty, is derived
by finding the ceil of the solution to p*(Cy) = (1 — y)a?, shown

as (8). Then, for k > Ty, we have Pr{w < oz} > y.

1%(0)I|

Note that W is symmetric under Assumption 1, then M = W —
Iy has N real eigenvalues. If p(M) < 1, the N real eigenvalues
of M can be written in the ascending order, i.e,, 0 = A;(M) <
M) < -+ < An(M) = p(M) < 1, with the corresponding
orthonormal eigenvectors denoted as 1y, v, ..., vy. Thus, if the
initial state is chosen as (Boyd et al., 2006)

(10)

1y
VN

we have %(0) = vy since [Tyvy = Oy. Then E[X(k)] = Af(M)vy
holds. By using Jensen’s inequality, one has

E[lIx(k [Zx (k) ] Z [)?i(lc)]z (%)

i=1
=E[%(k)] E[%(k)] = p*(M).

Note that if W(k) and x(0) are independent, and E[X(k)] =
holds under Assumption 2, then one has

E[IX(K)IP] < E[1X(0)1%] =

x(0) = + . (12)

M*%(0)
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due to p(M) < 1. According to Lemma 1, for any « < 1, one can
calculate that

x(k
Pr{ ||~( ) za} .
1%(0)1l
Let P2—a? _ 1 — y, the lower bound of («, y)-conver:
=2 = Vs Y gence

Rl
wo) =

ka(M) _ (x2
1—a?

time is shown as (9), and it follows that for k < Ty, Pr[
a} < y holds. This concludes the proof. O

Inspired by Fagnani and Zampieri (2007), Pereira and Pagées-
Zamora (2010), and Xiao and Boyd (2004), for (4) over random
networks with heterogeneous link failures, we will illustrate the
design for consensus parameter u, together with the relationship
between p(Cy ) and p(M).

Lemma 3. Under Assumptions 1-2, if u is designed as
O<pu=< 72 ,

An(L) + Aa(L)
then, (i) p(M) = 1 — ury(l) < 1, the convergence of (4) in

expectation is achieved; (ii) p(Cw) < p(M) < 1, indicating that
convergence in expectation guarantees convergence in mean square.

(14)

Proof. The proof to Lemma 3 can be found in Appendix A.

Remark 1. In (14), since for a connected network G, one has
2dmax > An(L)+Xo(L). T L_(Bullo,
2019; Garin & Schenato, 2010), our results in Lemma 3 hold. Also,
under Assumption 1, W(k) (k = 0,1, 2,...) and W are doubly
stochastic.

Next, we extend our results to balanced directed networks by
relaxing Assumption 1.

Assumption 3. The prearranged network G is a strongly con-
nected dlgraph For a random network G(k) Vi € V and Vk =

0,1,2,. Zj 1Ajpy = Z] 1Aiipii and ZJ 1 Adi(k) = Zj 1
Aji j,(k) hold.

Lemma 4. Under Assumptions 2-3, for average consensus protocol
(4), we have, (i) p(M) < 1 and p(Cw) < 1 guarantee the
average consensus in expectation and mean square, respectively; (ii)
its («, y)-convergence time Ty is upper bounded by (8); (iii) if W
is further symmetric, there exists an initial vector x(0) such that
(o, y)-convergence time Ty, is lower bounded by (9).

Proof. The proof to Lemma 4 can be found in Appendix B.
4.2. Performance-based triggering parameters design

In this section, we will extend the analysis on convergence
time of (4) over random networks to the event-triggered case,
and the main results on the design of the triggering parameters
are given in Theorem 2.

Theorem 2. Consider random network G(k) with random links (1)
over any connected prearranged network G, for event-triggered aver-
age consensus protocol (5), with triggering function designed as (6),

if p(Cw) <1and 0 < B < p%(CW) hold, then, (i) the slteady-state

convergence error is upper-bounded by R(c, L) = w; (ii) its

_ 1-p2 (Cw)
convergence in (a, 1 — ®&L) probability is achieved if R(c, L) <
(iii) if triggering parameter c is designed as

0<c< 06(1—)/)(1—,O?(Cw))llfé(o)ll, (15)

1v/Np2(C)
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its finite («, y )-convergence time is upper bound by
W(y) 1
= (71 - f] (16)
Inp2(Cw) ¢

_ wet@)
; 1%(0)lIp 2 (Cw)
y=(1-y- %) "pzl(c‘”) In p2(Cy), and W(y) is the solution
to ke = y.

