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Abstract

A simple exhaustive search technique is explored as a means
to design low-complexity reversible integer-to-integer wavelet
transforms for image coding applications. Several new trans-
forms found with this approach are employed in an image
coder in order to demonstrate their effectiveness.

1. Introduction
Therehasbeena growing interestin reversibleinteger-

to-integerwavelet transformsfor imagecodingapplications
[1–7]. Suchtransformsareinvertiblein finite-precisionarith-
metic(i.e., reversible),mapintegersto integers,andapprox-
imatethe linearwavelet transformsfrom which they arede-
rived. In this paper, we employa simpleexhaustive search
techniqueto find goodlow-complexity reversibleinteger-to-
integertransformsfor imagecodingapplications.Thetrans-
formsobtainedarethenemployedin animagecodingsystem
to demonstratetheireffectiveness.

2. Transforms
Thefundamentalbuilding blockof awavelettransformis

theuniformly maximally-decimatedfilter bank(UMDFB). In
orderto designa wavelet transform,we needonly construct
its correspondingUMDFB. To obtaintransformsthatcanbe
madereversibleandmapintegersto integers,weneedto real-
ize theUMDFB usingthelifting framework [8,9]. Whenthis
framework isemployed,aUMDFB is realizedin itspolyphase
form with thepolyphasefiltering performedby a laddernet-
work. This leadsto thegeneralstructureshown in Figure1.
It is easyto seethat the perfectreconstruction(PR) prop-
erty is alwayssatisfiedby this type of structure.By round-
ing theoutputsof theladderstepfilters to integers,weobtain
reversible integer-to-integer mappings. Sincethe synthesis
sideof theUMDFB is completelydeterminedby theanalysis
side,in the discussionwhich follows,only the analysisside
is considered.As amatterof notation,wedenotethelowpass
andhighpassanalysisfilter transferfunctionsas

�������	�
and��
�����

, respectively. The numberof ladderstepsis denoted�
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as � . The � th ladderstepfilter hastransferfunction ��� ���	�
andlength ��� .

Sincewe are concernedwith the applicationof image
coding, it is desirableto constrainthe UMDFBs of interest
to thosewith linear-phasefilters. In the caseof 2-channel
FIR PRUMDFBs, therearetwo possibilitiesfor linear-phase
filterswhichareof practicalinterest:

1. Both analysisfilters areof odd lengthandhave sym-
metricimpulseresponses.

2. Both analysisfilters areof even length,with the low-
passandhighpassanalysisfiltershavingsymmetricand
antisymmetricimpulseresponses,respectively.

All UMDFBsof thefirst typecanbegenerated(up to a scal-
ing anddelayfactor)by choosingthe � � ���	� as��� ���	���������! #"%$#& 
')( � * �,+ -/. ��� & ',0 � ')1 
 � � even� �  "%$#& 
')( � * � + -/. ��� & ' & 
 0 � ' � � odd

(1)

wherethe ��� areeven. A subsetof theUMDFBs of thesec-
ondtypecanbegeneratedby choosingthe ��� ���� as
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wherethe � � areodd.

3. Design Method
To date,many criteriahave beensuggestedfor UMDFB

design.For imagecodingapplications,however, the follow-
ingcriteriahaveprovento beparticularlyuseful:codinggain,
analysisfilter frequency selectivity, the numberof vanish-
ing momentsof theanalyzingandsynthesizingwaveletfunc-
tions, and the smoothnessof the synthesizingscaling and
wavelet functions. Moreover, experimentalresultssuggest
thatUMDFBswhichareeffective for imagecodinggenerally
satisfythefollowing conditions:D � � �E?F � � DHG��:

and
D � � ��EIF�JK� D �;:,LD � 
 ��EIF�JK� D!G�M:

and
D � 
 ��EIF � � D �;:,L (3a)
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Figure1: Lifting realizationof aUMDFB. (a)Analysisside.(b) Synthesisside.lm BnC or m BoC L (3b)p!q�r�s :ut C�v and
p!qxw�s :,t C�v (3c)y{z B�| (3d)
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is thecodinggainof thesixfold iteratedUMDFB, and
lm

and m arethenumberof vanishingmomentsof theanalyzing
andsynthesizingwavelet functions,respectively. The above
conditionsleadusto proposeasimpledesignalgorithmbased
onanexhaustive searchasdescribedbelow.

