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Abstract—The growth of Internet of Things (IoT) is antici-
pated to accelerate in the coming years. However, the wireless
spectrum is insufficient to support the ever-growing IoT appli-
cations. A promising solution is to allow concurrent wireless
transmissions and decode the superimposed signal. To make this
solution practical for IoT systems, dynamic channel conditions
and hardware imperfections are the key practical challenges, but
not yet be addressed in the past work, leading to a low decoding
performance. In this article, we introduce SigMix, aiming to deal
with the practical challenges by proposing a solution to decode
the superimposed signal, and eventually boost the spectrum effi-
ciency. To this end, we first derive a theoretical expression that
reveals the close relationship between phase shifts among concur-
rently transmitted signals and the error probability in decoding
the superimposed signal. Then, based on the theoretical expres-
sion, we propose a rotation code and an adaptive decoding scheme
to largely reduce the decoding error probability. Extensive exper-
iments have shown that the median bit-error-rate of our scheme
is one-order lower than the state-of-the-art.

Index Terms—Spectrum efficiency, superimposed signals,
wireless communication.

I. INTRODUCTION

INTERNET of Things (IoT) will experience explosive
growth in the coming years. It is estimated that approx-

imately 15 billion IoT devices will be deployed [1] and the
global market value will reach $1.2 trillion in 2022 [2]. Since
the wireless spectrum is at a premium, wireless communi-
cation systems encounter a grand challenge to support the
massive number of IoT connections. Traditionally, to improve
the spectrum efficiency, dedicated wireless resources, such as
the time/frequency/space/code domain resource, are scheduled
(orthogonal) to each wireless user. However, two users may
compete for the same resource for transmissions due to the
well-known hidden terminal problem [3], [4] or scheduling
failures [5]. In this case, a collision would happen and none
of the transmissions can be decoded by these orthogonal access
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technologies, which in turn affects the wireless spectrum
efficiency and network throughput negatively.

To boost the spectrum efficiency with severe resource
competition, a promising solution is to allow concurrent
wireless transmissions and decode the superimposed signals
via careful signal processing. Recently, there are two main
approaches in decoding the superimposed signal: 1) suc-
cessive interference cancellation (SIC), a major technology
in nonorthogonal multiple access (NOMA) [6], [7] and
2) physical-layer network coding (PNC) [8], [9]. Specifically,
SIC relies on infrastructure and channel feedback for strict
power control, which may not be desirable for low-cost IoT
devices and may cause extra delay. PNC requires a relay
node as a helper, which is incompatible to the general sce-
nario where the superimposed signal is required to be decoded
directly at the receiver.

In this article, we aim to deal with the challenge with a
solution to decode the superimposed signal without power
control or any helper. Using the toy example shown in
Fig. 1(a), when two binary phase-shift keying (BPSK) mod-
ulated signals arrive at a receiver concurrently, four possible
combinations (i.e., four constellation points) exist in the IQ
domain, representing “11,” “10,” “01,” and “00.” With noises,
the received signals become four clusters centered at the four
points. Following a maximum-likelihood scheme, the super-
imposed signal can be decoded, assuming that the clusters are
distinguishable [10].

However, in practice, as shown in Fig. 1(b), the constellation
points may be so close to each other that their clusters are
indistinguishable, resulting in a high probability of decoding
error. This situation occurs due to the signal variation caused
by dynamic channel conditions and hardware imperfections,
and it will be exacerbated in the IoT systems. Consequently,
although the idea is simple, no such system exists due to these
practical difficulties.

This article presents SigMix, the first practical system that
can decode the superimposed signals under dynamic channel
conditions and hardware imperfections for IoT systems. Given
the popularity of orthogonal frequency-division multiplexing
(OFDM), SigMix is applied to OFDM systems with multiple
subcarriers. In a nutshell, SigMix is based on the obser-
vation that, for superimposed signals, the distance between
constellation points is largely determined by the phase shift
between the transmitted signals. Therefore, we can manipulate
the phase shift to achieve a desirable decoding performance.
It is nontrivial to realize SigMix due to the following
challenges.

1) A guideline is missing for manipulating the phase shift.
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Fig. 1. Superimposed signals in the IQ domain. (a) Example A.
(b) Example B.

2) Due to dynamic channel conditions and hardware
imperfections in IoT systems, the signal variations are
unpredictable, making it difficult to maintain the optimal
phase shift at the receiver.

3) The superimposed signal decoder encounters serious sig-
nal variations. In the OFDM systems, the channel con-
ditions of different subcarriers are different [11], [12].
Furthermore, the hardware imperfections introduce the
carrier frequency offset (CFO), the sampling frequency
offset (SFO), and the sample timing offset (STO) to the
signal. These offsets cannot be easily compensated for
superimposed signals. Moreover, these offsets exacer-
bate the differences among subcarriers, resulting in a
poor decoding performance.

To deal with the first challenge, we derive an exact bit-
error-rate (BER) expression to model the relationship between
the phase shift and the decoding error probability. This BER
expression provides us an important guideline to manipulate
the phase shift to achieve a high decoding performance, in
terms of a low decoding error rate.

To deal with the second challenge, we propose a rotation
code that enables SigMix to transmit two copies of the sig-
nal to achieve a substantial diversity gain. Specifically, we
only rotate one copy of the signal and keep the other copy
as the original one. By doing so, we can eliminate the signal
variation caused by dynamic channel conditions and hardware
imperfections. Thus, the receiver can eventually decode the
superimposed signal with the best phase shift. To further obtain
the optimal rotating angle, we propose a searching scheme
based on our theoretical analysis.

To deal with the last challenge, we propose an adaptive
decoding scheme considering both the subcarriers’ differences
and the three offsets. With this design, SigMix decodes the
superimposed signal based on the behaviors of each subcarrier,
which can handle the signal variations well and achieve a high
decoding performance.

To the best of our knowledge, this article is the first to
present a practical decoding approach for the superimposed
signals in the presence of dynamic channel conditions and
hardware imperfections. Note that SigMix can be an enabler
for many promising wireless technologies requiring the decod-
ing of superimposed signals, such as NOMA and PNC. SigMix
is presented in the context of OFDM, hence, the basic idea
can be extended to a wide range of application scenarios, e.g.,
LTE, IEEE 802.11a/g/n/p, etc.

Contributions: This article makes the following
contributions.

1) It is the first to reveal the relationship between the phase
shift of the concurrent signals and the decoding BER by
leveraging Craig’s analytical model. As a result, we use
this relationship as a guideline in manipulating the phase
shift so that a lower BER can be obtained.

2) It presents the first practical approach for decod-
ing superimposed signals through a rotation-code-based
diversity transmission and an adaptive decoding scheme.
Our approach can achieve a high decoding performance
regardless of the practical challenges in IoT systems,
i.e., dynamic channel conditions and hardware imper-
fections, substantially enhancing the decoding ability in
practice.

