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License

This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivs 3.0 Unported (CC BY-NC-
ND 3.0) License. A copy of this license is provided below. For a simple explanation of the rights granted by this
license, see:

http://creativecommons.org/licenses/by-nc-nd/3.0/

Creative Commons Attribution-NonCommercial-NoDerivs 3.0 Unported Li-
cense

Creative Commons Legal Code
Attribution-NonCommercial-NoDerivs 3.0 Unported

CREATIVE COMMONS CORPORATION IS NOT A LAW FIRM AND DOES NOT PROVIDE
LEGAL SERVICES. DISTRIBUTION OF THIS LICENSE DOES NOT CREATE AN
ATTORNEY-CLIENT RELATIONSHIP. CREATIVE COMMONS PROVIDES THIS
INFORMATION ON AN "AS-IS" BASIS. CREATIVE COMMONS MAKES NO WARRANTIES
REGARDING THE INFORMATION PROVIDED, AND DISCLAIMS LIABILITY FOR
DAMAGES RESULTING FROM ITS USE.

License

THE WORK (AS DEFINED BELOW) IS PROVIDED UNDER THE TERMS OF THIS CREATIVE
COMMONS PUBLIC LICENSE ("CCPL" OR "LICENSE"). THE WORK IS PROTECTED BY
COPYRIGHT AND/OR OTHER APPLICABLE LAW. ANY USE OF THE WORK OTHER THAN AS
AUTHORIZED UNDER THIS LICENSE OR COPYRIGHT LAW IS PROHIBITED.

BY EXERCISING ANY RIGHTS TO THE WORK PROVIDED HERE, YOU ACCEPT AND AGREE
TO BE BOUND BY THE TERMS OF THIS LICENSE. TO THE EXTENT THIS LICENSE MAY
BE CONSIDERED TO BE A CONTRACT, THE LICENSOR GRANTS YOU THE RIGHTS
CONTAINED HERE IN CONSIDERATION OF YOUR ACCEPTANCE OF SUCH TERMS AND
CONDITIONS.

1. Definitions

a. "Adaptation" means a work based upon the Work, or upon the Work and
other pre-existing works, such as a translation, adaptation,
derivative work, arrangement of music or other alterations of a
literary or artistic work, or phonogram or performance and includes
cinematographic adaptations or any other form in which the Work may be
recast, transformed, or adapted including in any form recognizably
derived from the original, except that a work that constitutes a
Collection will not be considered an Adaptation for the purpose of
this License. For the avoidance of doubt, where the Work is a musical
work, performance or phonogram, the synchronization of the Work in
timed-relation with a moving image ("synching") will be considered an
Adaptation for the purpose of this License.

b. "Collection" means a collection of literary or artistic works, such as
encyclopedias and anthologies, or performances, phonograms or
broadcasts, or other works or subject matter other than works listed
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in Section 1(f) below, which, by reason of the selection and
arrangement of their contents, constitute intellectual creations, in
which the Work is included in its entirety in unmodified form along
with one or more other contributions, each constituting separate and
independent works in themselves, which together are assembled into a
collective whole. A work that constitutes a Collection will not be
considered an Adaptation (as defined above) for the purposes of this
License.

"Distribute" means to make available to the public the original and
copies of the Work through sale or other transfer of ownership.
"Licensor" means the individual, individuals, entity or entities that
offer(s) the Work under the terms of this License.

"Original Author" means, in the case of a literary or artistic work,
the individual, individuals, entity or entities who created the Work
or if no individual or entity can be identified, the publisher; and in
addition (i) in the case of a performance the actors, singers,
musicians, dancers, and other persons who act, sing, deliver, declaim,
play in, interpret or otherwise perform literary or artistic works or
expressions of folklore; (ii) in the case of a phonogram the producer
being the person or legal entity who first fixes the sounds of a
performance or other sounds; and, (iii) in the case of broadcasts, the
organization that transmits the broadcast.

"Work"™ means the literary and/or artistic work offered under the terms
of this License including without limitation any production in the
literary, scientific and artistic domain, whatever may be the mode or
form of its expression including digital form, such as a book,
pamphlet and other writing; a lecture, address, sermon or other work
of the same nature; a dramatic or dramatico-musical work; a
choreographic work or entertainment in dumb show; a musical
composition with or without words; a cinematographic work to which are
assimilated works expressed by a process analogous to cinematography;
a work of drawing, painting, architecture, sculpture, engraving or
lithography; a photographic work to which are assimilated works
expressed by a process analogous to photography; a work of applied
art; an illustration, map, plan, sketch or three-dimensional work
relative to geography, topography, architecture or science; a
performance; a broadcast; a phonogram; a compilation of data to the
extent it is protected as a copyrightable work; or a work performed by
a variety or circus performer to the extent it is not otherwise
considered a literary or artistic work.

"You" means an individual or entity exercising rights under this
License who has not previously violated the terms of this License with
respect to the Work, or who has received express permission from the
Licensor to exercise rights under this License despite a previous
violation.

"Publicly Perform" means to perform public recitations of the Work and
to communicate to the public those public recitations, by any means or
process, including by wire or wireless means or public digital
performances; to make available to the public Works in such a way that
members of the public may access these Works from a place and at a
place individually chosen by them; to perform the Work to the public
by any means or process and the communication to the public of the
performances of the Work, including by public digital performance; to
broadcast and rebroadcast the Work by any means including signs,
sounds or images.

"Reproduce" means to make copies of the Work by any means including
without limitation by sound or visual recordings and the right of
fixation and reproducing fixations of the Work, including storage of a
protected performance or phonogram in digital form or other electronic
medium.

Fair Dealing Rights. Nothing in this License is intended to reduce,

limit, or restrict any uses free from copyright or rights arising from
limitations or exceptions that are provided for in connection with the

cop
3.

Lic
per

yright protection under copyright law or other applicable laws.

License Grant. Subject to the terms and conditions of this License,
ensor hereby grants You a worldwide, royalty-free, non-exclusive,
petual (for the duration of the applicable copyright) license to
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exercise the rights in the Work as stated below:

a. to Reproduce the Work, to incorporate the Work into one or more
Collections, and to Reproduce the Work as incorporated in the
Collections; and,

b. to Distribute and Publicly Perform the Work including as incorporated
in Collections.

The above rights may be exercised in all media and formats whether now
known or hereafter devised. The above rights include the right to make
such modifications as are technically necessary to exercise the rights in
other media and formats, but otherwise you have no rights to make
Adaptations. Subject to 8(f), all rights not expressly granted by Licensor
are hereby reserved, including but not limited to the rights set forth in
Section 4(d).

4. Restrictions. The license granted in Section 3 above is expressly made
subject to and limited by the following restrictions:

a. You may Distribute or Publicly Perform the Work only under the terms
of this License. You must include a copy of, or the Uniform Resource
Identifier (URI) for, this License with every copy of the Work You
Distribute or Publicly Perform. You may not offer or impose any terms
on the Work that restrict the terms of this License or the ability of
the recipient of the Work to exercise the rights granted to that
recipient under the terms of the License. You may not sublicense the
Work. You must keep intact all notices that refer to this License and
to the disclaimer of warranties with every copy of the Work You
Distribute or Publicly Perform. When You Distribute or Publicly
Perform the Work, You may not impose any effective technological
measures on the Work that restrict the ability of a recipient of the
Work from You to exercise the rights granted to that recipient under
the terms of the License. This Section 4(a) applies to the Work as
incorporated in a Collection, but this does not require the Collection
apart from the Work itself to be made subject to the terms of this
License. If You create a Collection, upon notice from any Licensor You
must, to the extent practicable, remove from the Collection any credit
as required by Section 4(c), as requested.

b. You may not exercise any of the rights granted to You in Section 3
above in any manner that is primarily intended for or directed toward
commercial advantage or private monetary compensation. The exchange of
the Work for other copyrighted works by means of digital file-sharing
or otherwise shall not be considered to be intended for or directed
toward commercial advantage or private monetary compensation, provided
there is no payment of any monetary compensation in connection with
the exchange of copyrighted works.

c. If You Distribute, or Publicly Perform the Work or Collections, You
must, unless a request has been made pursuant to Section 4(a), keep
intact all copyright notices for the Work and provide, reasonable to
the medium or means You are utilizing: (i) the name of the Original
Author (or pseudonym, if applicable) if supplied, and/or if the
Original Author and/or Licensor designate another party or parties
(e.g., a sponsor institute, publishing entity, journal) for
attribution ("Attribution Parties") in Licensor’s copyright notice,
terms of service or by other reasonable means, the name of such party
or parties; (ii) the title of the Work if supplied; (iii) to the
extent reasonably practicable, the URI, if any, that Licensor
specifies to be associated with the Work, unless such URI does not
refer to the copyright notice or licensing information for the Work.
The credit required by this Section 4(c) may be implemented in any
reasonable manner; provided, however, that in the case of a
Collection, at a minimum such credit will appear, if a credit for all
contributing authors of Collection appears, then as part of these
credits and in a manner at least as prominent as the credits for the
other contributing authors. For the avoidance of doubt, You may only
use the credit required by this Section for the purpose of attribution
in the manner set out above and, by exercising Your rights under this
License, You may not implicitly or explicitly assert or imply any
connection with, sponsorship or endorsement by the Original Author,
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Licensor and/or Attribution Parties, as appropriate, of You or Your
use of the Work, without the separate, express prior written
permission of the Original Author, Licensor and/or Attribution
Parties.

d. For the avoidance of doubt:

i. Non-waivable Compulsory License Schemes. In those jurisdictions in
which the right to collect royalties through any statutory or
compulsory licensing scheme cannot be waived, the Licensor
reserves the exclusive right to collect such royalties for any
exercise by You of the rights granted under this License;

ii. Waivable Compulsory License Schemes. In those jurisdictions in
which the right to collect royalties through any statutory or
compulsory licensing scheme can be waived, the Licensor reserves
the exclusive right to collect such royalties for any exercise by
You of the rights granted under this License if Your exercise of
such rights is for a purpose or use which is otherwise than
noncommercial as permitted under Section 4(b) and otherwise waives
the right to collect royalties through any statutory or compulsory
licensing scheme; and,

iii. Voluntary License Schemes. The Licensor reserves the right to
collect royalties, whether individually or, in the event that the
Licensor is a member of a collecting society that administers
voluntary licensing schemes, via that society, from any exercise
by You of the rights granted under this License that is for a
purpose or use which is otherwise than noncommercial as permitted
under Section 4 (b).

e. Except as otherwise agreed in writing by the Licensor or as may be
otherwise permitted by applicable law, if You Reproduce, Distribute or
Publicly Perform the Work either by itself or as part of any
Collections, You must not distort, mutilate, modify or take other
derogatory action in relation to the Work which would be prejudicial
to the Original Author’s honor or reputation.

5. Representations, Warranties and Disclaimer

UNLESS OTHERWISE MUTUALLY AGREED BY THE PARTIES IN WRITING, LICENSOR
OFFERS THE WORK AS-IS AND MAKES NO REPRESENTATIONS OR WARRANTIES OF ANY
KIND CONCERNING THE WORK, EXPRESS, IMPLIED, STATUTORY OR OTHERWISE,
INCLUDING, WITHOUT LIMITATION, WARRANTIES OF TITLE, MERCHANTIBILITY,
FITNESS FOR A PARTICULAR PURPOSE, NONINFRINGEMENT, OR THE ABSENCE OF
LATENT OR OTHER DEFECTS, ACCURACY, OR THE PRESENCE OF ABSENCE OF ERRORS,
WHETHER OR NOT DISCOVERABLE. SOME JURISDICTIONS DO NOT ALLOW THE EXCLUSION
OF IMPLIED WARRANTIES, SO SUCH EXCLUSION MAY NOT APPLY TO YOU.

6. Limitation on Liability. EXCEPT TO THE EXTENT REQUIRED BY APPLICABLE
LAW, IN NO EVENT WILL LICENSOR BE LIABLE TO YOU ON ANY LEGAL THEORY FOR
ANY SPECIAL, INCIDENTAL, CONSEQUENTIAL, PUNITIVE OR EXEMPLARY DAMAGES
ARISING OUT OF THIS LICENSE OR THE USE OF THE WORK, EVEN IF LICENSOR HAS
BEEN ADVISED OF THE POSSIBILITY OF SUCH DAMAGES.

7. Termination

a. This License and the rights granted hereunder will terminate
automatically upon any breach by You of the terms of this License.
Individuals or entities who have received Collections from You under
this License, however, will not have their licenses terminated
provided such individuals or entities remain in full compliance with
those licenses. Sections 1, 2, 5, 6, 7, and 8 will survive any
termination of this License.

b. Subject to the above terms and conditions, the license granted here is
perpetual (for the duration of the applicable copyright in the Work).
Notwithstanding the above, Licensor reserves the right to release the
Work under different license terms or to stop distributing the Work at
any time; provided, however that any such election will not serve to
withdraw this License (or any other license that has been, or is
required to be, granted under the terms of this License), and this
License will continue in full force and effect unless terminated as
stated above.
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8. Miscellaneous

a. Each time You Distribute or Publicly Perform the Work or a Collection,
the Licensor offers to the recipient a license to the Work on the same
terms and conditions as the license granted to You under this License.

b. If any provision of this License is invalid or unenforceable under
applicable law, it shall not affect the validity or enforceability of
the remainder of the terms of this License, and without further action
by the parties to this agreement, such provision shall be reformed to
the minimum extent necessary to make such provision valid and
enforceable.

c. No term or provision of this License shall be deemed waived and no
breach consented to unless such waiver or consent shall be in writing
and signed by the party to be charged with such waiver or consent.

d. This License constitutes the entire agreement between the parties with
respect to the Work licensed here. There are no understandings,
agreements or representations with respect to the Work not specified
here. Licensor shall not be bound by any additional provisions that
may appear in any communication from You. This License may not be
modified without the mutual written agreement of the Licensor and You.

e. The rights granted under, and the subject matter referenced, in this
License were drafted utilizing the terminology of the Berne Convention
for the Protection of Literary and Artistic Works (as amended on
September 28, 1979), the Rome Convention of 1961, the WIPO Copyright
Treaty of 1996, the WIPO Performances and Phonograms Treaty of 1996
and the Universal Copyright Convention (as revised on July 24, 1971).
These rights and subject matter take effect in the relevant
jurisdiction in which the License terms are sought to be enforced
according to the corresponding provisions of the implementation of
those treaty provisions in the applicable national law. If the
standard suite of rights granted under applicable copyright law
includes additional rights not granted under this License, such
additional rights are deemed to be included in the License; this
License 1is not intended to restrict the license of any rights under
applicable law.

Creative Commons Notice

Creative Commons is not a party to this License, and makes no warranty
whatsoever in connection with the Work. Creative Commons will not be
liable to You or any party on any legal theory for any damages
whatsoever, including without limitation any general, special,
incidental or consequential damages arising in connection to this
license. Notwithstanding the foregoing two (2) sentences, if Creative
Commons has expressly identified itself as the Licensor hereunder, it
shall have all rights and obligations of Licensor.

Except for the limited purpose of indicating to the public that the
Work is licensed under the CCPL, Creative Commons does not authorize
the use by either party of the trademark "Creative Commons" or any
related trademark or logo of Creative Commons without the prior
written consent of Creative Commons. Any permitted use will be in
compliance with Creative Commons’ then-current trademark usage
guidelines, as may be published on its website or otherwise made
available upon request from time to time. For the avoidance of doubt,
this trademark restriction does not form part of this License.

Creative Commons may be contacted at http://creativecommons.org/.
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Preface

This book is primarily intended to be used as a text for undergraduate students in engineering (and related) disciplines.
The book provides a basic introduction to continuous-time signals and systems. Since many engineering curricula use
MATLAB as a teaching tool, the book also includes a detailed tutorial on MATLAB as an appendix. This book
evolved from a detailed set of lecture notes that the author prepared in order to teach two different undergraduate
courses on signals and systems at the University of Victoria. The first version of these lectures notes was developed
while the author was teaching ELEC 260 in the Summer 2003 term. These lecture notes were then augmented in
order to accommodate the teaching of ELEC 255. Over time, the lecture notes underwent many changes, eventually
evolving into the book that you are now reading.

More recently, the author has started to develop some material on discrete-time signals and systems. With a little
luck, the author will complete this draft material, and include it in a future version of this book.
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Chapter 1

Introduction

1.1 Signals and Systems

Mathematics has a very broad scope, encompassing many areas such as: linear algebra, calculus, probability and
statistics, geometry, differential equations, and numerical methods. For engineers, however, an area of mathematics
of particular importance is the one that pertains to signals and systems (which is, loosely speaking, the branch of
mathematics known as functional analysis). It is this area of mathematics that is the focus of this book. Before we can
treat this topic in any meaningful way, however, we must first explain precisely what signals and systems are. This is
what we do next.

1.2 Signals

A signal is a function of one or more variables that conveys information about some (usually physical) phenomenon.
Some examples of signals include:
e a human voice
e a voltage in an electronic circuit
the temperature of a room controlled by a thermostat system
the position, velocity, and acceleration of an aircraft
the acceleration measured by an accelerometer in a cell phone
the force measured by a force sensor in a robotic system
the electromagnetic waves used to transmit information in wireless computer networks
a digitized photograph
a digitized music recording
the evolution of a stock market index over time

1.2.1 Classification of Signals

Signals can be classified based on the number of independent variables with which they are associated. A signal that
is a function of only one variable is said to be one dimensional. Similarly, a signal that is a function of two or more
variables is said to be multi-dimensional. Human speech is an example of a one-dimensional signal. In this case,
we have a signal associated with fluctuations in air pressure as a function of time. An example of a two-dimensional
signal is a monochromatic image. In this case, we have a signal that corresponds to a measure of light intensity as a
function of horizontal and vertical position.

A signal can also be classified on the basis of whether it is a function of continuous or discrete variables. A signal
that is a function of continuous variables (e.g., a real variable) is said to be continuous time. Similarly, a signal that
is a function of discrete variables (e.g., an integer variable) is said to be discrete time. Although the independent
variable need not represent time, for matters of convenience, much of the terminology is chosen as if this were so.
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Figure 1.1: Graphical representations of (a) continuous-time and (b) discrete-time signals.

For example, a digital image (which consists of a rectangular array of pixels) would be referred to as a discrete-time
signal, even though the independent variables (i.e., horizontal and vertical position) do not actually correspond to
time.

If a signal is a function of discrete variables (i.e., discrete-time) and the value of the function itself is also discrete,
the signal is said to be digital. Similarly, if a signal is a function of continuous variables, and the value of the function
itself is also continuous, the signal is said to be analog.

Many phenomena in our physical world can be described in terms of continuous-time signals. Some examples of
continuous-time signals include: voltage or current waveforms in an electronic circuit; electrocardiograms, speech,
and music recordings; position, velocity, and acceleration of a moving body; forces and torques in a mechanical
system; and flow rates of liquids or gases in a chemical process. Any signals processed by digital computers (or
other digital devices) are discrete-time in nature. Some examples of discrete-time signals include digital video, digital
photographs, and digital audio data.

A discrete-time signal may be inherently discrete or correspond to a sampled version of a continuous-time sig-
nal. An example of the former would be a signal corresponding to the Dow Jones Industrial Average stock market
index (which is only defined on daily intervals), while an example of the latter would be the sampled version of a
(continuous-time) speech signal.

1.2.2 Notation and Graphical Representation of Signals

In the case of discrete-time signals, we sometimes refer to the signal as a sequence. The nth element of a sequence
x is denoted as either x(n) or x,. Figure 1.1 shows how continuous-time and discrete-time signals are represented
graphically.

1.2.3 Examples of Signals

A number of examples of signals have been suggested previously. Here, we provide some graphical representations
of signals for illustrative purposes. Figure 1.2 depicts a digitized speech signal. Figure 1.3 shows an example of a
monochromatic image. In this case, the signal represents light intensity as a function of two variables (i.e., horizontal
and vertical position).

1.3 Systems

A system is an entity that processes one or more input signals in order to produce one or more output signals, as
shown in Figure 1.4. Such an entity is represented mathematically by a system of one or more equations.

In a communication system, the input might represent the message to be sent, and the output might represent
the received message. In a robotics system, the input might represent the desired position of the end effector (e.g.,
gripper), while the output could represent the actual position.
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Figure 1.2: Segment of digitized human speech.
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Figure 1.4: System with one or more inputs and one or more outputs.
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Figure 1.5: A simple RC network.

1.3.1 Classification of Systems

A system can be classified based on the number of inputs and outputs it has. A system with only one input is described
as single input, while a system with multiple inputs is described as multi-input. Similarly, a system with only one
output is said to be single output, while a system with multiple outputs is said to be multi-output. Two commonly
occurring types of systems are single-input single-output (SISO) and multi-input multi-output (MIMO).

A system can also be classified based on the types of signals with which it interacts. A system that deals with
continuous-time signals is called a continuous-time system. Similarly, a system that deals with discrete-time signals
is said to be a discrete-time system. A system that handles both continuous- and discrete-time signals, is sometimes
referred to as a hybrid system (or sampled-data system). Similarly, systems that deal with digital signals are referred
to as digital, while systems that handle analog signals are referred to as analog. If a system interacts with one-
dimensional signals, the system is referred to as one-dimensional. Likewise, if a system handles multi-dimensional
signals, the system is said to be multi-dimensional.

1.3.2 Examples of Systems

Systems can manipulate signals in many different ways and serve many useful purposes. Sometimes systems serve to
extract information from their input signals. For example, in the case of speech signals, systems can be used in order
to perform speaker identification or voice recognition. A system might analyze electrocardiogram signals in order to
detect heart abnormalities. Amplification and noise reduction are other functionalities that systems could offer.

One very basic system is the resistor-capacitor (RC) network shown in Figure 1.5. Here, the input would be the
source voltage v; and the output would be the capacitor voltage v..

Consider the signal-processing systems shown in Figure 1.6. The system in Figure 1.6(a) uses a discrete-time
system (such as a digital computer) to process a continuous-time signal. The system in Figure 1.6(b) uses a continuous-
time system (such as an analog computer) to process a discrete-time signal. The first of these types of systems is
ubiquitous in the world today.

Consider the communication system shown in Figure 1.7. This system takes a message at one location and
reproduces this message at another location. In this case, the system input is the message to be sent, and the output
is the estimate of the original message. Usually, we want the message reproduced at the receiver to be as close as
possible to the original message sent by the transmitter.

A system of the general form shown in Figure 1.8 frequently appears in control applications. Often, in such
applications, we would like an output to track some reference input as closely as possible. Consider, for example, a
robotics application. The reference input might represent the desired position of the end effector, while the output
represents the actual position.

1.4 Why Study Signals and Systems?

As can be seen from the earlier examples, there are many practical applications in which we need to develop systems
that manipulate signals. In order to do this, we need a formal mathematical framework for the study of such systems.
Such a framework can be used to guide the design of new systems as well as to analyze the behavior of already existing
systems. Over time, the complexity of systems designed by engineers has continued to grow. Today, most systems
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Figure 1.6: Signal processing systems. (a) Processing a continuous-time signal with a discrete-time system. (b) Pro-
cessing a discrete-time signal with a continuous-time system.
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Figure 1.8: Feedback control system.
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of practical interest are highly complex. For this reason, a formal mathematical framework to guide the design of
systems is absolutely critical. Without such a framework, there is little hope that any system that we design would
operate as desired, meeting all of the required specifications.

1.5 Overview of This Book

This book presents the mathematical tools used for studying both signals and systems. In its current incarnation,
this book focuses primarily on the study of signals and systems in the continuous-time case. Although most systems
considered herein are SISO, the mathematics extends in a very straightforward manner to systems that have multiple
inputs and/or multiple outputs. Only the one-dimensional case is considered herein, however, as the multi-dimensional
case is considerably more complicated and beyond the scope of this book.

The remainder of this book is organized as follows. Chapter 2 presents some mathematical preliminaries that are
essential for both the continuous-time and discrete-time cases. Then, Chapters 3, 4, 5, 6, and 7 cover material that
relates primarily to the continuous-time case.

The material on continuous-time signals and systems consists of the following. Chapter 3 examines signals and
systems in more depth than covered in earlier chapters. A particular class of systems known as (continuous-time)
linear time-invariant (LTI) systems is introduced. Chapter 4 then studies LTI systems in depth. Finally, Chapters 5,
6, and 7 introduce continuous-time Fourier series, the continuous-time Fourier transform, and the Laplace transform,
respectively, which are important mathematical tools for studying continuous-time signals and systems.

This book also includes several appendices, which contain supplemental material related to the topics covered in
the main chapters of the book. Appendix A provides a review of complex analysis. Appendix B introduces partial
fraction expansions. Appendix C presents time-domain methods for solving for differential equations. Appendix D
offers a list of some useful mathematical formulas. Appendix E presents a detailed introduction to MATLAB. Finally,
Appendix F provides some additional exercises.
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Chapter 2

Preliminaries

2.1 Mappings

A mapping is a relationship involving two sets that associates each element in one set, called the domain, with an
element from the other set, called the codomain. For example, the sine function (i.e., sin) is an example of a mapping.
For each real number ¢, the sine function maps ¢ to the sine of ¢ (i.e., sinz). In the case of the sine function both
the domain and codomain are the real numbers. As another example consider the function trunc that rounds a real
number ¢ to an integer by discarding the fractional part of # (i.e., trunc rounds towards zero). The trunc function is a
mapping where the domain and codomain are the real numbers and integers, respectively.

Although very many types of mappings exist, the types of most relevance to our study of signals and systems
are: functions, sequences, system operators, and transforms. In the sections that follow, we will introduce (or further
elaborate upon) each of these types of mappings.

2.2 Functions

A function is a mapping where the domain is a set that is continuous in nature, such as the real numbers, complex
numbers, or a subset of either of these. In practice, the codomain is typically either the real numbers or complex
numbers. Functions are also commonly referred to as continuous-time (CT) signals. Herein, we focus mostly on
functions of a single independent variable (i.e., one-dimensional functions). The trigonometric sine (i.e., sin) function
is an example of a function. It associates each real number ¢ with the real number sin¢. In this case, the domain and
codomain are the real numbers.

For a function f, the expression “f(¢)” denotes the value of the function f evaluated at t. Note that “f(r)”
does not denote the function f itself. This distinction is an extremely important one to make—a point that we shall
revisit shortly. Normally, the parameters to a function are placed in (round, square, or curly) brackets. For standard
mathematical functions with only a single parameter (e.g., sin and cos), brackets generally tend to be omitted when
not needed for grouping. That is, we typically write “sins” instead of “sin(¢)”. In the case of a non-standard function
like f, we would always write “f(¢)”, not “f1”.

Many notational schemes can be used to specify a function mathematically. In engineering, however, it is arguably
most common to specify a function in terms of a defining equation. For example, we can specify a function f that
maps the real number ¢ to 2 (i.e., a squaring function) using the equation f (t)= 12. Here, f is the function, and ¢ is a
dummy variable that is used only for the purposes of writing the equation f(¢) = ¢> that defines the function f. Since
t is only a dummy variable, the equations f(¢) = > and f(x) = x> define exactly the same function. Note that “f”
and “f(¢) = t*” are, strictly speaking, different things. That is, “f” is the function itself whereas “f(¢) =t is not the
function f but rather an equation that defines the function f. So, strictly speaking, to define a function f, we should
use wording like: “let f be the function defined by the equation f(z) = ...”. Often, in practice, we abuse notation
somewhat and simply write “the function f(¢) =...” or simply “f(¢) = ...”. Fortunately, this type notational abuse
does not usually lead to problems in most cases.
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8 CHAPTER 2. PRELIMINARIES

Since notational conventions play a crucial role, it is worthwhile to take some time in order to clearly introduce
such conventions. In what follows, we present several examples to illustrate various aspects of the notation associated
with functions.

Example 2.1. Let f and g each denote a real-valued function of a real variable. Let ¢ denote an arbitrary real number.
The expression f + g denotes a function, namely, the function formed by adding the functions f and g. The expression
J(t)+g(r) denotes a number, namely, the sum of: 1) the value of the function f evaluated at 7; and 2) the value of the
function g evaluated at ¢. The expression (f + g)(¢) denotes the result obtained by: 1) first computing a new function
h that is the sum of the functions f and g; and 2) then evaluating & at . Note that the meanings of the expressions
(f+g)(t) and f(r)+ g(¢) are subtly different. In the first case, the addition operation is being applied to two functions,
while in the second case, the addition operation is being applied to two numbers. Although the meanings of these two
expressions are subtly different, they are always equal. In other words, it is always true that

(f+8)(t) = f(t)+g(t) forallz.

This is due to the fact that preceding equation is precisely how the addition of functions is defined. In other words,
we add functions by adding their values at corresponding points (i.e., addition is defined in a pointwise manner). W

Example 2.2. For two functions x; and x, the expression x| +x; denotes the function that is the sum of the functions
x1 and xp. The expression (x| +x3)(¢) denotes the function x; + x; evaluated at 7. Since the addition of functions
can be defined pointwise (i.e., we can add two functions by adding their values at corresponding pairs of points), the
following relationship always holds:

(x1+x2)(t) =x1(t) +x2(r) forallz.

Similarly, since subtraction, multiplication, and division can also defined pointwise, the following relationships also
hold:

(x1 —=x2)(t) = x1(t) —x2(¢) forallz,
(x1x2)(t) = x1(f)xp(¢) forallz, and
(xl/)Cz)(t)le(l)/xZ(t) for all z.

It is important to note, however, that not all mathematical operations involving functions can be defined in a pointwise
manner. That is, some operations fundamentally require that their operands be functions. The convolution operation
(for functions), which will be considered later, is one such example. If some operator, which we denote for illustrative
purposes as “o”, is defined in such a way that it can only be applied to functions, then the expression (x; ¢x;)(#) is
mathematically valid, but the expression x;(7) ox2(¢) is not. The latter expression is not valid since the ¢ operator
requires two functions as operands, but the provided operands x; (z) and x;(¢) are numbers (namely, the values of the
functions x; and x; each evaluated at #). Due to issues like this, one must be careful in the use of mathematical notation
related to functions. Otherwise, it is easy to fall into the trap of writing expressions that are ambiguous, contradictory,
or nonsensical. ]

2.3 Sequences

A sequence is a mapping where the domain is a set that is discrete in nature, such as the integers, or a subset thereof.
In practice, the codomain is typically either the real numbers or complex numbers. Sequences are also commonly
referred to as discrete-time (DT) signals. Herein, we focus mostly on sequences with a single independent variable
(i.e., one-dimensional sequences). The sequence 12,2%,3%,4% ... of perfect squares is an example of a sequence. It
associates each (strictly) positive integer n with the integer n>. In this case, the domain and codomain are the positive
integers.

Similar comments as above also apply to expressions involving sequences. For a sequence f, the expression
“f(n)” denotes the value of the sequence evaluated at n, whereas the expression “f” denotes the sequence itself. It
is often critically important to make a clear distinction between a sequence and its value. A sequence is typically
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2.4. REMARKS ON ABUSE OF NOTATION 9

specified by a defining equation. For example, a sequence f that maps the integer n to n” (i.e., a sequence of squares)
can be specified using the equation f(n) = n?.

Since notational conventions play a crucial role, it is worthwhile to take some time in order to clearly introduce
such conventions. In what follows, we present several examples to illustrate various aspects of the notation associated

with sequences.

Example 2.3. Let f and g each denote a real-valued sequence with an integer index. Let n denote an arbitrary integer.
The expression fg denotes a sequence, namely, the sequence formed by multiplying the sequences f and g. The
expression f(n)g(n) denotes a number, namely, the product of: 1) the value of the sequence f evaluated at n; and
2) the value of the sequence g evaluated at n. The expression (fg)(n) denotes the result obtained by: 1) first computing
a new sequence h that is the product of the sequences f and g; and 2) then evaluating % at n. Note that the meanings
of the expressions (fg)(n) and f(n)g(n) are subtly different. In the first case, the multiplication operation is being
applied to two sequences, while in the second case, the multiplication operation is being applied to two numbers.
Although the meanings of these two expressions are subtly different, they are always equal. In other words, it is
always true that

(fg)(n) = f(n)g(n) forall n.

This is due to the fact that preceding equation is precisely how the multiplication of sequences is defined. In other
words, we multiply sequences by multiplying their values at corresponding points (i.e., multiplication is defined in a
pointwise manner). |

Example 2.4. For two sequences x| and x,, we have two ways in which we can express the equality of these sequences.
First, we can simply write that x; = x,. Second, we can write that x| (n) = x,(n) for all n. The first approach is probably
preferable since it is less verbose. |

Example 2.5. For two sequences x; and xp, the expression x| + x» denotes the sequence that is the sum of the
sequences x; and x;. The expression (x; +x;)(n) denotes the sequence x; + x, evaluated at n. Since the addition of
sequences can be defined pointwise (i.e., we can add two sequences by adding their values at corresponding pairs of
points), the following relationship always holds:

(x1+x2)(n) =x1(n) +x2(n) for all n.

Similarly, since subtraction, multiplication, and division can also defined pointwise, the following relationships also
hold:

(x1 —x2)(n) = x1(n) —xp(n) foralln,
(x1x2)(n) =x1(n)x2(n) foralln, and
(x1/x2)(n) = x1(n)/x2(n) for all n.

It is important to note, however, that not all mathematical operations involving sequences can be defined in a pointwise
manner. That is, some operations fundamentally require that their operands be sequences. The convolution operation
(for sequences), which will be considered later, is one such example. If some operator, which we denote for illustrative
purposes as “¢”, is defined in such a way that it can only be applied to sequences, then the expression (x; ¢x;)(n) is
mathematically valid, but the expression x; (n) ¢ x(n) is not. The latter expression is not valid since the ¢ operator
requires two sequences as operands, but the provided operands x;(r) and x;(n) are numbers (namely, the values of
the sequences x| and x, each evaluated at n). Due to issues like this, one must be careful in the use of mathematical
notation related to sequences. Otherwise, it is easy to fall into the trap of writing expressions that are ambiguous,

contradictory, or nonsensical. ||

2.4 Remarks on Abuse of Notation

Unfortunately, for a function f, it is common practice for engineers to abuse mathematical notation and write “f(r)” to
refer to the function f itself. A similar issue also exists for the case of sequences. The abuse of mathematical notation,
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10 CHAPTER 2. PRELIMINARIES

however, can often lead to trouble. In some contexts, it is critically important to make a clear distinction between a
function (or sequence) and its value, and failing to do so can lead to many problems, such as writing mathematical
expressions that are ambiguous, contradictory, or nonsensical. For this reason, it is strongly recommended that one
try to maintain a clear distinction between a function (or sequence) and its value.

With the above said, notational abuse in trivial cases is not likely to cause problems. For example, if we simply
write “the function f(¢)” instead of more correctly writing the “the function f”, this is unlikely to cause confusion.
Where notational abuse is much more likely to become problematic is when the expressions that are being referred
to as functions contain mathematical operations or more than one variable, such as expressions like: f(t — 1), f(7¢),
flar—b),tf(t),and f(r — 7). In cases like these, abuse of notation makes the intended meaning much less clear, open-
ing the possibility of misinterpretation. For example, in the case of “f(¢# — 7)”, more than one reasonable interpretation
exists if one allows notation to be abused. In particular, “f (¢ — 7)” might mean:

1. a number that is equal to the function f evaluated at r — 7;

2. an anonymous (i.e., unnamed) function that is equal to the function g, where g(x) = f(x — 1) (i.e., t and 7 are

interpreted as a variable and constant, respectively);

3. an anonymous function that is equal to the function g, where g(x) = f(t —x) (i.e., ¢ and 7 are interpreted as a

constant and variable, respectively);

4. an anonymous function that is equal to the constant function g, where g(x) = f(t — 7) (i.e., t and T are both

interpreted as constants).
In circumstances like this one, notational problems can be easily avoided by simply specifying the desired function in
terms of an equation. In other words, we can give a name to the function being specified and then define the function
in terms of an equation using the given name. For example, instead of saying “the function f(t — 7)”, we can say
“the function g(¢) = f(¢ — 7)”. This latter notation makes clear that 7 is a constant, for example. As another example,
instead of saying “the function f(r — 1)”, we can say “the function g(¢) = f(r —1)”.

Due to problems like those above, great care must be exercised when using anonymous functions in order to
avoid ambiguous notation. Since ambiguous notation is a frequent source of problems, the author would suggest that
anonymous functions are best avoided in most circumstances.

2.5 Dot Notation for Functions and Sequences

Sometimes a situation may arise where one would like to distinguish a function from the value of a function, but
without resorting to giving the function a name or other more verbose notational approaches. A similar comment also
applies for the case of sequences. In this regard, the dot notation for functions and sequences is quite useful. If we
wish to indicate that an expression corresponds to a function (as opposed to the value of a function), we can denote
this using the interpunct symbol (i.e., “-”’). In each place where the variable for the function would normally appear,
we simply replace it with an interpunct symbol (i.e., “-”). For example, /- denotes the square root function, whereas
\/t denotes the value of the square root function evaluated at 1. Some additional examples of the dot notation for
functions can be found in Table 2.1(a). A similar convention can also be applied to sequences. Some examples of the
dot notation for sequences can be found in Table 2.1(b). Since some readers may find this dot notation to be somewhat
strange, this book minimizes the use of this notation. It is, however, used in a few limited number of places in order
to achieve clarity without the need for being overly verbose. Although the dot notation may appear strange at first, it
is a very commonly used notation by mathematicians. Sadly, it is not used as much by engineers, in spite of its great
utility.

