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Abstract— A new technique is proposed for the design of high-
performance quincunx filter banks for the application of image coding.
This method yields linear-phase perfect-reconstruction systems with
high coding gain, good analysis/synthesis filter frequency responses,
and prescribed vanishing moment properties. Examples of filter banks
designed with this technique are presented and shown to be highly
effective for image coding.

I. INTRODUCTION

Filter banks have proven to be a highly effective tool for im-
age coding applications [1]. Although techniques for the design
of one-dimensional (1D) filter banks have become highly evolved,
the nonseparable two-dimensional (2D) design case is much more
difficult and far fewer effective methods have been proposed. In image
coding applications, one typically desires filter banks with all of the
following characteristics: perfect reconstruction (PR), linear phase,
high coding gain [2], good frequency selectivity, and satisfactory
vanishing moment properties. As it turns out, designing nonseparable
2D filter banks with all of the preceding properties is an extremely
challenging task. In this paper, we propose a new optimization-based
technique for constructing (nonseparable 2D) quincunx filter banks
with all of the desirable characteristics mentioned above, where we
formulate the design as a second-order cone programming (SOCP)
problem [3] utilizing the lifting framework [4]. Although lifting-based
design methods for quincunx filter banks have been proposed in [5],
[6], these methods only consider the case of interpolating filter banks
(i.e., filter banks with two lifting steps). Herein, we examine the more
general case.

The remainder of this paper is structured as follows. Section II
briefly introduces some notation and terminology used herein. Quin-
cunx filter banks are then discussed in Section III, and our new design
method is presented in Section IV. In Section V, we present some
new filter banks obtained with our method and demonstrate their
effectiveness for image coding. Finally, Section VI concludes with a
summary of our work and some closing remarks.

II. NOTATION AND TERMINOLOGY

In this paper, matrices and vectors are denoted by upper and
lower case boldface letters, respectively. For matrix multiplication,
we define the product notation as HkN: Ak LANAN_1 Ay 1Ay for
N > M. The sets of integers and ordered pairs of integers are denoted
as Z and Z2, respectively. An element of a sequence x defined on 72
is denoted either as x[n] or x[ng,n;] (whichever is more convenient),
where n = [ng n]" and ng,n; € Z. Let n = [ng n(]", z =20 z1]7.
Then, we define [n| = ng+n; and 2" = z;°z}". Furthermore, for a
matrix M = [my m;] with m; being the kth column of M, we define
M= [Z% z™]T. In what follows, unless otherwise noted, we will
use M to denote the generating matrix H _11] of the quincunx lattice.

The Fourier transform of a sequence / is denoted as h. A (2D) filter
H with impulse response # is said to be symmetric linear phase with
group delay c if, for some ¢ € 172, h[n] = h[2c —n] for all n € Z2. In
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Fig. 1.

Canonical form of a quincunx filter bank.
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Fig. 2. Lifting realization of a quincunx filter bank. (a) Analysis side and
(b) synthesis side.

passing, we note that the frequency response fz(a)) of a linear-phase
filter with group delay ¢ and impulse response & can be expressed as

h(@)=e79"¢ S hln]cos (mT (nfc)). )

nez?
III. QUINCUNX FILTER BANKS

The canonical form of a quincunx filter bank is as shown in
Fig. 1, and consists of lowpass and highpass analysis filters Hy and
Hj, lowpass and highpass synthesis filters Gy and G|, and M-fold
downsamplers and upsamplers. Rather than parameterizing the filter
bank in terms of its canonical form, we instead employ the lifting
framework [4]. The lifting realization of a quincunx filter bank has
the form shown in Fig. 2. Essentially, the filter bank is realized in
polyphase form, with the analysis and synthesis polyphase filtering
each being performed by a ladder network consisting of 24 lifting
filters {Ay}. Without loss of generality, we may assume that none of
the {Ax(z)} are identically zero, except possibly A;(z) and A, (z).