3) It demonstrates a practical system on a software-defined
radio-based platform and evaluates its performance
across various scenarios. The extensive experimental
results illustrate that SigMix obtains a one-order lower
median BER than the state-of-the-art system.

The remainder of this article is organized as follows.
Section II discusses the related work. Section III presents
the background knowledge. Section IV introduces the design
of SigMix. Section V discusses several important practical
issues. Section VI presents the evaluation results and further
discussions. We conclude this article in Section VIII.

II. RELATED WORK

Prior work falls into the following four categories.
1) SIC: To decode the superimposed signal, SIC requires

strict power control to guarantee that one signal has
much higher power than the others. With the power dif-
ferences, they can decode one of the signals first while
treating others as noise, and then cancel it out to decode
the rest. Eventually, all signals can be decoded sep-
arately by repeating this procedure, e.g., BASIC [13]
and CoReCast [7]. As a major NOMA technology,
SIC is promising for future cellular networks [14]–[18].
However, it relies on infrastructure and channel feed-
back for the strict power control, which may not be
desirable for low-cost IoT devices and may cause extra
delay [19], [20]. In contrast, SigMix does not need
power control and extra channel feedback, therefore, we
can support a wider range of IoT applications.

2) PNC: The superimposed signals can also be decoded
with the help of a relay node1 [26], [27]. This idea
has been moved from theory to practice by the imple-
mentation of PNC [8], [21] and analog network coding
(ANC) [22]. Follow-up work extended these systems to
be more robust [9], [21], scalable [28]–[30], and achiev-
ing higher throughput (e.g., BiPass [23] employed the
high-cost full-duplex devices). However, these works
were designed for relay networks, making them incom-
patible to decode the superimposed signals without the
help of other nodes. Some recent work proposed to
decode the superimposed signals directly at the receiver

1In relay networks, two end nodes transmit signals concurrently so signals
are superimposed at the relay, and then the relay node broadcasts this super-
imposed signal back the end nodes. Each end node can decode the signal
transmitted from the other end node by canceling out its own signal.
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TABLE I
COMPARISON OF RELATED WORK IN HANDLING SUPERIMPOSED SIGNALS

without any helper. Strong assumptions, such as a per-
fect channel measurement and a stable environment,
are required [31]. The perfect channel measurement
can only be obtained by dedicated hardware [31], [32],
such as cellular base stations, which can hardly be
achieved in the low-cost IoT devices [33]. Instead of
a perfect channel measurement, researchers proposed to
decode the superimposed signals with retransmissions
to reduce the decoding error [7], [10], [34]–[36]. But
the retransmission may introduce a long delay. Different
from the previous work, SigMix can decode the super-
imposed signal directly at the receiver without any
helper. Furthermore, with an adaptive decoding scheme,
SigMix can achieve a high decoding performance (i.e.,
a lower BER) without relying on the perfect channel
measurement nor retransmissions.

3) Superimposed Signals in Low Data Rate Systems:
Decoding superimposed signal has also been widely
adopted in other IoT techniques with a low data rate,
such as LoRa [37] (e.g., NetScatter [24]) and RFID [19],
[38], [39] (e.g., Hubble [25]) and ZigBee [40]. These
approaches are promising for low data rate applications,
such as weather reports, that only generate a few packets
per minute [41]. However, applications with general data
rate requirements, for example, farm monitoring [42],
are beyond the capability of these approaches. Indeed,
decoding the superimposed signals in general data rate
technology supported by OFDM (e.g., Wi-Fi)2 is much
challenging than that in the low data rate technology.
On the one hand, the signals are more vulnerable to
dynamic channel conditions when the data rate becomes
higher [32]. On the other hand, a low data rate tech-
nology can leverage some notable features, such as the
frequency diversity in LoRa [24], the signal state transi-
tions in RFID [25], or the oversampling in ZigBee [40],
to separate the superimposed signal, but these features
are inapplicable to the general data rate technology, e.g.,
OFDM. In contrast to these low data rate technologies,
SigMix aims to be applied to general data rate systems,
such as OFDM.

4) Multiple-Input–Multiple-Output (MIMO) Systems and
Superimposed Signals: Decoding the superimposed sig-
nal using MIMO technologies has attracted many
research interests [32], [43], where signals are trans-
mitted concurrently via multiple antennas co-located
within one transmitter, but the MIMO solution may be

2Cisco predicts that Wi-Fi will be one of the dominating technologies for
the coming wireless data traffic in IoT [1].

too expensive for low-cost IoT devices. Furthermore,
SigMix is not only applicable for low-cost IoT devices
but also compatible with the MIMO systems, especially
for distributed MIMO applications [44], [45].

As a summary, a detailed comparison between SigMix and
the existing work is shown in Table I.

III. PRELIMINARY

A. Superimposed Signal’s Representation

When different transmitters transmit to the same receiver
concurrently, the receiver will receive a superimposed signal,
i.e., a combination of these transmitted signals over the air. In
the frequency domain, without loss of generality, we define the
received superimposed signal as Y , the channel matrix as H,
the transmitted signals as X, and the additive white Gaussian
noise as N. Then, we have

Y = HX + N. (1)

Here, m elements in X represent m transmitters, and H rep-
resents the signal variation caused by both the channel and
hardware. It is worth noting that the concurrent transmissions
fall into the category of symbol-level synchronization that can
be achieved by the existing implementations [10], [46]. More
details will be discussed in Section V.

For decoding the superimposed signal, we convert the above
frequency-domain representation to the IQ domain. We start by
considering the mix of two BPSK modulated signals for sim-
plicity. When a receiver receives two signals simultaneously,
if without noises, there are four possible combinations (i.e.,
four constellation points) exist in the IQ domain, representing
11, 10, 01, and 00. Given random noises, the received signals
will be distributed in clusters centered at these constellation
points (see Fig. 1).

B. Craig’s Analytical Model

1) Craig’s Polar Coordinate: For superimposed signals, the
locations of the constellation points are irregular, making the
decoding error probability difficult to calculate. Craig’s polar
coordinate [47] can simplify the decoding error probability cal-
culation. As shown in Fig. 2(a), in the constellation map, one
of the channel coefficients (e.g., H1) is co-located with the
I-axis when using Craig’s polar coordinate. The phase shift
between transmitted signals is defined as φ (i.e., the angle
between H1 and H2). Four black dots represent four constel-
lation points. The whole area is partitioned into four decision
regions, i.e., regions A1, A2, A3, and A4, namely, a Voronoi dia-
gram. The boundaries of the decision regions are shown as
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Fig. 2. Craig’s analytical model. (a) Craig’s polar coordinate. (b) Unit shape.

the brown lines. Here, regions A1 and A4 are symmetrical
with the origin. Similarly, regions A2 and A3 are also sym-
metrical. Note that both H1 and H2 determine the locations of
the constellation points and the corresponding decision region.
Following a maximum-likelihood decoding, any received sym-
bol3 in each region will be decoded to the symbol represented
by the constellation point in that region.