where C; = E[L"(k)L(k)], Cw = E[MT(k)M(k)], ¢

Proof. Since e;j(k) = x;(k) — Xi(k), (5) can be rewritten as
x(k+ 1) = W(k)x(k) + uL(k)e(k), (17)

where e(k) = [e1(k), ..., eN(k)]T. Under Assumptions 1 and 3, one

has

- ﬁM(k —1-1)%0)

—1 1-1
+/LZI_[MI<—1—1 (k—1—De(k—1—1).
=0 i=0
Let C; and M;, be E[LT(k)L ]and]_[ E[IM(k—1—=0)[]E[IL(k —
1 — DIJE[lletk — 1 = D], respectlvely. Noting that triggering
condition fi(k) = le(k)| — (c + B*) > 0 enforces E[[le(k)ll] <
VN(c + B*), one has

=

—1 k—1

E[IM(k — 1= DITIXO + 1 ) M,

1=0

E[Ix(II] <

I

II
<)

k—1

k ~ 1 1

< p2(CW)IXO) 4+ uvNp2(C) Y p2
1=0

(Cw)c+ 17
(18)

.—k

(Cw)
(Cw)

k
P2 (C)IIZO) ]| + pev/Np2(Cr)

Nl= | NE

—p
1-p
k—

1
+ VNP3 (€)Y p3 ().

=0

If the threshold 8 in (6) is chosenas 0 < 8 < p%(CW), (18) can
be further rewritten as

- 1 1-—
E[IRI] < (Cw)IKO)] + pevV/Np3 () —r =
0

+ uv/Np2(Cko T (Cu).

By taking limits to E[||X(k)||] as k — oo, if p(Cw) < 1 holds, one
can obtain

lim E[I%K)] < peVNoQ) | oy “Jlﬁpi(ci)ﬁ
k—o00 1— ,Oj(CW) k—o0 (,O_j(CW))
— M =R(c, L).
1—p2(Cw)

Using Markov's inequality to (19) yields
lim Pri||x(k)|| >
Jim Pr{iX(k)]| > o}

4 1
< lim LCW){H?((O)H _ MC\/NfZ(CL) ,U-«/on CL)k]
k—oco o 1—p2(Cw) pz(cw)
MCfpz R(c. L)

(1—p2(C )) o

)
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where the last equality holds since p(Cy) <
R(c,L) < «, the convergence of (5) in (a,
is achieved.

For the finite («, y)-convergence time analysis, one has

1. Therefore, if
MeL) probability

%K) E[Ix(k)I1]
P =
r[ IKO) = af < o [%(0)]
p? Cw)(1 _ ucVNp3(Q) ufpz (@ k)
T« (1 —p%(cw))nfc(mn 1%(0) 1 o2 (Cw )
R(c, L)
20
T RO (20)
- p2(Cw) ( uv/Np2(C, k) R(c, L)
-« 1%(0)|p2(Cw)’  @lIX(O
__ ¢ 10D v R(c, L)
e T )(‘+c)+ EOIR
where ¢ = M .In (20), if R(c, L) < a(1—y)||X(0)| further

1%(0)lI o 2 w)
holds, mdlca){mg that ¢ satisfies (15), then the upper bound of the

finite (o, ¢ )-convergence time of (5) can be derived by setting the
right-side term in the last equality as 1 — y. Denoting (l -y -

1
R(c.L) )apf(cm
@[ XO)] ¢

(k + %)(p%(cw))“% -z 21)

as z, one then has

As a result, one can calculate
wy 1

Inpz(Cw) ¢

’

wherey =z lnp%(Cw), and W(y) is the Lambert function that is
the solution to ke = y. Hence, the finite (c, ¥ )-convergence time
of (5) is upper bounded by (16). This concludes the proof.

Remark 2. The triggering parameter c in (6) determines how fre-
quently the triggering events happen during the final iterations. A
larger c results in a lower communication rate, indicating a higher
communication efficiency, but the convergence error R(c, L) will
get increased. Therefore, in (16), to guarantee a finite (o, y)-
convergence time, the triggering parameter ¢ should be chosen
carefully such that (15) holds.

5. Simulations

The correctness of our analysis is illustrated by extensive
simulations. All figures are drawn from the results of the average
over r = 10° runs. Simulation parameters are set as: N = 9,
y = 0.9, and o = 1073, During each simulation, we randomly
choose p;; € [0.5, 0.8]. The topologies of the prearranged network
G and a sample case of random network G(k) with heterogeneous
link failures are shown in Fig. 1.