Given the lifting filters {A;}, the corresponding analysis filter
transfer functions Hy(z) and Hj(z) can be calculated as

Hi(z) = Hyp (ZM) +z0Hy 1 (ZM> ) @)
where {

H, (z) Z?igﬂ kﬁl (E) AWE(Z)} {Azk—ll(z) (I)D

The synthesis filter transfer functions Gy(z) and Gj(z) can then be
trivially computed as Gy (z) = (—1)' *zy ' Hy 4 (—2).

The use of the above lifting-based parameterization is helpful in
a number of regards. First, the PR condition is structurally imposed.
Furthermore, we can structurally impose the linear-phase condition

Hyo(2)



with relative ease, as we shall see momentarily. This eliminates the
need for additional cumbersome constraints (for PR and linear phase)
during optimization. Lastly, we can trivially construct reversible
integer-to-integer mappings from the lifting realization [7].

As was suggested above, it is possible to structurally impose the
linear-phase condition with a prudent choice of lifting filters in Fig. 2.
Suppose that the lifting filters {Ay} are symmetric, with the filter Ay
having group delay c;. Then, the filter bank will have linear phase if

each of the group delays satisfy
T

a=(-D 53] 3)
In particular, with the preceding constraint on the choice of lifting
filters, one can show that the analysis filters Hy and H; will have
linear phase with group delays [00]7 and [1 0], respectively. (The
proof is by induction, and is omitted here in the interest of brevity.)
In image coding applications, a quincunx filter bank is typically
applied in a recursive manner, resulting in an octave-band filter bank
structure. For an N-level octave-band filter bank generated from
a quincunx filter bank with analysis filters {H;}, the equivalent
nonuniform filter bank has N+ 1 channels with analysis filters {H}}
and synthesis filters {G}}. The transfer functions of the analysis filters
{H}} are given by

Y- Ho (sz> i=0
H@) =y (M) H () 1<isN-1 @)
Hi (z) i=N.

The transfer functions of the synthesis filters {G/} can be derived in
a similar fashion.

A. Coding Gain

Coding gain is a measure of the energy compaction ability of a
filter bank, and is defined as the ratio between the reconstruction error
variance obtained by quantizing a signal directly to that obtained by
quantizing the corresponding subband coefficients using an optimal
bit allocation strategy. For an N-level octave-band filter bank, the
coding gain Ggpc can be computed as [2]

N
Gspe = [ [ (ABi/ow) ™%, (5)
k=0
where Ay = Y, Y hi[mlh[n]rim—n], By =0y g;cz[nL

meZ? neZ? nez?
o9 =2"N, o4 =2~ W+ for k =1,2,....N, k\[n] and g [n] are the
impulse responses of the equivalent analysis and synthesis filters H;(
and G;{, and r is the autocorrelation of the input. Depending on the
source image model, r is given by

(6)
pV mHn for isotropic model,

where p is the correlation coefficient (typically, 0.90 < p <0.95).

plml+ml for separable model
rlno,m] =

B. Vanishing Moments

The number of vanishing moments is important in the design of
filter banks, as it represents the ability to provide smooth image
representations. It is equivalent to the order of zero at [0 0] in
the analysis or synthesis highpass-filter frequency response.

For a linear-phase filter H with group delay ¢ € Z?, its Fourier
transform fz(a)) can be computed by (1). The partial derivative of
h(@) without the exponential factor is

Y hin] (n—c)™ cos (a)T (n—c)> for |m| even
_ ) nez?
day°dof" — Y hin](n—c)"sin <mT (n —c)) otherwise,
nez?

amoerli,‘l

where m = [mg m;]”. To have an Nth order zero at @ = [0 0]”, the
filter coefficients must satisfy

Y hln](n—c)™ =0 for all even |m| such that |m| <N. (7)
neZ?
IV. OPTIMAL DESIGN ALGORITHM

The design problem at hand will be formulated as an SOCP
problem where a linear function is minimized subject to a set of
second-order cone constraints [3]:

b'x
|ATx+ci| <blx+d; fori=1,...,q.

minimize
. )

subject to:
A. Filter Banks with Two Lifting Steps

Consider a filter bank constructed with the lifting structure as in
Fig. 2. We begin with the simplest case with two lifting steps A
and Aj. In order for the analysis filters to have linear phase, A; and
Aj are both symmetric with group delays satisfying (3). Let x = Z;}
where a; and a; contain the n; and np independent coefficients of
A; and A,, respectively, and x € R™! with n=n; +n.

