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SA.1 A periodic signal can be represented by the equation
10

Z(t) = Z Ay sin(wit + )
k=1
where the frequencies wy, amplitudes Ay, and phase angles ¢ are given in Table SA.1.

The signal is to be processed first by an ideal bandpass filter and then by a differentiator, as
shown in Fig. SA.1. The bandpass filter will pass frequencies in the range 4 < w < 6 rad/s
and reject all other frequencies and the differentiator will differentiate the signal with respect
to time.

(a) Obtain a time-domain representation for the signal at the outputs of the bandpass filter
and differentiator, i.e., at nodes B and C, respectively, in Fig. SA.1.

(b) Obtain a frequency-domain representation for the signal at the output of the bandpass
filter.

(¢) Obtain a frequency-domain representation for the signal at the output of the differentiator.

A . B . . C
o—— Bandpass Filter Differentiator ~|——o

Figure SA.1

Table SA.1 Frequency Spectrum

k | wg, rad/s A bk

1 1 0.3819 | —0.3478
2 2 0.3614 0.8222
3 3 0.8575 2.3502
4 4 0.0629 | —0.3292
5 5 0.1342 | —0.1693
6 6 0.8648 0.6648
7 7 0.5155 | —2.4473
8 8 0.6797 1.7780
9 9 0.7001 | —1.5824
10 10 0.3 1.1
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Solution
(a) Node B:
6
xzp(t) = Z Apsin(wit +¢) ®
k=4
Node C:
d [ Ny
ro(t) = 7 Z Apsin(wit + ¢r) | = Z pn [Ag sin(wit + ér)]
k=4 k=4
6

6
= Z WkAk cos(wkt —+ ¢k) = Z WkAk sin(wkt + ¢k + 71'/2) u
k=4 k=4

(b) The amplitude and phase spectrums at Node B are given in Table SA.2 and are plotted
in Fig. SA.2. ™

Table SA.2 Frequency Spectrum at Node B

k | wg, rad/s Ap b
4 4 0.0629 | —0.3292
5 5 0.1342 | —0.1693
6 6 0.8648 0.6648
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Figure SA.2

(¢) Similarly, the amplitude and phase spectrums for Node C are given in Table SA.3 and
are plotted in Fig. SA.3. ®

Table SA.3 Frequency Spectrum at Node C
k | wg, rad/s Ay br

4 4 0.2516 | 1.2416
5 ) 0.6710 | 1.4015
6 6 5.1888 | 2.2356
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Figure SA.3

SA.2 A periodic signal defined by

oo

(t) = Z z(t + r70)

T=—00

where x(t) is zero outside the range —719/2 <t < 79/2 has a Fourier series of the form

(oo}
(t) = Z X, edkwot for —719/2 <t < 79/2

k=—o0

where
1 7'0/2 )
X, = —/ x(t)e Ikwot gt

70 —70/2

(a) Assuming that z(t) is an even function, show that

2 T0 /2
Xp=— / x(t) cos kwot dt
T0 0
Justify your steps.

(b) The periodic signal of Fig. SA.4 is described by the equation

coswot/2 for —19/4 <t < 719/4
a(t) = :
0 otherwise

where wy = 2m/79. Using the formula in part (a), obtain an expression for the Fourier
series coefficients X,.

(¢) Give expressions for the amplitude and phase spectrums of Z(¢).
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x(1)

cos(wt/2)

TO E
2 2
i) 70
4 4
Figure SA.4
Solution

(a) From the definition of the Fourier series

1 T0/2 .
Xy = — x(t)e IR0t gy
To J—10/2

1 T0/2
= — / x(t)(cos kwot — j sin kwot) dt
TO 77‘0/2
1

7—0/2 1 T0/2
= — / x(t) cos kwot dt — j— x(t) sin kwot dt
70 J—70/2 70 J—70/2

0 To/2
= — / x(t) coskwotdt+/ x(t) cos kwot dt
0

—_

TO 77’0/2

1 0 T0/2
- / x(t) sin kwot dt + / 2(t) sin kwot dt
0

TO 77’0/2

If 2(t) is even, then z(t) cos kwot is an even function and z(t) sin kwyt is an odd function.
Hence
0 70/2
/ x(t) cos kwot dt = / x(t) cos kwot dt
—7'0/2 0
and
0 To/2
/ x(t) sin kwot dt = — / 2(t) sin kwot dt
77’0/2 0

Therefore
2 T()/2
X = —/ x(t) cos kwot dt ™
T0 0
(b) The given signal is symmetrical about the y axis and, therefore, it is an even function.
Hence we have

2 70/2
Xp = — x(t) cos kwot dt
T0 0
2 70/4 2 70/4
= — cos(wot/2) cos(kwot) dt = —/ cos(kwot) cos(wot/2) dt
To Jo 70 Jo

From trigonometry, we have

cos Acos B = %[cos(A + B) + cos(A — B)]
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and, therefore,