2) Decoding Error Probability: When a received symbol is
incorrectly located to other decision regions, an error happens.
We use Craig’s analytical model to calculate the probability
of errors.

Considering a general case shown in Fig. 2(b), Y is a
received symbol and it can be correctly decoded only if it
is located in the correct decision region, say location B. Due
to the effect of the Gaussian noise, Y may be drifted away to
a location, say E, in an error region. Here, the error region
is a wedge area bounded by two rays (i.e., two boundaries).
The correct location B is outside the error region and on the
extension line of one boundary ray. For simplicity, we define
the above-mentioned wedge area together with location B as a
unit shape. The Craig angle ω is defined as the angle between
two boundaries. Segment EB crosses the decision boundary at
point C, and the distance from B to C is R. Then, according
to the theory in [48], the probability that a received symbol
is incorrectly located to the error region can be defined as the
decoding error probability P, given by

P =
∫ ω

0
dθ

∫ ∞

L
p(r, θ)dr (2)

where p(r, θ) is the polar form of the bivariate Gaussian dis-
tribution function, and r is the length of segment EB. After a
series of transformations, (2) can be written as

P = 1

2π

∫ ω

0
exp

(
−R2(θ)

2σ 2

)
dθ (3)

where 2σ 2 refers to the noise density and R(θ) means that the
distance R is a function of θ . Fortunately, (3) only contains
elementary functions, which can largely simplify the calcula-
tion process. We refer the readers who are interested in (3)
to [48] for more details. Note that (3) can only calculate the
decoding error probability under the unit shape.

IV. SIGMIX DESIGN

In this section, we first derive the BER expression to
quantify the decoding performance and identify the factors

3A superimposed signal consists of many symbols. When two BPSK mod-
ulation signals are superimposed, each symbol carries two bits from two
transmitters.

Fig. 3. Phase shift versus constellation points. (a) φ = 10◦. (b) φ = 90◦.

affecting the decoding performance. With the guideline from
the detailed quantitative analysis, we then propose a diver-
sity transmission scheme with a rotation code and design an
adaptive decoding scheme accordingly, aiming for a better
decoding performance in terms of a lower BER.

A. BER Analysis

1) Derivation of the BER Expression: As shown in
Fig. 3(a), two transmitters, S1 and S2, transmit signals con-
currently. We first consider perfect channels where no signal
variation exists. When the phase shift φ between two trans-
mitted signals is 10◦, two constellation points (10 and 01) are
very close to each other, making it difficult to decode success-
fully. However, when the phase shift is changed4 to 90◦, as
shown in Fig. 3(b), the four constellation points are far away
from each other, making it easy to decode.

The distances between the constellation points in the IQ
domain are largely determined by the phase shift. Therefore,
we need to model the relationship between the phase shift
and the decoding error rate. In the following, we derive the
exact BER expression given both the amplitude- and phase-
related information, rather than coarse error probability bounds
obtained in [34], [36], and [49] that are determined by the
signal-to-noise ratio (SNR) only.

We use Craig’s polar coordinate to derive the exact BER
expression. The decoding error probability, P, can be written as

P(e) =
4∑

i=1

P(e|Ai)P(Ai) (4)

where P(Ai) is the probability of transmitted symbols corre-
sponding to the constellation point in decision region Ai, and

4Theoretically, we can also change the signal amplitude to change the dis-
tances between the constellation points. However, manipulating the signal
amplitude may be impractical due to the low-cost IoT devices, and also it
requires feedback channel information which may cause extra delay.
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P(e|Ai) is the error probability given that Ai is the correct for
the received symbol. Obviously, all symbols have an equal
opportunity to send, so P(Ai) = (1/4). For P(e|Ai), we have

P(e|Ai) =
∑
j �=i

P
(
Aj|Ai

)
(5)

where P(Ai|Aj) refers to the probability that the received sym-
bol should be in region Aj but be wrongly located in region
Ai (i, j = 1, 2, 3, 4 and i �= j). For simplicity, we notate
the symmetrical region for region Ai as region Aī. Thanks
to this symmetry, we have P(Ai|Aj) = P(Aī|Aj̄), where i �= j
[e.g., P(A1|A3) = P(A4|A2)]. Placing (5) into (4) and apply-
ing the above property, the decoding error probability can be
simplified as

P = 1

2
(P(e|A3) + P(e|A4)). (6)

Here, P(e|A3) is the summation of P(A1|A3), P(A2|A3),
and P(A4|A3). In (6), P(A1|A3), P(A4|A3), and P(e|A4) can
be directly calculated by the past work [47], [50]. So, we
only need to calculate P(A2|A3), i.e., the probability when the
received symbol corresponding to the constellation point in A3
(10) is located in A2 (01) by mistake. Indeed, 10 and 01 are
the most challenging cases to be distinguished for decoding.

To calculate P(A2|A3), recall that the decoding error prob-
ability can be calculated by Craig’s analytical model under
the unit shape (Section III). However, the boundaries of deci-
sion regions in Craig’s polar coordinate vary with the channel
coefficients. Furthermore, the wedge shape of all decision
regions [see Fig. 2(a)] is more complicated than a unit shape,
making it difficult to calculate the decoding error probability.

To solve this problem, we start from the condition when
|H1| ≥ |H2| and 0 ≤ φ ≤ (π/2) (φ is the phase shift between
H1 and H2).5 Then, we extend our expression to other con-
ditions, such as |H1| < |H2| or (π/2) < φ ≤ π . Under each
condition, we divide this condition into three cases for fur-
ther simplification. For each case, we carefully partition the
wedge decision regions into several unit shapes, and then we
can apply Craig’s analytical model to each divided unit shape,
respectively. We detail the derivation for all conditions and
cases in the Appendices.

The derivation reveals that P(A2|A3) is a function of φ,
|H1|, and |H2|. P(A1|A3), P(A4|A3), and P(e|A3) are simi-
lar. Therefore, the decoding error probability P is a function
of φ, |H1|, and |H2| based on (6). Due to the page limit, we
do not show the detailed expression in the paper. For sim-
plicity, we notate the expression of decoding error probability
P as Pf (φ, |H1|, |H2|). Finally, the expression of P under all
conditions can be calculated as

P =

⎧⎪⎪⎨
⎪⎪⎩

Pf (φ, |H1|, |H2|), if |H1| ≥ |H2|, 0 ≤ |φ| ≤ π/2
Pf (π − φ, |H1|, |H2|), if |H1| ≥ |H2|, π/2 < |φ| ≤ π

Pf (φ, |H2|, |H1|), if |H1| < |H2|, 0 ≤ |φ| ≤ π/2
Pf (π − φ, |H2|, |H1|), if |H1| < |H2|, π/2 < |φ| ≤ π.

(7)

5For φ = 0, all the possible constellation points are located on one line in
the constellation map. So, we can directly employ the BER result from the
existing solution [50].