1) Vanishing Moments: In order for the filter bank to have N,
primal and N; dual vanishing moments, x needs to be the solution
of an underdetermined linear system [6]

Ax=b, &)
where A € R™*" with rank r, b € R"*! and m < n. By computing

the singular value decomposition (SVD) of A =USV T the solutions
to (9) can be parameterized as

X = A+b +V)¢ =Xs +Vr¢>

Xs

(10)

where AT is the Moore-Penrose pseudoinverse of A, V. is a matrix
composed of the last n —r columns of V, and ¢ is an arbitrary vector
with n—r elements. In what follows, we use ¢ as the design vector.
Thus, the number of parameters involved is reduced from n to n—r.

2) Coding Gain: Combining equations (2), (4), (5), (6) and (10),
the coding gain Ggpc of an N-level octave-band filter bank can be
written as a nonlinear function of ¢. By taking the logarithm G =
—10log;yGspc, the problem of maximizing Ggpc is equivalent to
minimizing G. Our design strategy is that, for a given parameter
vector ¢, we seek a small perturbation 8¢ such that G(¢ +8¢) is
reduced relative to G(¢). Because [|84] is small, we can write the
quadratic and linear approximations of G(¢ 4 8¢) as

G +84)~G(§) +87 8 + %5;;;5,,, and (1)
G(9+8¢)~G(9)+8" 8y, (12)

respectively, where g is the gradient and Q is the Hessian at
point ¢. Having obtained such a &4 (subject to some additional
constraint to be described shortly), the parameter vector ¢ is up-
dated to ¢ +5¢. This iterative process continues until the reduction
|G(¢ +84) — G(¢)| becomes less than a prescribed tolerance &.

3) Frequency Response: The constraint on frequency selectivity
can be formulated as a second-order cone. We define the weighted
error function of the frequency response of highpass analysis filter
H; as A )

on=| W@ @] w03
where W (®) is a weighting function with different weights for the
stopband, transition band and passband, and fzideal(a)) is the ideal
frequency response for a quincunx highpass filter. In order for the
filter H; to have good frequency response, e, is required to satisfy

en < Oy, (14)



where 0, is a prescribed upper bound for the error function.

From (2), the Fourier transform of H; can be written as
h (@) =ad,(MT @) +e/. (15)

Since A has linear-phase, d;(@) assumes the form in (1). Thus,
a;(M” @) can be written as
a1 (M" ) = e/™al v (@), (16)

where a; is the vector of independent coefficients of Aj, and v| (®)
is a vector of cosine functions of @. The vector a; can be expressed
in terms of ¢ by

ay =, Ox=Ix+V.9)=Ix, +IV,¢=%+V9, (17
N ~— =~
i % v

where I, is an identity matrix of size nj X nj.
From (13), (15), (16) and (17), e, can be viewed as a quadratic
function of ¢ given by

en =9 Hod 9759 +Cy,
where Hy is a symmetric positive semidefinite matrix, sy is a vector,
and Cy is a constant. If we replace ¢ by ¢ +8¢ and let the SVD of Hy

be UnZVY, then (18) can also be written as ej, = |[H8 +5|>+C,
and the constraint (14) becomes a second-order cone

|H8y +5|* < &, —C,

(18)

19)

where H = Z%UZI, 5= %HﬁT (2Hy¢ +s4). and C = ¢TH¢¢ +
0755 +Cp— [5]1.

4) Design Algorithm: Now we show how to employ the SOCP
algorithm to solve the problem of maximizing the coding gain
Gspc(x) with constraints Ax =b as in (9) and e, < &, as in (14).
This problem can be formulated as follows.

Step 1  Compute A and b in (9) for the desired numbers of
vanishing moments, and calculate Hy, sy, and Cy in (18). Then,
select an initial point @g.