T0/4
Xy = % 0 %[COS(kWot + wot/2) + cos(kwot — wot/2)] dt
0
70/4
= Ti cos [(k+ 1) wot] +cos [(k— 1) wot] dt
0.Jo
1 |sin [(k + %) wot] sin [(k — %) wot] T0/4
= T0 (k’"‘%)(ﬂo (k‘—%)wo o
1 Sin[(k+% %-%}+sin[k7%)%.21}
S| % =D %
_ [l ] e[k D]
2 B R

(¢) The amplitude and phase spectrums of Z(t) are the magnitude and angle of Xy, i.e., | Xk|
and arg Xj. Since Xj is real, the angle of X is 0 or m depending on whether X is
positive or negative. ®

SA.3 A z transform is given by
(Z2+1)(z+1)
(224+2—-2)(z—3)

(a) Construct the zero-pole plot of X (z).

X(z) =

(b) Function X (z) is known to have as many Laurent series as there are annuli of convergence
but only one of these series is a z transform that satisfies the absolute convergence theorem
(Theorem 3.1). Identify the annulus of convergence of that series on the zero-pole plot
obtained in part (a).

(¢) Through the use of partial fractions obtain a closed-form expression for z(nT) = Z71X(z).

Solution

(a) X(z) can be expressed as
_ (z24+1)(z+1)
(224 2-2)(2-3)

(z+4)z—J)z+1)
(z=1)(z4+2)(z — 3)

Hence X (z) has zeros at z = +j, — 1 and poles at z =1, — 2, 3. The zero-pole plot is
depicted in Fig. SA.5. ®

(b) The correct annulus is the outer annulus which can be represented by
3< |zl <R where R—oc0 H

See Fig. SA.5.

(¢) Using Technique I, we can write

XG) (Rt
z z2(z=1)(z+2)(z — 3)
Ry Ry Ry Rs

0 A
z+z—1+z+2+z—3 (A)

Since the poles are simple, we have

R — lim (Z2+1)(z+1) 1 1
0750 (z—1)(z+2)(2—3) (-1)x2x(=3) 6
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Figure SA.5
_ (Z2+1)(z+1) 2% 2 2
B ibniz(,z+2)(z—3) T 1x3x(-2) 3
R — (224+1)(2+1) 5x (—1) 1
27 00 2(z=1)(z2—3) (-2)x(-3)x(-=5) 6

2
R3:1im(z +D(E+1) _ 10x4 4
z=32(z—1)(2+2) 3x2x5 3

From Eq. (SA.1), we can write
Rlz RQZ R3z

X =R
(2) O_'_z—ldl—z—l-2+z—3
1 %z %z %z

:6_2—1+z+2+z—3

Therefore, for n > 0, the use of Table 3.2 gives

z(nT) = £6(nT) — 2u(nT) + tu(nT)(—2)" + ju(nT)(3)"
= 5(nT)+unD) -2+ :(-2)"+4(3)"] =

Since the numerator degree of X(z) is equal to the denominator degree, it follows from
the corollary of the initial-value theorem (Theorem 3.8) that x(nT) = 0 for n < 0, i.e.,
the above solution applies for all values of n.

An alternative but equivalent solution can be readily obtained by using Technique II (see
p. 115) whereby we expand X (z) instead of X (z)/z into partial fractions. We can write

22+ 1)(z+1)
(z—1)(z+2)(z—3)
R Ry R

R
0+z—1+z—|—2+z—3

X(z) =
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where (2 \( ) 5
24+ 1)(z+1 z
Ro=lim oG9 ~ 402
. (Z2+D(z+1) 2x2 2
:1 = = ——
o=l =8 “3x(—2) 3
Thus
2 -
Ry — lim (= +1)(z+1): 5x (—1) _ 1
z>-2 (z—1)(z —3) (=3) x (=5) 3
2
Rg,:lim(z +1)(z+1):10><4:
z=3 (z—1)(z+2) 2x5
Thus
2 1
5 3 4
X(z)=1-—2--_2
() z—1 z—|—2+z—3

and for n > 0, we have

z(nT) = 6(nT) — 2u(nT — T) — tu(nT — T)(—=2)""" + du(nT — T)(3)" "

= 6(nT) +u(nT —T)[=5 - 5(=2)" " +4@3)*7"] =
SA.4 (a) Find the z transform of the following discrete-time signal

0 forn<0
z(nT)=4¢1 for0<n<5
1+ (n—=5T forn>5

(b) The z transform of a discrete-time signal 2:(nT) is given by

_2(322 —2z2+1)
X(z) = (22+1)(z—-1)

Using the initial-value theorem (Theorem 3.8), show that x(nT) = 0 for n < 0. Then
find x(nT') for n > 0 using the general inversion formula

1
z(nT) = 3 FX(z)z"_1 dz.