Fig. 4. Comparison result of the BER expression.

Here, the underlying intuition is that when using Craig’s
analytical model to derive the BER expression, we can lever-
age the symmetric property [31], [47] to easily extend the
special case, e.g., |H1| ≥ |H2| and 0 ≤ |φ| ≤ π/2, to a gen-
eral case by replacing the input parameters of the equation.
By doing this, the derivation can be simplified significantly.
This closed-form BER expression can be extended to higher
modulations and multiple concurrent transmitters.

2) Validation of the BER Expression: To validate the
proposed closed-form BER expression, we conduct Monte
Carlo simulation and compare the simulation results with the
BER expression. For simplicity, two transmitters have the same
power and transmit signals under equal-gain channels (i.e.,
|H1| = |H2|) but varying phase shift, φ. We set the SNR
of transmitted signals as 5 dB. The comparison results are
shown in Fig. 4. The results from analysis and Monte Carlo
simulation are very close to each other, which validates the
correctness of the BER derivation. Note that in the Monte
Carlo simulation, we also test other settings, such as differ-
ent SNRs and power ratios of two transmitters, and all the
simulation results are consistent with our BER expression.

3) Effect of the Phase Shift: Equation (7) reveals that the
decoding error probability is determined by three factors:
|H1|, |H2|, and φ. As mentioned earlier, controlling |H1| and
|H2| requires strict closed-loop power control which may be
impractical for the IoT devices. Therefore, we investigate the
effect of phase shift φ on the decoding performance, given
|H1| and |H2|.

As shown in Fig. 5, we plot the BER curves
under different SNRs according to (7). Here, SNRi =
10 log10 |Hi|2/(2σ 2), i = 1, 2. In the following, we use SNRi

which is widely used in the communication systems instead
of |Hi|. Our goal is to analyze the relationship between phase
shift φ and the BER given SNR. Specifically, the SNR value
varies from 5 to 25 dB. For the two transmitters, we randomly
choose the SNR values within this range. Given each setting
of SNR1 and SNR2, we vary the phase shift φ from 0◦ to 360◦
and plot the BER curve. We observe the following properties.

1) The BER during the process of increasing the phase shift
is nonmonotonous. Two valleys appear when the phase
shift φ = 90◦ and φ = 270◦. We call the range of φ

corresponding to a lower BER as “good regions.” Thus,
the best choice of φ for the good regions is centered
around 90◦ or 270◦.
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Fig. 5. Phase shift versus BER.

Fig. 6. Format of the two copies.

2) In contrast to good regions, the peaks occur at certain
phase shift values, i.e., φ = 0◦, 180◦. We call these
phase shift ranges as “bad regions.” The good regions
and bad regions appear alternatively, and they are sym-
metrical with φ = 180◦.

3) For different SNR settings, the BER curves and the posi-
tions of good regions and bad regions follow the same
trend, which indicates that the positions of good regions
and bad regions are not affected by the SNR values.
This suggests that we can manipulate the phase shift
to achieve a high decoding performance even without
knowing the channel conditions (i.e., SNRs).

To obtain a lower BER, the phase shift φ should lie in
good regions, i.e., around 90◦ or 270◦, for any given channel
conditions.

B. Rotation-Code-Based Diversity Transmission

In practice, we cannot precisely manipulate the phase shift
for maintaining the best values at the receiver. In fact, the
phase shift is a random variable for each transmission and
it follows a uniform distribution [33], [51]. To solve this, we
propose a rotation-code-based diversity transmission, and then
we leverage the diversity to guarantee the phase shift to be
located in the good region.

1) Increasing the Diversity Gain: Recall that the good
regions and bad regions are alternative and symmetrical. By
utilizing this property, we let SigMix transmit two copies of
the signal to increase the diversity gain. For simplicity, we
denote the phase shift between the first copies of the transmit-
ted signals as φ1, and that between the second copies as φ2.
By doing so, we have a higher chance to guarantee that at least
one phase shift (i.e., φ1 or φ2) is within the good regions.

Specifically, as shown in Fig. 6, to avoid the deep fading
in the time domain, we directly insert a copy of the signal
right after the original one instead of interleaving them. Here,
the original signal refers to the first copy. For a given trans-
mitter, the two consecutive copies from the same hardware
and experience almost identical channel conditions, so the two

Fig. 7. Illustration of the rotation code.

Fig. 8. Searching scheme for rotating angle β. (a) Possible phase differences
for one copy. (b) Possible phase differences for two copies.

consecutive superimposed signals will have almost identical
phase shift. To increase the diversity gain, we need to guar-
antee that φ1 �= φ2. To do so, we rotate the second copy
of one transmitted signal with a certain angle and keep the
other copies unchanged. Fig. 7 illustrates the idea of the rota-
tion code. For the first copies from S1 and S2, the phase shift
is φ1. When we rotate the second copy from S2 with angle
β, the phase shift between the second copies from S1 and S2
is φ2, which is equal to φ1 + β.

2) Optimal β: Up to now, we have two phase shifts φ1
and φ2. As shown in Fig. 8(b), the rotation code changes the
phase shift between the second copies by β. However, we
have no idea of the phase shift between the first copies φ1
since it follows the uniform distribution. That is to say, φ1 can
be located at any position of the BER curve [see Fig. 8(a)].
Therefore, without known φ1, we propose a searching scheme
to find the optimal rotating angle β, so that we can guarantee
that at least φ1 or φ2 is within the good regions. Specifically,
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Fig. 9. Subcarriers’ difference. (a) Phase shifts in different subcarriers. (b) Phase shifts vary with time.

we formulate this problem as an optimization problem

min
β

{P(φ1), P(φ1 + β)}
s.t. 0◦ ≤ φ1 < 360◦

0◦ < β < 360◦ (8)

where P(.) is the BER given certain value of φ1. Note that the
size of the solution set is very small, only including hundreds
of possible solutions, so a simple exhaustive search can solve
this problem without causing any obvious computation over-
head. By solving this, we can obtain an optimal value of θ that
achieves the best average BER for any channel conditions.

The searching algorithm finds the optimal values 90◦ and
270◦ of β. Without loss of generality, we set β = 90◦ in
our implementation. Note that the rotating angle β is differ-
ent from the phase shift φ as shown in Fig. 3. The phase
shift φ refers to the phase difference between two concurrent
transmitted signals, while the rotating angle β is the phase
difference between the first copy and second copy of one
transmitted signal, and the other transmitters send two copies
without rotation.

C. Adaptive Decoding

When the receiver receives the superimposed signal, there
are two copies for each symbol. Which one should be used
to decode the superimposed signal? Intuitively, the receiver
can first calculate the phase shifts φ1 and φ2 based on the
preambles, since the preambles of the transmitted signals can
be made orthogonal to each other, making it easy to obtain
the phase shifts separately. Then, the receiver decides which
phase shift is in the good regions and selects the corresponding
signal copy for decoding.