Step 2 For the kth iteration, at the point @;, compute the gradient
g in (12) and H, 5, and C in (19), then solve the SOCP problem

minimize gT5¢
subject to:  [|[H8y +5 < /8, —C (20)
691l <B.

where 3 is a given small value used to ensure that the solution is
within the vicinity of ¢;. More details about the choice of § and
Op, in (20) can be found in [8]. We use the SeDuMi optimization
package [9] to seek the optimal solution 84,, and then update ¢ to
Ori1=0i+6.

Step 3 If |G(¢r 1) — G(91)| < €, then output ¢* = @y, 1, com-
pute x* =x;+V,9*, and stop. Otherwise, go to step 2.

The vector x* is then the optimal solution to this problem. The
filter bank constructed with the lifting filter coefficients in x* has
high coding gain, good frequency responses, and the desired number
of vanishing moments. We can also use the quadratic approximation
of G(¢ +84) as in (11) in the design algorithm to improve the
approximation accuracy.

B. Filter Banks with More Than Two Lifting Steps

Consider a linear-phase quincunx filter bank constructed with M
lifting filters Ay, Ap, ..., Ay as in Fig. 2. Let x be the design
vector consisting of ay, ay, ..., ay, where a; contains the independent
coefficients of filter A;. In what follows, we show how to design such
quincunx filter banks with all of the desirable properties identified
earlier.

1) Coding Gain: The coding gain Ggpc(x) of an N-level octave-
band filter bank is computed by (5). The linear approximation of G
with G(x) = —10log;( Gspc(x) is given by

G(x+8x) = G(x) +g" 8x, @1

where g is the gradient at point x. Similar to the previous case, we
iteratively seek a small perturbation 8, such that G(x+ 6y) is reduced
relative to G(x) until the reduction is less than a prescribed tolerance.

2) Vanishing Moments: Using (7), we can write the constraint on
the number of vanishing moments as a set of polynomial equations
in x. By substituting x by x; 4+ 8x with ||6,| being small, these
polynomial equations can be approximated by an underdetermined
linear system

A8y = by. (22)

In this case, the filter bank constructed with lifting filter coefficients
x; + Oy has the desired number of approximate vanishing moments.
The moments are typically extremely close to zero, as will be
illustrated in Section V.

3) Frequency Response: We define the weighted error function
ep, of izl(a)) as in (13); and ej, must satisfy the constraint (14).
From (2), we know that /(@) is a polynomial in x of order no less
than two. Similarly, we replace x by x; + 8. If ||6x|| is small enough,
we can omit the second and higher order terms of 8y in /; (@), and
a quadratic approximation of e, is obtained as

ep, = 8£Hk8x+8;sk+ck,

where H; is a symmetric positive semidefinite matrix, and Hy, s
and Cy are dependent on x;. Then, the constraint e, < &, can be
expressed in the form of a second-order cone

HHka +§kH2 < 5/11 7(:;/{. 23)

4) Design Algorithm: We use an algorithm similar to that of the
previous case to solve this design problem.

Step 1 Select an initial point xg.

Step 2 For the kth iteration, at the point x;, compute the gradient
g of G(x) in (21), A and by in (22) and Hy, §;, and Cy in (23), then
solve the SOCP problem

minimize g7 8y
subject to: A8y =by
|Hi8x + 5l < 1/, —Ci
18] < B,

where the linear constraint A;8x = by can be parameterized as in
the previous algorithm to reduce the number of design variables, or
be approximated by ||A;8x —by| < &5 with €5 being a prescribed
tolerance. Then, use the optimal solution 8y to update x; to Xz =
X+ 8x.

Step 3 If |G(xy11) — G(x¢)| < €, then output x* =x;| and stop.
Otherwise, go to step 2.

V. DESIGN EXAMPLES

In order to demonstrate the effectiveness of our proposed design
method, we now give two examples of filter banks constructed
using our method. We then demonstrate their effectiveness for image
coding.