Solution
(a) The signal can be expressed as
z(nT) = u(nT) + r(nT — 5T)
Hence

Zzx(nT) = Zu(nT) + Zr(nT — 5T)
= Zu(nT) + 2z~ °Zr(nT)
z Tz4

z—1 (2—1)2
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(b) The first nonzero value of z(nT') occurs at KT = (N — M )T where N is the denominator
degree and M in the numerator degree in X(z). Since N = M = 3, we have K =0, i.e.,
the signal starts at K'T'= 0. Hence for n < 0, we have

z(nT)=0 *®
For n > 0, we can write
M
T) =) Res [X(z)z"!
x(nT) Z z:ezi: (2)z ]

B Z%es 2(322 =2z + 1)z 7!
S (24 1)(2-1)

B ifﬁes (322 — 2z +1)z"
—=p (2= j)(z+)(z = 1)
R R; R
R T L B (B)

z—j z4+3 z-1

where M is the number of poles and R} is the complex conjugate of Ry since the pole at
z = j = e/™/? is the complex conjugate of the pole at z = —j = e~77/2. Since the poles
are simple, we have

(322 — 22+ 1)z
F=NEFNE-1)
(322 =224 1)2"  (=3—2j+1)j"

Ry = lim (Z_j)(

z—]

= 111m =

=i (z+7)(z—1) 2j(j — 1)
_ -2 — 2] _ ]n _ ejnfr/?

—2-2j

and ( ) )
3z°—2z+1)z" 2
Ry =1 =-=1

2 zl—% (22+1) 2

Therefore, from Eq. (SA.2), we can write

z(nT) = u(nT)e’™™/? 4 u(nT)e "/ 4 u(nT)
= u(nT)(2cosnt/2+1) W

SA.5 An initially relaxed discrete-time system can be represented by the equation
y(nT) = Ra(nT) = 2.52(nT) + |* T2 | p(nT — T) + x(nT — 2T)
By using appropriate tests, check the system for
(a) linearity,

(b) time invariance, and

(¢) causality.

Solution
(a) Linearity

Rlaz: (nT) + Baa(nT)] = 2.5[ax:(nT) + Baa(nT)] + |* 1 T+2T | [agy (nT — T)
+B8zo(nT — T)] + [ax1(nT — 2T) + Bre(nT — 2T)]
a[2.521 (nT) + |1 TH2D g (0T — T) 4 x1(nT — 27T)]
+B[2.522(nT) + 2 TH2D) |2 (nT — T) 4 2o (nT — 27T)]
= aRz1(nT) + fRxo(nT)

Therefore, the system is linear.
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Time invariance
The response to a delayed excitation is

Rax(nT — kT) = 2.52(nT — kT) + |* 1 TH2D) |p(nT — kT — T) + x(nT — kT — 27T)

The delayed response is

y(nT — kT) = 2.5z(nT — kT) + |2 T=FTH2D) (0T — KT — T) 4 x(nT — kT — 2T)

For any k # 0, we have
|6O.1nT+2T| 7& |60‘1(ankT+2T)|

Thus
y(nT — kT) # Rx(nT — kT)

and, therefore, the system is time dependent. ®

Let z1(nT) and xo(nT) be arbitrary discrete-time signals such that

x1(nT) = zo(nT) forn <k
x1(nT) # xo(nT) for n >k

We have

Rax1(nT) = 2.5z, (nT) + |* 1 T+H2D) |3 (0T — T) 4 21 (nT — 27T)

and
Ray(nT) = 2.529(nT) + |* 1 TH2D) |5y (0T — T) 4 zo(nT — 27T)
Since
x1(nT) = xo(nT) forn <k
then
x1(nT =T)=xzo(nT —T) forn <k
and

x1(nT = 2T) = xo(nT — 2T) forn <k

(©)

(D)

Hence the right-hand side in Eq. (SA.3) is equal to the right-hand side in Eq. (SA.4) for

n < k and thus
Rx1(nT) = RaanT) forn <k

Therefore, the filter is causal. ®

Derive a state-space representation for the filter shown in Fig. SA.6.

Using the state-space representation obtained in part (a), compute the impulse response

of the filter at nT = 5T.

@

2
x(nT) o CI-\ ' é

Figure SA.6

o y(nT)
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Figure SA.7

Solution

(a)

State variables can be assigned as shown in Fig. SA.7. Hence we can write

q(nT+T) = z(nT)—0.4¢:(nT)
@nT+T) = 2¢(nT +T)+ 3¢ (nT) — 0.6¢2(nT)

On eliminating ¢ (nT + T') in Eq. (SA.6) using Eq. (SA.5), we get

G(nT+T) = 2x(nT)—0.8¢:1(nT)+ 3¢ (nT) — 0.6¢2(nT)
= 2.2¢q;(nT) — 0.6g2(nT) + 2x(nT)

From Egs. (SA.5) and (SA.7)

B;Egig] - {_2(.)54 8.6} {Z;EZ;H + B] 2(nT)