Supposethat we choosea small finite setof admissible
valuesfor the coefficientsof the filters ��� . Given the type
of laddernetworkandits associatedparameters,namelythe
numberof laddersteps� , andthefilter lengths ��� , we can
performan exhaustive searchof the solutionspace,seeking
UMDFBs which satisfy the conditionsgiven by (3). Any
UMDFB satisfyingtheseconditionscanbetakenasanoutput
of thedesignprocess.

Clearly, theabovedesigntechniquehasoneseverelimita-
tion. Thesizeof thesolutionspacemustbekeptsmallenough
thatanexhaustive searchis feasible.Hence,wecanonly use
suchan approachfor small designproblems.As we arein-
terestedin low-complexity transforms,however, we wish to
keepthe numberof ladderstepfilters andtheir lengthsto a
minimum. Provided that thenumberof admissiblefilter co-
efficientvaluesis alsokeptsmallenough,theresultingdesign
problemis computationallytractable.

4. Design Examples
Ourdesignmethodwasappliedto severalfilter bankcon-

figurations.The filter coefficient valueswereselectedto ei-
ther be powersof two or dyadicrationalnumbers.Numer-
oustransformswereobtained.Severalof themorepromising
new solutionsare listed in Table1. Note that the 5/11 and
6/14transformshave strictly power-of-two filter coefficients.
A numberof importantparametersfor thevarioustransforms
are listed in Table 2. As canbe seenfrom the table, these
transformshave both high codinggain andgood frequency
selectivity. In additionto the new transformsobtained,our
designmethodalsofoundmany of themoreperformanttrans-
formsalreadydescribedin theliterature,includingthe

� C L C � ,� C 0 C L C � , ����L C � , and
�)�!L?�K�

transformsof [8], theTS trans-
form of [10], and the 6/14-CRFand 13/7-CRFtransforms
of [11].

5. Coding Results
To demonstratethe effectivenessof the new transforms,

they wereemployedin theJPEG-2000imagecoder(or, more
precisely, version0.0 of the JPEG-2000verificationmodel
software)[12]. Two grayscaleimagesfrom the JPEG-2000
test set [13] (e.g., gold and finger ) wereusedas input



Table1: Transforms

5/11 25 6 � � ���	��� 
$ � 7
�
7o8

�� 
����	��� 
� � 8
0 � & 
 �� $ ���	��� 
� $ ��� $ 7

�
7o8

0 � & 
 �
6/14 25 6 � �����	��� 798� 
����	��� 
� $ � 7

� 0
8��
0
8
�� $ ���	��� 
� $ ��� $ 7

� 0 � & 
 7
� &�$ �

13/7 � � � ���	��� 
� $ ���� $ 7�8 |
� 

7o8 |

0 �	� & 
 �� 
 ���	��� 
� $ � 7
� 0 v 0 v � & 
 7

� &�$ �

Table2: Transformparameters
Transform

lm m y�z p q r p q w
5/11 2 2 9.603 0.165 0.131
6/14 3 1 9.713 0.075 0.072
13/7 2 2 9.729 0.025 0.034

data.Thelossyandlosslessresultsfor thevarioustransforms
are given in Tables3 and 4, respectively. For comparison
purposes,we alsoincludetheresultsobtainedwith thewell-
known

� C 0 C L C � transformof [8] andTT transformof [3].
Clearly, thenew transformsperformquitewell for bothlossy
andlosslesscompression.In the caseof lossycompression,
thesubjectiveimagequalityobtainedwith thenew transforms
is alsogood,asdemonstratedby theexampledepictedin Fig-
ure2.

6. Conclusions
A simpleexhaustive searchtechniquewasexploredasa

meansto designlow-complexity reversibleinteger-to-integer
wavelet transformsfor imagecoding. Several good trans-
forms wereobtained.Two of thesetransformshave strictly
power-of-two filter coefficientswhich is attractive for shift-
and-addimplementations.As lossyandlosslesscompression
resultsdemonstrate,thesetransformsareall particularlyef-
fective, often outperformingthe well-known

� C 0 C L C � and
TT transforms.
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