2.6 System Operators

A system operator is a mapping used to represent a system. In what follows, we will focus exclusively on the case of
single-input single-output systems, since this case is our primary focus herein. A (single-input single-output) system
operator maps a function or sequence representing the input of a system to a function or sequence representing the

output of the system. For example, the system JH that maps a function to a function and is given by

Hx(t) = 2x(¢)
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2.6. SYSTEM OPERATORS 11

Table 2.1: Examples of dot notation for functions and sequences. Examples for (a) functions and (b) sequences.

(a)
] Named Function f \ Corresponding Unnamed Function ‘
f(t) =8(1) 8()
=1 ()
110 = 5
[ =¢ eV
f(t) =] |
f)=r+3t+1 ()2 +3-+1
f(t) = glat —b) gla-—b)
f(t)=g(t—1) gt—1)
fIOEYIED RED
(b)
’ Named Sequence f \ Corresponding Unnamed Sequence
f(n) =g(n) 8()
f(n)=n ()
f(n) = sin(5n) sin[F ()]
f(n) = g(3n) 8(3:)
f(n)=g(n—1) g(—1)
f(n) = ng(n) ()g(")
f(n)=2n>+n+5 2(:2+()+5

multiplies its input function x by a factor of 2 in order to produce its output function. The system H that maps a
sequence to a sequence and is given by

Hx(n) =x(n)+1

adds one to its input sequence x in order to produce its output sequence.

For a system operator J and function x, the expression H (x) denotes the output produced by the system H when
the input is the function x. Since only a single symbol x follows the operator J{, there is only one way to group the
operations in this expression. Therefore, the parentheses can be omitted without any risk of changing the meaning of
the expression. In other words, we can equivalently write H(x) as Hx. Since Hx is a function, we can evaluate this
function at ¢, which corresponds to the expression (Hx)(¢). We can omit the first set of parentheses in this expression
without changing its meaning. In other words, the expressions (Hx)(¢) and Hx(¢) have identical meanings. This is
due to the fact that there is only one possible way to group the operations in Hx(¢) that is mathematically valid. For
example, the grouping H[x(¢)] is not mathematically valid since H must be provided a function as an operand, but the
provided operand x(#) is a number (namely, the value of the function x evaluated at ).

Again, since notational conventions play a crucial role, it is worthwhile to take some time in order to clearly
introduce such conventions. In what follows, we present several examples to illustrate various aspects of the notation
associated with system operators.

Example 2.6. For a system operator 3, a function x, and a real constant £y, the expression Hx(z — o) denotes the
result obtained by taking the function y produced as the output of the system 3 when the input is the function x and
then evaluating y att — . ]

Example 2.7. For a system operator 3, function x’, and real number ¢, the expression Hx'(¢) denotes result of taking
the function y produced as the output of the system JH when the input is the function x’ and then evaluating y atz. W

Example 2.8. For a system operator 3, function x, and a complex constant a, the expression H(ax) denotes the
output from the system H when the input is the function ax (i.e., a times x). |
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Table 2.2: Examples of transforms

’ Name Domain \ Codomain
CT Fourier Series T -periodic functions (with domain R) | sequences (with domain Z)
CT Fourier Transform | functions (with domain R) functions (with domain R)
Laplace Transform functions (with domain R) functions (with domain C)
DT Fourier Series N-periodic sequences (with domain Z) | N-periodic sequences (with domain Z)
DT Fourier Transform | sequences (with domain 7Z) 2m-periodic functions (with domain R)
Z Transform sequences (with domain Z) functions (with domain C)

Example 2.9. For a system operator J{ and the functions x| and x,, the expression H(x; +x») denotes the output
produced by the system J{ when the input is the function x; +x,. Note that, in this case, we cannot omit the parentheses
without changing the meaning of the expression. That is, Hx; +x, means (Hx;) + xp, which denotes the sum of the
function x; and the output produced by the system J{ when the input is the function x;. ]

Example 2.10. For a system operator J{ and the functions x; and x,, and the complex constants a; and a;, the
expression H(ajx; + axxy) denotes the output produced by the system H when the input is the function ajx; +
arxs. [ |

Example 2.11. Let J(; and J{; denote the operators representing two systems and let x denote a function. Consider
the expression H,JH;x. The implied grouping of operations in this expression is 3, (Hx). So, this expression denotes
the output produced by the system H, when its input is the function y, where y is the output produced by the system
I, when its input is the function x. ]

2.7 Transforms

Later, we will be introduced to several types of mappings known as transforms. Transforms have a mathematical
structure similar to system operators. That is, transforms map functions/sequences to functions/sequences. Due to
this similar structure, many of the earlier comments about system operators also apply to the case of transforms.
Some examples of transforms of interest in the study of signals and systems are listed in Table 2.2. For example, the
Fourier transform (introduced later) is denoted as J and the result of applying the Fourier transform operator to the
function/sequence x is denoted as Fx.

2.8 Basic Signal Properties

Signals can possess a number of interesting properties. In what follows, we introduce a few very basic properties that
are frequently useful.

2.8.1 Symmetry of Functions and Sequences

A function x is said to be even if it satisfies
x(t) =x(—t) forall t (where ¢ is a real number). 2.1
Similarly, a sequence x is said to be even if it satisfies
x(n) =x(—n) for all n (where n is an integer). (2.2)

Geometrically, an even function or sequence is symmetric about the origin. Examples of an even function and se-
quence are given in Figures 2.1 and 2.2. Some other examples of even functions include the cosine, absolute value,
and square functions. Some other examples of even sequences include the unit-impulse and rectangular sequences (to
be introduced later).
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Figure 2.1: Example of an even function. Figure 2.2: Example of an even sequence.
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Figure 2.3: Example of an odd function. Figure 2.4: Example of an odd sequence.

A function x is said to be odd if it satisfies
x(t) = —x(—t) for all t (where 7 is a real number). (2.3)
Similarly, a sequence x is said to be odd if it satisfies
x(n) = —x(—n) for all n (where n is an integer). 2.4)

Geometrically, an odd function or sequence is antisymmetric about the origin. Examples of an odd function and odd
sequence are shown in Figures 2.3 and 2.4. One can easily show that an odd function or sequence x must be such
that x(0) = 0, assuming that the domain of x includes 0 (i.e., x(0) is defined). Some other examples of odd functions
include the sine, signum, and cube (i.e., x(t) = t3) functions.

A function x is said to be conjugate symmetric if it satisfies

x(r) =x*(—t) forall r (where 7 is a real number). (2.5)

Similarly, a sequence x is said to be conjugate symmetric if it satisfies
x(n) =x*(—n) for all n (where n is an integer). (2.6)

An example of a conjugate symmetric function is a complex sinusoid x(t) = cos @ + jsin @f, where ® is a real
constant. The real part of a conjugate symmetric function or sequence is even. The imaginary part of a conjugate
symmetric function or sequence is odd.
2.8.2 Periodicity of Functions and Sequences
A function x is said to be periodic with period T (or simply 7-periodic) if, for some strictly positive real constant 7',

x(t)=x(t+T) forall ¢ (where is a real number). 2.7)
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x(t)
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Figure 2.5: Example of a periodic function (with a fundamental period of T').

x(n)
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Figure 2.6: Example of a periodic sequence (with a fundamental period of 4).

In other words, the graph of a T-periodic function repeats in value every T units along the horizontal axis. A T-
periodic function x is said to have the frequency % and angular frequency 27” Similarly, a sequence x is said to be
periodic with period T (or simply T-periodic) if, for some strictly positive integer N,

x(n) =x(n+N) for all n (where n is an integer). (2.8)

An N-periodic sequence x is said to have frequency - » and angular frequency . A function or sequence that is
not periodic is said to be aperiodic. Examples of a periodic function and sequence are shown in Figures 2.5 and 2.6.
Some other examples of periodic functions include the cosine and sine functions.

The period of a periodic function or sequence is not uniquely determined. In particular, a function or sequence
that is periodic with period T is also periodic with period kT, for every strictly positive integer k. In most cases, we
are interested in the smallest (positive) value of T or N for which (2.7) or (2.8) is satisfied, respectively. We refer to
this value as the fundamental period. Moreover, the frequency corresponding to the fundamental period is called the
fundamental frequency.

Consider, for example, the periodic function x shown in Figure 2.5. The function x is periodic with periods T,
2T,3T, and so on. The fundamental period of x, however, is uniquely determined and has the value 7.
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2.9 Exercises

2.9.1 Exercises Without Answer Key

2.1 Let each of G and J{ denote a system operator that maps a function to a function; let x and y denote functions;
and assume that all other variables denote numbers. Fully parenthesize each of the expressions below in order
to show the implied grouping of all operations.

(@) Hx(t) =12+ 1;
(b) §Hy(1);

(¢) Hx+y; and
(d) xHGy.

2.2 Let JH{ denote a system operator that maps a function to a function; let x and y denote functions; and let all other
variables denote numbers. Using strictly-correct mathematical notation, write an expression for each quantity
specified below. Only use brackets for grouping when strictly required. Use D to denote the derivative operator.
(a) the output of the system H when its input is y;

(b) the output of the system H evaluated at 2¢ — 1 when the input to the system is x;

(c) the output of the system J{ evaluated at # when the input to the system is ax;

(d) the output of the system H evaluated at 5t when the input to the system is x + y;

(e) the derivative of the output of the system HH when its input is ax;

(e) the output of the system I when its input is the derivative of ax;

(f) the sum of: 1) the output of the system J{ when its input is x; and 2) the output of the system J when its
input is y;

(g) the output of the system J when its input is x + y; and

(h) the derivative of x evaluated at 5¢ — 3.

2.3 Let D denote the derivative operator; let H;, H,, and H3 denote the system operators Hx(¢) = tx(t), Hox(t) =
x(t — 1), and H3x(¢) = x(3t); and let x denote the function x(¢) = ¢ — 1. Evaluate each of the expressions given
below.

() FoHx(t);
(b) F FHox(1);
(©) Hux(z —1);
(d) DH3x(t);

(e) H3Dx(t); and
() D{3x} (7).

2.9.2 Exercises With Answer Key

Currently, there are no exercises available with an answer key.

Edition 2.0 Copyright (©) 2012-2020 Michael D. Adams



16 CHAPTER 2. PRELIMINARIES

Copyright (©) 2012-2020 Michael D. Adams Edition 2.0



17

Chapter 3

Continuous-Time Signals and Systems

3.1 Transformations of the Independent Variable

An important concept in the study of signals and systems is the transformation of a signal. Here, we introduce several
elementary signal transformations. Each of these transformations involves a simple modification of the independent
variable.

3.1.1 Time Shifting (Translation)

The first type of signal transformation that we shall consider is known as time shifting. Time shifting (also known as
translation) maps a function x to the function y given by

¥() = x(t ~ b), G.1)

where b is a real constant. In other words, the function y is formed by replacing 7 by 7 — b in the expression for x(z).
Geometrically, the transformation (3.1) shifts the function x (to the left or right) along the time axis to yield y. If b > 0,
y is shifted to the right relative to x (i.e., delayed in time). If b < 0, y is shifted to the left relative to x (i.e., advanced
in time).

The effects of time shifting are illustrated in Figure 3.1. By applying a time-shifting transformation to the function
x shown in Figure 3.1(a), each of the functions in Figures 3.1(b) and (c) can be obtained.

3.1.2 Time Reversal (Reflection)

The next type of signal transformation that we consider is called time reversal. Time reversal (also known as reflec-
tion) maps a function x to the function y given by

y(t) = x(—1). (3.2)

In other words, the function y is formed by replacing ¢ with — in the expression for x(¢). Geometrically, the transfor-
mation (3.2) reflects the function x about the origin to yield y.

To illustrate the effects of time reversal, an example is provided in Figure 3.2. Applying a time-reversal transfor-
mation to the function x in Figure 3.2(a) yields the function in Figure 3.2(b).

3.1.3 Time Compression/Expansion (Dilation)

The next transformation to be considered is called time compression/expansion. Time compression/expansion (also
known as dilation) maps a function x to the function y given by

y(t) = x(at), (3.3)
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x(r—1) x(t+1)
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Figure 3.1: Example of time shifting. (a) The function x; and the result of applying a time-shifting transformation to
x with a shift of (b) 1 and (¢) —1.

x(1) x(=1)
—+ 3 -+
2 X 2 4
1 “\_/\/ \/\/1"
t t t t t t t t t t t t t t
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
(a) (b)

Figure 3.2: Example of time reversal. (a) The function x; and (b) the result of applying a time-reversal transformation

to x.
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Figure 3.3: Example of time compression/expansion. (a) The function x; and the result of applying a time compres-
sion/expansion transformation to x with a scaling factor of (b) 2 and (c) %

where a is a strictly positive real constant. In other words, the function y is formed by replacing ¢ by at in the
expression for x(7). The constant a is referred to as the scaling factor. The transformation in (3.3) is associated with
a compression/expansion along the time axis. If a > 1, y is compressed along the horizontal axis by a factor of a,
relative to x. If @ < 1, y is expanded (i.e., stretched) along the horizontal axis by a factor of é relative to x.

To illustrate the effects of time compression/expansion, an example is provided in Figure 3.3. By applying a time
compression/expansion transformation to the function x in Figure 3.3(a), each of the functions shown in Figures 3.3(b)
and (c) can be obtained.

3.1.4 Time Scaling (Dilation/Reflection)

Another type of signal transformation is called time scaling. Time scaling maps a function x to the function y given
by
y(t) = x(at), (3.4)

where a is a nonzero real constant. In other words, the function y is formed by replacing ¢ with at in the expression
for x(¢). The quantity a is referred to as the scaling factor. Geometrically, the transformation (3.4) is associated with
a compression/expansion along the time axis and/or reflection about the origin. If |a| < 1, the function is expanded
(i.e., stretched) along the time axis. If |a| > 1, the function is instead compressed. If |a| = 1, the function is neither
expanded nor compressed. Lastly, if a < 0, the function is reflected about the origin. Observe that time scaling
includes both time compression/expansion and time reversal as special cases.

To illustrate the behavior of time scaling, we provide an example in Figure 3.4. Each of the functions shown
in Figures 3.4(b), (c), and (d) can be obtained by applying a time-scaling transformation to the function x given in
Figure 3.4(a).

3.1.5 Combining Time Shifting and Time Scaling

In the preceding sections, we introduced the time shifting and time scaling transformations. Moreover, we observed
that time scaling includes time compression/expansion and time reversal as special cases. Some independent-variable
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Figure 3.4: Example of time scaling. (a) The function x; and the result of applying a time-scaling transformation to x
with a scaling factor of (b) 2, (c) %, and (d) —1.

transformations commute, while other do not. The issue of commutativity is important, for example, when trying
to simplify or manipulate expressions involving combined transformations. Time-scaling, time-reversal, and time-
compression/expansion operations commute. Time-shifting (with a nonzero shift) and each of time-scaling, time-
reversal, and time-compression/expansion operations do not commute.

Now, we introduce a more general transformation that combines the effects of time shifting and time scaling. This
new transformation maps a function x to the function y given by

¥(t) = x(at —b), (3.5)

where a and b are real constants and a # 0. In other words, the function y is formed by replacing ¢ with at — b in the
expression for x(r). One can show that the transformation (3.5) is equivalent to first time shifting x by b, and then time
scaling the resulting function by a. Geometrically, this transformation preserves the shape of x except for a possible
expansion/compression along the time axis and/or a reflection about the origin. If |a| < 1, the function is stretched
along the time axis. If |a| > 1, the function is instead compressed. If a < 0, the function is reflected about the origin.

The above transformation has two distinct but equivalent interpretations. That is, it is equivalent to each of the
following:

1. first, time shifting x by b, and then time scaling the result by a.

2. first, time scaling x by a, and then time shifting the result by s

Observe that the shifting amount differs in these two interpretations (i.e., b versus 3). This is due to the fact that time
shifting and time scaling do not commute. The proof that the above two interpretations are valid is left as an exercise
for the reader in Exercise 3.3.

Example 3.1. To illustrate the two equivalent interpretations of this combined transformation, we consider a simple
example. Consider the function x shown in Figure 3.5(a). Let us now determine the transformed function y(r) =
x(at —b), wherea=2and b = 1.
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o+
~

(d)

Figure 3.5: Two different interpretations of a combined time-shifting and time-scaling transformation. (a) Original
function. Results obtained by shifting followed by scaling: (b) intermediate result and (c) final result. Results obtained
by scaling followed by shifting: (d) intermediate result and (e) final result.

Solution. First, we consider the shift-then-scale method. In this case, we first shift the function x by b (i.e., 1). This
yields the function in Figure 3.5(b). Then, we scale this new function by a (i.e., 2) in order to obtain y as shown in
Figure 3.5(c). Second, we consider the scale-then-shift method. In this case, we first scale the function x by a (i.e., 2).
This yields the function in Figure 3.5(d). Then, we shift this new function by g (.e., %) in order to obtain y as shown
in Figure 3.5(e). |

3.1.6 Two Perspectives on Independent-Variable Transformations

A transformation of the independent variable can be viewed in terms of:
1. the effect that the transformation has on the function; or
2. the effect that the transformation has on the horizontal axis.

This distinction is important because such a transformation has opposite effects on the function and horizontal axis.
For example, the (time-shifting) transformation that replaces ¢ by t — b (where b is a real number) in the expression
for x() can be viewed as a transformation that

1. shifts the function x right by b units; or
2. shifts the horizontal axis left by b units.

In our treatment of independent-variable transformations, we are only interested in the effect that a transformation has
on the function. If one is not careful to consider that we are interested in the function perspective (as opposed to the
axis perspective), many aspects of independent-variable transformations will not make sense.

3.2 Transformations of the Dependent Variable

In the preceding sections, we examined several transformations of the independent variable. Now, we consider some
transformations of the dependent variable.

Edition 2.0 Copyright (©) 2012-2020 Michael D. Adams



22 CHAPTER 3. CONTINUOUS-TIME SIGNALS AND SYSTEMS

x(t) x(t)—=2

2 2 +

1 T 1 +
' J ' : ! t— 1 f f f ! { — 1
-3 -2 -1 1 2 3 -3 -2 -1 1 2 3

,1 -+ 71 4

2+ 24

(a) (b)

Figure 3.6: Example of amplitude shifting. (a) The function x; and the result obtained by applying an amplitude-
shifting transformation to x with a shifting value of —2.

3.2.1 Amplitude Shifting

The first transformation that we consider is referred to as amplitude shifting. Amplitude shifting maps a function x
to the function y given by

y(t) = x(t) +b,

where b is a scalar constant. Geometrically, the function y is displaced vertically relative to x. If b > 0, y is shifted
upwards by |b| relative to x. If b < 0, y is shifted downwards by |b| relative to x.

The effects of amplitude shifting are illustrated by Figure 3.6. The function shown in Figure 3.6(b) can be obtained
by applying an amplitude-shifting transformation to the function x given in Figure 3.6(a).

3.2.2 Amplitude Scaling

The next transformation that we consider is referred to as amplitude scaling. Amplitude scaling maps a function x to
the function y given by

y(t) = ax(t),

where a is a scalar constant. Geometrically, the function y is expanded/compressed in amplitude and/or reflected about
the time axis, relative to x.

To illustrate the effects of amplitude scaling, an example is given in Figure 3.7. Each of the functions shown in
Figures 3.7(b), (c), and (d) can be obtained by applying an amplitude-scaling transformation to the function x given
in Figure 3.7(a).

3.2.3 Combining Amplitude Shifting and Scaling

In the previous sections, we considered the amplitude-shifting and amplitude-scaling transformations. We can define
a new transformation that combines the effects of amplitude shifting and amplitude scaling. This transformation maps
the function x to the function y given by

y(t) = ax(t) + b, (3.6)

where a and b are scalar constants. One can show that this transformation is equivalent to first scaling x by a and then
shifting the resulting function by b. Moreover, since (3.6) can be rewritten as y(t) = a[x(¢) + Z], this transformation is

also equivalent to first amplitude shifting x by g and then amplitude scaling the resulting function by a.
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Figure 3.7: Example of amplitude scaling. (a) The function x; and the result of applying an amplitude-scaling trans-
formation to x with a scaling factor of (b) 2, (c) %, and (d) —2.
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3.3 Properties of Functions

Functions can possess a number of interesting properties. In what follows, we consider the properties of symmetry
and periodicity (introduced earlier) in more detail. Also, we present several other function properties. The properties
considered are frequently useful in the analysis of signals and systems.

3.3.1 Remarks on Symmetry

At this point, we make some additional comments about even and odd functions (introduced earlier). Since functions
are often summed or multiplied, one might wonder what happens to the even/odd symmetry properties of functions
under these operations. In what follows, we introduce a few results in this regard.

Sums involving even and odd functions have the following properties:

e The sum of two even functions is even.
e The sum of two odd functions is odd.

e The sum of an even function and odd function is neither even nor odd, provided that the functions are not
identically zero.

Products involving even and odd functions have the following properties:
e The product of two even functions is even.
e The product of two odd functions is even.
e The product of an even function and an odd function is odd.

(The proofs of the above properties involving sums and products of even and odd functions is left as an exercise for
the reader in Exercise 3.8.)

As it turns out, any arbitrary function can be expressed as the sum of an even and odd function, as elaborated upon
by the theorem below.

Theorem 3.1 (Decomposition of function into even and odd parts). Any arbitrary function x can be uniquely repre-
sented as the sum of the form

x(t) = xe(t) +x0(2), 3.7

where x. and x, are even and odd, respectively, and given by
xe(t) = 1 [x(t) +x(—t)] and (3.8)
Xo(t) = 3 [x(r) —x(~1)]. (3.9)

As a matter of terminology, x. is called the even part of x and is denoted Even{x}, and x, is called the odd part of x
and is denoted Odd{x}.

Proof. From (3.8) and (3.9), we can easily confirm that x + x, = x as follows:

be(t) +x(=0)] + 3 [x(1) —x(—1)]

x(t)+ %x(—t) + %x(t) — %x(—t)

(t).

Furthermore, we can easily verify that x. is even and x, is odd. From the definition of x. in (3.8), we have
Pe(=1) +x(=[1])]

[x(2) +x(—1)]
().

Xe(1) +Xo(1) =

Il
= NI= D=

Xe(—t1)

D= D=

I
=
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Thus, x. is even. From the definition of x, in (3.9), we have

Xo(—t) = 5 [x(—1) = x(—[~1])]
= 3[=x(t) +x(1)]
= —Xo(t).
Thus, x, is odd.

Lastly, we show that the decomposition of x into the sum of an even function and odd function is unique. Suppose
that x can be written as the sum of an even function and odd function in two ways as

x(t) = fult) + fo(t) and (3.10a)
x(t) = ge(t) + 8o (1), (3.10b)

where f. and g. are even and f, and g, are odd. Equating these two expressions for x, we have

Je(t) + fo(t) = ge(t) + 8o(1).

Rearranging this equation, we have

fe(t) —8e(t) = go(t) — fo(t).

Now, we consider the preceding equation more carefully. Since the sum of even functions is even and the sum of odd
functions is odd, we have that the left- and right-hand sides of the preceding equation correspond to even and odd
functions, respectively. Thus, we have that the even function f(¢) — ge(¢) is equal to the odd function g, (¢) — f5(2).
The only function, however, that is both even and odd is the zero function. (A proof of this fact is left as an exercise
for the reader in Exercise 3.14.) Therefore, we have that

fe(t) _ge(t) = go(t) _fo(t) =0.

In other words, we have that

fe(t) = ge(t) and  fo(t) = go(t).

This implies that the two decompositions of x given by (3.10a) and (3.10b) must be the same decomposition (i.e., they
cannot be distinct). Thus, the decomposition of x into the sum of an even function and odd function is unique. |

3.3.2 Remarks on Periodicity

Since we often add functions, it is helpful to know if the sum of periodic functions is also periodic. In this regard, the
theorem below is useful.

Theorem 3.2 (Sum of periodic functions). Suppose that x| and x, are periodic functions with fundamental periods
Ty and Ty, respectively. Then, the sum y = x| + x is a periodic function if and only if the ratio T\ /T, is a rational
number (i.e., the quotient of two integers). Suppose that Ty /T» = q/r where q and r are integers and coprime (i.e.,
have no common factors), then the fundamental period of y is rTi (or equivalently, qT», since rTy = qT;). (Note that
rTy is simply the least common multiple of T\ and T5.)

In passing, we note that the above result can be extended to the more general case of the sum of N periodic
functions. The sum of N periodic functions x,xs,...,xy with periods 71, 73,..., Ty, respectively, is periodic if and
only if the ratios of the periods are rational numbers (i.e., Tj /T is rational for k = 2,3,...,N). If the sum is periodic,
then the fundamental period is simply the least common multiple of {71,73,...,Ty}. (Note that the least common
multiple of the set of positive real numbers {71, 73,...,Ty} is the smallest positive real number T that is an integer
multiple of each T} fork=1,2,...,N.)

Example 3.2. Let x;(¢) = sinnt and x(¢) = sint. Determine whether the function y = x; + x; is periodic.
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Solution. Denote the fundamental periods of x| and x; as 77 and 7, respectively. We then have

Ti=%2=2 and Th=%=2rm

Here, we used the fact that the fundamental period of sin ot is %. Thus, we have

n_ 2 _

1
T, 2r " *m

L is not rational. Therefore, y is not periodic.

Since 7 is an irrational number, 3

Example 3.3. Let x(r) = cos(27t + §) and x(¢) = sin(77xz). Determine if the function y = x| + x; is periodic, and

if it is, find its fundamental period.

Solution. Let Tj and T, denote the fundamental periods of x; and x,, respectively. Thus, we have
2

2n 2r
leﬁzl and Tzzﬁ:7.

Taking the ratio of 77 to 7>, we have

n _17
T 2

Since T; is a rational number, y is periodic. Let T denote the fundamental period of y. Since 7 and 2 are coprime,

T=2T1=T7T, =2.

Example 3.4. Let x| (¢) = cos6mt and x(r) = sin307¢. Determine if the function y = x; + x; is periodic, and if it is,

find its fundamental period.

Solution. Let T and T, denote the fundamental periods of x| and x;, respectively. We have
1

_2n _ 1 _ 2n _
Tl—ﬁ—g and Tz—m—ls.

Thus, we have
15

T, 1y /(1 5
z=)/(HE)=3=1
Since Ti is a rational number, y is periodic. Let 7' denote the fundamental period of y. Since 5 and 1 are coprime, we

have
T=1T1=5T,=13.

3.3.3 Support of Functions

We can classify functions based on the interval over which their function value is nonzero. This is sometimes referred
to as the support of a function. In what follows, we introduce some terminology related to the support of functions.
A function x is said to be left sided if, for some (finite) real constant ¢y, the following condition holds:

x(t)=0 foralls > 1.
Edition 2.0
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Figure 3.8: Examples of (a) left-sided, (b) right-sided, (c) finite-duration, and (d) two-sided functions.

In other words, the value of the function is always zero to the right of some point. A function x is said to be right
sided if, for some (finite) real constant #y, the following condition holds:

x(1)=0 forallt < 1.

In other words, the value of the function is always zero to the left of some point. A function that is both left sided and

right sided is said to be time limited or finite duration. A function that is neither left sided nor right sided is said to

be two sided. Examples of left-sided, right-sided, finite-duration, and two-sided functions are shown in Figure 3.8.
A function x is said to be causal if

x(t)=0 forallt <O.
A causal function is a special case of a right-sided function. Similarly, a function x is said to be anticausal if
x(t)=0 forallz > 0.

An anticausal function is a special case of a left-sided function. Note that the qualifiers “causal” and “anticausal”,
when applied to functions, have nothing to do with cause and effect. In this sense, this choice of terminology is
arguably not the best.

3.3.4 Bounded Functions

A function x is said to be bounded if there exists some (finite) nonnegative real constant A such that
|x(r)| <A forallz
(i.e., x(r) is finite for all r). For example, the sine and cosine functions are bounded, since
|sinz| < 1forallz and |cost| <1 forallz.
In contrast, the tangent function and any nonconstant polynomial function p (e.g., p(z) = 1?) are unbounded, since

lim |tanz| =co and lim |p(f)| = .
t—m/2 [t|—o0
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3.3.5 Signal Energy and Power

The energy E contained in the function x is defined as

E/ ()| dr.

As a matter of terminology, a function x with finite energy is said to be an energy signal. The average power P
contained in the function x is given by

T/2 5
P=lim + |x(¢)|” dt.
T—e " J-T/2

As a matter of terminology, a function x with (nonzero) finite average power is said to be a power signal.

3.3.6 Examples

Example 3.5. Let x be a function with the following properties:

v(t) = x(¢t — 3) is causal; and
x is odd.

Determine for what values of ¢ the quantity x(z) must be zero.
Solution. Since v is causal, we know that v(¢) = 0 for all 7 < 0. Since v(¢) = x(¢ — 3), this implies that
x(t)=0 fort < —3. (3.11)
Since x is odd, we know that
x(t) = —x(—r) forallz. (3.12)
From (3.11) and (3.12), we have —x(—t) = 0 for # < —3 which implies that
x(t) =0 forz > 3. (3.13)
Substituting # = 0 into (3.12) yields x(0) = —x(0) which implies that
x(0)=0. (3.14)
Combining (3.11), (3.13), and (3.14), we conclude that x(¢) must be zero for

<=3, t>3, or t=0. ]

Example 3.6. Consider a function x with the following properties:
e vi(t) =x(t—3) is even;
o Xx(t )—t+5for—5§t§—3;
e (t) =x(t — 1) is anticausal; and
e v3(t) =x(t —5) is causal.
Find x(¢) for all 7.

Solution. Since v,(t) = x(t — 1) is anticausal, we know that v,(¢) =0 for z > 0. This implies that

x(t) =0 fort > —1. (3.15)
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Since v3(t) = x(¢t — 5) is causal, we know that v3(t) = 0 for ¢ < 0. This implies that

x(r) =0 fort < —5. (3.16)
We are given that
x(t)=t+5 for =5 <r < -3. 3.17)
Combining (3.15), (3.16), and (3.17), we have
0 t< =5
x(t)=<t+5 —-5<tr<-3 (3.18)
0 t>-—1.

So, we only need to determine x(¢) for —3 <t < —1. Since v;(t) = x(r — 3) is even, we know that v (t) = v;(—1) for
all #, which is equivalent to

x(t—=3) =x(—t—3) forall z.
This implies that
x(t) =x(—t—6) forallz. (3.19)
Combining (3.17) and (3.19), we have

x(t) = x(—t—6)
=(—t—06)+5for-5<—r-6<-3
=—t—1for1<—<3
=—t—1for-3<r<—1.

Combining this with our earlier result (3.18), we have

0 t< -5
t+5 —5<tr< -3
x(t) =
—t—1 -3<r<-1
0 t>—1. [ |

3.4 Elementary Functions

A number of elementary signals are particularly useful in the study of signals and systems. In what follows, we
introduce some of the more beneficial ones for our purposes.

3.4.1 Real Sinusoidal Functions

One important class of functions is the real sinusoids. A real sinusoidal function x has the general form
x(t) =Acos(wt +0),

where A, ®, and 6 are real constants. Such a function is periodic with fundamental period 7' = %, and has a plot
resembling that shown in Figure 3.9.
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Acos(wt+0)

Acos B /
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Figure 3.9: Real sinusoidal function.
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Figure 3.10: Real exponential function for (a) A > 0, (b) A =0, and (¢) A < 0.

3.4.2 Complex Exponential Functions

Another important class of functions is the complex exponentials. A complex exponential function x has the general
form
x(t) =AM, (3.20)

where A and A are complex constants. Complex exponentials are of fundamental importance to systems theory, and
also provide a convenient means for representing a number of other classes of functions. A complex exponential can
exhibit one of a number of distinctive modes of behavior, depending on the values of its parameters A and A. In what
follows, we examine some special cases of complex exponentials, in addition to the general case.

Real Exponential Functions

The first special case of the complex exponentials to be considered is the real exponentials. In the case of a real
exponential function, we restrict A and A in (3.20) to be real. A real exponential can exhibit one of three distinct
modes of behavior, depending on the value of A, as illustrated in Figure 3.10. If > 0, x(¢) increases exponentially
as t increases (i.e., a growing exponential). If A < 0, x(¢) decreases exponentially as ¢ increases (i.e., a decaying or
damped exponential). If A = 0, x(¢) simply equals the constant A for all 7.
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|A|cos(wt+0) |A| sin(ct + 6)
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Figure 3.11: Complex sinusoidal function. (a) Real and (b) imaginary parts.

Complex Sinusoidal Functions

The second special case of the complex exponentials that we shall consider is the complex sinusoids. In the case of
a complex sinusoidal function, the parameters in (3.20)) are such that A is complex and A is purely imaginary (i.e.,
Re(A) = 0). For convenience, let us re-express A in polar form and A in Cartesian form as follows:

A=|Ale!® and A= jo,
where 0 and o are real constants. Using Euler’s relation (A.3), we can rewrite (3.20) as
x(t) = AeM
= |A| &%/
— \A|e-7(“”+9>
= |A|cos(wr+ 6)+ j|A|sin(wr +0).

From the above equation, we can see that each of the real and imaginary parts of x is periodic with fundamental period

%’l. Furthermore, from this, we can deduce that x is also periodic with fundamental period ‘z—a’f‘ To illustrate the form

of a complex sinusoid, we plot its real and imaginary parts in Figure 3.11. The real and imaginary parts are the same
except for a phase difference.

General Complex Exponential Functions

Lastly, we consider general complex exponential functions. That is, we consider the general case of (3.20) where A
and A are both complex. For convenience, let us re-express A in polar form and A in Cartesian form as

A=Al and A=0+jo,
where 0, 0, and o are real constants. Substituting these expressions for A and A4 into (3.20), we obtain

x(1) =AM
— ‘A‘ ejOe(o‘Jrja))t
_ ‘A‘ thej(a)t+9)

= |A|e® cos(wt +0) + j|A| e sin(wt + 0).
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Re{x(t)} ner Re{x(t)} ‘ Re{x(t)}
\ | k“|A|em
/\ |A|e< »
*‘/-/.\ \ t /-\.../\ ........ t . [
@ | (b) | ©

Figure 3.12: Real part of a general complex exponential function for (a) 6 > 0, (b) 6 =0, and (c) 6 < 0.

We can see that Re[x(¢)] and Im[x(#)] have a similar form. Each is the product of a real exponential and real sinusoid.
One of three distinct modes of behavior is exhibited by x, depending on the value of o. If 0 = 0, Re(x) and Im(x) are
real sinusoids. If o > 0, Re(x) and Im(x) are each the product of a real sinusoid and a growing real exponential. If
o < 0, Re(x) and Im(x) are each the product of a real sinusoid and a decaying real exponential. These three cases are
illustrated for Re(x) in Figure 3.12.

3.4.3 Relationship Between Complex Exponential and Real Sinusoidal Functions

A real sinusoid can be expressed as the sum of two complex sinusoids using the identity

Ay .
Acos(wt+6) = 5 (ef(“”+9) +87’(“’t+9)) and (3.21)
A/ ‘
. _ 2 jot+8) _ —j(wt+8)
Asin(or +0) = 5 (e e ) . (3.22)

This result follows from Euler’s relation and is simply a restatement of (A.7).

3.4.4 Unit-Step Function

Another elementary function often used in systems theory is the unit-step function. The unit-step function (also
known as the Heaviside function) is denoted as u and defined as

u(t)_{l t>0

0 otherwise.

A plot of this function is given in Figure 3.13.

Clearly, u is discontinuous at the origin. At this point of discontinuity, we have chosen to define u such that
its value is 1 (i.e., u(0) = 1). As it turns out, however, this choice is somewhat arbitrary. That is, for most practical
purposes, due to technical reasons beyond the scope of this book, what is important is that «(0) is finite, not its specific
value. For this reason, some authors choose to leave the value of u(0) as an unspecified (but finite) constant, while
others choose to assign a specific value to u(0). In cases where a specific value is chosen for u(0), the values most

commonly used are 0, %, and 1. Obviously, in the case of this book, the author has chosen to use u(0) = 1.

Copyright (©) 2012-2020 Michael D. Adams Edition 2.0



3.4. ELEMENTARY FUNCTIONS 33

1
-1 0 1

Figure 3.13: Unit-step function.
sgnt

1.

Figure 3.14: Signum function.

3.4.5 Signum Function

Another function closely related to the unit-step function is the so called signum function. The signum function,
denoted sgn, is defined as

1 t>0
sgnt =<0 t=0 (3.23)
-1 t<0.

A plot of this function is given in Figure 3.14. From (3.23), one can see that the signum function simply computes the
sign of a number.

3.4.6 Rectangular Function

Another useful function is the rectangular function. The rectangular function (also known as the unit-rectangular
pulse function) is denoted as rect and is defined as

1 —l<r<ld
rectt = 2=" "2
0 otherwise.

A plot of this function is shown in Figure 3.15.

Example 3.7 (Extracting part of a function with a rectangular pulse). Use the rectangular function to extract one
period of the function x shown in Figure 3.16(a).

Solution. Let us choose to extract the period of x(¢) for —% <t < % In order to extract this period, we want to

multiply x by a function that is one over this interval and zero elsewhere. Such a function is simply v(¢) = rect(¢/T)
as shown in Figure 3.16(b). Multiplying v and x results in the function shown in Figure 3.16(c).
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rectt

Figure 3.15: Rectangular function.

v(t) =rect(t/T)

|
0
1l
T
(ST}
. ~

[~
[~

- (b)

)~

()

Figure 3.16: Using the rectangular function to extract one period of a periodic function x. (a) The function x. (b) A
time-scaled rectangular function v. (c) The product of x and v.
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trit

1 0 1 d
2 2

Figure 3.17: Triangular function.

3.4.7 Triangular Function

Another useful elementary function is the triangular function (also known as the unit triangular pulse function),
which is denoted as tri and defined as

fre2p <t
trit = .
0 otherwise.