The output is given by
y(nT) = 4q2(nT + T) + 5q2(nT)

and from Egs. (SA.6) and (SA.9), we have

y(nT) = 4x22q(nT)—4 x 0.6g2(nT) + 4 x 2x(nT) + 5g2(nT)
= 8.8¢1(nT) + 2.6g2(nT) + 8x(nT)

= [8.8 2.6] B;EZQ} + 8x(nT)

Therefore, Eqgs. (SA.8) and (SA.10) can be written as

anT +T) = Aq(nT) + bz(nT)
y(nT) = c'q(nT) = dz(nT)

A=[hs oo b=l

¢’ =88 26 d=g8 ®

where

The impulse response is given by
a1 forn=0
h(nT) =
(nT) {CTA"_lb otherwise

Forn=5

h(5T) = cTA'b = [8.8 2.6] [_2024 8.6]4 B]
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Since
04 01> [-04 0 ][-04 0] [016 00
22 —0.6| ~ |22 —06||22 —06]  [-2200.36
—04 01" [o016 00][016 00] _ [0.0256 0.0
22 —0.6| ~ [—-2.200.36] |~2.20 0.36] ~ |—1.144 0.1296
we get

h(5T) = [8.8 2.6] [0'0256 0.0 } {1 0.0256

= [ .
—1.144 0.1296 2} 88 2.6 [—0.8848] 20752

SA.7 Fig. SA.8 shows a recursive digital filter.

(a) Find its transfer function.

(b) By using the Jury-Marden stability criterion, determine whether the filter is stable or
unstable.

@

x(nT) YT

Figure SA.8

Solution
(a) From Fig. SA.8, we get
y(nT) = x(nT) — 3y(nT — T) — Ly(nT — 2T) — ty(nT — 3T) — Ly(nT —47)

Hence the z transform gives

Y(2) = X(2) = 5271V (2) = 5272V (2) = 327°Y (2) = 527Y (2)
or
Y(2)+ 227 (2) + 5272V (2) + 1278V (2) + L7V (2) = X(2)
and so
Y(z) _ 1
X(z) 1+ %z—l + %2—2 + iz—g 11,4
In effect,
N(z) A
H = p—
B =D T A S e ]
where

We note that

—2.283 >0 (Ka)

+3+3+i+:
3 1+l=0783>0 (Kb)

Wl ol
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(b) The Jury-Marden array can be constructed as shown in Table SA 4.
Table SA.4 The Jury-Marden array

bo b1 b2 b3 b4
1 1 1 1
1 1 2 3 i s
1 1 1 1
2 5 1 3 3 1
24 9 4 3
3| 35 2 5 30
4 2 4 92
20 15 20 25
5108991 0.392 0.1885

From Egs. (SA.11a) and (SA.11b) and Table SA.4, we have
D(1) >0 (=1D*D(-1)>0
1
bO = 1 > g = |b4|

A e
25~ 20 @
\do| = 0.8991 > 0.1885 = |dy|

|col

Therefore, conditions (i) to (iii) of the Jury-Marden stability criterion (see p. 220) are
satisfied and the filter is stable. ®

SA.8 The filter of Fig. SA.9 is subjected to an input

1 forn=0andn=1
z(nT) = )
0 otherwise
Find the time-domain response in closed form if m; = —% and mo = —%. The filter is linear
and time-invariant.
x(nT)

Figure SA.9

Solution
From Fig. SA.9

Y(2) = X(2) + 2271 X(2) + 272X (2) + myz 'Y (2) + maz Y (2)

Hence
Y(2)(1—miz7t —mpz™2) = (142271 + 273)X(2)
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or
(142271 +272)
Y(z2)= X
(2) (1 —=myz=t —mgoz—2) (2)
Therefore,
Y(2) 22 +224+1 2+2241 22 4+22+1

=H(z) = =

Fomi—m 4+l DG

X(z)

The time-domain response can be obtained in a number of ways, as detailed below.
Method 1:

The input is the sum of two impulse functions, i.e.,
x(nT)=0(nT)+d(nT —T)

Hence
Rz(nT) = R[§(nT) + §(nT —T)]

Since the filter is linear, we have
Rx(nT) = RI(nT) + Ré(nT —T)
and if A(nT) is the impulse response, i.e.,
h(nT) = Ré(nT)
then by virtue of the fact that the filter is time-invariant, we get
y(nT) = h(nT) + h(nT —T)

In effect, all we have to do is find the impulse response. Expanding H(z)/z into partial fractions
gives