However, for OFDM systems, the channel behaviors of
different subcarriers are different due to dynamic channel
conditions and the frequency selective fading [11], [12].
Furthermore, the hardware imperfections exacerbate the dif-
ferences among subcarriers. To see this clearly, we conduct a
benchmark experiment and the detailed setup is introduced
in Section VI-A. Fig. 9(a) plots the phase shifts (φ1 and
φ2) in different subcarriers. For some subcarriers, φ1 is in

Algorithm 1 Adaptive Signal Copy Selection
Input:

The sets of φ1 and φ2 for all subcarriers and all symbols in
one packet, respectively, i.e., �1 = {φk

1[i]}, �2 = {φk
2[i]};

The good region of the phase shift Rgood;
Output:

The set of selected φ for all subcarriers and all symbols
in one packet, �select = {φk

select[i]};
1: for i = 1 to packet_length do
2: for k = 1 to number_of_subcarrier do
3: if φk

1[i] ∈ Rgood then
4: φk

select[i] = φk
1[i];

5: else
6: φk

select[i] = φk
2[i];

7: end if
8: end for
9: end for

10: return �select

good regions, while for other subcarriers, φ2 is in good
regions. Furthermore, we randomly select two subcarriers (i.e.,
subcarrier −24 and subcarrier 3) and plot φ1 and φ2 for these
two specific subcarriers under different time index (represented
by the symbol index) as shown in Fig. 9(b). We observe
that even for the same subcarrier, both φ1 and φ2 are not
stable and vary with time. These experimental results reveal
that the phase shifts not only vary with subcarriers but also
with time. Therefore, using a fixed metric for all subcarri-
ers at any given time, like prior work [31], [28] will result
in a poor decoding performance. In contrast, in our design,
the receiver decides which phase shift is in the good region
for every subcarrier at any given time, and eventually selects
the corresponding signal copies for decoding signals across
different subcarriers. We summarize the adaptive signal copy
selection in Algorithm 1. SigMix requires a traversal procedure
of the packets to complete the adaptive signal copy selection.
Fortunately, the procedure can be piggybacked to the signal
decoding component, and the overhead of this traversal pro-
cedure is linearly increased and limited by the packet length.
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Note that the two signal copies in SigMix share the same
probability to be selected by the receiver, as the initial phase
shift plays a critical role in making the signal copy located in
a good region or a bad region, and the initial phase shift is
random in low-cost IoT devices [33], [51].

V. PRACTICAL ISSUES

Decoding the superimposed signals demands a high syn-
chronization accuracy, i.e., time synchronization, frequency
synchronization, and phase synchronization [8]. However, in
practice, the hardware imperfections of IoT devices will cause
more challenges to achieve the required synchronization level.

Time Synchronization: To decode a superimposed signal,
symbol-level time synchronization is needed [8], [9], [21].
For example, in Wi-Fi systems, time synchronization accuracy
should be no larger than 2 ms. Recent work can achieve symbol-
level synchronization for IoT devices. For example, a 300-ns
accuracy for outdoor can be achieved by GPS clocks [52]
and a below 200-ns accuracy for indoor can be achieved by
Wi-Fi routers [53], [54]. In this article, for simplicity, we
use a commercial clock which has a comparable performance
with the mentioned solutions to achieve the required time
synchronization. We provide more details in Section VI.

Frequency Synchronization and Phase Synchronization:
Typically, losing frequency or phase synchronization mainly
means that the signal has offsets [55], [56]. In particular,
using a single-source signal as an example, three offsets exist
when the oscillators of the transmitter and receiver keep drift-
ing away from their clock at different speeds. Specifically,
the CFO appears when downconverting signal from the car-
rier to the baseband, and the SFO happens when convert the
analog signal into the digital one. Also, due to the limited
processing ability of the hardware, the STO occurs when the
receiver wrongly identifies the starting point of the signal.
Note that CFO means losing the frequency synchronization,
while SFO and STO mean losing the phase synchronization.
Compensating these offsets has been well studied for the sin-
gle source signal [57]. However, for superimposed signals,
the traditional solutions cannot be applied any more. This
is because applying a single compensation to different signal
sources simultaneously will lead to a high decoding error rate.

To solve the above problem, intuitively, we can capture the
offsets first and compensate the offsets with an average value
to all the signal sources [9], [21]. However, the underlying
assumption is that the transmitters should share exactly the
same offsets, which maybe impractical for heterogeneous IoT
devices. This is because each transmitter carries offsets with
obvious different values. In contrast to the average compen-
sation scheme, a promising solution is to dynamically decode
the superimposed signal with the offsets [10]. In detail, instead
of compensating the offsets on the superimposed signal, all
the offsets can be reflected in the channel coefficients. By
doing so, the receiver can directly decode the signal from dif-
ferent transmitters. Accordingly, SigMix addresses the offsets
problem by leveraging the dynamic decoding to satisfy the
requirements of the frequency and phase synchronization.

The above-mentioned scheme needs time-domain orthog-
onal preambles to accurately capture the offsets in the first
place. Although this orthogonality would bring extra overhead,

Fig. 10. Hardware in SigMix.

the overall preambles only cause less than 2% extra overhead
of a single transmission given a standard Wi-Fi packet [46],
which is accessible considering the improved throughput
shown in Section VI. Moreover, the orthogonal preambles in
the time domain [46] or the code domain [7] have been widely
used in the concurrent transmission schemes to accurately
capture the offsets and channel variations.

VI. EVALUATION

A. Implementation

Hardware-Wise: We implement SigMix on a software-
defined radio platform which consists of three universal
software radio peripheral (USRPs) embedded with XCVR2450
daughter boards. Specifically, two USRP N210s connect to a
laptop through a Gigabit Ethernet router as two transmitters,
while one USRP N200 connects to another laptop through
Ethernet cable as the receiver. For the time synchronization,
each USRP that acts as a transmitter is connected to a central
clock (i.e., NI CDA-2990) via SMA cables. We employ an
HG2458RD-SM omnidirectional antenna with 3-dBi gain for
each USRP. To be easily extended to other standard protocols,
SigMix follows IEEE 802.11p standard, i.e., the 5.9-GHz car-
rier frequency and 10-MHz bandwidth. We control the SNR
of the received signal around 10–20 dB, which is a common
range in practice [58]. The hardware setup of SigMix is shown
in Fig. 10.

Software-Wise: SigMix is built upon a recent Wi-Fi project
programmed in GNU-radio [59]. Specifically, for SigMix
transmitters, we implement the proposed rotation code as
presented in Section IV-B. Each transmitter transmits two
copies of the signal with a total length of 1500 bytes payload
and a preamble, which follows the standard length of Wi-Fi
packets. For SigMix receiver, we implement the adaptive
decoding scheme as described in Section IV-C and compen-
sate CFO, STO, and SFO as introduced in Section V. To focus
on our design, we remove other schemes along with the Wi-Fi
protocol for simplicity, such as scrambling, interleaving, chan-
nel coding, etc. The program is running on laptops operating
on Ubuntu 16.04, and each laptop processes the data streams
coming from the USRP. Note that processing the data stream
by other low-cost boards, e.g., Raspberry Pi, is also feasible,
as the GNU-radio is compatible to these platforms [60], [61].