A plot of this function is given in Figure 3.17.

3.4.8 Cardinal Sine Function

In the study of signals and systems, a function of the form x(z) = %“t frequently appears. Therefore, as a matter of
convenience, this particular function is given a special name, the cardinal sine function. More formally, the cardinal
sine function (also known as the sinc function) is denoted sinc and defined as

int
sincs = 2 (3.24)

By using 1’Hopital’s rule, one can confirm that sinc? is well defined for r = 0. That is, sincO = 1. In passing, we note
that the name ““sinc” is simply a contraction of the function’s full Latin name “sinus cardinalis” (cardinal sine).

In passing, we note that an alternative normalization of the sinc function is sometimes used in certain contexts. In
particular, the following normalization is sometimes used:

x(t)

In order to avoid any possible confusion, we will refer to the function x defined by (3.25) as the normalized sinc
function.

_sinm
Toom

(3.25)

3.4.9 Unit-Impulse Function

In systems theory, one elementary function of fundamental importance is the unit-impulse function. Instead of defining
this function explicitly, it is defined in terms of its properties. In particular, the unit-impulse function (also known as
Dirac delta function or delta function) is denoted as & and defined as the function with the following two properties:

6(t)=0 forr#0 and (3.26a)
/w §(0)di = 1. (3.26b)

From these properties, we can see that the function is zero everywhere, except at = O where it is undefined. Indeed,
this is an unusual function. Although it is zero everywhere except at a single point, it has a nonzero integral. Techni-
cally, the unit-impulse function is not a function in the ordinary sense. Rather, it is what is known as a generalized
function.
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(1) K&(t —1o)
1 K
t
0 0 1 !
Figure 3.18: Unit impulse function. Figure 3.19: Scaled and time-shifted unit impulse function.

g(t)

Figure 3.20: Unit-impulse function as limit of rectangular pulse.

Graphically, we represent the unit-impulse function as shown in Figure 3.18. Since the function assumes an
infinite value at the origin, we cannot plot the true value of the function. Instead, we use a vertical arrow to represent
this infinite value. To show the strength of the impulse, its weight is also indicated. In Figure 3.19, we plot a scaled
and time-shifted version of the unit-impulse function.

We can view the unit-impulse function § as a limiting case involving a rectangular pulse. More specifically, let us
define the following rectangular pulse function

o) = {1/8 It < e/2

0 otherwise.

This function is plotted in Figure 3.20. Clearly, the area under the curve is unity for any choice of €. The function &
is obtained by taking the following limit:

o(r) = lim g(r).
e—0

Thus, J can be viewed as a limiting case of a rectangular pulse where the pulse width becomes infinitesimally small
and the pulse height becomes infinitely large in such a way that the integral of the resulting function remains unity.

Informally, one can also think of the unit-impulse function & as the derivative of the unit-step function u. Strictly
speaking, however, the derivative of u does not exist in the ordinary sense, since u is discontinuous at 0. To be more
precise, 8 is what is called the generalized derivative of u. The generalized derivative is essentially an extension of
the notion of (ordinary) derivative, which can be well defined even for functions with discontinuities.

The unit-impulse function has two important properties that follow from its operational definition in (3.26). These
properties are given by the theorems below.

Theorem 3.3 (Equivalence property). For any function x that is continuous at the point to,

x(1)6(t—t9) =x(t0)0(t —19) forallt. (3.27)
This result is known as the equivalence property. This property is illustrated graphically in Figure 3.21.
Proof. The proof follows immediately from the fact that the unit-impulse function is only nonzero at a single point.
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x(1) 6(r—19) x(t)8(t —to)

=
=
=
<

To 1o

(a) (b) ©)

Figure 3.21: Graphical interpretation of equivalence property. (a) A function x; (b) a time-shifted unit-impulse func-
tion; and (c) the product of the these two functions.

Theorem 3.4 (Sifting property). For any function x that is continuous at the point t,
/ ()8 —10)di = x(1o). (3.28)

This result is known as the sifting property.

Proof. From (3.26b), we can write
/:5(t—t0)dt =1
Multiplying both sides of the preceding equation by x(fp) yields
[ o:ox(to)S(t — to)dt = x(to).
Then, by using the equivalence property in (3.27), we can write

/7 Zx(t)5(t — to)dt = x(to). n

As we shall see later, the equivalence and sifting properties are extremely helpful. Lastly, note that it follows from
the definition of & that integrating this function over any interval not containing the origin will result in the value of
ZerO0.

Example 3.8 (Sifting property example). Evaluate the integral
/_w [sint)8(1 — 7 /4)dr.
Solution. Using the sifting property of the unit impulse function, we have
/_ i[sint]S(r _/4)di = sin7/4

— L
=7

Example 3.9 (Sifting property example). Evaluate the integral

L " [sin27i] 8 (41 — 1)dr.
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Solution. First, we observe that the integral to be evaluated does not quite have the same form as (3.28). So, we need
to perform a change of variable. Let T = 47 so that t = t/4 and dr = dt/4. Performing the change of variable, we
obtain

/ Isin2721)8 (4 — 1)dr — / Lsin2me/4)8(c — 1)dt
—/ 1sinmt/2] (1 —1)dr.
Now the integral has the desired form, and we can use the sifting property of the unit-impulse function to write

/ " sin27e] 8 (4t — 1)dr — [i sinwt/2)| _,

Lsinm/2

I
ENTSN -N
|

Example 3.10. Evaluate the integral [* (724 1)§(t —2)d.

Solution. Using the equivalence property of the delta function given by (3.27), we can write
ot 1
/ (2 41)8(1—2)dt = / (224 1)8(1—2)dr

:5/7;5(172)511

Using the defining properties of the delta function given by (3.26), we have that

.t >
/ 6(r—2)dr:{1 r22
J oo 0 r<?2

=u(t—2).
Therefore, we conclude that

5 t>2
0 <2

=5u(t—2). u

—o0

/[ (24 1)8(t —2)dt = {

3.5 Representation of Arbitrary Functions Using Elementary Functions
In the earlier sections, we introduced a number of elementary functions. Often in signal analysis, it is convenient to
represent arbitrary functions in terms of elementary functions. Here, we consider how the unit-step function can be

exploited in order to obtain alternative representations of functions.

Example 3.11 (Rectangular function). Show that the rect function can be expressed in terms of u as

rectt:u(t—k%)—u(t—%).
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u(r+3) u(t-4) (4 d) —ule-

8=
S—

=

2
(a) (b) (©

Figure 3.22: Representing the rectangular function using unit-step functions. (a) A shifted unit-step function, (b) an-
other shifted unit-step function, and (c) their difference (which is the rectangular function).

D=

Solution. Using the definition of u and time-shift transformations, we have

_1 1
u(t—}—;):{l t2 2 and u(t—;):{] 23

0 otherwise 0 otherwise.

Thus, we have

o
N
[

1
2
wlerd)—u(-3) =11 ~d<r<}
0 t>1
2 <1<3

1 —
N {0 otherwise

Graphically, we have the scenario depicted in Figure 3.22.
In passing, we note that the above result can be generalized. For a rectangular pulse x of height 1 with a rising
edge at a and falling edge at b, one can show that

=u(t—a)—u(t—>b)

a<t<b
0 otherwise. =

Example 3.12 (Piecewise-linear function). Consider the piecewise-linear function x given by

t 0<tr<1
1 1<r<2

x(t) =
3—t 2<t<3
otherwise.

Find a single expression for x(¢) (involving unit-step functions) that is valid for all 7.

Solution. A plot of x is shown in Figure 3.23(a). We consider each segment of the piecewise-linear function separately.
The first segment (i.e., for 0 < ¢ < 1) can be expressed as

vi(t) =t{u(t) —u(t—1)].
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x(t) vi(t)
1 1
0 I S 0 1 : !
(a) (b)
va(t) v3(t)
| | N
0 2 ! 0 f 2 =7
(c) (d)

Figure 3.23: Representing a piecewise-linear function using unit-step functions. (a) The function x. (b), (c), and
(d) Three functions whose sum is x.

This function is plotted in Figure 3.23(b). The second segment (i.e., for 1 < < 2) can be expressed as
va(t) =u(t—1)—u(r—2).
This function is plotted in Figure 3.23(c). The third segment (i.e., for 2 <t < 3) can be expressed as
v3(t) =B —1)[u(t—2)—ut—3)].
This function is plotted in Figure 3.23(d). Now, we observe that x = v{ + v, +v3. That is, we have

x(t) =vi(t) +vat) +v3(2)
=t{u(t) —u(t — 1))+ [u —1) —u(t —2)]+ 3 —1)[u(t —2) —u(t — 3)]

=tu(t)+(1—tu(t—1)+B—t—Du(t—2)+ (¢t —3)u(t—3)
=rtu(t)+ (1 —Du(t — 1)+ 2 —1)u(t —2)+ (t —3)u(t —3).
Thus, we have found a single expression for x(¢) that is valid for all ¢. |

Example 3.13 (Piecewise-polynomial function). Consider the piecewise-polynomial function x given by

1 0<r<1
(t—2)% 1<t<3
4—1 3<t<4
0 otherwise.

Find a single expression for x(¢) (involving unit-step functions) that is valid for all 7.

Solution. A plot of x is shown in Figure 3.24(a). We consider each segment of the piecewise-polynomial function
separately. The first segment (i.e., for 0 < < 1) can be written as

vi(t) =u(t) —u(t—1).
This function is plotted in Figure 3.24(b). The second segment (i.e., for 1 <¢ < 3) can be written as

va(t) = (t — 2)2ult — 1) —u(t —3)] = (I — 4t + ) [u(t — 1) — ult — 3)].
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x(t) vi(t)

1 -: : 1

0 1 2 3 4 ! 0 i é 4:1 !
(a) (b)

va(t) v3(t)

| | N

o 1 5 3 4! o 1+ 3 5!
© (d)

Figure 3.24: Representing a piecewise-polynomial function using unit-step functions. (a) The function x; and (b), (c),
and (d) three functions whose sum is x.

This function is plotted in Figure 3.24(c). The third segment (i.e., for 3 <t < 4) can be written as
v3(t) = (4—1)[u(t —3) —u(r —4)].

This function is plotted in Figure 3.24(d). Now, we observe that x = v| +v, +v3. So, we have

x(t) =vi(t) +v2 (1) +v3(t)
=[u(t) —u(t — )]+ (> —dt+A)[u(t — 1) —u(t —3)] + (4 —1)[u(t —3) — u(t — 4)]
=u(t)+ (=4t +4—Du(t— 1)+ A —1—[> —dt+4)u(t —3) — (4—t)u(t — 4)
= u(t)+ (> =41+ 3)u(t — 1)+ (=12 +30)u(t — 3) + (1 — 4)u(t — 4).
Thus, we have found a single expression for x(¢) that is valid for all 7. |

Example 3.14 (Periodic function). Consider the periodic function x shown in Figure 3.25(a). Find a single expression
for x() (involving unit-step functions) that is valid for all ¢.

Solution. We begin by finding an expression for a single period of x. Let us denote this expression as v. We can then
write:

v(t) =u(t+3)—u(t—1).

This function is plotted in Figure 3.25(b). In order to obtain the periodic function x, we must repeat v every 2 units
(since the period of x is 2). This can be accomplished by adding an infinite number of shifted copies of v as given by

=

x(t) = Z v(t —2k)

k=—oo

k=—oco

Thus, we have found a single expression for x that is valid for all 7. ]
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[N
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(ST

33
(a) (b)

Figure 3.25: Representing a periodic function using unit-step functions. (a) The periodic function x; and (b) a function
v that contains a single period of x.

[N
1)
=

Input Output
X System M
H

Figure 3.26: Block diagram of system.

3.6 Continuous-Time Systems

Suppose that we have a system with input x and output y. Such a system can be described mathematically by the
equation

y =%, (3.29)

where H is an operator (i.e., transformation) representing the system. The operator J{ simply maps the input function
x to the output function y. Alternatively, we sometimes express the relationship (3.29) using the notation

H
X =y
Furthermore, if clear from the context, the operator J{ is often omitted, yielding the abbreviated notation
X =y

Note that the symbols “—” and “=" have very different meanings. For example, the notation x — y does not in any
way imply that x = y. The symbol “—” should be read as “produces” (not as “equals”). That is, “x — y” should be
read as “the input x produces the output y”.

3.6.1 Block Diagram Representation

Suppose that we have a system defined by the operator J{ and having the input x and output y. Often, we represent
such a system using a block diagram as shown in Figure 3.26.

3.6.2 Interconnection of Systems

Systems may be interconnected in a number of ways. Two basic types of connections are as shown in Figure 3.27.
The first type of connection, as shown in Figure 3.27(a), is known as a series or cascade connection. In this case, the
overall system is defined by

y= j‘fzf}flx. (3-30)

The second type of connection, as shown in Figure 3.27(b), is known as a parallel connection. In this case, the overall
system is defined by

y = Hix+ Hox. (3.31)

The system equations in (3.30) and (3.31) cannot be simplified further unless the definitions of the operators J{; and
H, are known.
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X
Hy Y
X y
— H, | Hy ——
(a) o)
(b)

Figure 3.27: Interconnection of systems. (a) Series interconnection of the systems JH; and H,. (b) Parallel intercon-
nection of the systems JH; and J(,.

3.7 Properties of Systems

In what follows, we will define a number of important properties that a system may possess. These properties are
useful in classifying systems, as well as characterizing their behavior.

3.7.1 Memory

A system J is said to be memoryless if, for every real constant 7y, Hx(z) does not depend on x(z) for some ¢ # to.
In other words, a memoryless system is such that the value of its output at any given point in time can depend on the
value of its input at only the same point in time. A system that is not memoryless is said to have memory. Although
simple, a memoryless system is not very flexible, since its current output value cannot rely on past or future values of
the input.

Example 3.15 (Ideal amplifier). Determine whether the system HH is memoryless, where
Hx(t) = Ax(r)
and A is a nonzero real constant.
Solution. Consider the calculation of Hx(¢) at any arbitrary point ¢ = fy. We have
Hx(tg) = Ax(tp).

Thus, Hx(to) depends on x(¢) only for # = #y. Therefore, the system is memoryless. |

Example 3.16 (Ideal integrator). Determine whether the system J{ is memoryless, where

Hx(r) = [ x(z)de

Solution. Consider the calculation of Hx(¢) at any arbitrary point t = fy. We have

To

Halto) = / x(t)dr.

—o0

Thus, Hx(fy) depends on x(z) for —eo < 1 <ty. So, Hx(ty) is dependent on x(¢) for some 7 # ty (e.g., o — 1). Therefore,
the system has memory (i.e., is not memoryless). |

Example 3.17. Determine whether the system JH is memoryless, where

Hax(t) = ).
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Solution. Consider the calculation of Hx(¢) at any arbitrary point ¢ = fy. We have
Hx(tg) = €10,

Thus, Hx(fy) depends on x(¢) only for t = #y. Therefore, the system is memoryless. |

Example 3.18. Determine whether the system J{ is memoryless, where

() = x(=1)).

Solution. Consider the calculation of Hx(¢) at any arbitrary point ¢ = fy. We have

Hx(t) =0dd(x)(r) =

oI—

Hx(t0) = 5 [x(to) —x(—10)]

Thus, for any x and any real #y, we have that Hx(y) depends on x(¢) for z =ty and t = —1y. Since Hx(¢p) depends on
x(t) for some ¢ # 1y, the system has memory (i.e., the system is not memoryless). ]

3.7.2 Causality

A system X is said to be causal if, for every real constant fy, Hx(z) does not depend on x(¢) for some ¢ > #y. In other
words, a causal system is such that the value of its output at any given point in time can depend on the value of its
input at only the same or earlier points in time (i.e., not later points in time). A memoryless system is always causal,
although the converse is not necessarily true.

If the independent variable represents time, a system must be causal in order to be physically realizable. Noncausal
systems can sometimes be useful in practice, however, as the independent variable need not always represent time.

Example 3.19 (Ideal integrator). Determine whether the system J{ is causal, where

Hx(r) = /_t x(z)ds

Solution. Consider the calculation of Hx(f) for arbitrary 7. We have

to

Hxl(to) = / x(v)dr.

J —oo

Thus, we can see that Hx(7) depends only on x(z) for —eo < 7 <. Since all of the values in this interval are less
than or equal to 7y, the system is causal. |

Example 3.20. Determine whether the system J{ is causal, where

() = /:lx(r)dr.

Solution. Consider the calculation of Hx(f) for arbitrary #y. We have

Hxl(to) = / (o,

0—1

Thus, we can see that Hx(y) only depends on x(¢) for g — 1 <t <1#y+ 1. Since some of the values in this interval are
greater than t (e.g., o + 1), the system is not causal. |
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X X
e e

() (b)

Figure 3.28: Systems that are equivalent (assuming H ! exists). (a) First and (b) second system.

Example 3.21. Determine whether the system J{ is causal, where
Hax(r) = (1 +1)e .
Solution. Consider the calculation of Hx(#) for arbitrary 7). We have
Hax(to) = (1o +1)e 01,

Thus, we can see that Hx(fo) depends only on x(¢) for # =ty — 1. Since 7y — 1 < fo, the system is causal. |

Example 3.22. Determine whether the system 3 is causal, where
Hx(t) = 0dd(x)(¢) = %[x(t) —x(=1)].

Solution. For any x and any real constant #y, we have that Hx(#y) depends only on x(#) for t =y and # = —to. Suppose
that 7o = —1. In this case, we have that Hx(#o) (i.e., Hx(—1)) depends on x(¢) for = 1 but = 1 > #y. Therefore, the
system is not causal. [ ]

3.7.3 Invertibility

The inverse of a system J{ is a system G such that, for every function x,
GHx=x

(i.e., the system formed by the cascade interconnection of I followed by G is a system whose input and output are
equal). In other words, the effect of J( is cancelled by G. As a matter of notation, the inverse of J{ is denoted HL
The relationship between a system and its inverse is illustrated in Figure 3.28. The two systems in this figure must be
equivalent, due to the relationship between H and H! (e, H! cancels H).

A system J is said to be invertible if it has a corresponding inverse system (i.e., its inverse exists). An invertible
system must be such that its input x can always be uniquely determined from its output H{x. From this definition, it
follows that an invertible system will always produce distinct outputs from any two distinct inputs.

To show that a system is invertible, we simply find the inverse system. To show that a system is not invertible,
it is sufficient to find two distinct inputs to that system that result in identical outputs. In practical terms, invertible
systems are nice in the sense that their effects can be undone.

Example 3.23. Determine whether the system I is invertible, where
Hx(t) =x(t —tg)

and 1y is a real constant.
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Solution. Lety = Hx. By substituting ¢ + 1o for ¢ in y(¢) = x(r —t9), we obtain

y(t+1t0) = x(t +1to —19)
x(z).

Thus, we have shown that
x(t) =y(t+1).

This, however, is simply the equation of the inverse system J{~!. In particular, we have that
x(1) =3C"y(1)

where

I 13() = y(t +10).

Thus, we have found H~!. Therefore, the system J{ is invertible. ]

Example 3.24. Determine whether the system J{ is invertible, where
Hx(t) = sinfx(t)].

Solution. Consider an input of the form x(z) = 2wk where k is an arbitrary integer. The response Hx to such an input
is given by

Hx(t) = sin[x(z)]
=sin2wk
=0.

Thus, we have found an infinite number of distinct inputs (i.e., x(¢) = 27k for k = 0,41,+2,...) that all result in the
same output. Therefore, the system is not invertible. |

Example 3.25. Determine whether the system J{ is invertible, where

Hx(t) = 0dd(x)(t) = 5 [x(t) —x(—1)].

Solution. Consider the response JHx of the system to an input x of the form

where « is a real constant. We have that

Therefore, any constant input yields the same zero output. This, however, implies that distinct inputs can yield
identical outputs. Therefore, the system is not invertible. |
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Example 3.26. Determine whether the system I is invertible, where
Hx(t) = 3x(3t +3).

Solution. Let y = Hx. From the definition of J{, we can write
=
=

In other words, ! is given by fH_ly(t) = %y (%t — 1). Since we have just found FH1, H! exists. Therefore, the
system J{ is invertible. ]

3.7.4 Bounded-Input Bounded-Output (BIBO) Stability

Although stability can be defined in numerous ways, in systems theory, we are often most interested in bounded-input
bounded-output (BIBO) stability.

A system JH is BIBO stable if, for every bounded function x, Hx is also bounded (i.e., |x(¢)| < oo for all # implies
that |Hx(r)| < oo for all 7). In other words, a BIBO stable system is such that it guarantees to always produce a bounded
output as long as its input is bounded.

To prove that a system is BIBO stable, we must show that every bounded input leads to a bounded output. To
show that a system is not BIBO stable, we simply need to find one counterexample (i.e., a single bounded input that
leads to an unbounded output).

In practical terms, a BIBO stable system is well behaved in the sense that, as long as the system input remains
finite for all time, the output will also remain finite for all time. Usually, a system that is not BIBO stable will have
serious safety issues. For example, a portable music player with a battery input of 3.7 volts and headset output of
oo volts would result in one vaporized human (and likely one big lawsuit as well).

Example 3.27 (Ideal integrator). Determine whether the system 3 is BIBO stable, where

Hx(r) = [ x(z)de

Solution. Suppose that we choose the input x = u (where u denotes the unit-step function). Clearly, « is bounded (i.e.,
lu(t)| <1 for all ¢). Calculating the response Hx to this input, we have

Hx(r) = /j u(7)de
= [ dr
0
=[7llo
=1.

From this result, however, we can see that as ¢ — oo, Hx(¢) — 0. Thus, the output Hx is unbounded for the bounded
input x. Therefore, the system is not BIBO stable. |

Example 3.28 (Squarer). Determine whether the system 3{ is BIBO stable, where

Hx(r) = x%(1).
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Solution. Suppose that the input x is bounded such that (for all ¢)
()| < 4,
where A is a finite real constant. Squaring both sides of the inequality, we obtain
lx()]* < A2
Interchanging the order of the squaring and magnitude operations on the left-hand side of the inequality, we have
|x2 1)] < A%,
Using the fact that Hx(¢) = x%(¢), we can write
|Fx(r)| < A%

Since A is finite, A? is also finite. Thus, we have that 3x is bounded (i.e., |7(x(¢)| < A% < oo for all r). Therefore, the
system is BIBO stable. |

Example 3.29. Determine whether the system J{ is BIBO stable, where
Hx(t) =0dd(x)(r) = % [x(¢) —x(—1)].

Solution. Suppose that x is bounded. Then, x(—t) is also bounded. Since the difference of two bounded functions is
bounded, x(¢) — x(—t) is bounded. Multiplication of a bounded function by a finite constant yields a bounded result.
So, the function [x(#) —x(—t)] is bounded. Thus, 3}x(t) is bounded. Since a bounded input must yield a bounded
output, the system is BIBO stable. ]

Example 3.30. Determine whether the system J is BIBO stable, where
Hx(t) = 3x(3t+3).

Solution. Suppose that x is bounded such that |x(7)| <A < oo for all 7. Then, |x(37 +3)| < A for all ¢. Furthermore, we
have that [3x(37 +3)| = 3|x(37 + 3)|. So, |3x(3r + 3)| < 3A for all ¢, where 3A is finite. Therefore, |Hx(¢)| <34 < o
(i.e., Hx is bounded). Consequently, the system is BIBO stable. ]

3.7.5 Time Invariance

A system J{ is said to be time invariant (TT) (or shift invariant (SI)) if, for every function x and every real number
to, the following condition holds:

H(t—1t9) = HX/(¢) forallt  where X/(¢) =x(t—19)

(i.e., H commutes with time shifts). In other words, a system is time invariant, if a time shift (i.e., advance or delay)
in the input function results in an identical time shift in the output function. A system that is not time invariant is said
to be time varying (or shift varying). In effect, time invariance means that the two systems shown in Figure 3.29 are
equivalent, where 8;, denotes an operator that applies a time shift of 7o to a function (i.e., 8;)x(r) = x(r —to)).

In simple terms, a time invariant system is a system whose behavior does not change with respect to time. Prac-
tically speaking, compared to time-varying systems, time-invariant systems are much easier to design and analyze,
since their behavior does not change with respect to time.
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R o e

() (b)

Figure 3.29: Systems that are equivalent if J{ is time invariant (i.e., H commutes with &;)). (a) A system that first
time shifts by #p and then applies J (i.e., y = H8;,x); and (b) a system that first applies H and then time shifts by 1o
(i.e.,y = 8§;Hx).

Example 3.31. Determine whether the system J{ is time invariant, where
Hx(t) = tx(1).
Solution. Let x'(r) = x(r — to), where £y is an arbitrary real constant. From the definition of 3, we have

f}{x(t 7t0) = (t 7t0)xl (t 7t0) and
Hx' (1) = tx' (1)
=1x(t —1p).

Since Hx(r —1p) = Hx'(r) does not hold for all x and 7y, the system is not time invariant (i.e., the system is time
varying). |

Example 3.32. Determine whether the system J{ is time invariant, where
Hx(r) = sin[x(r)].

Solution. Let x'(t) = x(t — 1), where 1y is an arbitrary real constant. From the definition of 3, we can easily deduce
that

Hx(t —19) = sin[x(t —19)] and
HA'(t) = sinx/(¢)
= sin[x(r —19)].

Since Hx(t — 1) = Hx'(¢) for all x and 1y, the system is time invariant. |

Example 3.33. Determine whether the system J{ is time invariant, where
Hx(t) = 0dd(x)(¢) = %[x(t) —x(—1)].

Solution. Let x'(r) = x(r — to), where £y is an arbitrary real constant. From the definition of 3, we have

Hox(t —10) = 5 [x(t —to) —x(—(t —10))]
= [x(t —10) —x(—t+19)] and
HH (1) = 5[ (1) —x'(—1)]
= 1[x(r — o) —x(—t —19)].

Since Hx(r —t9) = Hx'(¢) does not hold for all x and 7, the system is not time invariant. |
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X1

o — o

@ (b)

Figure 3.30: Systems that are equivalent if J{ is additive (i.e., H{ commutes with addition). (a) A system that first
performs addition and then applies 3 (i.e., y = H(x; +x2)); and (b) a system that first applies H and then performs
addition (i.e., y = Hxj + Hxp).

Example 3.34. Determine whether the system J is time invariant, where
Fx(t) = 3x(3¢ + 3).
Solution. Let x' (1) = x(t —ty), where 1y is an arbitrary real constant. From the definition of 3, we have

Hx(t —to) =3x(3(t —19) +3)
=3x(3t—31+3) and
Hx'(t) = 3% (3t +3)
=3x(3t+3 —19).

Since Hx(r —ty) = Hx'(¢) does not hold for all x and 1y, the system is not time invariant. |

3.7.6 Linearity

Two of the most and frequently-occurring mathematical operations are addition and scalar multiplication. For this
reason, it is often extremely helpful to know if these operations commute with the operation performed by a given
system. The system properties to be introduced next relate to this particular issue.

A system X is said to be additive if, for all functions x; and x;, the following condition holds:

H(xl —|-XQ) =Hx; +Hxy

(i.e., H commutes with addition). Essentially, a system H being additive means that the two systems shown in
Figure 3.30 are equivalent.

A system J is said to be homogeneous if, for every function x and every complex constant a, the following
condition holds:

H(ax) = aHx

(i.e., H commutes with scalar multiplication). Essentially, a system H being homogeneous means that the two systems
shown in Figure 3.31 are equivalent.

The additivity and homogeneity properties can be combined into a single property known as superposition. In
particular, a system J{ is said to have the superposition property, if for all functions x; and x, and all complex
constants a; and a», the following condition holds:

iH(alxl —l—clz)Cz) =a1Hx; +arHxp

(i.e., H commutes with linear combinations). A system that is both additive and homogeneous (or equivalently
satisfies superposition) is said to be linear. Essentially, a system J{ being linear means that the two systems shown
in Figure 3.32 are equivalent. To show that a system is linear, we can show that it possesses both the additivity and
homogeneity properties, or we can simply show that the superposition property holds. Practically speaking, linear
systems are much easier to design and analyze than nonlinear systems.
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(a) (b)

Figure 3.31: Systems that are equivalent if J{ is homogeneous (i.e., J{ commutes with scalar multiplication). (a) A
system that first performs scalar multiplication and then applies 3 (i.e., y = H(ax)); and (b) a system that first applies
H and then performs scalar multiplication (i.e., y = aHx).

(a) (b)

Figure 3.32: Systems that are equivalent if J{ is linear (i.e., H{ commutes with linear combinations). (a) A system that
first computes a linear combination and then applies H (i.e., y = H(ajx; +azx2)); and (b) a system that first applies
H and then computes a linear combination (i.e., y = a1 Hx| + a2 Hxp).

Example 3.35. Determine whether the system J{ is linear, where
Hx(t) = 1x(1).

Solution. Let X'(t) = ayx1(t) + axx, (), where x; and x, are arbitrary functions and a; and a, are arbitrary complex
constants. From the definition of H, we can write
arHxy () + axHxo (1) = artx; (t) + aptxp(¢)  and
Hx' (1) = tx/(¢)
=t [a1x1 (l) +a2x2(t)]
= aytx;(t) + axtxy(t).

Since H(ax; +axxs) = a1 Hx| + a,Hx, for all xq, x2, a1, and ay, the superposition property holds and the system is
linear. u

Example 3.36. Determine whether the system J{ is linear, where

Solution. Let X'(t) = ayx;(t) + axx, (), where x; and x, are arbitrary functions and a; and a, are arbitrary complex
constants. From the definition of JH, we have

ayHxi () + axHxo(t) = ay |x1 (¢)| + a2 |x2(¢)]  and
H (1) = |¥' (1)
= |aix1(t) +arx2(1)].

At this point, we recall the triangle inequality (i.e., for a,b € C, |a+ b| < |a| +|b|). Thus, H(a1x1 + azxz) = a1 Hx; +
a»3Hxp cannot hold for all x1, x3, a1, and a; due, in part, to the triangle inequality. For example, this condition fails to
hold for

a;=-—1, X](I)Zl, a;=0, and )Cz(l)zo,
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in which case
arHxi (t) +arHxo(t) = —1 and FHX'(¢) = 1.

Therefore, the superposition property does not hold and the system is not linear. ]

Example 3.37. Determine whether the system I is linear, where
Hx(t) = Odd(x)(t) = % [x(£) — x(—1)].

Solution. Let x'(t) = ayx|(t) + axx(t), where x; and x, are arbitrary functions and a; and a, are arbitrary complex
constants. From the definition of HH, we have

a1Hx () + axHxo (1) = tai[xi (1) —x1(—1)] + Saz[x2(t) —x2(—)] and
HH (1) = ¥/ (1) =x'(—1)]
= %[alxl (1) +axxa(t) — [ar1x1(—1) + axxa(—1)]]
= %[alxl (1) —arx1(—t) + axxp(t) — azxp (—1)]
= aifx (t) —xi (=) + sax [ (t) —xa(—1))-
Since H(a1x1 + axxp) = a1 Hxy + axHx, for all xy, xp, a1, and a,, the system is linear. |

Example 3.38. Determine whether the system J{ is linear, where
Hx(t) = 3x(3t+3).

Solution. Let X'(t) = ayx1(t) + axx,(t), where x| and x; are arbitrary functions and a; and a; are arbitrary complex
constants. From the definition of H, we have

a1 Hx (1) + axHxa (1) = 3a1x1 (3t +3) + 3axx2 (3t +3)  and
Hx'(t) = 3x' (3t +3)
= 3[a1x1 (3t +3) +axxp (3t + 3)]
=3ax; (3t + 3) + 3a2x2(3t + 3).

Since H(a1x; + axxp) = a1 Hx) + axHx; for all xy, xz, a1, and ay, the system is linear. |

Example 3.39 (Ideal integrator). A system J is defined by the equation

t
Fox(t) = / x(v)dr.
Determine whether this system is additive and/or homogeneous. Determine whether this system is linear.

Solution. First, we consider the additivity property. From the definition of J{, we have
1 ot
Hour (1) + Hoea 1) = / (1) + / %(t)de and
1
H (o1 +x2)(1) = / (1 +x2)(T)dT

[x1(7) +x2(7)]dT

—o0

/
:/I xl(r)err/;xz(f)dr.
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Since H(x; +x2) = Hx; + Hx, for all x; and x,, the system is additive.
Second, we consider the homogeneity property. Let a denote an arbitrary complex constant. From the definition
of H, we can write

aHx(t) =a [ _x(x)de and
H@))= [ (@)(z)ds
- [ _ax(e)dz
—a /_’ x(z)d.

Since H(ax) = aXHx for all x and a, the system is homogeneous.
Lastly, we consider the linearity property. The system is linear since it has both the additivity and homogeneity
properties. |

Example 3.40. A system J{ is given by
Hx(t) = Re[x(z)].

Determine whether this system is additive and/or homogeneous. Determine whether this system is linear.

Solution. First, we check if the additivity property is satisfied. From the definition of J{, we have

Fxy () + FHxa () = Refxy (£)] + Relxa (r)]  and

Since H(x] +x2) = Hx; + Hx, for all x; and x,, the system is additive.
Second, we check if the homogeneity property is satisfied. Let a denote an arbitrary complex constant. From the
definition of HH, we have

aFx(t) =aRex(t) and
H(ax)(t) = Re[(ax)(1)]
= Re[ax(t)].

In order for H to be homogeneous, aHx () = H(ax)(¢t) must hold for all x and all complex a. Suppose that a = j and
x is not identically zero (i.e., x is not the function x(z) = 0). In this case, we have

aFx(t) = jRe[x(r)] and
H(ax)(t) =Re

= Re(—Im[x(¢)] + jRe[x(¢)])
= —Im[x(1)].
Thus, the quantities H (ax) and aHx are clearly not equal. Therefore, the system is not homogeneous.

Lastly, we consider the linearity property. Since the system does not possess both the additivity and homogeneity
properties, it is not linear. n
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3.7.7 Eigenfunctions

An eigenfunction of a system J{ is a function x that satisfies

Hx = Ax,

for some complex constant A, which is called an eigenvalue. Essentially, a system behaves as an ideal amplifier
(i.e., performs amplitude scaling) when presented with one of its eigenfunctions as input. The significance of the
eigenfunction property cannot be overstated. No matter how complicated a system might be, it exhibits extremely
simple behavior for its eigenfunctions. We can often exploit this simplicity to reduce the complexity of solving many
types of problems involving systems. In fact, as we will see later, eigenfunctions essentially form the basis for many

of the mathematical tools that we use for studying systems.

Example 3.41. Consider the system JH characterized by the equation

Hx(r) = D*x(r),

where D denotes the derivative operator. For each function x given below, determine if x is an eigenfunction of J,

and if it is, find the corresponding eigenvalue.
(a) x(t) = cos2t; and
) x(t) =13

Solution. (a) We have

Hx(r) = D*{cos2t}(r)

= D{-2sin2t}(t)

= —4cos2t
= —4x(t).

Therefore, x is an eigenfunction of J with the eigenvalue —4.
(b) We have
FHa(r) = D} (1)
= D{3}(1)
= 6t

= Eox(2).

cos 2t

Therefore, x is not an eigenfunction of .
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3.8 Exercises

3.8.1 Exercises Without Answer Key

3.1 Identify the independent- and dependent-variable transformations that must be applied to the function x in
order to obtain each function y given below. Choose the transformations such that time shifting precedes time
scaling and amplitude scaling precedes amplitude shifting. Be sure to clearly indicate the order in which the
transformations are to be applied.

(@) y(t) =x(2t —1);
() y(1) = x(51+1);

© y(t) =2x(— %t +1)+3;
() y(r) = —3x(~1+1) — 1:and
(@ y(1) = =3x(2[t 1)) — I;

() y(1) = x(7[r +3]).

3.2 Given the functions x; and x; shown in the figures below, express x; in terms of x;.

/

i

INTCER
INIE S

Sl

3.3 Suppose that we have two functions x and y related as

y(t) = x(at =b),

where a and b are real constants and a # 0.
(a) Show that y can be formed by first time shifting x by » and then time scaling the result by a.
(b) Show that y can also be formed by first time scaling x by a and then time shifting the result by %

3.4 Given the function x shown in the figure below, plot and label each of the following functions:
(@) x(t —1);
(b) x(2¢);
(©) x(—1);
(d) x(2¢t+1); and
(e) Ix(—5t+1)—1.
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3.5 Determine if each function x given below is periodic, and if it is, find its fundamental period.
(a) x(t) = cos2mt + sin 5¢;
(b) x(1) = [cos(4r — %))
(C) x(t) _ e/2m +e;37rt
(d) x(t) = 1 +cos2t + e/,
(e) x(t) = cos(14¢t — 1) +cos(77t — 3);
(f) x(t) = coset +sin42¢; and
(g) x(¢) = |sin 7z|.

3.6 If the function x is T-periodic, show that the function y is also T-periodic in the case that:
(@) y(t) = cx(t), where ¢ is a complex constant;
(b) y(¢) = x(t) 4 ¢, where ¢ is a complex constant; and
(c) y(t) = x(t — ¢), where c is a real constant.

3.7 Determine whether each function x given below is even, odd, or neither even nor odd.

@) x(t) =1;

d) x(t) =13t

(©x(r) = |r*

@ x(t) = (c os27rt)(sin2m);
(e) x(t) = ¢/>™; and

() x(t) = 5[’ —I—e’t].

3.8 Prove each of the following assertions:
(a) The sum of two even functions is even.
(b) The sum of two odd functions is odd.
(c) The sum of an even function and an odd function, where neither function is identically zero, is neither even
nor odd.
(d) The product of two even functions is even.
(e) The product of two odd functions is even.
(f) The product of an even function and an odd function is odd.