H(Z) 22 +2z+1 R Ry Ry
z :z(z—i—l)(z—&—l):7+z—|—l+z—i—l
2 1 2 1
where
2242241 1
R =——7F+—F7—< = =8
(z+3) e+ 1) im0 33
22 4+22+41 3-2+1 i
Ry = 1 s e A A R WA A
z(2+7) a=—1 (=2) (-3+1) (=3)(-37)
R_22+2z—|—1 o E-241 LA+ L 9
g == = — — — _
2(z+3) l=r (2 (-1+3) -
ie.,
RQZ RgZ
H =
(2) Rl+z+%+z+i
and
h(nT) = R16(nT) + [Ro (—3)" + Rs (—3)"] u(nT)
=85(nT)+ [2(-2)" —9(-1)"] w(nT)
Now
y(nT) = h(nT) + h(nT — T)
Hence

y(nT) = 8[06(nT) + 6(nT — T)] + [2(=1)" =9 (=1)"] w(nT)
+ 29" =9 (=Y uter 1)
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Method 2
Since

z(nT) =0(nT)+dé(nT —1T)
the z transform gives

1
X(,z)zl—l—z_lzi

Hence
(22 +22+1) ><(z—l—l)
(z+3) (¢ +13) z

Expanding H(z)X (z) into partial fractions, gives

Y(2) =H(2)X(z) =

R R R
H(z)X(z) =R + — + — 4+ 4

where
R = li}m H(z)X(z)=1
R P42+ 1)(2+1) 1 _3
5 = = =
(+3)(z+3) Lo 3%
Ry = A2+ DELD _Go) s+ . 6
C+D: by CHHDED DD
R = EH2HDELD (e i+) i+ (Gt (3)
(z+3)z  l—s (-i+3) (-7) (3) (=3)
9 X 3 27
=t =7
16
Therefore,

n—1 1

y(nT) = Ri6(nT) + Red(nT —T) + Rgu(nT —T) (—3)
= 6(nT) +85(nT —T) +u(nT —T) (—%)"71 — 2Ty(nT - T) (=1)

+ Ryu(nT —T) (—i)n_
n—1 =

Method 3

The inverse of Y'(z) is obtained from first principles as

y(nT) = 3" Yo(2)

res

where
22422+ 1) (2 + 1)2"_1

1 1
2(2+3) (2 + 1)

However, watch out for pitfalls at the origin. In this case, we have a second-order pole at the
origin if n = 0, a first-order pole at the origin if n = 1, and no poles at the origin if n > 2.

Hence, we have to find y(0) and y(7T) individually and then proceed to y(nT) for n > 2. This
would make this method quite long.

Method 4

We can express Y (z) into partial fractions as

Yolz) = V(2)2" = H(2)X(2)2" " = ¢

224+ 224+1)(z+1 R Rsz Ryz
1 )( 1 ):R1+—2+ 32, faz
2(2+3) (2 +3) z  ztg 2ty

Y(z) = (
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where

2(22 422+ 1)(z+ 1) _1><1_8

2(z+3) (2 +3) Lo %3
z+1 (22 +22+1)(2+1)

Rs; = 1i 2 xY =
3= fm == Y(z) 20+ 1)

Ry = lilré 2Y (z) =

__1
=73

(O 290 (5D Goren@)

2
= = - =2
(=3)" (-5 +1) HED %
1 2
Ry — lim + 7 <Y (2) = (z +zz+1)1(z+1)
=i Z Z (Z + 5) z=—1x
_1)2 _1 _1
CLEDT2 D ) 2@ e
D (-1+d) 16 X 3 o1
Constant A can be obtained by noting that
53
lim Y(Z) =R+ R3s+ Ry = 3= 1
zZ=00 z
Thus
Ri=1-R3—Ry=1-(-2)—27=3-27T=-24
Hence 8 5 o7
z z
Y2)=-244 - — — + ——
(=2t - Tt T

Therefore,

y(nT) = —246(nT) + 85(nT — T) + [27 (—=3)" = 2(=2)" ] u(nT) ™
Method 5

One could expand Y (z)/z into partial fractions as

Y R R R R
Y@ B By, B | R
z z z z+§ z—l—z

However, this is essentially the same as method 4.
SA.9 A discrete-time system has a transfer function

22 +2
22 — (2rcosf)z + r?

H(z) =

(a) Find the unit-step response in closed form.

(b) Using MATLAB, D-Filter, or similar software, plot the unit-step response for » = 0.3 and
0 =m/4

(¢) Repeat part (b) for r = 0.6 and 6 = 7 /4.
(d) Repeat part (b) for r = 0.9 and 0 = /4.

(e) Compare the unit-step responses in parts (b) to (d).

Solution

(a) The z transform of the output of the system is given by

Y(z) = H(2)X(2) (L)
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where H(z) is the transfer function and X(z) is the z transform of the input. Since the
input is a unit step, we have

X(2) = Zu(nT) = —=

o (M)

Thus Egs. (SA.12) and (SA.13) give

22 +2 z 23+ 22

Y(z) = 22— (2rcosf)z+12 z—1 (z—1)[z2— (2rcosf)z + 12|

The general inversion formula gives

2=Pi

M
y(nT) = %jéY(z)z"_ldz = Ziﬁes Yo(z) (N)
i=1

where
(23 +22)2n1
(z —1)[22 — (2rcosO)z + r?]
(23 +22)2n 1
(z = 1)[z%2 —r(el? + e 39)z + r?]
(22 42)2"
(z —1)(z —rei?)(z — re=i9)

Yo(z2) = Y(2)2" ! =

and M = 3. The residues of Y5(z) can be obtained as follows:

(2% +2)2"
22 — (2rcosf)z 4+ r?