The initial state vector x(0) and parameter p are chosen ac-
cording to (12) and (14), respectively. During the simulation, As-
sumption 1 is satisfied. The convergence of E[x;(k)] and E[||5<(k)||]
are shown in Fig. 2(a) and (b), respectively, where X, , (k) denotes
the iteration of X(k) with « accuracy and y probability, while x(k),
Xu(k) and X,(k) denote the iteration of the simulated, theoretical
upper and lower bounds ofE[ll)?(k)ll], respectively. It can be seen
from Fig. 2 that, (i) convergence of average consensus protocol
(4) in expectation and mean square are achieved; (ii) theoretical
results for the upper and lower bounds in (8), (9) can be used to
estimate tightly the convergence time of protocol (4).
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(a) Prearranged network G (b) A sample case of G(k)

Fig. 1. Topology of an undirected network with N = 9, where solid circles
and dashed lines indicate nodes and the undirected communication edges,
respectively.
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Fig. 2. Iterations of E[x;(k)] and E[|IX(k)]].
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Fig. 3. Comparison on convergence accuracy with Pereira and Pagés-Zamora
(2010).

For average consensus with random link failures, Pereira and
Pageés-Zamora (2010) have derived the upper bound of the asymp-
totic MSE shown as its (27) with the adjacency matrix
constructed as its (1). Also, the prearranged network G is fully
connected. Fig. 3 shows the comparison on convergence accuracy
between (Pereira & Pagés-Zamora, 2010) and the one proposed in
this paper. It can be seen from Fig. 3 that, our analysis can achieve
a high convergence accuracy while the one in Pereira and Pages-
Zamora (2010) can only converge to 0.034. It means that the
upper bound of MSE(x(k)) in Pereira and Pagés-Zamora (2010) is
less tight than our results since Pereira and Pages-Zamora (2010)
consider network with asymmetric link probabilities.

We define the average network communication rate at it-
eration k as n(k) = Z?’zl ni(k)/N (Wu, Jia, Johansson, & Shi,
2013), where n;(k) is 1 or 0, indicating whether or not there
is a communication event for node i at iteration time k. Fig. 4
shows the impact of event-triggered communication to conver-
gence accuracy and communication rate n(k). From Fig. 4, by
properly choosing triggering parameters c and g, we have, i) the
event-triggered average consensus protocol has non-zero steady-
state convergence error; ii) convergence in («, y )-probability is
achieved, with a larger finite («, y)-convergence time than that
of the time-triggered one; iii) the average broadcasted events for
each node of the event-triggered mechanism is far less than the
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of \ — time-triggered 1.0]
. \\ event-triggered
1071 N --= R(c,)
102 \ e 081
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(a) E[|lz(k)|]

Fig. 4. Effects of the event-triggered communication with ¢ = 10~ and B =
0.950%>(Cyy).

one of the time-triggered one. Therefore, with triggering parame-
ters being properly designed, the event-triggered communication
mechanism is effective in the energy efficiency of a network with
heterogeneous random link failures.

6. Conclusions

In this paper, we have investigated the convergence time of
the average consensus with heterogeneous random link failures,
together with the analysis of the impact of event-triggered com-
munication on convergence performance. We have derived the
conditions on convergence in expectation and mean square, and
the closed-form expression of the lower- and upper-bounds of
the (o, y)-convergence time. We also have analyzed the impact
of the event-trigger communication on the convergence error
and (o, y )-convergence time. Finally, some numerical simulations
have verified the effectiveness of the results.
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Appendix A. Proof to Lemma 3

Proof. We first show that (14) guarantees p(M) < 1. When the
prearranged network G is wundirected connected, under
Assumption 1, the expected network G is connected and W is
symmetric. Therefore, 1y is the eigenvector of L and M with
eigenvalues 0 and 1, respectively. The rest of the N — 1 nonzero

real eigenvalues of matrix M can be written as 1—uAn(L), ..., 1—
pAo(L). Since 0 < p; < 1, one has A(L) < A(L) (i = 2,...,N).
Hence if p is selected as (14), u < ﬁ < ﬁ holds, and then

p(M) < 1 is guaranteed.

n(14),if0 < pu < ﬁ ie., uiy(L) < 1, then one has

p(M) = 1 — pxy(L). Otherwise when p is selected such that

2 .
WD < M= WD’ then one has puAy(L) > _1. Since AN(L)_S

An(L), then if uAn(L) < 1 holds, one also has p(M) = 1 — ui,(L).
For the case when uAn(L) > 1, one has