3.9 Show that, if x is an odd function, then

where A is a positive real constant.
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3.10 Show that, for any function x,

/:,xz(’)d’ = '/sz(t)dl-i-/j;xg(t)dt,

where x. and x, denote the even and odd parts of x, respectively.

3.11 Let x denote a function with derivative y.
(a) Show that if x is even then y is odd.
(b) Show that if x is odd then y is even.

3.12 For an arbitrary function x with even and odd parts x. and x,, respectively, show that:
(a) [7, xe(t)xo(r)dt = 0; and
(d) [T x(t)dt = [ xe(1)dL.

3.13 Show that:
(a) if a function x is T-periodic and even, then fOTx(t)dt = 2f0T/2x(t)dt.
(b) if a function x is T-periodic and odd, then f; x(t)dr = 0.

3.14 Show that the only function that is both even and odd is the zero function (i.e., the function x satisfying x(¢) =0
for all ¢).

3.15 Suppose that the function # is causal and has the even part /. given by
he(t) = tu(t) —u(t —1)]+u(r—1) fort>0.
Find .

3.16 Let Ex denote the energy of the function x. Show that:
(a) E{ax} = a®Ex, where a is a real constant;
(b) ExX' = Ex, where x'(t) = x(t — tp) and 1y is a real constant; and
(¢) Ex' = ‘;—‘Ex, where X' (t) = x(at) and a is a nonzero real constant.

3.17 Fully simplify each of the expressions below.
(a) [, sin (2t +F) 8(r)dr;
) [ JcosT|8(T+ m)dT;
(¢) [Z, x(t)6(at — b)dt, where a and b are real constants and a # 0;
(d) e §(1 —1)dt;
(e) ' 8(t)dt; and
) J5 (t2cosT)S(T+42)dT.

3.18 Suppose that we have the function x shown in the figure below. Use unit-step functions to find a single expres-
sion for x(¢) that is valid for all ¢.
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3.19 For each function x given below, find a single expression for x (i.e., an expression that does not involve multiple
cases). Group similar unit-step function terms together in the expression for x.

—t—3 3<tr<-2
-1 —2<tr<—1
3 —1<t<1
@x(0=1, 1<t1<2
—t4+3 2<t<3
0 otherwise;
-1 r<-1
b x@t)=qt —-1<t<1
1 t>1;
4t+4  —1<r<-1
() x(t) = e T%§t<%
—4t+4 ;<<
0 otherwise;

3.20 Determine whether each system J{ given below is memoryless.

(@) Fx(r) = [* x(1)d;

(b) Hx(¢) = Even(x)(z);

(©) Hx(t) =x(t—1) —|—1

(d) Hx(t) = [~ x(7)d7

(© Hx(r) = I x(1)8(v)dz;
() Hx(r) = 1x(7); and

(@) Hx(r) = [x(7)8(t — T)d.

3.21 Determine whether each system J{ given below is causal.
() Hx(r) = [* x(1)d7;

(b) Hx(r) = Even(x)(z);

© Hx(t)=x(t—1)+1;

(

(

(d) Hx(r) = [ x(t)dT
(e) Hx(t) = [ x(1)d ( )dt; and
() Hx(t) = JZx(Tu(t — 1)d7.

3.22 For each system JH given below, determine if I is invertible, and if it is, specify its inverse.

(a) Hx(t) = x(at — b) where a and b are real constants and a # 0;
(b) Hx(t) = ¢*\"), where x is a real function;

(©) Hx(t) = EVen( )(1) = 0dd(x)(7);

(d) Hx(r) = Dx(r), where D denotes the derivative operator; and
(e) Hx(r) =% (1).

3.23 Determine whether each system J{ given below is BIBO stable.
(a) Hx(1) = [/ x(t)d [Hint: For any function f, ‘ < [P ()] dx];

(b) Fx(r) = 323 (t) +x(1);
(c) Hx(r) = l/x(
(d) Hx(t) =e \flx() and
(e) Hx(r) = () x(r
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3.24

3.25

3.26

3.27

3.28

3.29

3.30

3.31

Determine whether each system J given below is time invariant.
(a) Hx(t) = Dx(t); where D denotes the derivative operator;
(b) Hx(t) = Even(x)(r);

(c) Hx(r) = ff“ (T — a)d7, where « is a constant;

@) FHx(t) = [T x(7 )h(t —1)dt, where £ is an arbitrary (but fixed) function;
(e) Hx(t) = x(—t); an

) Hx(t) = [* x(z dr

Determine whether each system H given below is linear.

(a) Hx(r) = f’“ x(t)dt

(b) Hx(r) =

(c) Hx(r) = Even( )(1);

(d) Hx(t) = x*(t); and

(e) Hx(r) = J=_x(1)h(r — T)dT, where h is an arbitrary (but fixed) function.
Determine whether each system J{ given below is additive and/or homogeneous.

(a) Hx(t) = x*(¢); and
(b) FHx(t) = Im[x(z)].

Show that if a system JH{ is either additive or homogeneous, it has the property that, for a function x that is
identically zero (i.e., x(¢) = 0 for all ¢), Hx is identically zero (i.e., Hx(z) = 0 for all 7).

Given the function
x()=u(t+2)+u@+1)+u@)—2u(t—1) —u(t —2),
find and sketch y(¢) = x(—4¢ — 1).

For the system shown in the figure below, express the output y in terms of the input x and the transformations
J1,72,...,7s.

> Tz > > TS >
A
x(t t
0, 7. s 0
Y
» Ts >

Let z denote a function that is identically zero (i.e., z(¢) = 0 for all ¢). Show that a linear system J is invertible
if and only if Hx = z implies that x = z (i.e., the only input x that produces an output y = 7 is x = z).

For each system 3 and the functions {x;} given below, determine if each of the x; is an eigenfunction of J,
and if it is, also state the corresponding eigenvalue.

(a) Hx(t) = x2(t), x1(t) = a, x2(t) = e~¥, and x3(t) = cost, where a is a complex constant;

(b) Hx(t) = Dx(t), x1(t) = €™, x5 (t) = e, and x3 (t) = 42, where D denotes the derivative operator and a is a
real constant;

(©) Hx(t) = [/, x(7)dT, x1(t) = ¥, x2(t) =1, and x3(¢) = sint, where a is a nonzero complex constant; and
(d) Hx(t) = |x(1)], x1(t) = a, x2(t) =1, x3(t) = 1>, where a is a strictly positive real constant.
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3.8.2 Exercises With Answer Key

3.32 For each function x given below, determine whether x is periodic, and if it is, find its fundamental period T'.
(a) x(t) = 3cos(v/2t) + 7 cos 2t;
(b) x(¢t) = (3cos2t)?; and
(c) x(t) = Tcos(35¢ +3) + 5sin(15r — 2).

Short Answer. (a) not periodic; (b) m-periodic; (c) (27/5)-periodic

3.33 Simplify each of the following expressions:

(02 [0]
e
(b) smka) )8(® )’
(©) f‘x;, cos[5(t —5)]6(r — 3)dr;
) /=, 5( —3)sinztdt; and
© f7 (T +1)8(r - 2)dt

Short Answer. (a) 16(w—1); (b) k8(®); (c) —e%; (d) —1; (e) Su(2—1).

3.34 Determine whether each system J{ given below is memoryless.

(@) Hx(r) = ulx(1)];

(b) Hx(t) = x[u(r)];

(c) Hx(t) =42;

(d) Hx(t) = x();

(e) Hx(r) = J7.2x(1)6 (T —1)dT;
() Hx(t) = [x(t+1)]"'; and

() Hx(r) = x(—1).

Short Answer. (a) memoryless; (b) has memory; (c) memoryless; (d) has memory; (¢) memoryless; (f) has
memory; (g) has memory

3.35 Determine whether each system J{ given below is causal.
(a) Hx(¢) = x(at), where a is a nonzero real constant;

(b) Hx(t) = tu(t)x(1);

(c) Hx(t) = x(¢t — a), where a is a strictly negative real constant;
(d) Hx(t) = [x(t +1)]""; and

(e) Hx(t) = x(—t)

Short Answer. (a) causal if and only if a = 1; (b) causal; (c) not causal; (d) not causal; (e) not causal

3.36 Determine whether each system J{ given below is invertible.
(a) Hx(t) = cosx(t);
(b) Hx(t) = xxx(t), where fxg(t) = [~ f(T)g(t — T)dT; and
(c) Hx(t) = Evenx(t).

Short Answer. (a) not invertible; (b) not invertible; (c) not invertible
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3.37 Determine whether each system J{ given below is BIBO stable.
(a) Hx(r) = u(r)x(t);
(b) Hx(r) = lnx (t);

(©) Hx(t) = e;

(d) Hx(r) =€ (t),

(e) Hx(t) = cosx(t); and

(f) Hx(t) = xxx(t), where fxg(t) = [*, f(T)g(t —T)dT.

Short Answer. (a) stable; (b) not stable; (c) stable; (d) not stable; (e) stable; (f) not stable

3.38 Determine whether each system J{ given below is time invariant.
(@) 3x(r) = [4y x(2)dT:
(b) Hx(r) = @{xz}( t), where D denotes the derivative operator;
(©) Hx(r) = ru(t)x(1);
(d) Hx(r) = [, ( )x(t — 1)dT; and
(e) Hx(t) = t>D?x(t) +tDx(t), where D denotes the derivative operator.

Short Answer. (a) not time invariant; (b) time invariant; (c) not time invariant; (d) not time invariant; (e) not
time invariant

3.39 Determine whether each system J{ given below is linear.
(a) Hx(t) = 3 Lx(r) —2J;

(b) Hx(r) = Dx(t), where D denotes the derivative operator;

(c) Hx(t) = tu(t)x(t);

(d) Hx(r) = ( )x(t — 7)dT; and

(e) Hx(t) = t>D?x(t) +tDx(t), where D denotes the derivative operator.

Short Answer. (a) not linear; (b) linear; (c¢) linear; (d) not linear; (e) linear

3.40 Determine whether each system 3 given below is additive and/or homogeneous.

(a) Hx(r) = gjf(tt)), where D denotes the derivative operator.

Short Answer. (a) homogeneous but not additive

3.41 For each system H and the functions {x;} given below, determine if each of the x; is an eigenfunction of H,
and if it is, also state the corresponding eigenvalue.
(a) Hx(¢) = D?x(t), x1 (t) = cost, xz(t) = sint, and x3(¢) = 42, where D denotes the derivative operator;
(b) Hx(t) = ', x(7)dT, x1(t) = ¥, and x(t) = e'u(—t); and
(c) Hx(t) = >D2x(t) +tDx(¢) and xl( ) = t*, where k is an integer constant such that k > 2, and D denotes the
derivative operator.

Short Answer. (a) x; is an eigenfunction with eigenvalue —1, x; is an eigenfunction with eigenvalue —1, x3
is an eigenfunction with eigenvalue 0; (b) x; is an eigenfunction with eigenvalue % X, is not an eigenfunction;
(c) x1 is an eigenfunction with eigenvalue k.
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Chapter 4

Continuous-Time Linear Time-Invariant
Systems

4.1 Introduction

In the previous chapter, we identified a number of properties that a system may possess. Two of these properties
were linearity and time invariance. In this chapter, we focus our attention exclusively on systems with both of these
properties. Such systems are referred to as linear time-invariant (LTI) systems.

4.2 Continuous-Time Convolution

In the context of LTI systems, a mathematical operation known as convolution turns out to be particularly important.
The convolution of the functions x and %, denoted x * A, is defined as the function

00

xxh(t) = / x(T)h(r —7)dT. 4.1)
Herein, the asterisk (or star) symbol (i.e., “x”") will be used to denote convolution, not multiplication. It is important
to make a distinction between convolution and multiplication, since these two operations are quite different and do
not generally yield the same result.

Notationally, x* /& denotes a function, namely the function that results from convolving x and /. In contrast, x*hA(t)
denotes the function x x & evaluated at 7. Although we could equivalently write x * h(f) with an extra pair of brackets
as (x*h)(t), we usually omit this extra pair of brackets, since doing so does not introduce any ambiguity and leads
to more compact notation. That is, there is only one sensible way to group operations in the expression x x A(¢). The
grouping x * [i(r)] would not make sense since a convolution requires two functions as operands and A(r) is not a
function, but rather the value of 4 evaluated at ¢. Thus, the only sensible way to interpret the expression x * i(z) is as
(xxh)(t).

Since the convolution operation is used extensively in system theory, we need some practical means for evaluating
a convolution integral. Suppose that, for the given functions x and s, we wish to compute

xh(t) = /:x(r)ha _1)dr.

Of course, we could naively attempt to compute x * h by evaluating x * k() as a separate integral for each possible
value of r. This approach, however, is not feasible, as t can assume an infinite number of values, and therefore, an
infinite number of integrals would need to be evaluated. Instead, we consider a slightly different approach. Let us
redefine the integrand in terms of the intermediate function w;(7) where

w(T) = x(T)h(r — 7).
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(Note that w;(7) is implicitly a function of z.) This means that we need to compute

xxh(t) = /_ Z wi(7)d7.

Now, we observe that, for most functions x and & of practical interest, the form of w,(7) typically remains fixed
over particular ranges of . Thus, we can compute the convolution result x * & by first identifying each of the distinct
expressions for w;(7) and the range over which each expression is valid. Then, for each range, we evaluate an integral.
In this way, we typically only need to compute a small number of integrals instead of the infinite number required
with the naive approach suggested above.

The above discussion leads us to propose the following general approach for computing a convolution:

1. Plot x(7) and h(t — 7) as a function of 7.

2. Initially, consider an arbitrarily large negative value for ¢. This will result in A(t — 7) being shifted very far to
the left on the time axis.

3. Write the mathematical expression for w; (7).

4. Increase ¢ gradually until the expression for w;(7) changes form. Record the interval over which the expression
for wy(7) was valid.

5. Repeat steps 3 and 4 until 7 is an arbitrarily large positive value. This corresponds to (¢t — 7) being shifted very
far to the right on the time axis.

6. For each of the intervals identified above, integrate w;(7) in order to find an expression for x * i(¢). This will
yield an expression for x * /(z) for each interval.

7. The results for the various intervals can be combined in order to obtain the convolution result x x A(¢) for all 7.

Example 4.1. Compute the convolution x * 2 where

-1 —-1<t<0
x(f)=<¢1 0<r<1 and  h(t) =e "u(t).
0 otherwise

Solution. We begin by plotting the functions x and 4 as shown in Figures 4.1(a) and (b), respectively. Next, we
proceed to determine the time-reversed and time-shifted version of 4. We can accomplish this in two steps. First,
we time-reverse A(7) to obtain 4(—7) as shown in Figure 4.1(c). Second, we time-shift the resulting function by # to
obtain h(f — T) as shown in Figure 4.1(d).

At this point, we are ready to begin considering the computation of the convolution integral. For each possible
value of 7, we must multiply x(7) by /(z — 7) and integrate the resulting product with respect to 7. Due to the form of x
and &, we can break this process into a small number of cases. These cases are represented by the scenarios illustrated
in Figures 4.1(e) to (h).

First, we consider the case of ¢+ < —1. From Figure 4.1(e), we can see that

() = /_ o;x(f)h(t — 1)t =0. 4.2)

Second, we consider the case of —1 <t < 0. From Figure 4.1(f), we can see that

wenlr) = [ "~ x(o)h(r—7)de = /" —edr

-1

!
:—e_t/ e'dt

1
=—e'[ef]|"

_ 7€_t[€t 76_1]

—e 11 (4.3)
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Third, we consider the case of 0 <t < 1. From Figure 4.1(g), we can see that

x*h(z):/:ox(r)h(t—r)dr: /0

J—1

0 "
:—e_’/ efd’c—i—e_t/ etdr
1 0

=—e "[eF]%) e [efg
—e [l —e e —1]
=e e —14¢ —1]
=1+ =2)e". (4.4)

ot
—e“tdr—i—/ e dt
0

Fourth, we consider the case of > 1. From Figure 4.1(h), we can see that

oo 0 1
xxh(t) = / x(T)h(t —1)dT = / —e77’d17—|—/ e ldr
e 0

0 1
= —eft/ erdr—i—e*’/ efdt
-1 0
=—e"le’]|%) +e " [e"]lo
=e e —14+e—1]
=(e—2+e e . (4.5)

Combining the results of (4.2), (4.3), (4.4), and (4.5), we have that

0 r<—1
—t—1
-1 —1<1r<0
xxh(t) = ¢ | -
(e'=2)e"+1 0<r<1
(e—2+e e’ 1<t
The convolution result x x /4 is plotted in Figure 4.1(i). ]

Example 4.2. Compute the convolution x * h, where

< <
x([){l 0<r<1 and h(t){t 0<r<«1

0 otherwise 0 otherwise.

Solution. We begin by plotting the functions x and & as shown in Figures 4.2(a) and (b), respectively. Next, we
proceed to determine the time-reversed and time-shifted version of (7). We can accomplish this in two steps. First,
we time-reverse /() to obtain ~A(—7) as shown in Figure 4.2(c). Second, we time-shift the resulting function by 7 to
obtain h(f — 7) as shown in Figure 4.2(d).

At this point, we are ready to begin considering the computation of the convolution integral. For each possible
value of 7, we must multiply x(7) by k(¢ — 7) and integrate the resulting product with respect to 7. Due to the form of x
and h, we can break this process into a small number of cases. These cases are represented by the scenarios illustrated
in Figures 4.2(e) to (h).

First, we consider the case of ¢ < 0. From Figure 4.2(e), we can see that

() = /7 ix(r)h(t _ )T —0. 4.6)
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x(7)
: =
h(t—1) "l
N
_______ X .
t —1 1
x(7)
| —1
(e
- 1 K 1 X/(T)
h(t—1) |
II
hll
-t _ .
1 1
(@)
-1
h(t) ®
! (1)
1 + /
’i
h(t—1) I:
0 T I
(b) -1 PR
h(—7) —
1 (2
¢ (1)
o~ NI
0 T ,‘I‘/h(t —1)
©
-1 1 ;-
h(t—1)
! —1
\J / ®
t T
(d

Figure 4.1: Evaluation of the convolution x /. (a) The function x; (b) the function A; plots of (c) 2(—7) and (d) h(t — 7)
versus T; the functions associated with the product in the convolution integral for (e) t < —1, (f) —1 <7 <0, (g) 0 <
t < 1,and (h) t > 1; and (i) the convolution result x * A.
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Second, we consider the case of 0 <t < 1. From Figure 4.2(f), we can see that

xxh(t) = /:x(r)h(t —1)dt = /O[(t —1)dt

=it — 37
_ 2 1.2
=t -3
=1 (4.7)

t

Third, we consider the case of 1 <t < 2. From Figure 4.2(g), we can see that

() = [ ix(r)h(p 1)dt = /i (t—1)dt

2
TP == =2t +1)]
=1+t (4.8)

Fourth, we consider the case of > 2. From Figure 4.2(h), we can see that
xxh(f) = / X()h(t — T)dT = 0. (4.9)

Combining the results of (4.6), (4.7), (4.8), and (4.9), we have that

0 t<0
1,2
5t 0<r«l1
xxh(t)=¢% -
—5t +t 1<r<?2
0 t>2.
The convolution result x x & is plotted in Figure 4.2(i). |
Example 4.3. Compute the quantity x x h, where
0 1<0
t 0<r<1
x(t) = - and h(t) =u(t) —u(t—1).
0=1"11, 1210 (1) = u(e) = u(t—1)
0 t>2

Solution. Due to the somewhat ugly nature of the expressions for x(¢) and /(t), this problem can be more easily solved
if we use the graphical interpretation of convolution to guide us. We begin by plotting the functions x and &, as shown
in Figures 4.3(a) and (b), respectively.

Next, we need to determine /(7 — 7), the time-reversed and time-shifted version of 4(7). We can accomplish this in
two steps. First, we time-reverse /() to obtain 4(—7) as shown in Figure 4.3(c). Second, we time-shift the resulting
signal by ¢ to obtain A(z — 7) as shown in Figure 4.3(d).

At this point, we are ready to begin considering the computation of the convolution integral. For each possible
value of 7, we must multiply x(7) by &(z — 7) and integrate the resulting product with respect to 7. Due to the form of x
and &, we can break this process into a small number of cases. These cases are represented by the scenarios illustrated
in Figures 4.3(e) to (i).

Edition 2.0 Copyright (©) 2012-2020 Michael D. Adams



68 CHAPTER 4. CONTINUOUS-TIME LINEAR TIME-INVARIANT SYSTEMS

x(T)
i !
VS h(t—7)
x(7) : .
t—1 t 0 1
1 (e)
x(7)
T N 1 /
0 1 "
h(it—1) +
() N
h(t) t—ll 0 t 1 i
()
1
x(7)
| £
T i R
0 ! : MOh(t—1)
(b) A AV
i N .
0 -1 1 t
o ®
1
x(7)
l / .\
L (1)
-1 o o
(©) i “ .
0 1 t—1 t
1 (h)
h(t—1)
T
t—1 t
(d)

Figure 4.2: Evaluation of the convolution xx /. (a) The function x; (b) the function A; plots of (c) 2(—7) and (d) h(t — 7)
versus T; the functions associated with the product in the convolution integral for (e) t <0, () 0<r < 1,(g) 1 <r <2,
and (h) ¢ > 2; and (i) the convolution result x * /.
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First, we consider the case of t < 0. From Figure 4.3(e), we can see that
xxh(t) = / M)t —T)dT =0, (4.10)
Second, we consider the case of 0 <t < 1. From Figure 4.3(f), we can see that

() = /7 Zx(r)h(t—r)df: /O "ede

2
= [37%

=1 4.11)

Third, we consider the case of 1 <t < 2. From Figure 4.3(g), we can see that

o 1 '
xxh(t) = / x(T)h(t —1)dT = / rdr+/ (—t+2)dt
—oo t—1 1
=T+ [0+ 2]
=110t +2t—[-1+2]
=—124+3t—3. (4.12)
Fourth, we consider the case of 2 <t < 3. From Figure 4.3(h), we can see that
(o) 2
xh(t) = / (D)t —7)dT = / (—14+2)dt
—o -1
=[-1e*+ 212,
=242 +3t-3]
=17 -3r+3. (4.13)

Lastly, we consider the case of r > 3. From Figure 4.3(i), we can see that
xxh(r) = / X(D)h(t — 7)dT = 0. (4.14)

Combining the results of (4.10), (4.11), (4.12), (4.13), and (4.14) together, we have that

0 <0
1 0<r<1
xxh(t)=S —2+3t—3 1<r<2
I?P-3t+3 2<t<3
0 t>3.
The convolution result x & is plotted in Figure 4.3(j). ]

Example 4.4. Compute the convolution x * i, where
x(t)=e “u(t), h(t) =u(t),

and a is a strictly positive real constant.
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L |
E ' x(7)
: : t t T
t—1 t 0 1 2
©)
x(7)
1 hb R
0 1 ;" 1 i
(@)
h(7)
1
T
T
0 1
(b)
h(—1)
1
T
T
—1 0
C
© h(t —1)
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| x(7) E :
+ t ; : T
0 1 2 t—1 t
T
t—1 t @)
d
@ xxh(t)
1
3
7
— 4 ¢
0 1 3 2 3
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Figure 4.3: Evaluation of the convolution xx /. (a) The function x; (b) the function A; plots of (c) 2(—7) and (d) h(t — 7)
versus 7; the functions associated with the product in the convolution integral for (e) t <0, ()0 <r < 1,(g) 1 <1 <2,
(h) 2 <t <3, and (i) t > 3; and (j) the convolution result x * /.
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Solution. Since x and h are relatively simple functions, we will solve this problem without the aid of graphs. Our
objective in this example is twofold. First, we want to show that it is possible, if one is very careful, to perform simple
convolutions without using graphs as aids. Second, we would like to show that this is actually somewhat tricky to do
correctly, and probably it would have been better to draw graphs for guidance in this example in order to reduce the
likelihood of errors.

From the definition of convolution, we have

oo

xeh(n) = / (D)t —T)dt

—o0

/ " e u(tyut — t)d. (4.15)

—oo
Since

1 0<tand7t<t
0 otherwise,

u(tu(t—1) = {

the integrand can only be nonzero if 0 < 7 and 7 < (which necessarily requires that ¢ > 0). So, if t < 0, the integrand
will be zero, and x * i(t) = 0. Now, let us consider the case of # > 0. From (4.15), we have

t

x*h(t)z/ e “'dt
0
[7le—a‘c]t

=1l —e),

a

Thus, we have

11 _ ,—at
s h(r) = 2(I—=e™) t>0
0 otherwise
1 —
=2(1—e u(t).

Note that, as the above solution illustrates, computing a convolution without graphs as aids can be somewhat tricky
to do correctly, even when the functions being convolved are relatively simple like the ones in this example. If some
steps in the above solution are unclear, it would be helpful to sketch graphs to assist in the convolution computation.
For example, the use of graphs, like those shown in Figure 4.4, would likely make the above convolution much easier
to compute correctly. |

4.3 Properties of Convolution

Since convolution is frequently employed in the study of LTI systems, it is important for us to know some of its basic
properties. In what follows, we examine some of these properties.

Theorem 4.1 (Commutativity of convolution). Convolution is commutative. That is, for any two functions x and h,
xxh=hxx. (4.16)

In other words, the result of a convolution is not affected by the order of its operands.

Proof. We now provide a proof of the commutative property stated above. To begin, we expand the left-hand side
of (4.16) as follows:

xxh(t) = /7 ix(r)h(t _1)dr.
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(e)

®

Figure 4.4: Evaluation of the convolution x /. (a) The function x; (b) the function A; plots of (c) 2(—7) and (d) h(t — 7)
versus T; and the functions associated with the product in the convolution integral for (e) < 0 and (f) # > 0.
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Next, we perform a change of variable. Let v =t — T which implies that T =t — v and dT = —dv. Using this change
of variable, we can rewrite the previous equation as

xxh(t) = / T (= v)h(v) (—av)

t+oo

(Note that, above, we used the fact that, for any function f, |, f f(x)dx = — [} f(x)dx.) Thus, we have proven that
convolution is commutative. | |

Theorem 4.2 (Associativity of convolution). Convolution is associative. That is, for any three functions x, hi, and

ha,
(xxhy)xhy =xx(h *hy). (4.17)

In other words, the final result of multiple convolutions does not depend on how the convolution operations are
grouped.

Proof. To begin, we use the definition of the convolution operation to expand the left-hand side of (4.17) as follows:

(eI 5 ha) (£) = /m ey (v)]a (£ — v)elv

_ / ( / (v -1 )dr) ho(t — v)dv.

Now, we change the order of integration to obtain
([xxhy]xha)( / / T)hi (v —1)hy(t — v)dvdr.

Pulling the factor of x(7) out of the inner integral yields

(e ] 5 ha) (1) = /_o;x(‘c) /_D;hl(vf‘c)hz(tfv)dvd‘c.

Next, we perform a change of variable. Let A = v — T which implies that v = A + 7 and dA = dv. Using this change
of variable, we can write

(e ] 5 ha) (1) = / /h1 Yar(t — A — T)dAdT

_/ (/ (l)hz([l—f]—l)dl> dt

7/ [hy xhy(t — 7)) dT
= (xxx [hy *ha])(1).

Thus, we have proven that convolution is associative. |
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Theorem 4.3 (Distributivity of convolution). Convolution is distributive. That is, for any three functions x, hi, and
ha,
xx(hy+hy) =xxh)+xxh;. (4.18)

In other words, convolution can be distributed across addition.

Proof. The proof of this property is relatively simple. Expanding the left-hand side of (4.18), we have:
(0t [+ ha] ) (2) = / ()i (t = 1) +ha(1 — 7)]d7

—/ T)h(t—1) dr+/ T)ha(t — 1)dT
=xxhy(t) +xxhy(t).
Thus, we have shown that convolution is distributive. |

The identity for an operation defined on elements of a set is often extremely helpful to know. Consider the
operations of addition and multiplication as defined for real numbers. For any real number a, a4 0 = a. Since adding
zero to a has no effect (i.e., the result is a), we call 0 the additive identity. For any real number @, 1-a = a. Since
multiplying a by 1 has no effect (i.e., the result is a), we call 1 the multiplicative identity. Imagine for a moment
how difficult arithmetic would be if we did not know that a+ 0 = a or 1-a = a. For this reason, identity values are
clearly of fundamental importance.

Earlier, we were introduced to a new operation known as convolution. So, in light of the above, it is natural to
wonder if there is a convolutional identity. In fact, there is, as given by the theorem below.

Theorem 4.4 (Convolutional identity). For any function x,
x*x8 =x. (4.19)
In other words, 8 is the convolutional identity (i.e., convolving any function x with & simply yields x).

Proof. Suppose that we have an arbitrary function x. From the definition of convolution, we can write

o 8 (1) :/:ox(r)é(tfr)df.

Now, let us employ a change of variable. Let A = —7 so that T = —A and d7 = —dA. Applying the change of variable,
we obtain

X8 (1) :[mx(fx)wu)(flm

_ / " X(~A)8(A +1)dA. (4.20)
From the equivalence property of 8, we can rewrite the preceding equation as
X8t / S(A+1)dA
= O(A+1)dA.

Factoring x(¢) out of the integral, we obtain
x48(0) =a(r) [ 8(A+1)d
Since [*_ 6(A)dA = 1 implies that [*_6(A +1)dA = 1, we have
xx8(t) =x(t).

Thus, 6 is the convolutional identity (i.e., x* & = x). (Alternatively, we could have directly applied the sifting property
to (4.20) to show the desired result.) |
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4.4 Periodic Convolution

The convolution of two periodic functions is usually not well defined. This motivates an alternative notion of con-
volution for periodic signals known as periodic convolution. The periodic convolution of the 7-periodic functions x
and h, denoted x ® A, is defined as

x@h(r) = /T X(T)h(t — 1),

where [ denotes integration over an interval of length 7. The periodic convolution and (linear) convolution of the
T -periodic functions x and & are related as

x®h(t) =xoxh(t) where x(r)= i xo(t —kT)

k=—oco

(i.e., xo(¢) equals x(¢) over a single period of x and is zero elsewhere).

4.5 Characterizing LTI Systems and Convolution

As a matter of terminology, the impulse response % of a system J is defined as
h=3.

In other words, the impulse response of a system is the output that it produces when presented with & as an input. As
it turns out, a LTI system has a very special relationship between its input, output, and impulse response, as given by
the theorem below.

Theorem 4.5 (LTI systems and convolution). A LTI system J{ with impulse response h is such that
Hx=xxh.

In other words, a LTI system computes a convolution. More specifically, it computes the convolution of its input with
its impulse response.

Proof. To begin, we assume that the system J is LTI (i.e., the operator J{ is both linear and time invariant). Using
the fact that 0 is the convolutional identity, we have

y=Hx
=H{x«x 0}

_ f}f{/ix(f)5(- _ T)dr}.

Since H is a linear operator, we can pull the integral and x(7) (which is a constant with respect to the operation
performed by JH) outside J, and simplify the result to obtain

y= [ 9a(®)8( ~ 7)}ar

- /m H(T)H{S(- — 7)}dr. @.21)
Since the system is time invariant (by assumption), we know that
H{6(-—1)} =h(-—1). (4.22)
Thus, we can rewrite (4.21) as
y= [ x(@h(-~ v
=xxh.

Thus, the output y is simply the convolution of the input x and the impulse response /. |
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By Theorem 4.5 above, the behavior of a LTI system is completely characterized by its impulse response. That is,
if the impulse response of a system is known, we can determine the response of the system to any input. Consequently,
the impulse response provides a very powerful tool for the study of LTI systems.

Example 4.5. Consider a LTI system I with impulse response
h(t) =u(t). (4.23)

Show that J{ is characterized by the equation

Hx(r) = / " x(t)dr (4.24)
(i.e., H corresponds to an ideal integrator).
Solution. Since the system is LTI, we have that
Hx(t) =x*h(t).
Substituting (4.23) into the preceding equation, and simplifying we obtain

Hx(t) =x*h(t)
=x*u(r)

_ /_ " x(ult = 7)dt
_ [ H(T)ult — 1)1+ / " x(ult - t)dt

= /_:ox(f)d’t'.

Therefore, the system with the impulse response & given by (4.23) is, in fact, the ideal integrator given by (4.24). W

Example 4.6. Consider a LTI system with input x, output y, and impulse response %, where

h(t):{l 0<r<1

0 otherwise.

Find and plot the response of the system to the particular input x given by

x(t):{l 0<r<1

0 otherwise.

Solution. Plots of x and /& are given in Figures 4.5(a) and (b), respectively. Since the system is LTI, we know that

y(t) = xxh(r).

Thus, in order to find the response of the system to the input x, we simply need to compute the convolution x x /.

We begin by plotting the functions x and 4 as shown in Figures 4.5(a) and (b), respectively. Next, we proceed
to determine the time-reversed and time-shifted version of A(7). We can accomplish this in two steps. First, we
time-reverse i(T) to obtain 2(—7) as shown in Figure 4.5(c). Second, we time-shift the resulting signal by ¢ to obtain
h(t — 7) as shown in Figure 4.5(d).

At this point, we are ready to begin considering the computation of the convolution integral. For each possible
value of 7, we must multiply x(7) by h( — 7) and integrate the resulting product with respect to 7. Due to the form of x
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and h, we can break this process into a small number of cases. These cases are represented by the scenarios illustrated
in Figures 4.5(e) to (h).
First, we consider the case of ¢ < 0. From Figure 4.5(e), we can see that

xxh(r) = / X(D)h(t — 7)dT = 0. (4.25)
Second, we consider the case of 0 <t < 1. From Figure 4.5(f), we can see that

o h(t) = /_o:ox(r)h(tf’c)dr - /Otdf
=[]l

=1. (4.26)

Third, we consider the case of 1 <t < 2. From Figure 4.5(g), we can see that

xxh(t) = '/:x(r)h(t —1)dt = l dt

t—1

= [l
=1-(r—1)
=21 4.27)

Fourth, we consider the case of t > 2. From Figure 4.5(h), we can see that
xxh(t) = / x(T)h(t —7)dt=0. (4.28)

Combining the results of (4.25), (4.26), (4.27), and (4.28), we have that

0 t<0
rh(t) = t 0<r<1

2—t 1<r<?2

0 t>2.

The convolution result x * & is plotted in Figure 4.5(i). The response of the system to the specified input is simply x * A.
]

4.6 Step Response of LTI Systems
The step response s of a system H is defined as
s =Hu

(i.e., the step response of a system is the output it produces for a unit-step function input). In the case of a LTI system,
it turns out that the step response is closely related to the impulse response, as given by the theorem below.

Theorem 4.6. The step response s and impulse response h of a LTI system are related as

h(t):di,(tt) and  s(t) = /j ().

That is, the impulse response h is the derivative of the step response s.
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o iﬁ(/H) 1 x(1)
x(7)
1 : T
r—1 ! 0 1
1
(e)
0 1 ‘ - ,x/( !
(a) h(t—1)
h(7) E E .
(-1 0 ¢ 1
1 ()
2
T 1 . -
0 1 v oh(r—1)
(b) ! e
h(-7) 0 -1 1 : ’
()
1
x(7) h(t—1)
L e
T ; :
-1 0 . '
©) 5 !
1 : ’L'
0 1 t—1 t
h(t—1)
1 L (h)
xxh(t)
t—1 t ‘ I
(d)
L t
0 1 2
(1)

Figure 4.5: Evaluation of the convolution x /. (a) The function x; (b) the function A; plots of (c) 2(—7) and (d) h(t — 7)
versus T; the functions associated with the product in the convolution integral for (e) t <0, () 0<r < 1,(g) 1 <r <2,
and (h) ¢ > 2; and (i) the convolution result x * /.
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Figure 4.6: Block diagram representation of continuous-time LTI system with input x, output y, and impulse re-
sponse h.

Proof. Using the fact that s = u * h, we can write

s(t) =uxh(t)
=hxu(t)

:/:h(r)u(t—r)dr
:/_tmh(r)df.

Thus, s can be obtained by integrating 4. Taking the derivative of s, we obtain

ds(t) lim s(t+Ar) —s(1)
dt Ar—0 At

1 t+At t
= lim — h(t)dt — h(t)d
Jim [/_m (@dz— [ n(z) }

1 t+At
Azlglo At /, (r)dz

1
= lim — (h(¢)At
A}LnOAt( (1)Ar)

= h(t).
Thus, A is the derivative of s. |

The step response is often of great practical interest, since it can be used to determine the impulse response
of a LTI system. In particular, the impulse response can be determined from the step response via differentiation.
From a practical point of view, the step response is more useful for characterizing a system based on experimental
measurements. Obviously, we cannot directly measure the impulse response of a system because we cannot (in the real
world) generate a unit-impulse function or an accurate approximation thereof. We can, however, produce a reasonably
good approximation of the unit-step function in the real world. Thus, we can measure the step response and from it
determine the impulse response.

4.7 Block Diagram Representation of Continuous-Time LTI Systems

Frequently, it is convenient to represent continuous-time LTI systems in block diagram form. Since a LTI system is
completely characterized by its impulse response, we often label such a system with its impulse response in a block
diagram. That is, we represent a LTI system with input x, output y, and impulse response A, as shown in Figure 4.6.

4.8 Interconnection of Continuous-Time LTI Systems

Suppose that we have a LTI system with input x, output y, and impulse response 4. We know that x and y are related
as y = xx h. In other words, the system can be viewed as performing a convolution operation. From the properties of
convolution introduced earlier, we can derive a number of equivalences involving the impulse responses of series- and
parallel-interconnected systems.
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X y X y
— h > ho > = —— hy *hy >
(a)
X y X y
— h — hy - = e hy — h N
(b)

Figure 4.7: Equivalences for the series interconnection of continuous-time LTI systems. The (a) first and (b) second
equivalences.