Ry lizri(z - 1)Ys(2) =

z=1

3
1— (2rcosf) +r?

2
. ; +2)z"
Ry = 1 i)Y (z) = — :
2 zzlglje(z re’”)Yo(2) (z—=1)(z—re=i%) | _ s

(r?es?0 + 2)pnein®  (p2ei?0 4 2)pn—leind
© (red® —1)(rei? —re=i%)  (rei? —1)2jsind
(r? cos 20 + 2 + jr? sin 20)r"—1ei?
(rcosf® — 1+ jrsinf)25siné
(12 cos 20 + 2 + jr?sin 20)rn—1ei?
[(rcos® — 1) + jrsin 0]2e77/2 sin 6
= Mei¢pn—1eint — pppn—1lei(nf+e) (P)

where

r2cos 20 + 2 + jr?sin 260
[j(rcosf —1) —rsinf]2siné
B (r2 cos 20 + 2)2 + (12 sin 26)2
| 4[(rcos @ — 1)2 4 (rsin)2] sin’ 0

M=

and

72 sin 260 _1 (rcosf —1)
—_  —tan —
72 cos20 + 2 —rsinf

72 sin 20 _, rsinf
—-———— —tan T —+——
r2cos 260 + 2 (rcosf —1)

¢ = tan~!
7

= tan~! - —

2

Similarly,
Rs = R; Q)
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since complex conjugate poles give complex conjugate residues. We note that there is no
additional pole at the origin when n = 0 and hence for n > 0 Eq. (SA.14) gives

y(nT) = Ry + Ry + Ry (R)
Since the numerator degree in Y (z) does not exceed the denominator degree, we have
y(nT) =0 for n <0
Therefore, for any n, Egs. (SA.15)—(SA.18) give

y(nT) = u(nT) [Rl + Myn—ledmo+e) 4 Mr"_le_j("9+¢)]
= u(nT) [Ry +2Mr" ' cos(nf +¢)] ™

(b—d) The step responses for the three cases are illustrated in Fig. SA.10a—c. ®

(e) On the basis of the step responses obtained, the system in part (b) is what they call
overdamped, the one in part (c) is critically damped, and the one in part (d) is referred to
as underdamped. ®

SA.10 A second-order digital filter has zeros z; = /™/3 and 2z, = e~7™/3 and poles p; = 0.5¢7™/* and
p2 = 0.5e7™/4 and its multiplier constant is 2.
(a) Obtain the transfer function of the filter.
(b) Obtain an expression for the gain.

(¢) Assuming that the sampling frequency is 2, calculate the gain at w =0, /4, 7/3, and
T.

Solution

(a) Since we have the zeros, poles, and multiplier constant of the filter, the transfer function
can be readily constructed as

H(z) = 20z — eI™3) (2 — e I™/3) 222 — (I3 4 e7I™/3) 2 + 1]
= (Z _ %ejﬂ—/z;)(z o %e—jﬂ-/zL) - 22 _ %(ejw/él + e*jﬂ‘/4) + %
222 —2(cosm/3)z+ 1] 2[2% — 24 1]

22— (cosm/d)z+1 22—§z+i

(b) The gain is given by

2[62ij _ eij + 1]

M(w) = [H(T)| = | = :
ej2wT _ ?eij + i

cos 2wT + jsin 2wWT — coswT — jsinwT + 1
cos 2wT + j sin 2wT — ‘[ 2 (coswT + jsinwT) +

_ 5 (cos 2wT — coswT 4 1)2 + (sin 2wT — sin (,uT)2
(cos 2wT — ‘f coswT + 1)% + (sin 2wT — ‘[ sinwT')?

(¢) Since ws = 27, we have 2nf; = 27 /T = 27. Hence T = 1 s. For the frequencies given,
the numerical values in Table SA.5 can be readily calculated.

Table SA.5

w | coswT | sinwT | cos2wT | sin2wT

0 1 0 1 0
s 2 2

| 2 2 0 1
™ 1 V3 _1 V3
3 2 2 2 2
T -1 0 1 0
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Step Response
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Figure SA.10
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Thus
1-1 +(0-0 2
M(0)=2\/( f+) +(0-0" = 75 = 36840 ®
(1-2+1)24(0-0)2 <
™ (0— 2 +1)2 4 (1 )2
M(Z):Q V2 V2, 12 3 o V2)2
(0= x5+ + 1 -%5 x%)
2—2)2+(2-2)2 2(2 — v/2)2
:2\/( \{) +2( V22 _ (12\[) —1.4890 ®
(A-1)2+1 (—3)2+
w(T) = (-3 -3+ D2+ (- )
NG R P (D)
o[ .
(1—24—\/5) 4+ ...
14+1+1)2 — 2x1
M(W):2(++)+(00): 32 x 16
1+ +1240-0) (4+2v2+1)2
2 4
_ 2X3X4 sgss m
4+2v2+1
SA.11 A digital filter characterized by the transfer function
2 _
H(z):2<z ﬁz—i—lz
22—72—’—1

19

and a practical D/A converter are connected in cascade as shown in Fig. SA.11a. The output
waveform of the D/A converter is of the form illustrated in Fig. S11b where 7 = 0.017 s and

T is the sampling period.