Our first design, which will be henceforth referred to as CALI,
has two primal and two dual vanishing moments, and employs two
lifting steps, each having a diamond support of 6 x 6. We optimized
for maximal coding gain assuming an isotropic image model (with
p =0.95) and a six-level decomposition. The resulting filter bank has
a coding gain of 12.06 dB, and lowpass analysis and synthesis filters
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Fig. 3. Filter frequency responses for CALI filter bank. Frequency responses
of lowpass (a) analysis and (b) synthesis filters.
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Fig. 4. Filter frequency responses for CAL2 filter bank. Frequency responses
of lowpass (a) analysis and (b) synthesis filters.

with the frequency responses shown in Fig. 3. (The highpass filter
frequency responses are not given here, as they are simply modulated
versions of lowpass filter frequency responses.)

Our second design, which will be henceforth referred to as CAL2,
has two primal and two dual (approximate) vanishing moments, and
employs three lifting steps, each having a diamond support of 4 x 4.
Again, we optimized for maximal coding gain assuming an isotropic
image model (with p = 0.95) and a six-level decomposition. The
resulting filter bank has a coding gain of 12.23 dB, and lowpass
filters with the frequency responses shown in Fig. 4. Although, strictly
speaking, the moments are only near vanishing in this case, they
are on the order of 10712 to 10717, which is small enough to be
considered as zero for all practical purposes.

In what follows, for comparison purposes, we consider two filter
banks produced by methods previously proposed by others. The first
is a quincunx filter bank with six primal and six dual vanishing mo-
ments, constructed using the method of [6], and henceforth referred
to by the name KS. The second is the well-known separable 9/7 filter
bank [1], with four primal and four dual vanishing moments.

Table I provides the coding gains for our CAL1 and CAL2 designs
as well as the KS and 9/7 filter banks. Clearly, the CAL1 and CAL2
designs have a larger coding gain than the quincunx KS filter bank.
Furthermore, the CAL2 design also has a higher coding gain than
the 9/7 filter bank, which is quite impressive considering that the 9/7
filter bank is well known for its high coding gain.

In order to further demonstrate the utility of our new filter banks,
they were employed in a slightly modified version of the embedded
lossy/lossless image coder developed by the second author of this
paper [10]. This coder can be used with either nonseparable or sepa-
rable filter banks based on the lifting framework (as is the case here).
Reversible integer-to-integer versions of filter banks are employed.
For the most part, the JPEG-2000 test images [11] were used in our
experiments. Since our filter banks were designed for images that are
more isotropic in nature, we have chosen to present coding results
for such an image, namely the finger (i.e., fingerprint) image.

The finger image was coded in a lossy manner at various bit

TABLE I
CODING GAIN

TABLE II
LOSSY COMPRESSION RESULTS FOR THE

COMPARISON FINGER IMAGE
Transform | Ggpe' CRT PSNR (dB)
(dB) CALI | CALZ KS 977
CALI 12.06 128 19.88 | 19.95 | 19.67 | 19.98
CAL2 12.23 64 21.70 | 21.75 | 21.53 | 21.72
KS 11.94 32 24.52 | 2439 | 2436 | 24.20
9/7 12.17 16 27.75 | 27.83 | 27.65 | 27.61

coding gain fcompression ratio

rates, using each of the CAL1, CAL2, KS, and 9/7 filter banks,
and the resulting reconstruction errors measured. Six and three levels
of decomposition were employed in the cases of the quincunx and
separable filter banks, respectively. The results are shown in Table II.
Clearly, both of the CAL2 and CALL filter banks perform very well,
consistently outperforming the KS filter bank. The CAL2 design is
even able to outperform the 9/7 filter bank, except at the lowest
bit rate. This is a very encouraging result, as the 9/7 filter bank is
generally held to be one of the very best in the literature. Lastly,
it is worth noting that, although we only present results for the
finger image herein, the CAL2 and CALI filter banks consistently
outperform the KS filter bank for other images in the vast majority
of cases.

VI. CONCLUSIONS

In this paper, we have proposed a new optimization-based method
for the design of high-performance quincunx filter banks for the
application of image coding. This method yields linear-phase PR
systems with high coding gain, good analysis/synthesis filter fre-
quency responses, and prescribed vanishing moment properties. Two
examples of filter banks constructed with our method were presented
and shown to work very well for image coding, thus demonstrating
the effectiveness of our technique.
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