Metrics: We use the following four metrics for the evalua-
tion: 1) BER: The percentage of bits in error; here, the BER
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Fig. 11. Overall performance. (a) Deployment layout. (b) BER analysis for different links. (c) Number of retransmissions. (d) BER comparison. (e) BDR.
(f) Throughput gain.

refers to the raw BER without considering the channel coding;
2) BER Decline Ratio (BDR): Defined as the ratio of BER in
the existing scheme to BER in SigMix; 3) Throughput Gain:
The ratio of throughput in SigMix to throughput in the exist-
ing scheme, while keeping the traffic pattern constant; and
4) Delay Distribution: The number of retransmissions until the
packet is successfully received. Note that both BER and BDR
are related to the reliability, while throughput gain and delay
distribution refer to the efficiency and delay of the system
performance, respectively.

We evaluate SigMix in comparison with the state-of-the-art
PNC and NOMA schemes.

1) Traditional PNC (T-PNC): We denote the traditional
PNC scheme as T-PNC, which utilizes the bene-
fit of superimposed signals for bidirectional relay
networks [9], [21]. To be fair, we enable T-PNC to
decode the superimposed signal at the relay node
directly and leave the offset compensation unchanged.
T-PNC only compensates an average CFO, while it
does not consider other offsets or the rotation code.
Consequently, it may not perform well in practical
scenarios.

2) PhyCode: PhyCode [10] is a new type of NOMA with-
out power control, where the superimposed signal can
be decoded directly at the receiver. In contrast to T-PNC,
PhyCode addresses CFO, SFO, and STO as well. But it
assumes that the constellation points are distinguishable.
So, it decodes the superimposed signal without consid-
ering the rotation code to increase the diversity gain.
Note that the relay node in T-PNC and the receiver in

PhyCode is the same node which receives superimposed
signals from concurrent transmitters.

Methodology: Our goal is to evaluate the performance of
SigMix for decoding the superimposed signal across differ-
ent scenarios. First, we evaluate SigMix in indoor dynamic
environments with rich multipath effects. Specifically, we con-
duct the experiments in an office building and we randomly
select seven regions, including both line-of-sight and non-line-
of-sight scenarios, as shown in Fig. 11(a). For each region, we
deploy two transmitters and one receiver. The distance between
the transmitters and receiver varies from 1 to 10 m. To guaran-
tee independent channels, we keep the distance between two
transmitters no less than 20 cm which is much larger than the
signal wavelength (i.e., 5.1 cm for the 5.9-GHz wireless sig-
nal). For deployment simplicity, i.e., a shorter cable length, we
set the distance between two transmitters as 20 and 30 cm in
the following experiments. Note that we also conducted exper-
iments with larger distances, say 3 m, and there is no obvious
difference. This is because the larger distance only results in a
longer propagation delay, around tens of nanoseconds, and it
can be addressed by SigMix as detailed in Section V. To mimic
IoT traffic with periodic data, the transmitter transmits one
packet per second. For each region, the experiment lasts for
one hour (i.e., 3600 rounds of concurrent transmissions) and
the total experiment lasts for 7 h. During the experiments, peo-
ple in the building either sit in their desk space or walk around
the corridors as usual, which contributes to a dynamic indoor
environment [62], [63]. Second, to focus on the influence of
SNR and avoid the environmental noise, we deploy SigMix
in an anechoic chamber. The SNR is adjusted by changing
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TABLE II
COMPARISON OF BER

the transmission power. For each SNR setting, the experiment
lasts for one hour. Finally, we evaluate SigMix under outdoor
mobile scenarios. Specifically, we deploy the transmitters and
the receiver in two vehicles. The two vehicles are driven along
a ring road in a city.

B. Overall Performance

We compare the decoding performance of T-PNC, PhyCode,
and the proposed SigMix under the indoor deployment.

BER and BDR: As shown in Table II, we summarize
the average BER from all seven regions for each scheme.
Obviously, the BER of T-PNC is much higher since it does
not address CFO, SFO, and STO very well, especially in the
presence of low-cost IoT devices that have high and hetero-
geneous offsets. Compared with T-PNC, PhyCode achieves
a lower BER as it solves the offset problem. The BER of
SigMix is significantly lower when compared with T-PNC and
PhyCode, since it not only addresses the offsets well but also
leverages the rotation code and the diversity gain to further
reduce the BER. In the following comparisons, we only show
the results of PhyCode and SigMix because both solutions deal
with the offset problem elegantly.

Fig. 11(d) plots the CDF of BER from all seven regions.
As we can see, SigMix has a median BER of 1.25 × 10−3,
outperforming PhyCode by 11.68×. In other words, SigMix
achieves a one-order lower BER. This is because SigMix uti-
lizes the rotation code and adaptive decoding scheme, making
it more robust against dynamic channel conditions and hard-
ware imperfections. To see the improvement clearly, Fig. 11(e)
shows the CDF of the BDR. Furthermore, Fig. 11(b) illus-
trates the BER analysis of each deployed region. As we can
see, the SNRs of the two signals, S1 and S2, vary in different
deployed regions due to the different environmental noises and
layouts. In all the seven deployed regions, the BER of SigMix
outperforms PhyCode and the corresponding BDR is 9.91 on
average. It is worth noting that in region G, the BER of SigMix
slightly increases and close to that of PhyCode. This is because
there are more environmental noises in region G, making the
cluster of a constellation point more sparse.

Throughput Gain: We perform the trace-driven simulations
to investigate the throughput gain of SigMix. Specifically, we
record the bit error information of 25 000 packets from USRP
testbed for each scheme. For each transmitter, we emulate
25 000 packets applying the CRC-32 algorithm and convo-
lutional codes with 1/2 code rates (common settings in Wi-Fi)
in MATLAB. Then, we use the recorded bit error information
as the physical-layer decoding results. By using the Viterbi
decoding and checking the CRC, we can obtain the packet
loss results. The throughput gain is calculated according to
the packet loss results of SigMix and PhyCode. As shown
in Fig. 11(f), the median throughput gain of SigMix is 1.25,
which indicates a high efficiency of the system.

Number of Retransmissions: Similar to the throughput gain,
we perform the trace-driven simulations to compare the delay
distribution of SigMix and PhyCode. We calculate the number
of retransmissions of both schemes based on their packet loss
results. Fig. 11(c) shows the number of retransmissions for
each lost packet till a success. As we can see, for all numbers
of retransmissions, the probability of SigMix is lower than
that of PhyCode, implying a lower delay of the transmission.
Specifically, the probability of retransmitting once and twice
of SigMix is 3.84× and 7.98× lower than that of PhyCode,
respectively. Note that the BER determines both the through-
put gain and the number of retransmissions and, thus, we only
show the BER analysis in the following comparisons.