The sampling frequency is 27 rad/s.

(a) Obtain an expression for the gain of just the digital filter.

(b) Obtain an expression for the overall gain of the digital filter in cascade with the D/A

converter.

(¢) Calculate the gain of just the digital filter at w =0, 7/4, /3, and 7.

(d) Calculate the overall gain of the digital filter in cascade with the D/A converter at w =

0, /4, w/3, and 7.

(e) Sketch (i) the gain of just the digital filter and (ii) the overall gain of the digital filter
in cascade with the D/A converter, and explain the effect of the D/A converter on the

amplitude response.

Solution

(a) The gain is given by

M(w)

=2
\/(COS 2wT — fcosz—i— 1)% + (sin 20T — fsmwT)

= |H(T)| =

2[e2ij _ eij + 1]

V2wl 4 1
3 € + 7

ej2wT _

cos 2wT + j sin 2wT — coswT — jsinwT + 1
cos 2wT + jsin 20T — ‘f 2 (coswT + jsinwT) —|—

(cos 2wT — coswT 4 1)2 + (sin 2wT — sinwT)? -
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______________________________________

y(nT) Practical E

Digital " ~
X0 o ey y DA [ 30
: converter !
(@)
(0
y(kT)
—| T = t
kT
(b)
Figure SA.11
(b) The practical D/A converter has a gain
) sin(wt/2)
H, =T|————=
)] = 7|2 ©

where 7 = 0.017 and T = 27 /w, = 27/2m = 1 s (see Eq. (6.60) in textbook). Hence the
overall gain of the digital filter in cascade with the D/A converter is given by

My(w) = 2 (cos2wT — coswT + 1)2 + (sin 2wT — sinwT)? sian/Q‘
T\W) = )
(cos2wT — g coswT + 1)2 + (sin 2wT — g sinwT)? wr /2

(¢) Since ws = 27, we have 2rf; = 27 /T = 27. Hence T = 1 s. For the frequencies given,
the numerical values in Table SA.6 can be readily calculated.

Table SA.6

w | coswT | sinwT | cos2wT | sin2wT

0 1 0 1 0
™ V2 V2

| 7 5 0 1
T 1 V3 _1 V3
3 2 2 2 2
T -1 0 1 0
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Thus
M) = 2, [ LT IFEROZ07 2 g0 m
(1-2 412y -032 5272
M(E):Q (0= +1)° 4 (1 -9
VN Z iR 0 x )
_ g, [Ro VD2 V2P 22 V27 g0 m
- (L-1)2+1 - (—1)2 -
2 2
u(D) =2 (C3=3+ 12+ CF =)
¥ TN - E i (F - )
P P E R
M) = 2 (I+141)2+(0-0) _, 32 x 16
Q+2+ 124 0-0) (4+2v2+1)?
—M—30657 |
C4+2v24+1 T

(d) Since T = 1s, Eq. (SA.19) gives

\Hp(jw)| = 0.01T

sin(0.01Tw/2) B
0.01Tw/2 |

sin(0.01w/2)
0.01w/2
= p0.01

Hence the overall gain of the digital filter in cascade with the D/A converter is obtained
from the above numerical values as follows:

Mr(0) = 3.6840 x 0.01 = 3.6840 x 1072 ™

MT(’/T)

1.4890 x 0.01 = 1.4890 x 1072 =

0x0.0100=0.0 ™

Ve (G
Ve (5

3.0557 x 0.01 = 3.0557 x 1072 ™

SA.12 Realize the transfer function

H(z)— z n z 3z n 5z
B z—05+7503 2z-0.5—-730.3 z+04 z+05

using two second-order canonic filter sections in cascade.

Solution

The transfer function can be expressed as

222 - 0.5z — 0.5z 322 + 152+ 522 + 22

A = o082 2100:102
B 222 — 2 822 4+ 3.5z
T 22271034 221092402
21 8 +3.5z71

1— 21403422 14+092 1 +0222
= Hl(Z) . HQ(Z)
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where
2— 271 8435271

-z 7140342 2(2) = 1001 10022
Now if we realize Hq(z) and Hz(z) in terms of direct canonic sections, the cascade realization
shown in Fig. SA.12 can be readily obtained. ™

Hl(z)

— D)
o

T H,(z)

T Hy(2)

Figure SA.12

SA.13 An analog elliptic lowpass filter with a cutoff frequency of 1 rad/s has a transfer function of

the form
0.075(s% + 2.6)

(s + 0.38)(s2 + 0.31s + 0.51)

=

(s) =

(a) By applying the lowpass-to-highpass transformation

W | =

S =

get a continuous-time highpass transfer function.
(b) Construct the zero-pole plot of the continuous-time highpass transfer function.