1— pra(L) > 1 — pao(L),
1— pura(L) = pan(L) — 1,
pAin(L) — 1> pan(L) — 1> 0,

and then we can yield that p(M) = 1 — ui(L).
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We continue to show p(Cy) < p(M) < 1 when u is designed
as (14). Since Gy = E[M"(k)M(k)], under Assumptions 1-2, one
has
Cw = Iy — Oy — 2uL + p°C. (A1)

where ¢, = E[LT(k)L(K)]. Let L; and e; be the (i, j)th entry of
matrices L and C, respectively. Then L; and e; can be written as

N
ZAian, ji=1i,
=1

iij =
— Aypy,  J#1
and
N 5 N 5
E[(Z/“iﬂsil(k)) + Z (Ausii(k)) } j=i,
I=1 I=1,1#i
N
- E[Aijaij(k) Z(Ai15i1(/<))]
€ = v (A2)

—E [Aji5ji(k) Z(Aﬂ‘sjl(k))]

=1

N
+E|: Z (Alifsli(k)Au(Slj(lc))],

I=1,1£i.j

J#i

In (A.2), according to (2), §;(k) is equal to 1 with probability p;
and 0 with probability 1—pj. Then E[87(k)] = py holds. Note that,
under Assumption 2, for j # [, §i(k) and §;;(k) are independent,
then one has E[8;(k)8;;(k)] = pupj;. Also, A,.zj = Ajj since A is 1 or
0. As there is no self-loop in the prearranged network G, under
Assumption 1, for all i,] € V and i # [, Aypy = Ajp; holds. One
has

N N N
Z(iilili) +2 Z(Ailpil) -2 Z(Ailpﬁ), =i
eij — 17]1 =1 =1 (A.3)
Z(i”ilj) — ZAUpU + ZAijpizj, ] ;é i.
=1

Therefore, C; in (A.1) can be summarized into [? + 2L — 2B,
where B € RVN has its (i, j)th entry shown as

N

> A, i=i,

=1

—Apt. AL

Here B can be viewed as one special Laplacian matrix of expected
network G with link probabilities pizj € (0, 1]. Therefore, matrix

Bj =

B is positive semi-definite with A{(B) = 0. Substituting ¢, =
[?> + 2L — 2B into (A.1), using [IlyM = MIIy = IIy under
Assumption 1, one obtains

Cw = M? 4+ 2%L — 2u°B. (A4)

In (A.4), we write the eigenvalues of Cy, M, L, M2+2u2L, and B
in ascending order. Note that (14) guarantees Ay(M) = 1—pAo(L),
and 1;(B) = A4(L) = O for a connected G. According to Weyl's
inequality, one has

AN(Cw) < AN(M? + 2°L) = 23 (M) + 22 a(L),

Automatica 127 (2021) 109496

where the last equality holds since Ay(M?) = A2(M). Hence, one
has

An(Cw) — An(M) < —pda(L)[ 1 — p(ra(L) +2)].

Note that, for a connected prearranged undirected network G
with size N > 2, Ay(L) > 2 holds (Bullo, 2019). One has

Aa(L) + An(L) = Aa(L) 4+ 2 > Ap(L) + 2.

Therefore, if p is chosen as (14), one has u(A,(L) + 2) < 1, then
AN(Cw) — An(M) < 0 holds. When all the link probabilities p;;
satisfy 0 < p; < 1, the matrix L — B is positive semi-definite,
then Gy has non-negative eigenvalues, and thus one has p(Cw) =
An(Cw ). Therefore, p(Cy) < p(M) holds with u satisfying (14).
This completes the proof. O

Appendix B. Proof to Lemma 4

Proof. Under Assumptions 2-3, one has [Iy\A = AIlly and
ITINA(k) = A(k)ITy, indicating that the expected network G and
random networks G(k) for all k are weight balanced directed
graphs. Hence, W and all W(k)s are symmetric. Combining with
the proof of Theorem 1, we complete the proof for (i) and (ii).

For the proof for (iii), under Assumption 3, if W is further
symmetric, M has N real eigenvalues. Thus, when p(M) < 1, there
exists a x(0) satisfying (12) such that E[[IX(k)I|2] > v o (M)vy,
where vy is the eigenvector corresponding to the largest eigen-
value of M. Therefore, the lower bound of («, y)-convergence

time is shown as (9). Thus, we have completed the proof. O
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