Consider two LTI systems with impulse responses /; and %, that are connected in a series configuration, as shown
on the left-side of Figure 4.7(a). From the block diagram on the left side of Figure 4.7(a), we have

y=(xxhy)*hy.
Due to the associativity of convolution, however, this is equivalent to
y=xx*(hyxhy).

Thus, the series interconnection of two LTI systems behaves as a single LTI system with impulse response /1 x h;. In
other words, we have the equivalence shown in Figure 4.7(a).

Consider two LTI systems with impulse responses /| and 5 that are connected in a series configuration, as shown
on the left-side of Figure 4.7(b). From the block diagram on the left side of Figure 4.7(b), we have

y=(xxhy)*hy.
Due to the associativity and commutativity of convolution, this is equivalent to
y=xx(h; xhy)

=xx(hy*hy)
= (xxhp) xhy.

Thus, interchanging the two LTI systems does not change the behavior of the overall system with input x and output y.
In other words, we have the equivalence shown in Figure 4.7(b).

Consider two LTI systems with impulse responses /& and /) that are connected in a parallel configuration, as
shown on the left-side of Figure 4.8. From the block diagram on the left side of Figure 4.8, we have

y=xxhy+xxh.
Due to convolution being distributive, however, this equation can be rewritten as
y=xx*(h+hy).

Thus, the parallel interconnection of two LTI systems behaves as a single LTI system with impulse response & + h;.
In other words, we have the equivalence shown in Figure 4.8.

Example 4.7. Consider the system with input x, output y, and impulse response 4 as shown in Figure 4.9. Each
subsystem in the block diagram is LTT and labelled with its impulse response. Find 4.

Solution. From the left half of the block diagram, we can write

v(t) = x(t) +xxhy (1) +xxhy(1)
=xx0(t)+xxhy(t)+xxhy(t)
= (X*[3+/’11 +/’12D(t).
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——— h1+h2 I

> h2

Figure 4.8: Equivalence for the parallel interconnection of continuous-time LTI systems.

> hz

Figure 4.9: System interconnection example.

Similarly, from the right half of the block diagram, we can write

y(t) =vxhs(t).

Substituting the expression for v into the preceding equation we obtain

y([) = V*h3(t)
= (x*[5+h1 +h2])*h3(t)
= X% [hg, +hyxh3 +h2*h3](t)'

Thus, the impulse response % of the overall system is

h(l‘)Zhg(l‘)—i—hl*h3(l‘)—‘rh2*h3(l‘). ]

4.9 Properties of Continuous-Time LTI Systems
In the previous chapter, we introduced a number of properties that might be possessed by a system (e.g., memory,
causality, stability, and invertibility). Since a LTI system is completely characterized by its impulse response, one

might wonder if there is a relationship between some of the properties introduced previously and the impulse response.
In what follows, we explore some of these relationships.

4.9.1 Memory

The first system property to be considered is memory.

Theorem 4.7 (Memorylessness of LTI system). A LTI system with impulse response h is memoryless if and only if

h(t) =0forallt #0.
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Proof. Recall that a system is memoryless if its output y at any arbitrary time depends only on the value of its input x
at that same time. Suppose now that we have a LTI system with input x, output y, and impulse response 4. The output
y at some arbitrary time f is given by

y(t()) = X* h(l‘())
= hxx(fy)

- [ " h(e)x(to — 7)d.

Consider the integral in the above equation. In order for the system to be memoryless, the result of the integration
must depend only on x(¢) for t = #y. This, however, is only possible if

h(t)=0 forallz #0. [ ]

From the preceding theorem, it follows that a memoryless LTI system must have an impulse response & of the
form
h(t) =K&(t) (4.29)

where K is a complex constant. As a consequence of this fact, we also have that all memoryless LTI systems must
have an input-output relation of the form

y(t) = xx (K8)(r)
=K(x*8)(1)
= Kx(t).

In other words, a memoryless LTI system must be an ideal amplifier (i.e., a system that simply performs amplitude
scaling).

Example 4.8. Consider the LTI system with the impulse response & given by
h(t) =e “u(t),
where a is a real constant. Determine whether this system has memory.

Solution. The system has memory since /() # 0 for some ¢ # 0 (e.g., k(1) = e~ #£0). |

Example 4.9. Consider the LTI system with the impulse response & given by
h(t) =96(1).
Determine whether this system has memory.

Solution. Clearly, h is only nonzero at the origin. This follows immediately from the definition of the unit-impulse
function . Therefore, the system is memoryless (i.e., does not have memory). |

4.9.2 Causality
The next system property to be considered is causality.

Theorem 4.8 (Causality of LTI system). A LTI system with impulse response h is causal if and only if
h(t)=0forallt <O0.

(i.e., his causal).
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Proof. Recall that a system is causal if its output y at any arbitrary time #y does not depend on its input x at a time
later than 79. Suppose that we have the LTI system with input x, output y, and impulse response 4. The value of the
output y at ¢y is given by

y(t()) = X * /’l to)

—/ l‘()— dT

= /to h(ty—1)dT+ mx(r)h(to —17)dT. (4.30)

o
In order for the expression for y(fy) in (4.30) not to depend on x(¢) for ¢ > 1y, we must have that
h(t)=0 fort <0 (4.31)

(i.e., h is causal). In this case, (4.30) simplifies to

Wto) = /_t " (D)t~ 7)d

Clearly, the result of this integration does not depend on x(¢) for # > fo (since 7 varies from —oo to #y). Therefore, a
LTI system is causal if its impulse response 4 satisfies (4.31). ]

Example 4.10. Consider the LTI system with impulse response £ given by
h(t)=e “u(t),
where a is a real constant. Determine whether this system is causal.

Solution. Clearly, h(t) = 0 for t < 0 (due to the u(¢) factor in the expression for i(¢)). Therefore, the system is
causal. |

Example 4.11. Consider the LTI system with impulse response £ given by
W) = 8(t+1),
where 1y is a strictly positive real constant. Determine whether this system is causal.

Solution. From the definition of 8, we can easily deduce that h(t) = 0 except at t = —ty. Since —fy < 0, the system is
not causal. |

4.9.3 Invertibility

The next system property to be considered is invertibility.

Theorem 4.9 (Inverse of LTI system). Let H be a LTI system with impulse response h. If the inverse ™ of H exists,
K~ is LTI and has an impulse response hiy, that satisfies

/’l*/’lin\, = 5
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> h > hinv >

Figure 4.10: System in cascade with its inverse.

Proof. To begin, we need to show that the inverse of a LTI system, if it exists, must also be LT1. This part of the proof,
however, is left as an exercise for the reader in Exercise 4.15. (The general approach to take for this problem is to
show that: 1) the inverse of a linear system, if it exists, is linear; and 2) the inverse of a time-invariant system, if it
exists, is time invariant.) We assume that this part of the proof has been demonstrated and proceed.

Suppose now that the inverse system J{~! exists. We have that

Hx=xxh and H 'x = X * hjpy -
From the definition of an inverse system, we have that, for every function x,
H ' Hx=x.
Expanding the left-hand side of the preceding equation, we obtain

i}f_l[x*h] =x
S xkh*hip, =X 4.32)

This relationship is expressed diagrammatically in Figure 4.10. Since the unit-impulse function is the convolutional
identity, we can equivalently rewrite (4.32) as

X*kh*hp, =x%0.

This equation, however, must hold for arbitrary x. Thus, by comparing the left- and right-hand sides of this equation,
we conclude

h* R, = 0. (4.33)

Therefore, if ™! exists, it must have an impulse response /i, that satisfies (4.33). This completes the proof. |

From the preceding theorem, we have the following result:

Theorem 4.10 (Invertibility of LTI system). A LTI system H with impulse response h is invertible if and only if there
exists a function h;,, satisfying

h*hinv :6

Proof. The proof follows immediately from the result of Theorem 4.9 by simply observing that J{ being invertible is
equivalent to the existence of H~!. |

Example 4.12. Consider the LTI system JH{ with impulse response & given by
h(r) = A8 (1 1),

where A and f are real constants and A # 0. Determine if 3 is invertible, and if it is, find the impulse response /;,, of
the system J{~!.

Solution. Tf the system J{~! exists, its impulse response /;p, is given by the solution to the equation

h hiny = 8. (4.34)
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h > >

h

Figure 4.11: Feedback system with input x and output y.

So, let us attempt to solve this equation for A;,,. Substituting the given function % into (4.34) and using straightforward
algebraic manipulation, we can write

hx hin (1) = 8 (1)
N /_ " BT him (¢ — T)dT = 8(1)
= /j’ AS(T—t0)hiny (t — T)dT = 8(t)

= /jo 5(T_t0)hinv(t_7)dr = Ala(t)

Using the sifting property of the unit-impulse function, we can simplify the integral expression in the preceding
equation to obtain

Biny (t —19) = £ 8(2). (4.35)
Substituting 7 4t for ¢ in the preceding equation yields
hinv([t+10] —10) = %5(1—&40) P
hinv(t) - Ala(t‘i’t()).

Since A # 0, the function hjy, is always well defined. Thus, 3! exists and consequently J{ is invertible. |

Example 4.13. Consider the system with the input x and output y as shown in Figure 4.11. Each subsystem in the
block diagram is LTI and labelled with its impulse response. Use the notion of an inverse system in order to express y
in terms of x.

Solution. From Figure 4.11, we can write:

v=x—yxhy and (4.36)
y=vxh. 4.37)

Substituting (4.36) into (4.37), and simplifying we obtain

y=[x—yxhy]*xh

= y=xxh —yxhyxh

= y+ysxhyxh =xxh

= y*xO+yxhyxh =xxh

= yx[0+hyxh]| =xxh;. (4.38)

For convenience, we now define the function g as

g=0+hyxh. (4.39)
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So, we can rewrite (4.38) as
ykg=x%h. (4.40)

Thus, we have almost solved for y in terms of x. To complete the solution, we need to eliminate g from the left-hand
side of the equation. To do this, we use the notion of an inverse system. Consider the inverse of the system with
impulse response g. This inverse system has an impulse response gi,, given by

g*ginv:(s. (441)

This relationship follows from the definition of an inverse system. Now, we use g, in order to simplify (4.40) as
follows:

yxg=xxh
= Y*&*ginv = X* N1 * Giny
= y*x8 =xxh| *giny
= y=xxh|*gny.

Thus, we can express the output y in terms of the input x as
y =xx*h * &inv,

where giny 1S given by (4.41) and g is given by (4.39). |

4.9.4 BIBO Stability

The last system property to be considered is BIBO stability.

Theorem 4.11 (BIBO Stability of LTI system). A LTI system with impulse response h is BIBO stable if and only if
/ Ih(t)|di < oo (4.42)

(i.e., h is absolutely integrable).

Proof. Recall that a system is BIBO stable if any arbitrary bounded input produces a bounded output. Suppose that
we have a LTI system with input x, output y, and impulse response /.

First, we consider the sufficiency of (4.42) for BIBO stability. Assume that |x(¢)] < A < o for all 7 (i.e., x is
bounded). We can write

(1) = x<h(t)
= hxx(t)

_ /_ " h(t)x(t — T)dr.

By taking the magnitude of both sides of the preceding equation, we obtain

o) = [ ot oyae

. (4.43)

One can show, for any two functions f] and f>, that

’./Zfl (t) f2(t)dt

< [ 1h0s0a.
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Using this inequality, we can rewrite (4.43) as

b0 < [ It —ldT= [ (@) st~ )l

We know (by assumption) that |x(¢)| < A for all 7, so we can replace |x(¢)| by its bound A in the above inequality to
obtain

ol < [ @l -vldr< [ AlnE)lde=a [ o). (444)
Thus, we have -
poI<a [ Ih)dr. (4.45)
Since A is finite, we can deduce from (4.45) that y is bounded if
/ Ih(1)|di < oo (4.46)
(i.e., h is absolutely integrable). Thus, the absolute integrability of the impulse response 4 is a sufficient condition for
BIBO stability.

Now, we consider the necessity of (4.42) for BIBO stability. Suppose that £ is not absolutely integrable. That is,
suppose that

/ |h(2)| dt = oo.
If such is the case, we can show that the system is not BIBO stable. To begin, consider the particular input x given by

x(t) = sgn(h(—1)).

(Note that the sgn function is as defined earlier by (3.23).) The function x can only assume the values —1, 0, and 1.
So, x is obviously bounded (i.e., |x(¢)| < 1 for all ). The output y is given by

¥() = xht)
— /_ " x(D)h(t - t)dt
- /_ " (sgnh(—1))h(i — T)dx. (4.47)
Now, let us consider the output’s value y(¢) at = 0. From (4.47), we have
3(0) = [ " (sgnh(—1))h(=1)d. (4.48)
Then, we observe that

asgno = || for any real a.

So (sgnh(—7))h(—7) = |h(—7)|, and we can simplify (4.48) to obtain
5O = [ lh(-v)lar
~ [ in(x)lae

Thus, we have shown that the bounded input x will result in an unbounded output y (where y(¢) is unbounded for
t = 0). Thus, the absolute integrability of 4 is also necessary for BIBO stability. This completes the proof. |
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Example 4.14. Consider the LTI system with impulse response / given by
h(t) = e u(t),
where a is a real constant. Determine for what values of a the system is BIBO stable.

Solution. We need to determine for what values of a the impulse response 4 is absolutely integrable. Suppose that

a # 0. We can write
/ |h(t)|dt:/ leu(r)| dr

0 .
:/ 0dt—|—/ || dt
oo 0
:/me‘”dt.
0

Assuming that a # 0, we obtain (after integration)

| old = ke

We can see that the result of the above integration is finite if @ < 0 and infinite if ¢ > 0. In particular, if a < 0, we have

/ Ih()|dr =0~ 1

1
-

Since we excluded the possibility that a = 0 above, we must now consider the case of a = 0. In this case, we have

[ molar= [ jutv]ar

1dt
0
= [ty

— 00,

Thus, we have shown that

1
o ~1 0
[ |h<t>|dr={ a 4%
Joo oo a>0.

In other words, the impulse response # is absolutely integrable if and only if a < 0. Consequently, the system is BIBO
stable if and only if a < 0. ]

Example 4.15. Consider the LTI system with input x and output y defined by

¥(1) :/;ox(r)dr

(i.e., an ideal integrator). Determine whether this system is BIBO stable.
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Solution. First, we find the impulse response £ of the system. We have

h(t):/jm5(1)dr
1 >0
10 <0

Using this expression for /2, we now check to see if £ is absolutely integrable. We have

/:o|h(t)|dt=/f lu(r)| dt

=/ 1dt
0

Thus, 4 is not absolutely integrable. Therefore, the system is not BIBO stable. ]

4.10 Eigenfunctions of Continuous-Time LTI Systems

Earlier, in Section 3.7.7, we were introduced to notion of eigenfunctions of systems. Given that eigenfunctions have
the potential to simplify the mathematics associated with systems, it is natural to wonder what eigenfunctions LTI
systems might have. In this regard, the following theorem is enlightening.

Theorem 4.12 (Eigenfunctions of LTI systems). For an arbitrary LTI system I with impulse response h and a
function of the form x(t) = e, where s is an arbitrary complex constant (i.e., x is an arbitrary complex exponential),
the following holds:

where
H(s) = / " h(t)eTd. (4.49)

That is, x is an eigenfunction of H with the corresponding eigenvalue H (s).

Proof. We have

Hx(t) = x*h(r)
=hxx(t)

oo

= h(T)x(t —1)d7

oo

= [ () dr

—o0

= e‘“/ h(t)e**dz
=H(s)e". |
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As a matter of terminology, the function H that appears in the preceding theorem (i.e., Theorem 4.12) is referred
to as the system function (or transfer function) of the system J{. The system function completely characterizes the
behavior of a LTI system. Consequently, system functions are often useful when working with LTI systems. As it
turns out, an integral of the form appearing in (4.49) is of great importance, as it defines what is called the Laplace
transform. We will study the Laplace transform in great depth later in Chapter 7.

Let us now consider an application of eigenfunctions. Since convolution can often be quite painful to handle at
the best of times, let us exploit eigenfunctions in order to devise a means to avoid having to deal with convolution
directly in certain circumstances.

Suppose that we have a LTI system with input x, output y, and impulse response 4. Suppose now that we can
express some arbitrary input signal x as a sum of complex exponentials as follows:

x(1) =Y aee’t'.
:

From the eigenvalue property, the response to the input age®™” is apH (s )e’s'. By using this knowledge and the super-
position property, we can write

y(t) = Hx(t)
=KX {Zakes"’} (1)
Kk
= ;akﬁ{esk'}(t)

=Y aH(si)e’'.
T

Thus, if an input to a LTI system can be represented as a linear combination of complex exponentials, the output can
also be represented as linear combination of the same complex exponentials.

Example 4.16. Consider the LTI system 3 with the impulse response 4 given by
h(t) =6(t—1). (4.50)

(a) Find the system function H of the system J{. (b) Use the system function H to determine the response y of the
system JH to the particular input x given by

x(t) = € cos(mt).
Solution. (a) Substituting (4.50) into (4.49), we obtain
H(s) = / h(t)e " dr

— / " S(t— Ve
= e §

(b) To begin, we can rewrite x as

x(0) = ¢ [ (7 + e im)]
_ %e(l—s-jn)t + %e(l—jn)t.

So, the input x is now expressed in the form

1
x(t) = Z ae’™
k=0
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where
ao:alz%, so=1+jn, and s =s55=1—jm.

In part (a), we found the system function H to be H(s) = ¢*. So we can calculate y by using the system function as
follows:

y(t) = zk:akH(sk)es’f’

= aoH (s0)e’ +aH(sy)e'

=LH(1 + jm)e" I L LH (1 — jm)elt =™
- %e*(lﬂ'ﬂ)e(lﬂ'ﬂ)f + %e*(lfﬂf)e(lfﬂf)f

— %eszjmfjnr + %etflszrwjn

_ %ezflejn(tfl) + %et—lefjn(zfl)

— 1 [% <ej7r(tfl)+efjn'(t71))}

=¢"leosm(t—1).

Observe that the output y is just the input x time shifted by 1. This is not a coincidence because, as it turns out, a LTI
system with the system function H(s) = ¢~ * is an ideal unit delay (i.e., a system that performs a time shift of 1). H
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4.11 Exercises

4.11.1 Exercises Without Answer Key

4.1 Using the graphical method, for each pair of signals x and & given in the figures below, compute x * A.

x(t)

|
—
=)
—
o
-
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h(t)
2 =+
1
11
t : . — ¢
-1 0 23
(@)
h(t)
2 —+
1_
0
1 2 1 t
: —
-1 L 201
1 i
-2 +
(b)
h(z)
1
—1 1 t
—1
(©
h(z)
2
14
t
t
-1 0
(d)
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I
1
o
~
|
—
|
_
.
\ Y
~

(e)
h(t)
5
4
3
2
........ 1
t F\N t
2 -1 0
(0

4.2 For each pair of functions x and / given below, compute x /.
(a) x(r) = e”u(r) and h(r) = e “u(r) where a is a nonzero real constant;

(b) x(t) = e /™'y(t) and h(t) = /™' u(t) where @y is a strictly positive real constant;
(©) x(t) = u(t—2) and h(t) = u(t +3);

(d) x(t) = u(t) and h(t) = e 2 u(t — 1);

@) x(t) =u(t—1)—u(t—2) and h(t) = e'u(—t).

4.3 Using the graphical method, compute x * i for each pair of functions x and % given below.

(@) x(t) = €'u(—r) and h(t) = t—1 1<t<2

0 otherwise;
(b) x(r) = e 'l and h(t) = rect(%[t — %])

t—1 1<r<?2
(¢) x(t) = e "u(r) and h(t) = = f

0 otherwise;

(d) x(¢) =rect(t/2) and h(t) = > "u(t —2);

142 —2<i<-—1
© x(t)=eMandh(n)=1"" =

0 otherwise;
r—1 1<r<2
(f) x(t) = e and h(r) = =rs
0 otherwise;
1—t/4 0<t<4 r—1 1<t<?2
@ xy = LT 0SS = ='=
0 otherwise 0 otherwise;
2—t 1<t<?2
(h) x(t) =rect(t/4) and h(t) = - and
0 otherwise;

t—2 2<t<4
0 otherwise.

(i) x(r) = e"u(r) and h(t) = {
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4.4 Let y = xxh. Given that
v(t) = / X(—T— b)h(T +ar)dr,
where a and b are constants, express v in terms of y.
4.5 Consider the convolution y = xxh. Assuming that the convolution y exists, prove that each of the following
assertions is true:
(a) If x is periodic then y is periodic.
(b) If x is even and £ is odd, then y is odd.
4.6 From the definition of convolution, show that if y = x h, then y'(t) = x* h'(¢), where y' and /' denote the
derivatives of y and h, respectively.
4.7 Let x and h be functions satisfying
x(t)=0 fort<Ajort>A;, and
h(t)=0 fort<Bjort>B,
(i-e., x and & are finite duration). Determine for which values of ¢ the quantity x * 4(z) must be zero.
4.8 Find the impulse response of the LTI system J{ characterized by each of the equations below.
t+1
(a) Hx(r) = / x(t)dr;
(b) Hx(t) = / M(T+5)e" Hu(t — T —2)dr;
;oo
(©) Hx(r) = / X(T)(t — 7)d7 and
o
(d) Hx(t) = / x(v)d.
-1
4.9 Consider the system with input x and output y as shown in the figure below. Each system in the block diagram
is LTT and labelled with its impulse response.
X y
> > h > > hy —
> h3
(a) Find the impulse response & of the overall system in terms of &y, Ay, and k3.
(b) Determine the impulse response 4 in the specific case that
h(t)=06(t+1), h(t)=08(), and hs(r)=0().
4.10 Consider a LTI system whose response to the signal xi(¢) = u(¢) — u(z — 1) is the signal y;. Determine the

response y; of the system to the input x, shown in the figure below in terms of y;.
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4.11

4.12

4.13

4.14

Suppose that we have the system shown in the figure below with input x and output y. This system is formed by
the series interconnection of two LTI systems with the impulse responses /; and h;.

X y

— h - hy -

For each pair of /1 and i, given below, find the output y if the input x(¢) = u(r).
(@) hi(t) =06(t) and ha (1) = 6(¢);

() h (1) =06(+1)and hy(t) =6(t+1);

(¢) (1) = e 3u(t) and hy(t) = §(1).

Consider the LTI systems with the impulse responses given below. Determine whether each of these systems is
causal and/or memoryless.

(@) h(t) = (t+ Du(t — 1);

(b) h(t) =28(t+1);

(c) h(t) = % sinc w1

(d) h(t) = ey (t—l)
() h(t) = e'u(—1—1);
(f) h(r) = e3V; and
(g) h(t) =36(t).

Consider the LTI systems with the impulse responses given below. Determine whether each of these systems is
BIBO stable.

(a) h(t) = e®u(—t) where a is a strictly positive real constant;

(b) (1) = (1/0)u(t ~ 1)

(©) h(t) = eu(t);

(d) h(r) = 8(r — 10);

(e) h(t) =rectr; and

() (1) = 7.

Suppose that we have two LTI systems with impulse responses
hi(t)=48(t—1) and Io(r)=258(t+1).

Determine whether these systems are inverses of one another.
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4.15 Consider the system shown in the figure below, where J is a LTI system and G is known to be the inverse

system of . Let y; = Hx and y, = JHxy.

— K

=

(a) Determine the response of the system G to the input y'(¢) = ajy; + azy, where a; and a, are complex

constants.

(b) Determine the response of the system § to the input ¥/ () = y; (t — ) where 1) is a real constant.
(c) Using the results of the previous parts of this question, determine whether the system §G is linear and/or time

invariant.

4.16 Suppose that we have the systems 31, H>, H(3, and H4, whose responses to a complex exponential input e/

are given by

ﬁl(ejZ’):2ej2t, S{Z(eﬂt):teﬂt, 9_63(ej2t):ej2t+77:/3,

Indicate which of these systems cannot be LTI.

and  Hy(e/?) = cos2r.

4.17 Show that, for any function x, x*v(t) = x(t —to), where v(¢) = 6(¢r — fy) and t is an arbitrary real constant.

4.11.2 Exercises With Answer Key

4.18 Using the graphical method, compute x * & for each pair of functions x and & given below.

-1 —-1<t<0
(@) x(f) =2rect(t— %) and h(t) =<1 0<r<1
0 otherwise;
t+1 —-1<t<0
() x(t)=u(t—1)andh(t)=<t—1 0<r<1
0 otherwise;
t—2 1<t<3
1) = = d h(r) =rect [L(t +2)]:
© x() {O otherwise an () ree [2( * )]
t—1 1<tr<?2
d t) =rect % (r—2)] and h(z) = -
@ x(¢) [3( 2)} ®) 0 otherwise;

0 otherwise

Ler 1)2 —
(e)x(t):{4(t 1) ]St<3andh(t):{t 1 1<r<2

2 I 0<t<?2 2—t 1<t<?2
@ ()= 4290 (51) 0=1<2 L ihi = =i
0 otherwise;

0 otherwise
(2) x(t) =e " and h(r) =rect [1(r —2)];

L1l 1<¢<3 —t—1
h) x()=<2%> 2 ~— dh(t) =
) x(z) {0 otherwise and (1) 0
(i) x(t) =e M and h(r) = tri [1 (t = 3)];

=1 1<r<5 31
: 1) = 4 4 — d h(t) = 2 2
@ () {O otherwise and () 0
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0 otherwise;

—2<tr< -1

otherwise;

t 1<tr<3
otherwise;
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r—1 1<t<2
0 otherwise;

11—t 0<r<100
) x(¢) = { 100 - < and h(t) = e 'u(t —1);
0 otherwise

(k) x(t) =rect(t/20) and h(t) = {

(m) x(¢) =rect(¢/20) and h(t) = (1) =2 it}gleivji:%;
e'u(t) and h(t) = e u(t —2);
—e d andh() re t( g)

e 2 u(t) and h(t) = rect (t — 3);

=u(t—1)and h(t) = sin[z(r—1)] 1<r<2

0 otherwise;
(r) x(¢) = u(t ) and h(r) frect( [t 74]);
(s) x(t) = e"u(t) and h( ) =& Hu(t—1);
(t) x(t) = e and h(t *u(t+1), and
2—t 1<tr<?2 —t—-2 3<t<-2
() x(t) = and h(r) = .
otherwise 0 otherwise.
it _2drt —1<t<0
2d —2dt 0<tr<1
Short Answer. (a) xxh(t) = fol T+f’ Tosrs
Jimq2dt 1<r<2
otherwise
Mt 414 1)de 0<t<l

Ji(=t+t—Ddt+ [T (—t4+1+1)dr  1<r<2
(== Ddt+ [Tt +1)dr 1>2
0 otherwise
[ (r—2)dt —2<1<0
©@uxxh(t)={ 2 (t—2)dt 0<r<2
otherwise

le—t—1dt 1<r<2
le—r—1)dt 2<r<4
[PLt—t—1)dt 4<:<5
0 otherwise
f‘ll(rfl)z(tfrfl)df 2<1<3
-] 2

—1)t—7t—-1)dt 3<t<4
(@ xxh(t)={ 5 (0 )2( T-ldr 3st<
f, i(t=1)(t—7t—-1)dt 4<t<5
0 otherwise
[5_12005(%1') (t—t+2)dt 1<1<2
= 12005(%1‘)(17t+2)d1 2<r<3

(b) xxh(t) =

(d) xxh(t) =

‘*m IN

(© xxh(t) = J2s2c0s (27) (T—14+2)dr 3<r<4
0 otherwise
[letdr r<1
(@xxh(t) =2 [*sefdr+ [ e Tdr 1<1<3
e tdr 1>3
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T—3)(t—t—1)dt —1<1<0
T

_ (e D emr-nar o<i<l
(h) xxh(t) = ﬁrl(%r_%)(f_,_l)df 1<t<2

0 otherwise
(T —t+4)dr+ff ZeT(t—1—2)dT 1<2
. Clet(t—t+4)dt+ [Pyt (t—T—2)dT+ [} e T (1—1—2)dT  2<1<3
(@) xxh(r) =14 ;% s
- e(t—t+4dr+ I3 ‘”’tfr+4d7:+ ” _Tt—T—ZdT 3<t<4
t -4 0
[t (t—1+4)dr+ [Fe Tt (1—T—2)dT 1>4
f*l(zr—z)( T—it-l- )dr 2<t<4
i _ ;:;(ﬁ—%)( T—3t+3 )dr 4<1r<6
@ xxh(t)=1q"5" 7 |
S (GT=1) (3731 +3)dT 6<1<8
0 otherwise
[ealt—t—1)dt —9<t<-8
t—1
t—1t—1)d —8<r«l1l1
() x % h(t) = ’,—j( T-Ddr —8<t<
o t—t—1)dt 11<r<12
0 otherwise
0 t<1
M xxh(t) =3 57" (1-57)e""dt 1 <1< 101
Jo%(1—ist)ettdr > 101
[oll=(—1=2)%dt —9<t< -7
t—1
1—(t— 2)°ldt —7<t< 11
(m)x*h(t): l;()S[ ( T— )] T Sr<
Jis5(1 (t—7t—2)2dt 11<t<13
0 otherwise
t—2 ¢ 3‘: 3td t>2
() xxh(t) = Jo e S )
0 otherwise
[ etdr t<1
@ xxh(t) =< [*,efdr+ [ e Tdr 1<1<2
e tdr t>2
0 <2
(P xxh(t) =< [i72e2"dt 2<1<3
[FFedr 1>3
0 <2
(@xxh(t) =3 [[Tsin(mt—nr—m)dt 2<1<3
[ sin(ar -t —m)dt >3
0 t<?2
(r) x*h(r) = f’21d1 2<1<6
f ldt t>6
t 1 ‘L‘—ZH-Zd t>1
(s)xxh(t) = Jo e tr= .
0 otherwise
e 3Tdr 1> -1
(®) x%h(t) = {0 !
0 otherwise

Copyright (©) 2012-2020 Michael D. Adams Edition 2.0



4.11. EXERCISES 929

() xxh(t) = —13 -1<1<0

0 otherwise;

4.19 Using the graphical method, compute x * h for each pair of functions x and & given below.
(a) x(r) = rect 5 and h(r) = rect 5-; and
(b) x(r) =rect L and h(r) =rect L.
Short Answer. (a) x*h(r) =2atri (L ); (b) x*h(t) = atri (%).

4.20 Determine whether the LTI system with each impulse response % given below is causal.
(@ h(t)=u(t+1)—u(t—1); and
) h(t) = e u(t —1).

Short Answer. (a) not causal (b) causal

4.21 Determine whether the LTI system with each impulse response % given below is BIBO stable.
@ h(@)=ut—1)—u(t—2).

Short Answer. (a) stable

4.22 Compute the convolution x x i, where

x(t) =cos3t and h(t) =u(r).

Short Answer. xxh(t) = %sin3t
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Chapter 5

Continuous-Time Fourier Series

5.1 Introduction

One very important tool in the study of signals and systems is the Fourier series. A very large class of functions can
be represented using Fourier series, namely most practically useful periodic functions. The Fourier series represents
a periodic function as a (possibly infinite) linear combination of complex sinusoids. This is often desirable since
complex sinusoids are easy functions with which to work. For example, complex sinusoids are easy to integrate and
differentiate. Also, complex sinusoids have important properties in relation to LTI systems. In particular, complex
sinusoids are eigenfunctions of LTI systems. Therefore, the response of a LTI system to a complex sinusoid is the
same complex sinusoid multiplied by a complex scaling factor.

5.2 Definition of Continuous-Time Fourier Series
Suppose that we have a set of harmonically-related complex sinusoids of the form
O (1) = ek = K2R/ j—0 41,42, ...

The fundamental frequency of the kth complex sinusoid ¢ is k@, an integer multiple of @y. Since the fundamental
frequency of each of the harmonically-related complex sinusoids is an integer multiple of @y, a linear combination
of these complex sinusoids must be periodic. More specifically, a linear combination of these complex sinusoids is
periodic with period T = %

Suppose that we can represent a periodic complex function x as a linear combination of harmonically-related
complex sinusoids as

x(t)="Y cpetr". (5.1)
k=—o0
Such a representation is known as a Fourier series. More specifically, this is the complex exponential form of the
Fourier series. As a matter of terminology, we refer to (5.1) as the Fourier series synthesis equation. The terms
in the summation for k = 1 and k = —1 are known as the fundamental frequency components or first harmonic
components, and have the fundamental frequency wy. More generally, the terms in the summation for k = K and
k = —K are called the Kth harmonic components, and have the fundamental frequency Kay. Since the complex
sinusoids are harmonically related, the function x is periodic with period 7' = % (and frequency ay).
Since we often work with Fourier series, it is sometimes convenient to have an abbreviated notation to indicate
that a function is associated with particular Fourier series coefficients. If a function x has the Fourier series coefficient
sequence ¢, we sometimes indicate this using the notation

CTFS,

x(t) <= ¢y.

Edition 2.0 Copyright (©) 2012-2020 Michael D. Adams



102 CHAPTER 5. CONTINUOUS-TIME FOURIER SERIES

Consider the Fourier series representation of the periodic function x given by (5.1). In the most general case, x is
a complex function, but let us now suppose that x is real. In the case of real functions, an important relationship exists
between the Fourier series coefficients ¢, and c_ as given by the theorem below.

Theorem 5.1 (Fourier series of real function). Let x be a periodic function with Fourier series coefficient sequence c.
The function x is real if and only if

ck=c"y forallk (5.2)
(i.e., ¢ is conjugate symmetric).
Proof. Suppose that we can represent x in the form of a Fourier series, as given by
x(t)="Y cret. (5.3)
k=—o0

Taking the complex conjugate of both sides of the preceding equation, we obtain

Replacing k by —k in the summation of the preceding equation, we obtain
)= el (5.4)
k=—oco0

Suppose now that x is real. Then, x* = x and the right-hand sides of (5.3) and (5.4) must be equal, implying that
cx =c*, forall k.

Suppose now that ¢; = c¢*; for all k. Then, the right-hand sides of (5.3) and (5.4) must be equal, implying that
x* =x (i.e., x is real). [ |

Using the relationship in (5.2), we can derive two alternative forms of the Fourier series for the case of real signals.
We begin by rewriting (5.1) in a slightly different form. In particular, we rearrange the summation to obtain

x(t)=co+ ) [ckejk“’ot —|—c_ke_jk“’0’] )
k=1

Substituting c; = ¢, from (5.2), we obtain
x(t)=co+ ) [ckejkw“’ +c;efjkw"t] :
k=1

Now, we observe that the two terms inside the summation are complex conjugates of each other. So, we can rewrite
the equation as

x(t)=co+ i 2Re(cpel ). (5.5)
k=1

Let us now rewrite ¢, in polar form as

= |ex] e/,
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where 6y, is real (i.e., 6y = argcy). Substituting this expression for ¢ into (5.5) yields
x(t) =co+ ) 2Re [|ck| ¢/ kot +6)
k=1

=co+ Z 2Re (|cx| [cos(kmgt + 6;) + jsin(kaot + 6)])
k=1

=co+ Y 2Re[|ci|cos(kant + 6k) + j |ci| sin(kaxt + 6;)] .
=1

Finally, further simplification yields

x(t) =co+2 Z |Ck| COS(k(D()l + Gk)
k=1
(where 6, = argcy). This is known as the combined trigonometric form of a Fourier series.
A second alternative form of the Fourier series can be obtained by expressing ¢ in Cartesian form as
cx = 5 (ax — jby).
where a; and by are real. Substituting this expression for ¢ into (5.5) from earlier yields
x(t)=co+ Z 2Re {%(ak — jby)ekt

k=1

=co+ Z Re [(ax — jby) (coskmyt + jsinkapt)]
k=1

=co+ Z Re (aj coskmyt + jay sinkwpt — jby coskayt + by sinkayt ) .
k=1

Further simplification yields

x(t) =co+ Y (axcoskant + by sinkayr)
k=1

(where a; = Re2c¢; and by = —Im2cy). This is known as the trigonometric form of a Fourier series.
By comparing the various forms of the Fourier series introduced above, we can see that the quantities cy, ay, by,
and 6, are related as

2¢cx = ax — jbr and ck:\ck|ej9k.

(Recall that ay, by, and 6y are real and ¢ is complex.) Note that each of the trigonometric and combined-trigonometric
forms of Fourier series only involve real quantities, whereas the the exponential form involves some complex quanti-
ties. For this reason, the trigonometric and combined-trigonometric forms may sometimes be preferred when dealing
with Fourier series of real functions.

5.3 Determining the Fourier Series Representation of a Continuous-Time
Periodic Function
Given an arbitrary periodic function x, we need some means for finding its corresponding Fourier series representation.

In other words, we need a method for calculating the Fourier series coefficient sequence c. Such a method is given by
the theorem below.
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Theorem 5.2 (Fourier series analysis equation). The Fourier series coefficient sequence c of a periodic function x
with fundamental period T is given by

=1 / x(t)e kot gy, (5.6)
T
where [ denotes integration over any interval of length T.
Proof. We begin with the definition of the Fourier series in (5.1). Multiplying both sides of this equation by e~/

yields

x(t)e /™! = i ceF ! g=nant

k=—oo

_ Z Ckej(kfn)wot

k=—oo0

As a matter of notation, we use [, to denote the integral over an arbitrary interval of length T (i.e., the interval
(to,t0 + T) for arbitrary fp). Integrating both sides of this equation over one period T of x, we obtain

/ e /™ gy — Z cpelk=mt gy
T
k=—o0

Reversing the order of integration and summation yields

/T.x(t)efj"wo’dt = Z Ck (/T e-i(k")wotdt). 5.7

k=—oco

Now, we note that the following identity holds:

/ ef<’<">“’ofdt:{ k=n_ (5.8)
T

0 otherwise.