(¢) Using the zeros and poles obtained in part (b), get a corresponding discrete-time highpass
transfer function using the matched-z-transformation method. The sampling frequency
is ws = 20 rad/s.
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(d) How does the matched-z-transformation method compare with the invariant-impulse-
response method?

Solution

The transfer function has zeros at
z=1z, 2]

where
z1 =0+ 51.6125

and poles at
Z = Po, P1, p?

where

po = —0.3800 + 50.0000
p1 = —0.1550 + j0.6971

(a) The highpass transfer function is obtained as

~ 0.075(5% + 2.6)
H = H =
np(5) = Hs)| = 7 038) (52 + 0315 7 051) 1

5—
0.075(<5 + 2.6)

(1 4+0.38)(& +0.311 +0.51)

B 0.0755(1 + 2.65%)
~ (1+0.385)(0.5152 +0.315 + 1)

0.075 x 2.6 5(5% + 5%)
0.38 x 0.51 " (5+ gug) (32 + 3315 4 -1y

5(52 4 0.3846)
(5 +2.6316) (32 + 0.60795 + 1.9609)

1.0063 x

(b) Therefore, the highpass filter has zeros at

V)l

§:§Oa 1, S2

where
50=0, &, 52 =04;0.6202
and poles at
§ =Po, D1, P2
where
po = —2.6316, p1, po = —0.3040 £+ 51.3669

(¢) The transfer function of the digital filter is given by

M
HOH(z — 5T
Hp(z) = (z+ 1)L —=

N
(z — eﬁ"'T)
=1

?

where L = 0 for a highpass filter. Hence
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where

20 — eOT — 1) 21, 22 — e:l:jO.GQOQT

—2.6316T

- S —0.3040451.3669)T
pbo = ¢ ) phpz:e( ! )

with
_ 2;7 2T T

ws 20 10

(d) The method works with all types of filters, i.e., LP, HP, BP, and BS, and is easy to apply.
However, it tends to increase the passband ripple. ®

SA.14 A lowpass analog filter has a transfer function

1
Hp(8) = ————
als) s24+42s+1

(a) Assuming a sampling frequency of 107, design a digital filter using the bilinear transfor-
mation method.

(b) Find the 1-dB and 30-dB frequencies of the analog filter.
(¢) Find the 1-dB and 30-dB frequencies of the digital filter.

(d) What should be the 3-dB frequency of the analog filter to get a 3-dB frequency in the
digital filter at 1 rad/s?

Solution
(a) The sampling period is given by

po Lt 2 2r 1
fs  ws 10m 5

The discrete-time transfer function is given by

-

z—

+1

Hp(z) = Hal(s) |

s=%
1
$24+v2s+1

_10(z—1)

S Z+1

1
2
10(z—1) 10(z—1
[ z+1 :| +\/§{ ?E+1 )} +1
2242241
100(22 — 22 + 1) + 10v/2(22 — 1) + (22 + 22 + 1)

2242241
b2+ bz + by

where

bo = 100 — 10V/2 + 1 = 86.86
by = —200 4+ 2 = —198.00
by = 100 4+ 10vV2 + 1 = 115.14

Alternatively, by factorizing constant bs in the denominator, the transfer function can be
expressed as

22 4+22+41
Hp(z) = Hy— 22T~
n(2) 022+b’12+b6

where

Hy = 8.685 x 1073, by = 0.7544, b} = —1.720
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(b) The frequency response of the analog filter

1
Hy(jw) =
AG) —w? 4+ V2w + 1
Hence the loss is given by
A(w) = 20log /(1 — w?)? + 2w?

10log(1 — 2w? + w* + 2w?)

Thus
1 +w4 — 100‘1><A(w)

By letting A(w) = 1 dB, the 1-dB frequency is obtained as
wp = (10%T —1)/* = 0.7133 rad/s m
By letting A(w) = 30 dB, the 30-dB frequency is obtained as
wy = (100130 — 1)1/4 = 5622 rad/s =
(¢) A frequency w; in the analog filter transforms into a frequency 2; given by

2 1 OJZ'T

Q; = T tan 5 (T)

Hence the 1- and 30-dB frequencies in the digital filter are obtained as

.71
Q =10 x tan™! 0733 _ o 7191 rad/s m
and 5.622
Qy =10 x tan™! T =5.122rad/s =
respectively.

(d) Now if the 3-dB frequency in the digital filter is required to be 1 rad/s, then according
to Eq. (SA.20) the 3-dB frequency in the analog filter should be

2. T
w3 = — tan
ST 2

1
=10 x tanﬁ =1.003rad/s =