C. Impact of the Signal SNR and the SNR ratio

Unlike traditional NOMA techniques (i.e., SIC) which
require a substantially different received power levels of the
two signals [6], [14], SigMix can perform well without power
control of the transmitters. To demonstrate that we evaluate
the influence both of the SNR and the SNR ratio of two
transmitted signals on the decoding performance. To avoid
environmental interference, we conduct the experiments in the
anechoic chamber shown in Fig. 12(a). First, for the evaluation
of the SNR influence, we manually tune the SNR of the two
transmitters from 5 to 15 dB. As shown in Fig. 12(b), SigMix
outperforms PhyCode under different SNRs. The BER of both
SigMix and PhyCode is reduced as the SNR increases. One
thing worth noting is that when the SNR is lower, the BDR
becomes smaller as well. The reason is that when the SNR is
under a lower level, the environmental noise plays a vital role
in distorting the signal, making the cluster of a constellation
point more sparse. Overall, with the typical SNR range [22]
(e.g., above 5 dB), the BDR of our scheme is high. Second,
for the evaluation of the SNR ratio influence, we keep the
SNR of one transmitter stable and change the other one grad-
ually. The SNR difference between two transmitters is within
5 dB to avoid a big signal strength gap. We show the compari-
son results in Fig. 12(c). SigMix outperforms PhyCode in any
given SNR ratio. More importantly, the BER is not changed
obviously by the SNR ratio, which reveals that SigMix is
robust to the SNR ratio.

D. Impact of the Packet Length

To evaluate the effect of packet length on the decoding
performance, we keep the SNR of two transmitters stable and
vary the packet length from 10 to 1500 bytes. This experiment
was conducted in an ordinary office. From Fig. 13, we observe
that SigMix always outperforms PhyCode for any given packet
length. The BER of SigMix becomes much smaller when we
reduce the packet length (e.g., the BER is 10−5 with a packet
length of 10 bytes). This is because, with the growth of the
packet length, the damage of residual offsets becomes more
obvious. But even with the longest packet length in our exper-
iment (i.e., following the Wi-Fi standard), SigMix can still
achieve a better BDR, and a considerable low BER result,
which verifies that SigMix compensates CFO, SFO, and STO
very well.
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Fig. 12. Performance under different SNRs and SNR ratios. (a) Setup in the chamber. (b) Impact of SNR. (c) Impact of SNR ratio.

Fig. 13. Performance of different packet lengths.

Fig. 14. W/ and W/O adaptive decoding scheme.

E. Impact of the Subcarriers’ Difference

To validate the effectiveness of the proposed adaptive decod-
ing scheme, we conducted the experiment in an ordinary office
with rich multipath. As we can see from Fig. 14, the aver-
age BER is higher and its variation is larger when without
applying the adaptive decoding scheme, even if we compensate
the offsets well and apply the rotation code. In contrast, after
applying the adaptive decoding scheme, the BER of SigMix
becomes lower, which demonstrates that SigMix can precisely
respond to the subcarriers’ difference to achieve high decoding
performance.

F. Outdoor Mobile Scenario

To evaluate the mobility on the decoding performance, we
deploy the transmitters and receiver in two vehicles and the
setup is shown in Fig. 15(a). During the road experiment, the
two vehicles are continuously driven along a ring road for ten

rounds [see Fig. 15(b)] with a maximum speed at 40 km/h.
As shown in Fig. 15(c), the SNRs of the two transmitters vary
from −10 to 20 dB due to the mobility effect. The median
SNRs of the two transmitters are 15.52 and 13.23 dB, respec-
tively. Fig. 16 illustrates the comparison of the BER. SigMix
has a median BER of 4.51×10−3 and a median BDR of 2.48,
outperforming PhyCode. Overall, SigMix can perform well in
the presence of mobility.

VII. DISCUSSION AND FUTURE WORK

This article introduces a practical solution for decoding the
superimposed signal in the presence of dynamic channel con-
ditions and hardware imperfections in the IoT systems. We
list some of our insights below for the discussion and future
research work.

Overhead: In SigMix, we transmit two copies of each signal
to achieve a high decoding performance, which appears to be
less efficient. However, the two-copy diversity transmissions
are desirable for the following reasons. First, many IoT trans-
mission schemes start the transmission by blindly sending the
same packet multiple times to achieve a desirable BER [64]–
[67]. Compared to them, transmitting two copies within one
transmission reduces the delay and does not occupy more
bandwidth. Second, compared with the past work that relied
on retransmission to decode superimposed signals [9], [34],
SigMix consumes much less transmission power and has a low
overall communication latency, crucial to many time-sensitive
or real-time applications.

Modulation Schemes: In this article, we focus more on the
low-order modulation, i.e., two BPSK modulated concurrent
signals. The advanced modulation scheme for superimposed
signals [29], [35], e.g., 16-QAM or 64-QAM, can offer a
higher throughput gain, but it also requires a strict signal
strength control. However, the dynamic channel conditions and
hardware imperfections make the signal strength control much
challenging in IoT scenarios. Therefore, how to balance the
modulation scheme and the varying signal strength needs to
be investigated in future studies. Moreover, compared to many
low-data rate technologies in IoT, e.g., RFID, LoRa, ZigBee,
etc., SigMix can offer a much higher data rate by leveraging
the wideband technology, i.e., OFDM. To this end, by using
the low-order modulation alone, the data rate of SigMix is
sufficient to be applied to many IoT applications.
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Fig. 15. Outdoor Setup. (a) Setup for vehicles. (b) Road experiments. (c) SNR.

Fig. 16. Performance in vehicles.

Soft-Value Decoding: In SigMix, we select one copy whose
phase shift is in the good regions to decode the superimposed
signal. To further utilize the diversity gain of our scheme,
we can apply many soft-value combining schemes to further
reduce the BER [68], [69] under strong environmental noise.
Specifically, two copies can be utilized together based on their
soft values to decode the superimpose signal. We leave this
part of work as one of our future works.

MAC-Layer Design and Other Coding Schemes: So far, the
implementation of SigMix is focused on the physical layer.
To further boost the performance and expand the applications
of our system, more research on how to apply sophisticated
channel coding and MAC-layer protocols to our system is
needed. With the newly proposed testbed [70], we can fur-
ther implement MAC-layer protocols and we leave this for
further work.

Scale to a Large Network: We implement SigMix in a two-
transmitter system. By leveraging a fine-designed orthogonal
preamble, e.g., code-domain orthogonal [7], and distributed
time clocks, e.g., GPS clocks, we can involve more transmit-
ters to transmit signal concurrently and decode the superim-
posed signal. Moreover, involving more antennas with more
RF chains can also enable us to utilize the spatial spectrum
resource. This will be an important future research issue.