(The proof of this fact is left as an exercise for the reader in Exercise A.11.) Substituting (5.8) into (5.7), we obtain
/ xX(1)e "N dt = ¢,T. (5.9)
T

Rearranging, we obtain

1 .
= —/x(t)eﬂ"wo’dt. [ |
TJr

As a matter of terminology, we refer to (5.6) as the Fourier series analysis equation.

Suppose that we have a complex periodic function x with period T and Fourier series coefficient sequence c. One
can easily show that the coefficient ¢ is the average value of x over a single period T'. The proof is trivial. Consider
the Fourier series analysis equation given by (5.6). Substituting k = 0 into this equation, we obtain

co= [;/Tx(t)e_jkwotdt}
= %/Tx(t)eodt
- % /T x(t)dr

Thus, cg is simply the average value of x over a single period.

k=0

Example 5.1 (Fourier series of a periodic square wave). Find the Fourier series representation of the periodic square
wave x shown in Figure 5.1.
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Solution. Let us consider the single period of x(¢) for 0 <t < T. For this range of 7, we have

We use the Fourier series analysis equation (5.6) to write (and subsequently assume that k # 0):

1 .
= —/x(t)eifk“’o’dt
TJr

1 T/2 . T .
=— ( / Ae Ikt gy 4 / (—A)efk“’(”dt> .
T \Jo T/2

Assuming that k # 0, we have (after integration)

1 _A T/2 T
k= { e_jkw‘)’} + [ e_jkwot}
T\ Ljkay o Likay /2
—A . T/2 . T
_ — jkayt _ | p—Jjkapt
J2mk ([e } 0 [e } T/Z)

_ﬂ([ —jmk }_{ﬂ'znk_ ﬂ'nkD
=S e 1 e e

_ ZJTI;‘k [zefjnk _mk 1}
JA T »
= ﬁ [2(6 ]ﬂ)k — (E JZﬂ)k — 1:| .

Now, we observe that e /% = —1 and e /2" = 1. So, we have

_JA
U= 2k
JA k
=—02(-1)"=2
A -1y -2

_JA
—ﬁ[(—l)"—l}

A odd
rk

0 k even, k £ 0.

2(-1)f =15 1]

Since we have not yet considered the case of k = 0, we now consider this case. We have
o= / x(t)dt
T

T/2 T
=1 { Adt — / Adt]
0 T/2

Thus, the Fourier series of x is given by (5.1) where the coefficient sequence c is
—j2A
——— kodd
wk ©
0 k even. ]

Ci =
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x(t)

A ]

|
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|
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Figure 5.1: Periodic square wave.
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Figure 5.2: Periodic impulse train.

Example 5.2 (Fourier series of a periodic impulse train). Consider the periodic impulse train x shown in Figure 5.2.
Find the Fourier series representation of x.

Solution. Let us consider the single period of x(¢) for —g <t< % From the Fourier series analysis equation (5.6),
we have

1 .
= —/x(t)eifk“’o’dt

Tr

1 (T/2

=_ A8(1)e k™ gy
T /)1
T/2 ‘
= é/ 8(r)e ki gy,
T /)1

Using the sifting property of the unit-impulse function, we can simplify the above result to obtain

A
= =.
T
Thus, the Fourier series for x is given by (5.1) where the coefficient sequence c; is ¢ = %. |

Example 5.3. Consider the periodic function x with fundamental period 7 = 3 as shown in Figure 5.3. Find the
Fourier series representation of x.

Solution. The function x has the fundamental frequency wy = 27” = 27” Let us consider the single period of x(¢) for

Copyright (©) 2012-2020 Michael D. Adams Edition 2.0



5.3. DETERMINING THE FOURIER SERIES REPRESENTATION OF A CONTINUOUS-TIME
PERIODIC FUNCTION 107

x(t)

I
—_——
-
-

Figure 5.3: Periodic impulse train.

f% <t< % (.e., f% <t< %). Computing the Fourier series coefficients ¢y, we have

cx = %/Tx(t)e_jkwotdt

3/2
= %/ ) x(t)e k™! gy
—-3/2
3/2
:%/m[5@+n+5( ) eIkt gy

Thus, x has the Fourier series representation

x(t)="Y cpelt
P,

_ Z (sin 22K ) g/27k1/3, n
k=—o0

Example 5.4 (Fourier series of an even real function). Let x be an arbitrary periodic real function that is even. Let ¢
denote the Fourier series coefficient sequence for x. Show that

e cisreal (i.e., Im{c;} = 0 for all k);

e ciseven (i.e., ¢, = c_; for all k); and

o co= L [l x(r)dr.

Solution. From the Fourier series analysis equation (5.6) and using Euler’s relation, we can write

/ *jkw()tdt

—/ [cos(—kayt) + jsin(—koot)]) dt.
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Since cos and sin are even and odd functions, respectively, we can rewrite the above equation as

1
= / [x(¢) (cos ket — j sinkant)] di
T

1

== [/ x(t)coska)otdt—j/x(t)sinka)otdt} .
T |Jr T

Consider the first integral above (i.e., the one involving the cos function). Since x is even and coskayt is even, we

have that x(r) coskmyt is even. Thus, [ x(r)coskaytdt =2 fOT/ % x(t) coskaotdt. Consider the second integral above
(i.e., the one involving the sin function). Since x is even and sinkayt is odd, we have that x(¢) sinkayt is odd. If we
integrate an odd periodic function over one period (or an integer multiple thereof), the result is zero. Therefore, the
second integral is zero. Combining these results, we can write

/2
k== [2/ x(t) coskaprdt
T Jo

2 (T/2
=7 / x(t) coskaytdt. (5.10)
0

Since x is real, the quantity ¢; must also be real. Thus, we have that Im(c¢;) = 0.
Consider now the expression for ¢_;. We substitute —k for k in (5.10) to obtain

2 (T/2

C_p == / x(r) cos(—kayt )dt.
T Jo

Since cos is an even function, we can simplify this expression to obtain

2 (T/2

cp== / x(1) cos (ke )dr
T Jo

= Ck-

Thus, ¢y = c_4.
Consider now the quantity co. Substituting kK = 0 into (5.10), we can write

2 (T/2
- / x(1) cos(0)ds
T Jo

= ;/()T/zx(t)dt
- % [; /()Tx(t)dt}

- % /O " (.

Thus, ¢ = & [o x(t)dt. [

Example 5.5 (Fourier series of an odd real function). Let x be a periodic real function that is odd. Let ¢ denote the
Fourier series coefficient sequence for x. Show that

e cis purely imaginary (i.e., Re{c; } = 0 for all k);

e cisodd (i.e., ¢y = —c_ for all k); and

e ¢o=0.
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Solution. From the Fourier series analysis equation (5.6) and Euler’s formula, we can write

1 4
= —/x(t)eifkw"tdt
TJr

- % /T x(¢) [eos(—kat) + j sin(—kaot)] dt] .

Since cos and sin are even and odd functions, respectively, we can rewrite the above equation as

Nl

= /x(t) [coskat — jsinkayt] dt]
LJT

= /x(t)coska)otdt—j/x(t)sinka)otdt].
/T T

Consider the first integral above (i.e., the one involving the cos function). Since x is odd and cos kwyt is even, we have
that x(¢) cos kot is odd. If we integrate an odd periodic function over a single period (or an integer multiple thereof),
the result is zero. Therefore, the first integral is zero. Consider the second integral above (i.e., the one involving
the sin function). Since x is odd and sinkayt is odd, we have that x(¢) sinkaot is even. Thus, [x(¢)sinkmprdt =

ZIOT/Zx(t) sinkayptdt. Combining these results, we can write
_ZJ -
cx = —/x(t) sinkaytdt
T Jr
—j2 T/2 )
= T/ x(t) sinkmytdt. (5.11)
0

Since x is real, the result of the integration is real, and consequently ¢y is purely imaginary. Thus, Re(c;) = 0.
Consider the quantity c_. Substituting —k for k in (5.11), we obtain

—j2 T/2 ]
c k= —/ x(1) sin(—kayr)dt
0

T
— (T2
- TJ x(t)[— sin(keoot)]dt
0
i T/2
= 17 x(t) sinkaytdt
0
= —Ck-

Thus, ¢, = —c_.
Consider now the quantity cg. Substituting k = 0 in the expression (5.11), we have

T/)2

= 22 ) sin(0)ar

co = T )
=0.

Thus, cg = 0. |

5.4 Convergence of Continuous-Time Fourier Series

So far we have assumed that a given periodic function x can be represented by a Fourier series. Since a Fourier series
consists of an infinite number of terms (infinitely many of which may be nonzero), we need to more carefully consider
the issue of convergence. That is, we want to know under what circumstances the Fourier series of x converges (in
some sense) to x.
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Suppose that we have an arbitrary periodic function x. This function has the Fourier series representation given
by (5.1) and (5.6). Let xy denote the finite series

N
xy(t) = Z crelket,
k=N

(i.e., xy is a Fourier series truncated after the Nth harmonic components). The approximation error is given by
en(t) = x(t) —xn(t).

Let us also define the mean-squared error (MSE) as

1 n
Ey = T/T|eN(t)\2dt.

Before we can proceed further, we need to more precisely specify what we mean by convergence. This is necessary
because convergence can be defined in more than one way. For example, two common types of convergence are:
pointwise and MSE. In the case of pointwise convergence, the error goes to zero at every point. If convergence is
pointwise and the rate of convergence is the same everywhere, we call this uniform convergence. In the case of MSE
convergence, the MSE goes to zero, which does not necessarily imply that the error goes to zero at every point.

Now, we introduce a few important results regarding the convergence of Fourier series for various types of periodic
functions. The first result that we consider is for the case of continuous functions as given below.

Theorem 5.3 (Convergence of Fourier series (continuous case)). If a periodic function x is continuous and its Fourier
series coefficient sequence c is absolutely summable (i.e., Y.i__ . |ck| < o), then the Fourier series representation of x
converges uniformly (i.e., converges pointwise and at the same rate everywhere).

Proof. A rigorous proof of this theorem is somewhat involved and omitted here. |

In other words, in the above theorem, we have that if x is continuous, then as N — o, ey(¢) — 0 for all 7. Often,
however, we must work with functions that are not continuous. For example, many useful periodic functions are
not continuous (e.g., a square wave). Consequently, we must consider the matter of convergence for functions with
discontinuities.

Another important result regarding convergence applies to functions that have finite energy over a single period.
Mathematically, a function x has finite energy over a single period if it satisfies

/ lx(t)[* dt < oo.
T
In the case of such a function, we have the following important result.

Theorem 5.4 (Convergence of Fourier series (finite-energy case)). If the periodic function x has finite energy in a
. o 2 . . .
single period (i.e., [;|x(t)|”dt < o), the Fourier series converges in the MSE sense.

Proof. A rigorous proof of this theorem is somewhat involved and omitted here. |

In other words, in the above theorem, we have that if x is of finite energy, then as N — oo, Ejy — 0.
The last important result regarding convergence that we shall consider relates to what are known as the Dirichlet
conditions. The Dirichlet' conditions for the periodic function x are as follows:

1. Over a single period, x is absolutely integrable (i.e., [ |x(1)|dt < o).
2. Over a single period, x has a finite number of maxima and minima (i.e., x is of bounded variation).

3. Over any finite interval, x has a finite number of discontinuities, each of which is finite.

Pronounced Dee-ree-klay.
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~

Figure 5.4: Periodic function x.

Theorem 5.5 (Convergence of Fourier series (Dirichlet case)). If x is a periodic function satisfying the Dirichlet
conditions, then:

1. The Fourier series converges pointwise everywhere to x, except at the points of discontinuity of x.

2. At each point t, of discontinuity of x, the Fourier series converges to %(x(ta’) +x(t)), where x(t; ) and x(t;})
denote the values of the function on the left- and right-hand sides of the discontinuity, respectively.

In other words, if the Dirichlet conditions are satisfied, then as N — oo, ey (¢) — 0 for all ¢ except at discontinuities.
Furthermore, at each discontinuity, the Fourier series converges to the average of the function values on the left- and
right-hand side of the discontinuity.

Example 5.6. Consider the periodic function x with period 7' = 2 as shown in Figure 5.4. Let £ denote the Fourier
series representation of x (i.e., £() = Y5 .. cxe/ ™! where @y = 7). Determine the values £(0) and £(1).

Solution. We begin by observing that x satisfies the Dirichlet conditions. Consequently, Theorem 5.5 applies. Thus,
we have that

Although many functions of practical interest satisfy the Dirichlet conditions, not all functions satisfy these con-
ditions. In what follows, some examples of functions that violate these conditions are given.
Consider the 1-periodic function x defined by

x(t)y=1/t for0<r<1.

A plot of x is shown in Figure 5.5(a). The function x violates the first Dirichlet condition, since x is not absolutely
integrable over a single period.
Consider the 1-periodic function x defined by

2
x(t) = sin (f) for0<r<1.

A plot of x is shown in Figure 5.5(b). Since x has an infinite number of minima and maxima over a single period, x
violates the second Dirichlet condition.

Consider the 1-periodic function x shown in Figure 5.5(c). As ¢ goes from 0 to 1, x(¢) traces out a sequence of
steps in a staircase, where each step is half the size of the previous step. As it turns out, the number of steps in this
staircase between 0 and 1 is infinite. Thus, x violates the third Dirichlet condition, as x has an infinite number of
discontinuities over a single period.

One might wonder how the Fourier series converges for periodic functions with discontinuities. Let us consider
the periodic square wave from Example 5.1. In Figure 5.6, we have plotted the truncated Fourier series xy for the
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0 1
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sin(én’/l)
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Figure 5.5: Examples of functions that violate the Dirichlet conditions. (a) A function that is not absolutely integrable
over a single period. (b) A function that has an infinite number of maxima and minima over a single period. (c) A
function that has an infinite number of discontinuities over a single period.
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Figure 5.6: Gibbs phenomenon. The Fourier series for the periodic square wave truncated after the Nth harmonic
components for (a) N=3,(b) N=7,(c) N=11,and (d) N = 101.

square wave (with period 7 = 1 and amplitude A = 1) for several values of N. At the discontinuities of x, we can
see that the series appears to converge to the average of the function values on either side of the discontinuity. In
the vicinity of a discontinuity, however, the truncated series xy exhibits ripples and the peak amplitude of the ripples
does not seem to decrease with increasing N. As it turns out, as N increases, the ripples get compressed towards the
discontinuity, but, for any finite N, the peak amplitude of the ripples remains constant. This behavior is known as
Gibbs phenomenon.

5.5 Properties of Continuous-Time Fourier Series

Fourier series representations possess a number of important properties. In the sections that follow, we introduce a
few of these properties. For convenience, these properties are also summarized later in Table 5.1 (on page 120).

5.5.1 Linearity
Arguably, the most important property of Fourier series is linearity, as introduced below.

Theorem 5.6 (Linearity). Let x and y denote two periodic functions with period T and frequency wy = 27” If

CTFS,

x(1) S ap and  y(t) < by,
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then

CTFS

Ax(t)+ By(t) <— Aay + Bby,

where A and B are complex constants. In other words, a linear combination of functions produces the same linear

combination of their Fourier series coefficients.

Proof. To prove the above property, we proceed as follows. First, we express x and y in terms of their corresponding

Fourier series as

x(t)="Y ae™ and y(t)= Y b/t

k=—oo0 k=—oo

Now, we determine the Fourier series of Ax + By. We have

Ax(t)+By(t) =A Y, ae™ +B Y bre/t™
k=—o0 k=—o0

oo oo

= Z Aaye’* ™" 4 Z Bbyelk@t
S— [

=

= Z (Aay + Bby)e/* ™!

k=—oco

CTEFS,

Therefore, we have that Ax(¢) 4+ By(t) <— Aay, + Bby.

5.5.2 Time Shifting (Translation)

The next property of Fourier series to be introduced is the time-shifting (i.e., translation) property, as given below.

2r

Theorem 5.7 (Time shifting (i.e., translation)). Let x denote a periodic function with period T and frequency wy = 5.

If
CTFS,
x(t) < ay,
then
x(t — o) <55 ek gy — = IKCE/ 0 g

where ty is a real constant.

Proof. To prove the time-shifting property, we proceed as follows. The Fourier series of x is given by

x(t)="Y awe™.
h—— oo

We express x(t —fo) in terms of its Fourier series, and then use algebraic manipulation to obtain

x(t—10) =Y, age’ @ =1)

k=—oco

= Y ageltontgikonn
k=—oo

=

-y (ake*/kwofo) koot

k=—oco

Comparing (5.12) and (5.13), we have that x(f —fo) <—» e~ *®0g;

(5.12)

(5.13)

From the above theorem, we can see that time shifting a periodic function does not change the magnitude of its

Fourier series coefficients (since |ej 6| = 1 for any real 0).
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5.5.3 Frequency Shifting (Modulation)

The next property of Fourier series to be introduced is the frequency-shifting (i.e., modulation) property, as given
below.

Theorem 5.8 (Frequency shifting (i.e., modulation)). Let x denote a periodic function with period T and frequency
2z
wy = 5. If

CTFS

x(t) +— ay,
then
eMOT/T) (1) = M (1) <55y,
where M is an integer constant.

Proof. To prove the frequency-shifting property, we proceed as follows. We have

(TR () _ i/ T)Ms i LY

k=—oco

_ i 100/ TIME 4527 Tk
k=—oc0

=Y aef R/

k=—oco

Now, we employ a change of variable. Let k' = k+ M so that k = k¥’ — M. Applying the change of variable and
dropping the primes, we obtain

oI/ )My () i 1
k=—oo
Now, we observe that the right-hand side of this equation is a Fourier series. Therefore, the Fourier series coefficient
sequence for e/2%/TIMix (1) (i.e., the left-hand side of the equation) is ¢’ (k) = ax_p. |

5.5.4 Time Reversal (Reflection)

The next property of Fourier series to be introduced is the time-reversal (i.e., reflection) property, as given below.

Theorem 5.9 (Time reversal (i.e., reflection)). Let x denote a periodic function with period T and frequency wy = 27”
If

x(t) &5 a,
then

Proof. To prove the time-reversal property, we proceed in the following manner. The Fourier series of x is given by

x(t) = i age’*er (5.14)

k=—oco

Now, we consider the Fourier series expansion of x(—¢). The Fourier series in this case is given by

x(—t)=Y aet™), (5.15)
k=—co
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Now, we employ a change of variable. Let / = —k so that k = —I. Performing this change of variable, we can
rewrite (5.15) to obtain

*(—t) = i a_ el =Dan(=1)

fE—

= Y e, (5.16)

[ —

Comparing (5.14) and (5.16), we have that x(—1) <> a_;. [ |

In other words, the above theorem states that time reversing a function time reverses the corresponding sequence

CTEFS,

of Fourier series coefficients. Furthermore, if x is a real, we have from (5.2) that a_; = a; and obtain x(—t) <— a;.

5.5.5 Conjugation
The next property of Fourier series to be introduced is the conjugation property, as given below.

Theorem 5.10 (Conjugation). For a T-periodic function x with Fourier series coefficient sequence c,

CTFS. %

xX'(1) =y

Proof. From the definition of a Fourier series, we have

Taking the complex conjugate of both sides of the preceding equation, we obtain
x(t) = Z ek’
k=—oo0
- i (cke/"“’(ﬂ)*

k=—oo

= i cie kot

k=—o0
Replacing k by —k in the summation of the preceding equation, we obtain
x*(t) = i ¢t pelket
k=—oo

Thus, the Fourier series coefficient sequence ¢’ of x* is ¢ = ¢*,. n

In other words, the above theorem states that conjugating a function has the effect of time reversing and conjugat-
ing the corresponding Fourier series coefficient sequence.
5.5.6 Periodic Convolution
The next property of Fourier series to be introduced is the periodic-convolution property, as given below.
Theorem 5.11 (Periodic convolution). Let x and y be T-periodic functions given by

x(t) = Z ae™ ™ and  y(t) = Z bre/*@!
S —
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where @y = 2Z. Let z(t) = x®(t), where
A)="Y cpet.
k=—o0
The sequences a, b, and c are related as
Cr = Takbk.

Proof. In what follows, let § denote the delta sequence (i.e., 6(n) is 1 for n = 0 and 0 elsewhere). From the definition
of periodic convolution, we have

x®3(0) = [ x(o)(t— e

_ - Jjaplt Y brel Wk=7) | 4
/T( Z age > ( Z K€ ) T

{=—o0 k=—oco0

= oo

= Y Y abpel™ Tl g
T p="cot=—oo

= oo

- / Y Y el SR g

T =" l=—oo

=

=YY abe / N
T

—=—o00

Z a[bkejwoleS(f — k)

= Y Taibpe!™". (5.17)

In the above simplification, we used the fact that

/ pin/mk g, _ )T k=0
T 0 otherwise
=Ta(k).

Now, we simply observe that the right-hand side of (5.17) is a Fourier series. Therefore, the Fourier series coefficient
sequence ¢ of x®y is given by ¢ = Taiby. ]

5.5.7 Multiplication
The next property of Fourier series to be considered is the multiplication property, as given below.

Theorem 5.12 (Multiplication). Let x and y be T-periodic functions given by

x(t) = Z are™ ™ and (1) = Z brelk ™!

k=—o0 k=—o0

where @y = 2Z. Let z(t) = x(t)y(t), where
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The sequences a, b, and c are related as
Ck = Z apbi_n
n—=—oo
(i.e., c is the DT convolution of a and b).

Proof. From the Fourier series analysis equation, we can write

= %/Tx(t)y(t)efj(z’r/T)ktdt.

Replacing x by its Fourier series representation, we obtain

o = }/T< y anej(Zﬂr/T)nt> y(1)e 1T/ Tk g4

n=—oco

:%/T y e 2RIy ()= H T/ T gy

n=—oo

Reversing the order of the summation and integration, we have

a=1Y /Tanej(Zn/T)nty([)e—j(271:/T)ktdt

n—=—oo

=)

= Z an (}Ay(t)ej<2n/T>(kn)tdt)-

n=—oo

Observing that the expression on the preceding line in the large pair of parenthesis is simply the formula for computing
the (k —n)th Fourier series coefficient of y, we conclude

Ci = Z anbk,n. |

n=—oo

5.5.8 Even and Odd Symmetry

Fourier series preserves signal symmetry. In other words, we have the result below.

Theorem 5.13 (Even/odd symmetry). For a T-periodic function x with Fourier series coefficient sequence c, the
following properties hold:

x is even if and only if ¢ is even; and
x is odd if and only if ¢ is odd.

Proof. The proof is left as an exercise for the reader in Exercise 5.3. |

In other words, the above theorem states that the even/odd symmetry properties of x and ¢ always match (i.e.,
Fourier series preserve symmetry).

5.5.9 Real Functions

As noted earlier in Theorem 5.1, the Fourier series of a real function has a special structure. In particular, a function x
is real if and only if its Fourier series coefficient sequence c satisfies ¢y = ¢, for all k (i.e., c is conjugate symmetric).
Thus, for a real-valued function, the negative-indexed Fourier series coefficients are redundant, as they are completely
determined by the nonnegative-indexed coefficients. From properties of complex numbers, one can show that

cx =cty forall k
is equivalent to
lck| = |c_i| forallk and argc; = —argc_y for all k

(i.e., |ck| is even and arg ¢y is odd). Note that x being real does not necessarily imply that ¢ is real.
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5.5.10 Parseval’s Relation

Another important property of Fourier series relates to the energy of functions and sequences, as given by the theorem
below.

Theorem 5.14 (Parseval’s relation). A periodic function x and its Fourier series coefficient sequence c satisfy the
relationship

1 2 v 2
b oPa= Y el
T koo
(i.e., the energy in x and the energy in c are equal).
Proof. Letx,y, and z denote T-periodic functions with the Fourier series given by
x(t) = Z age’*et
k=—o0

y(t)="Y bre/* ™ and

k=—oco

From the multiplication property of Fourier series (i.e., Theorem 5.12), we have

=Y, anbi_n. (5.18)

n=—o0

Now, let y(t) = x*(¢) so that z(¢) = x(¢)x*(t) = |x(¢)|>. From the conjugation property of Fourier series (i.e., Theo-
rem 5.10), since y(¢) = x*(), we know

So, we can rewrite (5.18) as

ne—oo
=Y aua . (5.19)
n——oo
From the Fourier series analysis equation, we have
=1t /T ()2 ek g (5.20)

Equating (5.19) and (5.20), we obtain
T / x(t)[> ekt gy = Y, aua; .
T n=—oo
Letting k = 0 in the preceding equation yields

2 - * - 2
b oPa= ¥ aa= Y la. C

n——oo n——oo

The above theorem is simply stating that the amount of energy in x (i.e., % Jr 1x(2) |2 dt) and the amount of energy

. . . . . . 2 .
in the Fourier series coefficient sequence ¢ (i.e., Y5 _., |ck|”) are equal. In other words, the transformation between a
function and its Fourier series coefficient sequence preserves energy.
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Table 5.1: Properties of CT Fourier series

Property Time Domain Fourier Domain

Linearity oax(t)+By(t) aap+ Pby

Translation x(t—19) e~ IKCR/T)io g

Modulation eM 2/ T>’x(t) Ak—m

Reflection x(—t) a_g

Conjugation x*(t) a‘y

Periodic Convolution x® y(7) Tayby

Multiplication x(t)y(t) i anbi—p
n=—oo

Property

=

, . 2 2
Parseval’s relation %/T|x(t)| dt = Z |a|
k

—=—o00

Even symmetry X is even < a even
Odd symmetry xis odd < a odd

Real x is real < a is conjugate symmetric

Copyright (©) 2012-2020 Michael D. Adams Edition 2.0



5.6. FOURIER SERIES AND FREQUENCY SPECTRA 121

5.6 Fourier Series and Frequency Spectra

The Fourier series represents a function in terms of harmonically-related complex sinusoids. In this sense, the Fourier
series captures information about the frequency content of a function. Each complex sinusoid is associated with a
particular frequency (which is some integer multiple of the fundamental frequency). So, these coefficients indicate
at which frequencies the information/energy in a function is concentrated. For example, if only the Fourier series
coefficients for the low-order harmonics have large magnitudes, then the function is mostly associated with low
frequencies. On the other hand, if a function has many large magnitude coefficients for high-order harmonics, then
the function has a considerable amount of information/energy associated with high frequencies. In this way, the
Fourier series representation provides a means for measuring the frequency content of a function. The distribution
of the energy/information in a function over different frequencies is referred to as the frequency spectrum of the
function.

To gain further insight into the role played by the Fourier series coefficients ¢ in the context of the frequency
spectrum of the function x, it is helpful to write the Fourier series with the c¢; expressed in polar form as follows:

x(t)="Y ekt
ko

= i |ck| e/ M&ck Tkt
k=—o00

— i |cx| e/ keortargei)

k=—oo

Clearly (from the last line of the above equation), the kth term in the summation corresponds to a complex sinusoid
with fundamental frequency kay that has had its amplitude scaled by a factor of |c| and has been time-shifted by an
amount that depends on arg c;. For a given k, the larger || is, the larger the amplitude of its corresponding complex
sinusoid e/*®’  and therefore the larger the contribution the kth term (which is associated with frequency kay) will
make to the overall summation. In this way, we can use |c| as a measure of how much information a function x has
at the frequency kay.

Various ways exist to illustrate the frequency spectrum of a function. Typically, we plot the Fourier series coef-
ficients as a function of frequency. Since, in general, the Fourier series coefficients are complex valued, we usually
display this information using two plots. One plot shows the magnitude of the coefficients as a function of frequency.
This is called the magnitude spectrum. The other plot shows the arguments of the coefficients as a function of
frequency. In this context, the argument is referred to as the phase, and the plot is called the phase spectrum.

Since the Fourier series only has frequency components at integer multiples of the fundamental frequency, we
only have values to plot for these particular frequencies. In other words, the frequency spectrum is discrete in the
independent variable (i.e., frequency). For this reason, we use a stem graph to plot such functions. Due to the general
appearance of the graph (i.e., a number of vertical lines at various frequencies) we refer to such spectra as line spectra.

Recall that, for a real function x, the Fourier series coefficient sequence c is conjugate symmetric (i.e., ¢y = c*,

for all k). This, however, implies that |c;| = |c_;| and argc, = —argc_g. Since |cx| = |c_k|, the magnitude spectrum
of a real function is always even. Similarly, since argc; = —argc_y, the phase spectrum of a real function is always
odd.

Example 5.7. The periodic square wave x in Example 5.1 has fundamental period T, fundamental frequency wy, and
the Fourier series coefficient sequence given by

— A
o — /rk k odd
=

0 k even,

where A is a positive constant. Find and plot the magnitude and phase spectra of x. Determine at what frequency (or
frequencies) x has the most information.
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Solution. First, we compute the magnitude spectrum of x, which is given by |c|. We have

24| kodd
o = |
0 k even
24
_ )k k odd
0 k even.
Next, we compute the phase spectrum of x, which is given by argc;. Using the fact that arg0 = 0 and arg _ﬁA =

T
—75 sgnk, we have

I kodd, k<0

= % kodd, k>0
0 k even

| =% sgnk kodd

o k even.

The magnitude and phase spectra of x are plotted in Figures 5.7(a) and (b), respectively. Note that the magnitude
spectrum is an even function, while the phase spectrum is an odd function. This is what we should expect, since x
is real. Since |cy| is largest for k = —1 and k = 1, the function x has the most information at frequencies —ay and
. ]

Example 5.8. The periodic impulse train x in Example 5.2 has fundamental period 7', fundamental frequency y, and
the Fourier series coefficient sequence ¢ given by

where A is a positive real constant. Find and plot the magnitude and phase spectra of x.
Solution. We have |c¢;| = % and argc; = 0. The magnitude and phase spectra of x are plotted in Figures 5.8(a) and

(b), respectively. |

5.7 Fourier Series and LTI Systems

From earlier, in Theorem 4.12, we know that complex exponentials are eigenfunctions of LTI systems. Since complex
sinusoids are a special case of complex exponentials, it follows that complex sinusoids are also eigenfunctions of LTI
systems. In other words, we have the result below.

Corollary 5.1. For an arbitrary LTI system J with impulse response h and a function of the form x(t) = e/®', where
 is an arbitrary real constant (i.e., x is an arbitrary complex sinusoid), the following holds:

Ix(r) = H(jo)e ™,

where

H(jo)= / B h(t)e ®dt. (5.21)

J —oo

That is, x is an eigenfunction of H with the corresponding eigenvalue H(j).
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—4ay —3wp 209 —awy O w 20 3wy 4wy

(a)

argcy,

(ST

—4wy —3wy —2mp —y w | 200 3ap| 4wy

ST

(b)

Figure 5.7: Frequency spectrum of the periodic square wave. (a) Magnitude spectrum and (b) phase spectrum.

|| argcy
A
T
w : w
3wy —20p —a O w 2wy 3w 3wy 2wy - O @ 2wy 3w
(a) (b)

Figure 5.8: Frequency spectrum for the periodic impulse train. (a) Magnitude spectrum and (b) phase spectrum.
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The preceding result (i.e., Corollary 5.1) is simply a special case of Theorem 4.12 for s = j®. As a matter of
terminology, the quantity H(j) in (5.21) is referred to as the frequency response of the system 3. The frequency
response completely characterizes the behavior of a LTI system. Consequently, the frequency response is often useful
when working with LTI systems. As it turns out, an integral of the form appearing on the right-hand side of (5.21) is
of great importance, as it defines what is called the (CT) Fourier transform. We will study the (CT) Fourier transform
in great depth later in Chapter 6.

Let us now consider an application of eigenfunctions. Since convolution can often be quite painful to handle at the
best of times, let us exploit eigenfunctions in order to devise a means to avoid having to deal with convolution directly
in certain circumstances. Suppose now that we have a periodic function x represented in terms of a Fourier series as

x(t) = Z crelkeort
k=—o0

Using (5.21) and the superposition property, we can determine the system response y to the input x as follows:

:f}{{ i ckejk“’ot}(t)

k=—o0

= kimf}{ {ckejkwot} (t)

= i cki}{{ejk“’ot}(t)

k=—o0

= Y cH(jkay)e™ ™.

k=—oo

Therefore, we can view a LTI system as an entity that operates on the individual coefficients of a Fourier series. In
particular, the system forms its output by multiplying each Fourier series coefficient by the value of the frequency
response function at the frequency to which the Fourier series coefficient corresponds. In other words, if

CTES,

x(t) = ¢

then

CTFS,

y(1) <= H(jkan)cy.
Example 5.9. Consider a LTI system with the frequency response
H(jo)=e 0%,
Find the response y of the system to the input x, where
x(t) = Y cos(2mt).
Solution. To begin, we rewrite x as
x(t) = (e 47 P™),

Thus, the Fourier series for x is given by

x(t) = Z crelk ™!
 S—
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where @y = 27 and

1

7 k 1,1
N {4 e{-L1}

0

otherwise.

Thus, we can write

y(t)="Y, ceH(jkax)e ™
k=—o0

=c_1H(—jop)e /™ + ¢ H(jap)e!™
= 1H(—j2m)e P™ + LH(j2m)e*™

— %817[/267]27” + %eﬁ/ﬂ/Ze]Zm

[e—j(Zm—ﬂ/Z) +ej(27rt—7r/2)]
(2cos(2mt — %))

cos(2mt — %)

cos(2m [t —1]).

FNTENT

1

D= NI

Observe that y(¢) = x (t — %) This is not a coincidence because, as it turns out, a LTI system with the frequency
response H(jw) = e~/®/* is an ideal delay of % (i.e., a system that performs a time shift of %). |

5.8 Filtering

In some applications, we want to change the relative amplitude of the frequency components of a function or possibly
eliminate some frequency components altogether. This process of modifying the frequency components of a function
is referred to as filtering. Various types of filters exist. Frequency-selective filters pass some frequencies with little
or no distortion, while significantly attenuating other frequencies. Several basic types of frequency-selective filters
include: lowpass, highpass, and bandpass.

An ideal lowpass filter eliminates all frequency components with a frequency greater in magnitude than some
cutoff frequency, while leaving the remaining frequency components unaffected. Such a filter has a frequency response
of the form

: 1 |o| <o
H(jo) = { :
0 otherwise,
where @, is the cutoff frequency. A plot of this frequency response is shown in Figure 5.9(a).

The ideal highpass filter eliminates all frequency components with a frequency lesser in magnitude than some
cutoff frequency, while leaving the remaining frequency components unaffected. Such a filter has a frequency response
of the form
1 o> o,

0 otherwise,

H(J'w)={

where @, is the cutoff frequency. A plot of this frequency response is shown in Figure 5.9(b).
An ideal bandpass filter eliminates all frequency components with a frequency whose magnitude does not lie
in a particular range, while leaving the remaining frequency components unaffected. Such a filter has a frequency

response of the form
H(] ) { cl > | ‘ > We2

0 otherwise,

where the limits of the passband are @.; and @.,. A plot of this frequency response is shown in Figure 5.9(c).
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H(jo)
1
()
— @
Stopband T Passband T Stopband
(a)
H(jo)
1
()
— (0%
B e S e R
Passband Stopband Passband
(b)
H(jo)
1
()]
— W — ] @1 (%)
Stopband  Passband Stopband Passband ~ Stopband
(c)

Figure 5.9: Frequency responses of (a) ideal lowpass, (b) ideal highpass, and (c) ideal bandpass filters.
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Example 5.10 (Lowpass filtering). Suppose that we have a LTI system with input x, output y, and frequency response
H(jw), where

1 |o|<3m

0 otherwise.

H(jo) = {

Further, suppose that the input x is the periodic function
x(t) = 142cos2xt + cosdmt + % Cos6Tt.
(a) Find the Fourier series representation of x. (b) Use this representation in order to find the response y of the system

to the input x. (c) Plot the frequency spectra of x and y.

Solution. (a) We begin by finding the Fourier series representation of x. Using Euler’s formula, we can re-express x
as

x(t) = 14+2cos2xr + cos4mt + % cos 67t
=1+2[5(e/™ +e )| + [ (/™ + e )] + 4 [%(ef"” - e*/f’”’)}
= | 42y g i2m % [ QAT 4 efj4m] + % [ QIOT 4 o= jém]
= 1 /OM | Lom ARl om 2N 4 |y @2 Loty L bt
- %ej(—3)(27f)f + %ej(—Z)(Zﬂ)f 4 /EN@m L i0)(2m) y pi(1)2m)r %eJ(Z)(Zﬂﬁ + %81(3)(27?)!.
From the last line of the preceding equation, we deduce that @y = 27, since a larger value for @y would imply that

some Fourier series coefficient indices are noninteger, which clearly makes no sense. Thus, we have that the Fourier
series of x is given by

x(t)="Y awe™,
k=—o0

where wy = 27 and

1 k=0
1 ke{-1,1}
a=19 4% ke{-2,2}
I ke{-3,3}
0 otherwise.

(b) Since the system is LTI, we know that the output y has the form

y(t) = Z bkejkwoz7
k=—o0
where
bk = akH(jk(Do).

Using the results from above, we can calculate the by, as follows:

by = aoH (j[0][27]) = 1(1) = 1,
b = aH(j1][22]) = 1(1) = 1,
1(1) =1,
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1
- - - - — 90—,

=

[

(0]

—6n —4n 2 O 2r  4m 61

(a)

by,

1 &

11

2
® ° ° 13 (0]
—6n —4n 2n 0 2 4r 6

(b)

Figure 5.10: Frequency spectra of the (a) input function x and (b) output function y.