VIII. CONCLUSION

This article presented SigMix, a practical solution to decode
the superimposed signal in the presence of dynamic chan-
nel conditions and hardware imperfections in IoT systems.
We demonstrated the effectiveness of our design through the

Fig. 17. Two-step partition method for case 1. (a) Origin. (b) Step 1.
(c) Step 2.

implementation on a software-defined radio platform. SigMix
is promising toward addressing the grand challenge of IoT
applications, such as the spectrum efficiency, delay, and relia-
bility, achieving an 11.68× improvement in the median BER
compared to the state-of-the-art.

APPENDIX A
BER EXPRESSION IN CASE 1

Under the condition that |H1| ≥ |H2| and 0 ≤ φ ≤ (π/2),
we can further divide this condition into three cases based on
the phase shift φ as follows [47]:⎧⎪⎨

⎪⎩
Case 1: cos φ >

|H1|
2|H2|

Case 2: |H2|
2|H1| ≤ cos φ ≤ |H1|

2|H2|
Case 3: cos φ <

|H2|
2|H1| .

(9)

Given each case, the boundaries of decision regions are
now fixed in Craig’s polar coordinate. So, we can calculate
P(A2|A3) for the three cases, separately.

To divide the decision regions properly, let us start from
case 1. As shown in Fig. 17, to calculate P(A2|A3), we design
a two-step partition method. In the first step, as shown in
Fig. 17(b), we extend the boundary between regions A2 and A3.
By doing so, we can obtain a new region in the constellation
map, i.e., region ρ. In the second step, as shown in Fig. 17(c),
we connect the location of 10 to the two intersections (i.e.,
point M and point N) and extend these two lines. Then, we
obtain regions ρ1, ρ2, ρ3, and ρ4, respectively. Obviously, each
region ρi is a unit shape. The region ρ contains five regions,
including region A2, regions ρ1, ρ2, ρ3, and ρ4. Therefore, we
have

P(A2|A3) = P(ρ|A3) −
4∑

i=1

P(ρi|A3) (10)
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Fig. 18. Zoom in to region ρ1.

where P(ρ|A3) can be calculated by [50]. Next, we can directly
apply Craig’s analytical model to calculate P(ρi|A3) since each
region ρi is a unit shape. Here, taking P(ρ1|A3) as an example
(see Fig. 18), we have

P(ρ1|A3) = 1

2π

∫ ω1

0
exp

(
−R1

2(θ)

2σ 2

)
dθ (11)

where R1
2(θ) and ω1 can be calculated based on the analytic

geometry [47], i.e., R1
2(θ) = ([(|H1|−2|H2| cos φ)2]/[ sin2 θ ])

and ω1 = π/2 − α − φ. Here, α = arctan [(|H1| −
|H2| cos φ)/(|H2| sin φ)].

Similar to the calculation of P(ρ1|A3), we can calculate
P(ρi|A3), i = 2, 3, 4 in the same way. Specifically, we first
derive the expressions of Ri

2(θ), i = 2, 3, 4 based on simple
analytic geometry, and then we can obtain the expression of
P(ρi|A3) based on (3) as follows:⎧⎪⎪⎪⎨

⎪⎪⎪⎩

P(ρ2|A3) = 1
2π

∫ ω2
0 exp

[
−|H1|2−2|H1||H2| cos φ+|H2|2

2σ 2 sin2 θ

]
dθ

P(ρ3|A3) = 1
2π

∫ ω3
0 exp

[
− (2|H1| cos φ−|H2|)2

2σ 2 sin2 θ

]
dθ

P(ρ4|A3) = 1
2π

∫ ω4
0 exp

[
−|H1|2−2|H1||H2| cos φ+|H2|2

2σ 2 sin2 θ

]
dθ

(12)

where ωi can be also calculated using the analytic geometry
as follows:⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ω2 = arcsin

(
cos α

√
|H1|2−2|H1||H2| cos φ+|H2|2

|H2|
)

ω3 = α + 2 arccos

(
cos α

√
|H1|2−2|H1||H2| cos φ+|H2|2

|H2|
)

− π
2

ω4 = arcsin

(
cos α

√
|H1|2−2|H1||H2| cos φ+|H2|2

|H2|
)

.

(13)

So far we have calculated P(A2|A3) for case 1. By placing
(10) and (11) and combining the calculation results in [47]
and [50], we can derive the detailed expression of P for case 1.

Similarly, for cases 2 and 3, we can also divide all the
decision regions into several unit shapes and repeat the above
derivation process to calculate P(A2|A3). We show the partition
process and expressions in the following section.

APPENDIX B
REGION PARTITION FOR CASE 2 AND CASE 3

For case 2, we also use the proposed two-step partition
method to divide the decision regions into several unit shapes.

Fig. 19. Region partition for case 2. (a) Origin. (b) Step 1. (c) Step 2.

Fig. 20. Region partition for case 3. (a) Origin. (b) Step 1. (c) Step 2.

As shown in Fig. 19(b) and (c), region ρ contains four regions,
including regions A2, ρ2, ρ3, and ρ4. We denote the overlapped
region between A2 and ρ2 as ρ1. So, we have

P(A2|A3) = P(ρ|A3) − P(ρ2|A3) − P(ρ3|A3)

− P(ρ4|A3) + P(ρ1|A3). (14)

From Fig. 19(c), we note that only the shape of region
ρ1 has been changed compared with case 1 [see Fig. 17(c)].
Therefore, for case 2, we only need to update P(ρ1|A3) as
follows, while other items are the same with that of case 1

P(ρ1|A3) = 1

2π

∫ ω1

0
exp

[
− (|H1| − 2|H2| cos φ)2

2σ 2 sin2 θ

]
dθ (15)

where ω1 is updated as ω1 = α + φ − (π/2).
Similarly, for case 3, the region partition is shown in Fig. 20.

Obviously, region ρ contains three regions, including regions
A2, ρ2, and ρ4. We denote the overlapped region between ρ2
and A2 as ρ1, while the overlapped region between ρ4 and A2
as ρ3. So, we have

P(A2|A3) = P(ρ|A3) − P(ρ2|A3) − P(ρ4|A3)

+ P(ρ1|A3) + P(ρ3|A3). (16)

From Fig. 20(c), we observe that only the shape of region
ρ3 has been changed compared with case 2 in Fig. 19(c).
Therefore, in (16), P(ρ|A3), P(ρ2|A3), and P(ρ4|A3) are the
same as that of both cases 1 and 2, while P(ρ1|A3) is the
same as that of case 2. So, for case 3, we only need to update
P(ρ3|A3) as

P(ρ3|A3) = 1

2π

∫ ω3

0
exp

[
− (|H2| − 2|H1| cos φ)2

2σ 2 sin2 θ

]
dθ (17)

where ω3 can be updated as

ω3 = π

2
− α − 2 arccos

×
⎛
⎝cos α

√
|H1|2 − 2|H1||H2| cos φ + |H2|2

|H2|

⎞
⎠. (18)
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