Thus, we have

e — {1 ke{-1,0,1}

0 otherwise.

(c) Lastly, we plot the frequency spectra of x and y in Figures 5.10(a) and (b), respectively. The frequency response
H(jo) is superimposed on the plot of the frequency spectrum of x for illustrative purposes. ]

Copyright (©) 2012-2020 Michael D. Adams Edition 2.0



5.9. EXERCISES 129

5.9 Exercises

5.9.1 Exercises Without Answer Key

5.1 For each case below, find the Fourier series representation (in complex exponential form) of the function x,
explicitly identifying the fundamental period of x and the Fourier series coefficient sequence c.
(a) x(t) = 1 +cos 7t + sin’ 7r;
(b) x(¢) = [cos4t][sint]; and
(c) x(¢) = |sin2x¢t|. [Hint: [e™sinbxdx = W + C, where a and b are arbitrary complex and
nonzero real constants, respectively.]

5.2 For each of the periodic functions shown in the figures below, find the corresponding Fourier series coefficient
sequence.

0=

[SIFSS
ﬂ
|
[N
~—+

1
-T-4 1 144 4 0

A
2 T+3
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- N -
2N

5.3 Show that, for a complex periodic signal x with the Fourier series coefficient sequence c:
(a) x is even if and only if ¢ is even; and
(b) x is odd if and only if ¢ is odd.

5.4 Suppose that the periodic function x has the Fourier series coefficient sequence c. Determine the Fourier series
coefficient sequence d of the function y(¢) = Dx(t), where D denotes the derivative operator.

5.5 Let x be a periodic function with the Fourier series coefficient sequence ¢ given by

1 k=0
Cr =
k j (%) o otherwise.

Using Fourier series properties as appropriate, determine if each of the following assertions is true:
(a) x is real,

(b) x is even;

(c) %x(t) is even. [Hint: Consider Exercise 5.4 first.]

5.6 A periodic function x with period T and Fourier series coefficient sequence c is said to be odd harmonic if
¢, = 0 for all even k.
(a) Show that if x is odd harmonic, then x(¢) = —x(¢ — %) for all 1.
(b) Show that if x(t) = —x(¢ — ) for all 7, then x is odd harmonic.

5.7 Let x be a periodic function with fundamental period 7 and Fourier series coefficient sequence c¢. Find the
Fourier series coefficient sequence ¢’ of each of the following functions x’ in terms of c:
(a) ¥ = Even(x)
(b) ¥ = Re(x).

5.8 Find the Fourier series coefficient sequence c of the periodic function x shown in the figure below. Plot the
frequency spectrum of x, including the first five harmonics.
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5.9 Consider a LTI system with frequency response

1 |o>5
0 otherwise.

H(J'w)={

Using frequency-domain methods, find the output y of the system if the input x is given by

x(t) = 142cos2t +2cos4t + %cosét.

5.9.2 Exercises With Answer Key

5.10 Find the Fourier series coefficient sequence ¢ of each periodic function x given below with fundamental pe-
riod T.
(a)x(r) =e " for —1 <t < 1and T =2; and
(b) x(t) =rect(t —3) —rect(r+3) for -3 <t < Jand T =5.

Short Answer. (a) ¢, =

M=)y o — ﬁ(cos%—cos“sﬂ) k#0
ez ® =190 PP

5.10 MATLAB Exercises

5.101 Consider the periodic function x shown in Figure B of Exercise 5.2, where T =1 and A = % We can show that
x has the Fourier series representation

=Y cek!

k=—o0

where ¢, = %sinc %k and wp = 27. Let £x(¢) denote the above infinite series truncated after the Nth harmonic

component. That is,

N
v =Y creltet
k=—N

(a) Use MATLAB to plot £y(¢) for N = 1,5,10,50, 100. You should see that as N increases, £y converges to
x. [Hint: You may find the sym, symsum, subs, and ezplot functions useful for this problem. Note that the
MATLAB sinc function does not compute the sinc function as defined herein. Instead, the MATLAB sinc
function computes the normalized sinc function as defined by (3.25).]

(b) By examining the graphs obtained in part (a), answer the following: As N — oo, does Xy converge to x
uniformly (i.e., at the same rate everywhere)? If not, where is the rate of convergence slower?

(c) The function x is not continuous everywhere. For example, x has a discontinuity at %. As N — oo, to what
value does Xy appear to converge at this point? Again, deduce your answer from the graphs obtained in part (a).

Edition 2.0 Copyright (©) 2012-2020 Michael D. Adams



132 CHAPTER 5. CONTINUOUS-TIME FOURIER SERIES

Copyright (©) 2012-2020 Michael D. Adams Edition 2.0



133

Chapter 6

Continuous-Time Fourier Transform

6.1 Introduction

The (CT) Fourier series provides an extremely useful representation for periodic functions. Often, however, we need
to deal with functions that are not periodic. A more general tool than the Fourier series is needed in this case. In this
chapter, we will introduce a tool for representing arbitrary (i.e., possibly aperiodic) functions, known as the Fourier
transform.

6.2 Development of the Continuous-Time Fourier Transform for Aperiodic
Functions

As demonstrated earlier, the Fourier series is an extremely useful function representation. Unfortunately, this rep-
resentation can only be used for periodic functions, since a Fourier series is inherently periodic. Many functions,
however, are not periodic. Therefore, one might wonder if we can somehow use the Fourier series to develop a rep-
resentation for aperiodic functions. As it turns out, this is possible. In order to understand why, we must make the
following key observation. An aperiodic function can be viewed as a periodic function with a period of infinity. By
viewing an aperiodic function as this limiting case of a periodic function where the period is infinite, we can use
the Fourier series to develop a more general function representation that can be used in the aperiodic case. (In what
follows, our development of the Fourier transform is not completely rigorous, as we assume that various integrals,
summations, and limits converge. Such assumptions are not valid in all cases. Our development is mathematically
sound, however, provided that the Fourier transform of the function being considered exists.)
Suppose that we have an aperiodic function x. From x, let us define the function xr as

x(t) —L<r<%
t) = 6.1
xr(r) {O otherwise. ©.1

In other words, x7(¢) is identical to x(t) over the interval —Z <t < L and zero otherwise. Let us now repeat the
portion of x7 () for —% <t< % to form a T-periodic function X. That is, we define ¥ as
() =xr(t) for—L <r<Z and %(t)=x(+T).

In Figures 6.1 and 6.2, we provide illustrative examples of the functions x, x7, and *.
Before proceeding further, we make two important observations that we will use later. First, from the definition of
x7, we have

lim x7(t) = x(¢). (6.2)
T —5oo
Second, from the definition of x7 and X, we have
lim %(¢) = x(¢). (6.3)
T —ro0
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Now, let us consider the function X. Since X is periodic, we can represent it using a Fourier series as

() = Z are’* (6.4)
k=—oo
where
1 [T/2 .
a = —/ %(t)e k™ gy (6.5)
T /)1

and @y = 2Z. Since x7(t) = %(t) for —2 <t < L, we can rewrite (6.5) as

L[ e i
ay = — xrit)e t.
U

Furthermore, since x7 () = 0 for r < —% and t > g, we can rewrite the preceding expression for ay as
1 w — jkayt
a = xr(t)e "' ds.

Substituting this expression for a; into (6.4) and rearranging, we obtain the following Fourier series representation
for

1 . A
[ / xT(T)e/k“’OTdT] ekt

@/ xT(’C)e_jkaTdT} elken!

= Z {/ xT(T)ejk“’OTdT} k™! gy
Substituting the above expression for ¥ into (6.3), we obtain

x(t) = lim o~ ¥° [/ ) w(r)e""“’“df} e an. (6.6)

—=—o0 L*

Now, we must evaluate the above limit. As T — oo, we have that @y — 0. Thus, in the limit above, k@) becomes a
continuous variable which we denote as @, wy becomes the infinitesimal dw, and the summation becomes an integral.
This is illustrated in Figure 6.3. Also, as T — oo, we have that x; — x. Combining these results, we can rewrite (6.6)
to obtain

x(t) = A / X(0)e®do,
where
X(@) = / (1) i,

Thus, we have found a representation of the aperiodic function x in terms of complex sinusoids at all frequencies. We
call this the Fourier transform representation of the function x.

6.3 Generalized Fourier Transform

In the previous section, we used a limiting process involving the analysis and synthesis equations for Fourier series
in order to develop a new mathematical tool known as the Fourier transform. As it turns out, many functions of
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Figure 6.1: An example of the functions used in the derivation of the Fourier transform representation, where 71 > 5.
(a) An aperiodic function x; (b) the function x7; and (c)‘the T-periodic function *.
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Figure 6.2: An example of the functions used in the derivation of the Fourier transform representation, where 71 < %
(a) An aperiodic function x; (b) the function x7; and (c) the T-periodic function *.
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Xr(®) = [~ xr(t)e /?%dt

T

ko (k+ 1)
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Figure 6.3: Integral obtained in the derivation of the Fourier transform representation.
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practical interest do not have a Fourier transform in the sense of the definition developed previously. That is, for a
given function x, the Fourier transform integral

X(@) = /7 D;x(t)e_jw’dt

may fail to converge, in which case the Fourier transform X of x does not exist. For example, the preceding integral
does not converge if x is any of the following (as well as many other possibilities):

e a nonzero constant function;

e a periodic function (e.g., a real or complex sinusoid);
o the unit-step function (i.e., u); or

e the signum function (i.e., sgn).

Functions such these are of great practical interest, however. Therefore, it is highly desirable to have a mathematical
tool that can handle such functions. This motivates the development of what is called the generalized Fourier
transform. The generalized Fourier transform exists for periodic functions, nonzero constant functions, and many
other types of functions as well. The underlying math associated with the generalized Fourier transform is quite
complicated. So, we will not attempt to formally develop the generalized Fourier transform here. Although not entirely
correct, one can think of the generalized Fourier transform as being defined by the same formulas as the classical
Fourier transform. So, for this and other reasons, we can mostly ignore the distinction between the generalized
Fourier transform and classical Fourier transform, and think of them as being one and the same. In what follows, we
will avoid making a distinction between the classical Fourier transform and generalized Fourier transform, except in
a very small number of places where it is beneficial to do so. The main disadvantage of not formally introducing the
generalized Fourier transform is that some results presented later (which actually rely on the use of the generalized
Fourier transform) must be accepted on faith since their proof would require formal knowledge of the generalized
Fourier transform, which is not introduced herein. As long as the generalized Fourier transform is used, both periodic
and aperiodic functions can be handled, and in this sense we have a more general tool than Fourier series (which
require periodic functions). Later, when we discuss the Fourier transform of periodic functions, we will implicitly
be using the generalized Fourier transform in that context. In fact, in much of what follows, when we speak of the
Fourier transform, we are often referring to the generalized Fourier transform.

6.4 Definition of the Continuous-Time Fourier Transform
Earlier, we developed the Fourier transform representation of a function. This representation expresses a function in

terms of complex sinusoids at all frequencies. More formally, the Fourier transform of the function x, denoted as Fx
or X, is defined as

Fx() = X(0) = / x(t)e 7 dr. ©6.7)
Similarly, the inverse Fourier transform of X, denoted as I X orx, is given by
FIX() = (1) = & / X(0)e'® do. 6.8)

We refer to (6.7) as the Fourier transform analysis equation and (6.8) as the Fourier transform synthesis equation.
If a function x has the Fourier transform X, we often denote this as

x(t) €5 X ().

As a matter of terminology, x and X are said to be a Fourier transform pair.
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Example 6.1 (Fourier transform of the unit-impulse function). Find the Fourier transform X of the function

x(r) =Ad(t — 1),
where A and f( are real constants. Then, from this result, write the Fourier transform representation of x.
Solution. From the definition of the Fourier transform, we can write

X(w) = /w AS(t—t9)e 7 dt

=A /w 8(t—to)e /®dr.
Using the sifting property of the unit-impulse function, we can simplify the above result to obtain

X (@) =Ae /¥,
Thus, we have shown that

AS(t—1g) <5 Ae /P00,

From the Fourier transform analysis and synthesis equations, we have that the Fourier transform representation of x is
given by

1 e 4 .
x(1) =5 /_ X(0)e'®dw, where X(o)=Aei%0. n

Example 6.2 (Inverse Fourier transform of the unit-impulse function). Find the inverse Fourier transform x of the
function

X(0)=2nAd(®0 — a),
where A and @y are real constants.

Solution. From the definition of the inverse Fourier transform, we can write
x(t) = ﬁ/jo 2mAS (0 — ayp) e’ dw
= A/jo 5(w—ap)e’do.
Using the sifting property of the unit-impulse function, we can simplify the preceding equation to obtain
x(t) = Ae/ ™",

Thus, we have that

CTFT,

A/ EL2mAS (0 — o). [ |

Example 6.3 (Fourier transform of the rectangular function). Find the Fourier transform X of the function

x(t) = rectt.
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Solution. From the definition of the Fourier transform, we can write
X(0) = / (rectr)e /¥ dr.
From the definition of the rectangular function, we can simplify this equation to obtain
12 A
X(w) = / (rectt)e /' dt

—1/2
= /1/2 eijwldt.
—1/2

Evaluating the integral and simplifying, we have

Thus, we have shown that

CTFT, .
rects <— sinc §. ]

6.5 Remarks on Notation Involving the Fourier Transform

Each of the Fourier transform operator F and inverse Fourier transform operator ~! map a function to a function.
Consequently, the operand for each of these operators must be a function (and not a number). Consider the unnamed
function that maps ¢ to e ' as shown in Figure 6.4. Suppose that we would like to write an expression that denotes
the Fourier transform of this function. At first, we might be inclined to write “F {e"" }”. Strictly speaking, however,
this notation is not correct, since the Fourier transform operator requires a function as an operand and “e=lil» (strictly
speaking) denotes a number (i.e., the value of the function in the figure evaluated at ¢). Essentially, the cause of our
problems here is that the function in question does not have a name (such as “x””) by which it can be referred. To resolve
this problem, we could define a function x using the equation x(¢) = ¢~ 'l and then write the Fourier transform as “Fx”.
Unfortunately, introducing a new function name just for the sake of strictly correct notation is often undesirable as it
frequently leads to overly verbose writing.

One way to avoid overly verbose writing when referring to functions without names is offered by dot notation,
introduced earlier in Section 2.1. Again, consider the function from Figure 6.4 that maps  to e |, Using strictly
correct notation, we could write the Fourier transform of this function as “F {e’H }”. In other words, we can indicate
that an expression refers to a function (as opposed to the value of function) by using the interpunct symbol (as
discussed in Section 2.1). Some examples of the use of dot notation can be found below in Example 6.4. Dot notation
is often extremely beneficial when one wants to employ precise (i.e., strictly correct) notation without being overly
verbose.

Example 6.4 (Dot notation). Several examples of the use of dot notation are as follows:

. . . 2 . .
1. To denote the Fourier transform of the function x defined by the equation x(r) = ¢ (without the need to intro-

duce the named function x), we can write: F {e<')2 }
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o

Figure 6.4: A plot of el versus 7.

2. To denote the Fourier transform of the function x defined by the equation x(¢) = ¢’ ? evaluated at 20 — 3 (without

the need to introduce the named function x), we can write: {e(')z} 2w -3).

3. To denote the inverse Fourier transform of the function X defined by the equation X (w) = ]iw (without the need
to introduce the named function X), we can write: F -1 {ﬁ }

4. To denote the inverse Fourier transform of the function X defined by the equation X (@) = ]% evaluated at f — 3

(without the need to introduce the named function X), we can write: F~! {ﬁ} (r—13). ]

If the reader is comfortable with dot notation, the author would encourage the reader to use it when appropriate.
Since some readers may find the dot notation to be confusing, however, this book (for the most part) attempts to mini-
mize the use of dot notation. Instead, as a compromise solution, this book adopts the following notational conventions
in order to achieve conciseness and a reasonable level of clarity without the need to use dot notation pervasively:

e unless indicated otherwise, in an expression for the operand of the Fourier transform operator F, the variable
“t” is assumed to be the independent variable for the function to which the Fourier transform is being applied
(i.e., in terms of dot notation, the expression is treated as if each “¢” were a “.”);

e unless indicated otherwise, in an expression for the operand of the inverse Fourier transform operator 7!, the
variable “®” is assumed to be the independent variable for the function to which the inverse Fourier transform
is being applied (i.e., in terms of dot notation, the expression is treated as if each “®” were a “-”")

Some examples of using these book-sanctioned notational conventions can be found below in Example 6.5. Admit-
tedly, these book-sanctioned conventions are not ideal, as they abuse mathematical notation somewhat, but they seem
to be the best compromise in order to accommodate those who may prefer not to use dot notation.

Example 6.5 (Book-sanctioned notation). Several examples of using the notational conventions that are employed
throughout most of this book (as described above) are as follows:

. . . 2 . .
1. To denote the Fourier transform of the function x defined by the equation x(z) = €'~ (without the need to intro-
. . 2
duce the named function x), we can write: F{e" }.

2. To denote the Fourier transform of the function x defined by the equation x(¢) = ¢’ * evaluated at 200 — 3 (without
the need to introduce the named function x), we can write: F {e’z}(Za) —3).
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3. To denote the inverse Fourier transform of the function X defined by the equation X (w) = ]iw (without the need

to introduce the named function X), we can write: F~! {%w }

4. To denote the inverse Fourier transform of the function X defined by the equation X (@) = ]iw evaluated at r — 3

(without the need to introduce the named function X), we can write: F ! {%w} (t=3). |

Since applying the Fourier transform operator or inverse Fourier transform operator to a function yields another
function, we can evaluate this other function at some value. Again, consider the function from Figure 6.4 that maps ¢
to e~ I'l. To denote the value of the Fourier transform of this function evaluated at @ — 1, we would write “F {e"" Ho—
1) using dot notation or “F{e~ 1} (® — 1) using the book-sanctioned notational conventions described above.

6.6 Convergence of the Continuous-Time Fourier Transform

When deriving the Fourier transform representation earlier, we implicitly made some assumptions about the conver-
gence of the integrals and other expressions involved. These assumptions are not always valid. For this reason, a more
careful examination of the convergence properties of the Fourier transform is in order.

Suppose that we have an arbitrary function x. This function has the Fourier transform representation £ given by

oo

i) = A [ X(0)e/do, where X(w)= / x(t)e ¥ dr.

—o0

Now, we need to concern ourselves with the convergence properties of this representation. In other words, we want
to know when X is a valid representation of x. In our earlier derivation of the Fourier transform, we relied heavily on
the Fourier series. Therefore, one might expect that the convergence of the Fourier transform representation is closely
related to the convergence properties of Fourier series. This is, in fact, the case. The convergence properties of the
Fourier transform are very similar to the convergence properties of the Fourier series (as studied in Section 5.4).

The first important result concerning convergence relates to continuous functions as stated by the theorem below.

Theorem 6.1 (Convergence of the Fourier transform (continuous case)). If a function x is continuous and absolutely
integrable (i.e., [~ |x(t)|dt < o) and the Fourier transform X of x is absolutely integrable (i.e., [~ |X(®)|d® < ),
then the Fourier transform representation of x converges pointwise (i.e., x(t) = £(t) for all t).

Proof. A rigorous proof of this result is beyond the scope of this book and is therefore omitted here. ]

Since, in practice, we often encounter functions with discontinuities (e.g., a rectangular pulse), the above result is
sometimes of limited value. This motivates us to consider additional results concerning convergence.
The next important result concerning convergence relates to finite-energy functions as stated by the theorem below.

Theorem 6.2 (Convergence of Fourier transform (finite-energy case)). Ifa function x is of finite energy (i.e., [*_|x(t)|*dt <
o), then its Fourier transform representation X converges in the MSE sense.

Proof. A rigorous proof of this result is beyond the scope of this book and is therefore omitted here. |

In other words, the preceding theorem states that, if x is of finite energy, then

E— /_w 12(6) —x(t)Pdt = 0.

Although x and £ may differ at individual points, the energy E in the difference is zero.
The last result concerning convergence that we shall consider relates to what are known as the Dirichlet conditions.
The Dirichlet conditions for the function x are as follows:

1. The function x is absolutely integrable (i.e., [~ |x(r)|dr < o).

2. The function x has a finite number of maxima and minima on any finite interval (i.e., is of bounded variation).
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x(t)

1
2

=

Figure 6.5: Function x.

3. The function x has a finite number of discontinuities on any finite interval, and each discontinuity is itself finite.
For a function satisfying the Dirichlet conditions, we have the important convergence result stated below.

Theorem 6.3 (Convergence of Fourier transform (Dirichlet case)). If a function x satisfies the Dirichlet conditions,
then its Fourier transform representation X converges pointwise everywhere except at points of discontinuity. Further-
more, at each discontinuity point t,, we have that

R(ta) =3 [x (t5) +x(2;)]

where x(t; ) and x(t;]) denote the values of the function x on the left- and right-hand sides of the discontinuity,
respectively.

Proof. A rigorous proof of this result is beyond the scope of this book and is therefore omitted here. |

In other words, the preceding theorem states that, if a function x satisfies the Dirichlet conditions, then the Fourier
transform representation £ is such that £(z) = x(¢) for all ¢, except at points of discontinuity where £(¢) equals the
average value of x on the two sides of the discontinuity.

The finite-energy and Dirichlet conditions mentioned above are only sufficient conditions for the convergence of
the Fourier transform representation. They are not necessary. In other words, a function may violate these conditions
and still have a valid Fourier transform representation.

Example 6.6. Consider the function x shown in Figure 6.5. Let X denote the Fourier transform representation of x
(ie., X(t) = ﬁ J7. X (w)e’® dw, where X denotes the Fourier transform of x). Determine the values £(—1) and £(1).

Solution. We begin by observing that x satisfies the Dirichlet conditions. Consequently, Theorem 6.3 applies. Thus,
we have that
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6.7 Properties of the Continuous-Time Fourier Transform

The Fourier transform has a number of important properties. In the sections that follow, we introduce several of
these properties. For convenience, these properties are also later summarized in Table 6.1 (on page 159). Also, for
convenience, several Fourier-transform pairs are given later in Table 6.2 (on page 163). In what follows, we will
sometimes refer to transform pairs in this table.

6.7.1 Linearity

Arguably, the most important property of the Fourier transform is linearity, as introduced below.
Theorem 6.4 (Linearity). If x; (1) < X|(®) and x;(t) < X»(), then
a1x1 (1) +axxa (1) &L arX, (0) 4+ ax Xz (w),

where ay and ay are arbitrary complex constants.
Proof. To prove the above property, we proceed as follows. Let y(¢) = ajx; (¢) + apx2(¢) and let Y = Fy. We have
Y(0) = / larx (1) + azxa (1)]e " dr
= / ayx (t)e /' dt +/ arxy(t)e " dt
=a / x1(t)e 7 dr +a2/ xa(t)e 7 dr
=a1X1(0) + axXo (o).
Thus, we have shown that the linearity property holds. |

Example 6.7 (Linearity property of the Fourier transform). Using properties of the Fourier transform and the trans-
form pair

e/ T ons(w— ay),
find the Fourier transform X of the function
x(t) = Acos wyt,
where A and @y are real constants.
Solution. We recall that cos o = 3[e/* +¢~/%] for any real c. Thus, we can write

X(w) = (F{Acosmyt}) ()
— (AW + T} (@)

Then, we use the linearity property of the Fourier transform to obtain
X(@) = 5F{/}(@) + 5 F {7 } ().
Using the given Fourier transform pair, we can further simplify the above expression for X (@) as follows:

X(w) =4[2n8(®+ )]+ 5275 (0 — ap)]
=An[8(®+ ap) + &(w — ay)].

Thus, we have shown that

Acos ayt < Ar[S(w+ ay) + 8(w — ap)]. u
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Example 6.8 (Fourier transform of the unit-step function). Using properties of the Fourier transform and the transform
pairs

1% 2n8(w) and  sgnr < 2

Jjo’
find the Fourier transform X of the function x = u.
Solution. First, we observe that x can be expressed in terms of the signum function as
x(t) =u(t) = § + L sgnt.
Taking the Fourier transform of both sides of this equation yields
X(w) = (F{3 + isgnt}) (w).
Using the linearity property of the Fourier transform, we can rewrite this as
X(0) = 1F{1} (o) + 1F{sent} (o).
Evaluating the two Fourier transforms using the given transform pairs, we obtain
X(0) = 12rs ()] + 1(2)
= 18(0) + 55-

Thus, we have shown that

6.7.2 Time-Domain Shifting (Translation)

The next property of the Fourier transform to be introduced is the time-domain shifting (i.e., translation) property, as
given below.

Theorem 6.5 (Time-domain shifting (i.e., translation)). Ifx(r) <= X (®), then
x(t —19) &5 e 10X (),
where ty is an arbitrary real constant.

Proof. To prove the above property, we proceed as follows. Let y(¢) = x(t — 1) and let ¥ = Fy. From the definition
of the Fourier transform, we have

Y(0) = [ Zx(t—to)e_jw’dt.

Now, we use a change of variable. Let L =7 — 1 so that t = A + o and df = dA. Performing the change of variable
and simplifying, we obtain

Y(0) = [ " (M) 0G0 g

_ /_ " x(A)e IOk emiv0 gy,
=i [“ e iotan
=e /X ().

Thus, we have proven that the time-shifting property holds. |
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Example 6.9 (Time-domain shifting property of the Fourier transform). Find the Fourier transform X of the function
x(t) = Acos(wpt + 6),
where A, @y, and O are real constants.

Solution. Let v(t) = Acos @yt so that x(z) = v(r + %) Also, let V = Fv. From Table 6.2, we have that

cos at < m[8(® — ) + 8(w + ax)].
Using this transform pair and the linearity property of the Fourier transform, we have that

V(o) =F{Acoswyt } (o)
=An[5(0+ )+ 8(® — w)].

From the definition of v and the time-shifting property of the Fourier transform, we have

X () = /2%y (@)
= /P9 PAR[S (0 + @) + S (0 — ap)].

Thus, we have shown that

Acos(@f + 0) &5 Azel /D [§ (@ + ) + 8 (0 — ay))]. =

6.7.3 Frequency-Domain Shifting (Modulation)

The next property of the Fourier transform to be introduced is the frequency-domain shifting (i.e., modulation) prop-
erty, as given below.

Theorem 6.6 (Frequency-domain shifting (i.e., modulation)). If x(1) <— X (), then
e/ x (1) &5 X (0 — ay),
where wy is an arbitrary real constant.

Proof. To prove the above property, we proceed as follows. Let y(t) = /™' and let Y = Fy. From the definition of
the Fourier transform and straightforward algebraic manipulation, we can write

Y (@) = / " eI (1)e IO gy

Sy
=X(0— ay).

Thus, we have shown that the frequency-domain shifting property holds. |

Example 6.10 (Frequency-domain shifting property of the Fourier transform). Find the Fourier transform X of the
function

x(t) = (cos myt ) (cos207t),

where @y is a real constant.
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Solution. Recall that coso = [e/ ® 4+ ¢=/%] for any real o. Using this relationship and the linearity property of the
Fourier transform, we can erte

X(@) = (F{(cos o) (3) (™ + e 20™)}) (@)

= (F{ %eﬂom cos wyt + %e*jzom cos wyt }) (o)

=1 (F{e™ cosant}) (@) + 1 (F{e ™ cosant}) (w).
From Table 6.2, we have that

cos ot < T[§(® — ap) + 8 (®+ ).

From this transform pair and the frequency-domain shifting property of the Fourier transform, we have
F{cosant}) (@ —207) + % (F{cosmpt}) (w+207)
T[S(v—0) +8(v+)]]l,_g20z+3 7 [5( — ) +8(v+)]ll,—p 207

(

[

(m[8(® + oy —207) + 8 (® — @y —207)]) + 3 (7[5 (@ + @y +207) + 5 (@ — ax +207))])
[6(0+ oy —207) + O (0 — oy — 207r)+6(a)+wo+207r)+5(a) wp +20m)]. [ ]

A
g
I

IR WI— D= =~

6.7.4 Time- and Frequency-Domain Scaling (Dilation)

The next property of the Fourier transform to be introduced is the time/frequency-scaling (i.e., dilation) property, as
given below.

CTFT

Theorem 6.7 (Time/frequency-domain scaling (i.e., dilation)). Ifx(t) «— X (®), then

x(at) &5 iX(w)

| \a
where a is an arbitrary nonzero real constant.

Proof. To prove the above property, we proceed as follows. Let y(¢) = x(at) and let Y = Fy. From the definition of
the Fourier transform, we can write

Y(w) = '/:cx(at)efj“”dt.

Now, we use a change of variable. Let A = at so that t = A /a and dt = dA /a. Performing the change of variable (and
being mindful of the change in the limits of integration), we obtain

[ Jmx@)ei@r (har a>0
Y(w)_{fw'xX(l)e f@/@r(Lygy a<o
_ {1 7 x(A)e @M a0

a

1 oo —j(®/a)A
—2 o x(A)e j@/arq)  a<o.
Combining the two cases (i.e., for a < 0 and a > 0), we obtain

! / " x(M)e i@/t gy,

= Tdl
_|a|X( )

Thus, we have shown that the time/frequency-scaling property holds. |

Copyright (©) 2012-2020 Michael D. Adams Edition 2.0



6.7. PROPERTIES OF THE CONTINUOUS-TIME FOURIER TRANSFORM 147

Example 6.11 (Time scaling property of the Fourier transform). Using the Fourier transform pair
crer . @
rectt <— sinc X

find the Fourier transform X of the function
x(t) = rectat,
where a is a nonzero real constant.

Solution. Let v(t) =rectt so that x(t) = v(at). Also, let V. = Fv. From the given transform pair, we know that
.o
V(@) = (F{rectt}) (w) = sinc 5 (6.9)
From the definition of v and the time-scaling property of the Fourier transform, we have
1 o
X(0)=—V (—) .

Substituting the expression for V in (6.9) into the preceding equation, we have

1
X(w) = ~ sinc 2,
|a| 2a

Thus, we have shown that

: 1 . o
rectar < — sinc —. |
|al 2a

6.7.5 Conjugation

The next property of the Fourier transform to be introduced is the conjugation property, as given below.

CTFT,

Theorem 6.8 (Conjugation). If x(t) +— X (®), then

X (1) £ X ().

Proof. To prove the above property, we proceed as follows. Let y(¢f) = x*(¢) and let Y = Fy. From the definition of
the Fourier transform, we have

Y (@) = L Zx*(t)e*fwfdt.

From the properties of conjugation, we can rewrite this equation as
Y(w)= (/ x*(t)ej“”dt> ]
-/ [x(t)*]*(e-"“”)*dt}

= :/ix(t)e_j<_w)tdt] :
—X'(~0).

Thus, we have shown that the conjugation property holds. |
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Example 6.12 (Fourier transform of a real function). Let X denote the Fourier transform of the function x. Show that,
if x is real, then X is conjugate symmetric (i.e., X (@) = X*(— ) for all ).

Solution. From the conjugation property of the Fourier transform, we have
Hx ()} (o) =X*(-0).

Since x is real, we can replace x* with x to yield

or equivalently

6.7.6 Duality

The next property of the Fourier transform to be introduced is the duality property, as given below.
Theorem 6.9 (Duality). Ifx(t) <> X (w), then
X (1) <5 2nx(— ).

Proof. To prove the above property, we proceed as follows. From the Fourier transform synthesis equation, we have

x(0)= 5 [ XM,
Substituting —® for ¢, we obtain
M(-0) = & f X(M)e 44,
Now, we multiply both sides of the equation by 27 to yield
2mx(— ) = [ X(A)e M0
=X (w).
Thus, we have shown that the duality property holds. ]

The duality property stated in the preceding theorem follows from the high degree of similarity in the equations
for the forward and inverse Fourier transforms, given by (6.7) and (6.8), respectively. To make this similarity more
obvious, we can rewrite the forward and inverse Fourier transform equations, respectively, as

X(A)= /oo x(e)eﬁmde and x(A) = ﬁ/w X(B)ef‘”de_

Observe that these two equations are identical except for: 1) a factor of 27; and 2) a different sign in the parameter for
the exponential function. Consequently, if we were to accidentally use one equation in place of the other, we would
obtain an almost correct result. In fact, this almost correct result could be made to be correct by compensating for
the above two differences (i.e., the factor of 27 and the sign difference in the exponential function). This is, in effect,
what the duality property states.

Although the relationship x(¢) <™ X () only directly provides us with the Fourier transform X of x, the duality
property allows us to indirectly infer the Fourier transform of X. Consequently, the duality property can be used to
effectively double the number of Fourier transform pairs that we know.
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Example 6.13 (Fourier transform of the sinc function). Using the transform pair

CTFT, . o
rectt <— sinc 5

find the Fourier transform X of the function
x(t) = sinc <.
Solution. From the given Fourier transform pair, we have
CTFT, . w
v(t) =rectt +— V(m)=sinc EX

By duality, we have

1 CTFT,

V(t):sinci — FV(0) =27nv(—w) =2xrect(—m) = 2mrect .

Thus, we have

CTFT,

t
V() = sinc 3 FV(w) =2xrect .

Observing that V = x and JV = X, we can rewrite the preceding relationship as

CTFT,

t
x(t) = sinc 3 X(®) =2nrecto.

Thus, we have shown that

X(w) =2nrect . |

6.7.7 Time-Domain Convolution

The next property of the Fourier transform to be introduced is the time-domain convolution property, as given below.

CTFT, CTFT

Theorem 6.10 (Time-domain convolution). If x| (¢) +— X;(®) and x;(t) <— X (@), then
X1 *XQ(I) & Xl(a))Xz((D).

Proof. The proof of this property is as follows. Let y(#) = x; *x»(¢) and let ¥ = Fy. From the definition of the Fourier
transform and convolution, we have

_ / / 1 (T)xa(t — T)e 19 dds,

Changing the order of integration, we obtain

Y(0) = /7 i /7 o;xl(r)xz(tf‘c)e_j“”dtdf.
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Now, we use a change of variable. Let A =7 — 7 so that t = A + 7 and dA = dt. Applying the change of variable and
simplifying, we obtain

_ / ) mxl(r)xz(x)e—f“’@“)dm

_ / (A)e I e IO g) 4

—o0 o

—o0 —o0

_ [ /_ le(r) f‘“dr} [ /_ sz(l)ej“”ldl}
=X1(0)X(w).

Thus, we have shown that the time-domain convolution property holds. ]

— [ xi(e)e IO { / ) xz(x)efw*dx] dt

The time-domain convolution property of the Fourier transform has important practical implications. Since the
Fourier transform effectively converts a convolution into a multiplication, the Fourier transform can be used as a
means to avoid directly dealing with convolution operations. This is often extremely helpful when solving problems
involving LTI systems, for example, since such problems almost inevitably involve convolution (due to the fact that a
LTI system computes a convolution).

Example 6.14 (Time-domain convolution property of the Fourier transform). With the aid of Table 6.2, find the
Fourier transform X of the function

x(t) = x1 xx2(2),
where

xi(t) =e Hu(t) and x(t) = u(r).

Solution. Let X and X, denote the Fourier transforms of x| and x;, respectively. From the time-domain convolution
property of the Fourier transform, we know that

X(0) = (F{x1 xx2}) (@)

From Table 6.2, we know that

Xi(0) = (F{eu(1)}) (o)

_ 1
T 2+jo and

= 8(w) + -

jo*
Substituting these expressions for X; () and X, () into (6.10), we obtain

X(0) = [5775](78(0) + 75)
2+]a)6( ) (2+lja))
2+1w5( ) /2w+a)2

=368(0)+

1
Ro—0?’
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6.7.8 Time-Domain Multiplication

The next property of the Fourier transform to be introduced is the time-domain multiplication (or frequency-domain
convolution) property, as given below.

CTFT, CTFT,

Theorem 6.11 (Time-domain multiplication). If x| (¢) +— X1 (®) and x;(t) <— X2 (@), then
0 (Oxa(f) <5 LX) 4 X (0) = L / X1 (8)Xx (0 — 6)d6.

Proof. To prove the above property, we proceed as follows. Let Y (w) = 2]7)(1 *X,(®) and let y = F~'Y. From the
definition of the inverse Fourier transform, we have

y(t) = %/ ﬁXl * X (@ ]eja”da)

5.
%/

[ ()
[ /w L X ()X (@ — )L)d)L] I 4
/ M)Xo(0— 1) dAdo.

Reversing the order of integration, we obtain

- L / / )Xo (0 — M)l desdA.

Now, we employ a change of variable. Let v= @ — A so that ® = v+ A and dv = d®. Applying the change of variable
and simplifying yields

1) = / ) / T LX (W)X () A v

N‘_

[ / LX) ()X (v)e? e dvd A

T

1
T

/.
5

» (
Xi(4)elt [;n / ) Xz(v)ej"’dv] dn

Thus, we have shown that the frequency-domain convolution property holds. |

From the time-domain multiplication property in the preceding theorem, we can see that the Fourier transform
effectively converts a multiplication operation into a convolution operation (with a scale factor of ﬁ). Since convolu-
tion is significantly more complicated than multiplication, we normally prefer to avoid using this property in a manner
that would result in the introduction of additional convolution operations into our work.

Example 6.15 (Frequency-domain convolution property). Let x and y be functions related as

y(t) = x(t) cos o, t,
where @, is a nonzero real constant. Let Y = Fy and X = Jx. Find an expression for Y in terms of X.
Solution. To allow for simpler notation in what follows, we define

v(t) = cos .t
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and let V denote the Fourier transform of v. From Table 6.2, we have that
V(o) =n[d(0— o)+ 0+ o)

From the definition of v, we have

Taking the Fourier transform of both sides of this equation, we have
Y (0) = F{x(t)v()} ().
Using the frequency-domain convolution property of the Fourier transform, we obtain
Y<>=ix*v<>
/ X(A)V (@ — A)dA.

Substituting the above expression for V, we obtain
V(o) = & [ XO) (804~ 0+ 50 A+ a))dd
= %/:ox(l)[ﬁ(w—l — ) +8(0— A+ @)]dA
=1 Um X(A)8(0—A — o)dA + /:x(;L)a(w—x + wc)d/l}

[/ X(4 /l—a)+a)c)dl+/iX(A)5(l—w—wc)d/l}

= [X(a) ;) +X(0+ ;)]
=X (0— o)+ iX(0+ o). u

6.7.9 Time-Domain Differentiation

The next property of the Fourier transform to be introduced is the time-domain differentiation property, as given
below.
CTFT

Theorem 6.12 (Time-domain differentiation). If x(¢) +— X (®), then

d CTFT
% — joX (o).

Proof. To prove the above property, we proceed as follows. Let Y (@) = joX(®) and let y = F~'Y. We begin by
using the definition of the inverse Fourier transform to write

x(t) = / X(0)e® do.
Now, we differentiate both sides of the preceding equation with respect to ¢ and simplify to obtain

d):it 27:/ joX(w)e’®dw

o

= ﬁ 7mY(a))e-"‘”d(D
=y(1).
Thus, we have shown that the time-differentiation property holds. |
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By repeated application of the preceding theorem, we can obtain the more general result that
n TFT . o\n
()" x() €5 (o)X (0).

The time-domain differentiation property of the Fourier transform has important practical implications. Since the
Fourier transform effectively converts differentiation into multiplication (by j®), the Fourier transform can be used
as a means to avoid directly dealing with differentiation operations. This can often be beneficial when working with
differential and integro-differential equations.

Example 6.16 (Time-domain differentiation property). Find the Fourier transform X of the function

x(t)=45(t).

Solution. Taking the Fourier transform of both sides of the given equation for x yields

X(0) = (F{4£6()}) (o).
Using the time-domain differentiation property of the Fourier transform, we can write
X(0) = (F{58(1)}) (@)
= joFé(w).
Evaluating the Fourier transform of § using Table 6.2, we obtain

X(0) = joo(1)
=jo. |

6.7.10 Frequency-Domain Differentiation

The next property of the Fourier transform to be introduced is the frequency-domain differentiation property, as given
below.

CTFT

Theorem 6.13 (Frequency-domain differentiation). If x(¢) <— X (), then

J75X ().

Proof. To prove the above property, we proceed as follows. Let y(¢) = #x(¢) and let Y = Fy. From the definition of
the Fourier transform, we can write

CTFT,

tx(t) <—

X(0) = [ o;x(t)e_j“”dt.

Now, we differentiate both sides of this equation with respect to @ and simplify to obtain
X (@) =[x jne i
= /m 1x(t)e /¥ dr
=—jY(w).
Multiplying both sides of the preceding equation by j yields
JELX () =Y (o).

Thus, we have shown that the frequency-domain differentiation property holds. |
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Example 6.17 (Frequency-domain differentiation property). Find the Fourier transform X of the function
x(r) = tcos ayt,
where @y is a nonzero real constant.
Solution. Taking the Fourier transform of both sides of the equation for x yields
X(w) = F{tcos wpt } ().
From the frequency-domain differentiation property of the Fourier transform, we can write

X (w) = F{tcos wpt } (o)
= j(DF{cosmyt}) (),

where D denotes the derivative operator. Evaluating the Fourier transform on the right-hand side using Table 6.2, we
obtain

X(0) = j 5 [7[8(0 — an) + 5(w+a)]]
= jr 5 [8(0— )+ 8(0+ ap)]
= jrmL5(0—wy) + ju Lo+ w). [ |

6.7.11 Time-Domain Integration

The next property of the Fourier transform to be introduced is the time-domain integration property, as given below.

CTFT

Theorem 6.14 (Time-domain integration). Ifx(¢) «— X (), then

/t x(1)dt % Lx (@) +1X(0)8(w).

—o0

Proof. The above property can be proven as follows. Let y(t) = [*_x(7)d7; letY = Fy and U = Fu. First, we observe
that

y(t) = xxu(r).

Taking the Fourier transform of both sides of the preceding equation and using the time-domain convolution property
of the Fourier transform, we have

Y(w) =X(0)U(w). (6.11)
From Example 6.8, we know that u(t) < 8 () + ]iw Using this fact, we can rewrite (6.11) as
Y(0) =X(0) [18(0)+ 5|
_ 1
= 7z X(0)+71X(0)é(w).
From the equivalence property of the unit-impulse function, we have
1
Y(0) = 75X (0)+7X(0)5(w).

Thus, we have shown that the time-domain integration property holds. |
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The time-domain integration property of the Fourier transform has important practical implications. Since the
Fourier transform effectively converts integration into an operation involving division (by j®), the Fourier transform
can be used as a means to avoid directly dealing with integration operations. This can often be beneficial when
working with integral and integro-differential equations.

Example 6.18 (Time-domain integration property of the Fourier transform). Use the time-domain integration property
of the Fourier transform in order to find the Fourier transform X of the function x = u.

Solution. We begin by observing that x can be expressed in terms of an integral as

From the time-domain integration property, we can write
_ 1
X(0) = 7556(0)+755(0)6(w).
Evaluating the two Fourier transforms on the right-hand side using Table 6.2, we obtain
_ 1
X(0) = 551)+7r(1)é(o)

Jjo

Thus, we have shown that u(r) <— %w + o (w). [ |

6.7.12 Parseval’s Relation

The next property of the Fourier transform to be introduced, given below, relates to signal energy and is known as
Parseval’s relation.

CTFT

Theorem 6.15 (Parseval’s relation). Ifx(t) «— X (o), then

2=}

/: x()Pd =L [ 1X(0)Pdo. 6.12)

That is, the energy of x and energy of X are equal within a scaling factor of 27. (Recall that the energy of a function
x is given by [~ |x(1)|*dt.)

Proof. To prove the above relationship, we proceed as follows. Consider the left-hand side of (6.12) which we can
write as

| _RPar= [ s ar
= [ x5 {3} 0

From the conjugation property of the Fourier transform, we have that x*(¢) <— X*(—®). So, we can rewrite the

above equation as
/: (1) *dt = /:x(t) (F X (—0)}) (r)dr
- /:ox(t) {21” /,ZX*(—w)ej“”dw dr.
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Now, we employ a change of variable (i.e., replace @ by —®) to obtain

/_0; |x(t)|2dt:/:ox(t) |:21n' /_ZX*(O))ej“”dw} ot
= 2 [ 0; L Zx(f)X*(w)e’j“’dwdt.

Reversing the order of integration and simplifying, we have

/_ |x(t)|2dt:ﬁ/_ /_ x(O)X* (@)e  dtdw

=4 /_m X" (o) </_m x(t)ef“”dt> do
_ ﬁ/ﬁix*@)x@)m
= jo X(0) do.
Thus, Parseval’s relation holds. |

Since energy is often a quantity of great significance in engineering applications, it is extremely helpful to know
that the Fourier transform preserves energy (up to a scale factor). For example, if we are solving a problem in the
Fourier domain, we do not have to return to the time domain to compute energy, since we can do this directly in the
Fourier domain by using Parseval’s relation.

Example 6.19 (Energy of the sinc function). Consider the function x(r) = sinc 5, which has the Fourier transform X
given by X (@) = 2rrect @. Compute the energy of x.

Solution. We could directly compute the energy of x as
_[" 2
E— / ()2t
< 2
= / |sinc &|dr.
This integral is not so easy to compute, however. Instead, we use Parseval’s relation to write

1o )
E=— | |x(0)]d
x| K@

l 00
= —/ [2nrecto)*do
27 J o

: /'/2 (27)2do

Thus, we have

E:/w |sinc 4 [* dr = 2. n
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6.7.13 Even/Odd Symmetry

The Fourier transform preserves symmetry. In other words, we have the result below.
Theorem 6.16 (Even/odd symmetry). For a function x with Fourier transform X, the following assertions hold:

e x is even if and only if X is even; and

e x is odd if and only if X is odd.

Proof. First, we show that, if a function x is even/odd, then its Fourier transform X is even/odd. From the definition
of the Fourier transform, we have

X(@)= /:x(t)e*fwfdt.

Since x is even/odd, we have that x(r) = 4-x(—t), where the plus case and minus case in the “+” correspond to x being
even and odd, respectively. Using this, we can rewrite the above expression for X (w) as

X(o) = / x(—1)e Oy,
Now, we employ a change of variable. Let A = —t so that dA = —dr. Applying this change of variable, we obtain

X(0) = A T (A)e TR (—1)an

— T / T x()ei d

_ i/w K(A)eOrqp,
= i/ =0,
— X (o).

Therefore, X is even/odd.
Next, we show that if X is even/odd, then x is even/odd. From the definition of the inverse Fourier transform, we
have

x(t) = 1 X(0)e/® da.

Since X is even/odd, we have that X (@) = X (—®), where the plus case and minus case in the “+” correspond to X
being even and odd, respectively. Using this, we can rewrite the above expression for x(¢) as

=L /_ +X(—w)e’® dw.
Now, we employ a change of variable. Let A = —@ so that dA = —d®. Applying this change of variable, we obtain
x(t) = /7 X (A)e M (—1)dA
—tl /7 X(A)e M
— 4l /_ X(A)e 0 ap
= £x(—1).
Therefore, x is even/odd. This completes the proof. |

In other words, the preceding theorem simply states that the forward and inverse Fourier transforms preserve
even/odd symmetry.
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6.7.14 Real Functions
As it turns out, the Fourier transform of a real function has a special structure, as given by the theorem below.
Theorem 6.17. A function x is real if and only if its Fourier transform X satisfies
X(0) =X"(—0) foral ®
(i.e., X is conjugate symmetric).

Proof. From the definition of the Fourier transform, we have
X (o) :/ x(t)e 1 dt. (6.13)

Substituting —® for w in the preceding equation, we have

Conjugating both sides of this equation, we obtain
X*(—w) = / x*(t)e 1 dr. (6.14)

First, we show that x being real implies that X is conjugate symmetric. Suppose that x is real. Since x is real, we
can replace x* with x in (6.14) to yield

xw—w)z/:x@eﬂWm.

Observing that the right-hand side is simply X (®), we have

Thus, x being real implies that X is conjugate symmetric.

Next, we show that X being conjugate symmetric implies that x is real. Suppose that X is conjugate symmetric.
Since X is conjugate symmetric, the expressions for X (®) in (6.13) and X*(—w) in (6.14) must be equal. Thus, we
can write

X(@)-X"(-0)=0
/jo x(t)e 7 dr — /oo X (1)e 7 dr =0

[:Mn—f@pﬁWm:o

This implies that x* = x. Therefore, x is real. Thus, X being conjugate symmetric implies that x is real. This completes
the proof. ]

Suppose that X is the Fourier transform of a real function x so that X is conjugate symmetric. From properties of
complex numbers, we can show that that X being conjugate symmetric is equivalent to

|X(0)| = |X(—o)| forall ® and (6.15a)
argX (w) = —argX (—w) for all @ (6.15b)

(i.e., the magnitude and argument of X are even and odd, respectively).
Since the Fourier transform X of a real function x is conjugate symmetric, the graph of X for negative values is

completely redundant and can be determined from the graph of X for nonnegative values. Lastly, note that x being
real does not necessarily imply that X is real, since a conjugate-symmetric function need not be real.
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Table 6.1: Properties of the CT Fourier transform

Property Time Domain Frequency Domain
Linearity arx1 () tazxz(t) a1 X1 (o) +ax Xz (o)
Time-Domain Shifting x(t —to) e 10X ()
Frequency-Domain Shifting e/ x(1) X(ow— ay)
Time/Frequency-Domain Scaling  x(ar) ﬁX (%)
Conjugation x* (1) X" (—w)
Duality X(t) 2nx(—o)
Time-Domain Convolution xp % x2(t) X (0)X> (o)
Time-Domain Multiplication x1(8)x2(2) %X 1% X2 ()
Time-Domain Differentiation %x(t) joX (o)
Frequency-Domain Differentiation 7x() J %X ()
Time-Domain Integration [ x(t)dt J%X(a)) +7X(0)6(w)
Property

1 5]
Parseval’s Relation / lx(t)[>dr = %/ X (0)*do

oo
)

Even x is even < X is even
0Odd xis odd < X is odd
Real x is real < X is conjugate symmetric
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6.8 Continuous-Time Fourier Transform of Periodic Functions

By making use of the generalized Fourier transform briefly discussed in Section 6.3, the Fourier transform can also
be applied to periodic functions. In particular, the Fourier transform of a periodic function can be computed using the
result below.

Theorem 6.18 (Fourier transform of a periodic function). Let x be a T-periodic function with frequency ay = 27” and
Fourier series coefficient sequence a. Let xy denote the function

rr(t) = x(t) —L<t<?
r 0 otherwise.

(i.e., x7 is a truncated/windowed version of the function x). (Note that xt is a function equal to x over a single period
and zero elsewhere.) Let Xt denote the Fourier transform of xr. The Fourier transform X of x is given by

X(0) = i 27ma; (@ —kay), (6.16a)
k=—oo
or equivalently,
X (o) :k_imonT(ka)o)B(a)—kwo). (6.16b)
Furthermore, a and Xt are related by
ar = +Xr (ko). (6.17)

Proof. Since x is T-periodic, we can express it using a Fourier series as

x(t)="Y ae™, (6.182)
k=—oc0

where

x(r)e k™ gy, (6.18b)
T

N

ay =

Consider the expression for a in (6.18b). Since x7(¢) = x(¢) for a single period of x and is zero otherwise, we can
rewrite (6.18b) as

S~

a; = ]/ xr(t)e k! gy
= 7 Xr (ka)

(6.19)

~|

Thus, we have shown (6.17) to be correct.
Now, let us consider the Fourier transform X of x. By taking the Fourier transform of both sides of (6.18a), we

obtain
X(ow)= <3"{ i akejkm‘)’}> (o)
k=—o0

:/ ( Z akejk“"’t> e 10 ds.

k=—oo
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Figure 6.6: Frequency spectra. The frequency spectra (a) X; and (b) X5.

Reversing the order of summation and integration, we have

X(@)= Y ak/ pikont ,—jot g,
k=—c0 -

=Y a (?{eﬂ“"o’}> (o). (6.20)

CTFT,

From Table 6.2, we know that e/*" &5 218(w — A). So, we can simplify (6.20) to obtain

X(w) = i a 2w (o — kay)]
k=—o0

= i 27mar 0 (@ — kay). (6.21)

k=—oco

Thus, we have shown (6.16a) to be correct. Furthermore, by substituting (6.19) into (6.21), we have

X(0) = i 27[ % X7 (ke)] S (0 — k)

k=—oco

= Y anXr (kan)8 (o — ko).
j—

Thus, we have shown (6.16b) to be correct. This completes the proof. |

Theorem 6.18 above provides two formulas for computing the Fourier transform X of a periodic function x. One
formula is in written terms of the Fourier series coefficient sequence a of x, while the other formula is in written in
terms of the Fourier transform X7 of a function consisting of a single period of x. The choice of which formula to
use would be driven by what information is available or most easily determined. For example, if the Fourier series
coefficients of x were known, the use of (6.16b) would likely be preferred.

From Theorem 6.18, we can also make a few important observations. First, the Fourier transform of a periodic
function is a series of impulse functions located at integer multiples of the fundamental frequency @y. The weight of
each impulse is 27 times the corresponding Fourier series coefficient. Second, the Fourier series coefficient sequence
a of the periodic function x is produced by sampling the Fourier transform of x7 at integer multiples of the fundamental
frequency wy and scaling the resulting sequence by %

Example 6.20. Let X; and X, denote the Fourier transforms of x; and x;, respectively. Suppose that X; and X, are as
shown in Figures 6.6(a) and (b). Determine whether x; and x; are periodic.

Solution. We know that the Fourier transform X of a periodic function x must be of the form

oo

X(w)=) od(o—kaw),
ke oo

where @y is a nonnegative real constant and the {a;} are complex constants. The spectrum X; does not have this
form. Therefore, x; must not be periodic. The spectrum X, does have this form, with @y = 2. Therefore, x, must be
periodic. |
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D=
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Figure 6.7: Periodic function x.

Example 6.21. Consider the periodic function x with fundamental period 7T = 2 as shown in Figure 6.7. Using the
Fourier transform, find the Fourier series representation of x.

Solution. Let wy denote the fundamental frequency of x. We have that wy = 27” = m. Let y(¢) = rectr (i.e., y corre-
sponds to a single period of the periodic function x). Thus, we have that

x(t) = i y(t —2k).

k=—o0
Let Y denote the Fourier transform of y. Taking the Fourier transform of y, we obtain
Y(0) = (F{rectr}) (w) = sinc §.

Now, we seek to find the Fourier series representation of x, which has the form

x(t) =Y cpel .

k=—o0

Using the Fourier transform, we have

Il
RI—= = ~[—
w
2
=
)
5

6.9 More Fourier Transforms

Throughout this chapter, we have derived a number of Fourier transform pairs. Some of these and other important
transform pairs are listed in Table 6.2. Using the various Fourier transform properties listed in Table 6.1 and the
Fourier transform pairs listed in Table 6.2, we can determine (more easily) the Fourier transform of more complicated
functions.

Example 6.22. Suppose that x(¢) < X (®), x (1) < X; (o), and
x1(t) = Dx(t —2),
where D denotes the derivative operator. Express X; in terms of X.

Solution. Let vi(t) = x(¢t —2). From the definition of v and the time-shifting property of the Fourier transform, we
have

Vi(0) = e 72X (). (6.22)
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Table 6.2: Transform pairs for the CT Fourier transform

Pair  x(¢) X(o)
1 o(1) 1
2 (r) (W) !
u _
jo
3 1 210 ()
2
4 sgnt —
Jjo
5 /™ 218 (@ — o)
6 cos wyt m[é(@— )+ 6(w+ ay)]
. T
7 sin @yt 7[6((1)—(1)0)—6(0)—#(00)}
t . Tw
8 rect — |T|sinc —
T 2
B
9 usinth rectE
T 2B
1
10 e “u(t), R >0
e “"ult), Refa} —
—1)!
11 e u(r), R o (n=DL
e “u(t), Re{a} > o)
t T T
12 tri? %sincsz
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From the definition of v, we have
— D2
X1 (t ) = V] (t ) .
Thus, from the time-differentiation property of the Fourier transform, we can write

Xi(0) = (jo)*Vi(o)
= —0*V(0).

Combining (6.22) and (6.23), we obtain
Xi(0) = —w’e 2°X (o).
Example 6.23. Suppose that x(1) < X (o), x| (f) <= X|(®), and

x1(t) = x(at = b),

where a is a nonzero real constant and b is a real constant. Express X in terms of X.

Solution. We rewrite x| as
x1(t) = vy (ar)
where

vi(t) =x(t—b).

(6.23)

We now take the Fourier transform of both sides of each of the preceding equations. Using the time-shifting property

of the Fourier transform, we can write
Vi(0) =e X ().
Using the time-scaling property of the Fourier transform, we can write
Xi(@)= gV (2).

Substituting the expression for Vi (w) in (6.24) into (6.25), we obtain

Xi(@) = e /P/00x (2).

Example 6.24. Consider the periodic function x given by

x(t) = i xo(t —kT),

k=—oo

where a single period of x is given by
xo(t) = Arect 2

and A is a real constant. Find the Fourier transform X of the function x.
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Solution. From (6.16b), we know that

X () = (ff{ i xo(t—kT)}> (o)
k=—o0

= ) @Xo(kan)d(w — kay).
k=—oo0

So, we need to find Xy. Using the linearity property of the Fourier transform and Table 6.2, we have
Xo(®) = (F{Arect2}) (o)
=A (F{rectZ}) (w)
AZT sinc (’f‘T
Thus, we have that

X(@)= Y il (smck“’OT)a(w k)
k=—oo

Z A (sinc Z) 8 (@ — kay). [ |
k= oo

Example 6.25. Find the Fourier transform X of the function x given by

ot )
x(t):/ e~ G2y (1)dr.

Solution. We can rewrite x as

(1) = / " (e, (6.26)

where
vi(t) =e *vy(r) and (6.27)
va(t) = e ufr). (6.28)

Taking the Fourier transform of (6.26) (using the time-domain integration property of the Fourier transform), we have
X(0) = 5Vi(@) +7V1(0)8(w). (6.29)

Taking the Fourier transform of (6.27) (using the frequency-domain shifting property of the Fourier transform), we
have

Vl(a)) = V2((D—|—2). (6.30)
Taking the Fourier transform of (6.28) by using Table 6.2 (i.e., the entry for F{e~“u(t)}), we have

1

Va(@) = 34+ jo’

(6.31)

Combining (6.29), (6.30), and (6.31), we obtain
X(w) = 75V1 (@) +7V1(0)8(w)
= J%Vg(erZ) +aV2(2)6(w)

“ 5o (37072 7 (573) 0@ .
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Example 6.26. Let X and Y denote the Fourier transforms of x and y, respectively. Suppose that y(¢)

where a is a nonzero real constant. Find an expression for Y in terms of X.

= x(t) cosat,

Solution. Essentially, we need to take the Fourier transform of both sides of the given equation. There are two obvious
ways in which to do this. One is to use the time-domain multiplication property of the Fourier transform, and another
is to use the frequency-domain shifting property. We will solve this problem using each method in turn in order to

show that the two approaches do not involve an equal amount of effort.

FIRST SOLUTION (USING AN UNENLIGHTENED APPROACH). We use the time-domain multiplication property.

To allow for simpler notation in what follows, we define
v(t) = cosar
and let V denote the Fourier transform of v. From Table 6.2, we have that
V(o) =n[6(w—a)+6(0+a).
Taking the Fourier transform of both sides of the given equation, we obtain

Y(w) = (F{x(t)v(t)}) (o)
= %X*V( )

/x V(o —2)dA.

Substituting the above expression for V, we obtain

oo

Y(@) =L [ XA)(n[5(0—A—a)+5(w—A+a)])dA

—oo

oo

=1 X(W)[8(@—A—a)+5(w—A+a)ldA

—oo

—o0

_;[ T X()8(A - w+ad7t+/ X(A)8(h—a— a)d?t}

=X (0—a)+X(0+a)
=X(w-a)+iX(0+a).

3 [ i X(A)8(w—A —a)dA +/j° X(A)8(w—2 +a)dl}

Note that the above solution is essentially identical to the one appearing earlier in Example 6.15 on page 151.
SECOND SOLUTION (USING AN ENLIGHTENED APPROACH). We use the frequency-domain shifting property.

Taking the Fourier transform of both sides of the given equation, we obtain

Y(o) = (ff{x t)cosat}) (@)
(e +e M x(1)}) ()

X(w—a)+iX(o+a).

= (5

=3 3"{6’“’ (0}) (@) + 3 (F{e“x(1)}) ()
1
2

COMMENTARY. Clearly, of the above two solution methods, the second approach is simpler and much less error
prone. Generally, the use of the time-domain multiplication property tends to lead to less clean solutions, as this forces

a convolution to be performed in the frequency domain and convolution is often best avoided if possible.
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6.10 Frequency Spectra of Functions

The Fourier transform representation expresses a function in terms of complex sinusoids at all frequencies. In this
sense, the Fourier transform representation captures information about the frequency content of a function. For ex-
ample, suppose that we have a function x with Fourier transform X. If X is nonzero at some frequency @y, then
the function x contains some information at the frequency @y. On the other hand, if X is zero at the frequency @y,
then the function x has no information at that frequency. In this way, the Fourier transform representation provides a
means for measuring the frequency content of a function. This distribution of information in a function over different
frequencies is referred to as the frequency spectrum of the function. That is, X is the frequency spectrum of x.

To gain further insight into the role played by the Fourier transform X in the context of the frequency spectrum of
x, it is helpful to write the Fourier transform representation of x with X expressed in polar form as follows:

x(t) = / X(@)e/® do
= ﬁ i X (0)] /22X (@) i 4
=%/ X (0)] e/l FaeX (@l ge,
In effect, the quantity |X(w)| is a weight that determines how much the complex sinusoid at frequency @ con-
tributes to the integration result x(z). Perhaps, this can be more easily seen if we express the above integral as
the limit of a sum, derived from an approximation of the integral using the area of rectangles (i.e., [*_ f(x)dx =
limay—0 Y5 o, Axf(kAx)). Expressing x in this way, we obtain

x(t) = lim 5= Y Ao |X(kAw)| e/kAerraeX(kio)
k=—o0

= lim 5~ ) Aa)|X((D’)|ej[w’t+argX(a)’)]’

where @' = kA®. From the last line of the above equation, the kth term in the summation (associated with the
frequency @’ = kA®) corresponds to a complex sinusoid with fundamental frequency @’ that has had its amplitude
scaled by a factor of |X(®’)| and has been time-shifted by an amount that depends on arg X (®@'). For a given @’ =
kAw (which is associated with the kth term in the summation), the larger |X (@')| is, the larger the amplitude of its
corresponding complex sinusoid e/ @'t will be, and therefore the larger the contribution the kth term will make to the
overall summation. In this way, we can use |X(®')| as a measure of how much information a function x has at the
frequency @'

Note that, since the Fourier transform X is a function of a real variable, a function can, in the most general case,
have information at any arbitrary real frequency. This is different from the case of frequency spectra in the Fourier
series context (which deals only with periodic functions), where a function can only have information at certain
specific frequencies (namely, at integer multiples of the fundamental frequency). There is no inconsistency here,
however. As we saw in Section 6.8, in the case of periodic functions the Fourier transform will also be zero, except
possibly at integer multiples of the fundamental frequency.

Since the frequency spectrum is complex (in the general case), it is usually represented using two plots, one
showing the magnitude of X and one showing the argument. We refer to |X ()| as the magnitude spectrum of the
function x. Similarly, we refer to arg X (@) as the phase spectrum of the function x. In the special case that X is a real
(or purely imaginary) function, we usually plot the frequency spectrum directly on a single graph.

Suppose that we have a function x with Fourier transform X. If x is real, then

IX(w)] = |X(—w)| forall @ and
argX(w) = —argX(—w) for all @

(i.e., the magnitude and argument of X are even and odd, respectively). (See (6.15a) and (6.15b).) Due to the symmetry
in the frequency spectra of real functions, we typically ignore negative frequencies when dealing with such functions.
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argX(w)
X ()|
3+ N
7
2T = £ 0]
-2 7
1+ -
-2
} } } } t t (0]
-3 =2 -1 0 I 2 3
(a)
(b)

Figure 6.8: Frequency spectrum of the amplitude-scaled time-shifted signum function x. (a) Magnitude spectrum and
(b) phase spectrum of x.

In the case of functions that are complex but not real, frequency spectra do not possess the above symmetry, and
negative frequencies become important.

Example 6.27 (Frequency spectrum of an amplitude-scaled time-shifted signum function). Consider the function
x(t) = tsgn(t—1).
We can show that this function has the Fourier transform
X(0) = Le /@,

In this case, X is neither purely real nor purely imaginary, so we use two separate graphs to present the frequency
spectrum X. We plot the magnitude spectrum and phase spectrum as shown in Figures 6.8(a) and (b), respectively.
|

Example 6.28 (Frequency spectrum of the delta function). Consider the function

We can show that this function has the Fourier transform
X(w)=1.
Since, in this case, X is real, we can plot the frequency spectrum X on a single graph, as shown in Figure 6.9. |
Example 6.29 (Frequency spectrum of a time-scaled sinc function). Consider the function
x(r) =sinc§.
We can show that this function has the Fourier transform
X(w)=2mrect®.

Since, in this case, X is real, we can plot the frequency spectrum X on a single graph, as shown in Figure 6.10. |
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X (o)

()

Figure 6.9: Frequency spectrum of the unit-impulse function.

X (o)

2

1
2

D=

Figure 6.10: Frequency spectrum of the time-scaled sinc function x.

Example 6.30 (Frequency spectrum of a time-shifted signum function). The function

x(t) =sgn(t—1)

has the Fourier transform

(a) Find and plot the magnitude and phase spectra of x. (b) Determine at what frequency (or frequencies) x has the
most information.

Solution. (a) First, we find the magnitude spectrum |X (®)|. From the expression for X (@), we can write

— |2 ,-J
X(@)|=| Ze |
|2 —Jj
= |35l
-l
jo
-2
|oof*

Next, we find the phase spectrum argX (®). First, we observe that argX (@) is not well defined if @ = 0. So, we
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argX(w)
X (@)]

1 Y

Ml 'z 3 ®
-2 2
21 o
-2
t t t ) t t ()
-3 -2 -1 0 1 2 3
(a)
(b)

Figure 6.11: Frequency spectrum of the time-shifted signum function. (a) Magnitude spectrum and (b) phase spectrum
of x.

assume that @ # 0. From the expression for X (®), we can write (for @ # 0)

argX (o) = arg{j%e*j“’}
= arge‘jw+argj%
= —(x)+arg]%
= —a)—l—arg(—%)
_{—g—w ®>0

T
7O <0

= —Tsgno— .
In the above simplification, we used the fact that

T
-5 ©0>0

2 _are(— 2y =
arg ;5 = arg( w)—{g & < 0.
Finally, using numerical calculation, we can plot the graphs of |X(w)| and argX (®) to obtain the results shown in
Figures 6.11(a) and (b).

(b) Since |X ()] is largest for @ = 0, x has the most information at the frequency 0. ]

Example 6.31 (Frequency spectra of images). The human visual system is more sensitive to the phase spectrum of
an image than its magnitude spectrum. This can be aptly demonstrated by separately modifying the magnitude and
phase spectra of an image, and observing the effect. Below, we consider two variations on this theme.

Consider the potatohead and hongkong images shown in Figures 6.12(a) and (b), respectively. Replacing the
magnitude spectrum of the potatohead image with the magnitude spectrum of the hongkong image (and leaving the
phase spectrum unmodified), we obtain the new image shown in Figure 6.12(c). Although changing the magnitude
spectrum has led to distortion, the basic essence of the original image has not been lost. On the other hand, replacing
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the phase spectrum of the potatohead image with the phase spectrum of the hongkong image (and leaving the
magnitude spectrum unmodified), we obtain the image shown in Figure 6.12(d). Clearly, by changing the phase
spectrum of the image, the fundamental nature of the image has been altered, with the new image more closely
resembling the hongkong image than the original potatohead image.

A more extreme scenario is considered in Figure 6.13. In this case, we replace each of the magnitude and phase
spectra of the potatohead image with random data, with this data being taken from the image consisting of random
noise shown in Figure 6.13(b). When we completely replace the magnitude spectrum of the potatohead image with
random values, we can still recognize the resulting image in Figure 6.13(c) as a very grainy version of the original
potatohead image. On the other hand, when the phase spectrum of the potatohead image is replaced with random
values, all visible traces of the original potatohead image are lost in the resulting image in Figure 6.13(d). |

6.11 Bandwidth of Functions
A function x with Fourier transform X is said to be bandlimited if, for some nonnegative real constant B,
X(w) =0 for all |@| > B.

We sometimes refer to B as the bandwidth of x. An illustrative example is provided in Figure 6.14.

One can show that a function cannot be both time limited and bandlimited. To help understand why this is so we
recall the time/frequency scaling property of the Fourier transform. From this property, we know that as we compress
a function x (by time scaling), its Fourier transform X will expand (by time scaling). Similarly, as we compress the
Fourier transform X (by time scaling), x will expand (by time scaling). So, clearly, there is an inverse relationship
between the time-extent and bandwidth of a function.

6.12 Energy Spectral Density

Suppose that we have a function x with finite energy E and Fourier transform X. By definition, the energy contained
in x is given by

E— /m ()2 dr.
We can use Parseval’s relation (6.12) to express E in terms of X as
E= ﬁ/_i X ()] do
_ /:o L X(0)Pdo.
Thus, the energy E is given by

E:/ E.(w)do,

where

We refer to E, as the energy spectral density of the function x. The function E, indicates how the energy in x is
distributed with respect to frequency (in units of energy per rad/unit-time). For example, the energy contributed by
frequencies w in the range @0; < @ < @, is simply given by
)
E (w)do.

2]
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Figure 6.12: Importance of phase information in images. The (a) potatohead and (b) hongkong images. (c) The
potatohead image after having its magnitude spectrum replaced with the magnitude spectrum of the hongkong
image. (d) The potatohead image after having its phase spectrum replaced with the phase spectrum of the hongkong
image.
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© ‘ @

Figure 6.13: Importance of phase information in images. The (a) potatohead and (b) random images. (c) The
potatohead image after having its magnitude spectrum replaced with the magnitude spectrum of the random image.
(d) The potatohead image after having its phase spectrum replaced with the phase spectrum of the random image.

X ()|

Figure 6.14: Bandwidth of a function x with the Fourier transform X.
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Example 6.32. Compute the energy spectral density E, of the function x(r) = sinc 5. Determine the amount of
energy contained in the frequency components in the range |@| < %. Also, determine the total amount of energy in
the function.

Solution. First, we compute the Fourier transform X of x. We obtain X (w) = 27 rect ®. Computing the energy spectral
density E,, we have

Ey(0) = 5 [X (o)
=5 2mrectof*
= 2nrect’ @
=27nrect®.

Let E; denote the energy contained in x for frequencies || < %. Then, we have

1/4
E = E (w)do
—1/4
1/4
= 2rrect wdw
~1/4

1/4
/ 2ndw
J—1/4

=T.

Let E denote the total amount of energy in x. Then, we have

E /;Ex(a))da)

/ 2 rect wd ®

1/2
= 2rndw
—1/2

=2r. |

6.13 Power Spectral Density

Suppose that we have a function x with finite power P and Fourier transform X. Define xr as the truncated (or
“windowed”) version of x given by

xr (1) = (rect £) x(1).
Also, let X7 denote the Fourier transform of x7. From this definition of x7, we have that
li 1) =x(t).
Jim xp (1) = x(1)

The average power of the function x7 is given by

N 9
P= lim — ) dr.
Jim - WIXT()I
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Using Parseval’s relation (6.12), we can rewrite this expression for P in terms of X to obtain

P = lim ~ [1 /:, |XT(a))|2da)}

T—eoT |27

. 1 * 2
=1 — Xr(w)|"do)| .
70 [ZnT/wl r(@)] }
Interchanging the order of the limit and integration, we obtain

oo ) 1 2

Thus, we have that
P= / Sy(w)do,

where

1 2
Sy(w) = lim — |Xr(w)|”.
{(0) = lim —— [Xr(0)
We refer to S, as the power spectral density of the function x. This function indicates how the power in x is distributed
with respect to frequency (in units of power per rad/unit-time). We can, therefore, determine the amount of power
contributed by frequencies w in the range 0; < ® < @, as
03
Sy(w)do.

]

6.14 Characterizing LTI Systems Using the Fourier Transform

Consider a LTI system with input x, output y, and impulse response 4. Such a system is depicted in Figure 6.15. The
behavior of such a system is governed by the equation

y(t) = xxh(t). (6.32)

Let X, Y, and H denote the Fourier transforms of x, y, and A, respectively. Taking the Fourier transform of both sides
of (6.32) and using the the time-domain convolution property of the Fourier transform, we obtain

Y(w) =X(0)H (o). (6.33)

This result provides an alternative way of viewing the behavior of a LTI system. That is, we can view the system as
operating in the frequency domain on the Fourier transforms of the input and output functions. In other words, we
have a system resembling that in Figure 6.16. In this case, however, the convolution operation from the time domain
is replaced by multiplication in the frequency domain. The frequency spectrum (i.e., Fourier transform) of the output
is the product of the frequency spectrum (i.e., Fourier transform) of the input and the frequency spectrum (i.e., Fourier
transform) of the impulse response. As a matter of terminology, we refer to H as the frequency response of the
system. The system behavior is completely characterized by the frequency response H. If we know the input, we can
compute its Fourier transform X, and then determine the Fourier transform Y of the output. Using the inverse Fourier
transform, we can then determine the output y.

In the most general case, the frequency response H is a complex-valued function. Thus, we can represent H in
terms of its magnitude and argument. We refer to the magnitude of H as the magnitude response of the system.
Similarly, we refer to the argument of H as the phase response of the system.

From (6.33), we can write

Y ()] = |X(0)H ()]
= |X(w)||H(w)| and (6.34a)
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Figure 6.15: Time-domain view of a LTI system with input x, output y, and impulse response .

X Y

— H | .

Figure 6.16: Frequency-domain view of a LTI system with input spectrum X, output spectrum Y, and frequency
response H.

H()

2w

1
2

=

Figure 6.17: Frequency response of example system.

argY (o) = arg(X(0)H(w))
=argX (w) +argH(). (6.34b)

From (6.34a), we can see that the magnitude spectrum of the output equals the magnitude spectrum of the input times
the magnitude spectrum of the impulse response. From (6.34b), we have that the phase spectrum of the output equals
the phase spectrum of the input plus the phase spectrum of the impulse response.

Since the frequency response H is simply the frequency spectrum of the impulse response h, for the reasons
explained in Section 6.10, if & is real, then

|H(w)| = |H(—w)| forall @ and
argH(w) = —arg H(— ) for all

(i.e., the magnitude and phase responses are even and odd, respectively).
Example 6.33. Consider a LTI system with impulse response
h(t) =sinc §.
This system has the frequency response
H(w)=2rrect®.

In this particular case, H is real. So, we can plot the frequency response H on a single graph, as shown in Figure 6.17.
|

6.15 Interconnection of LTI Systems

From the properties of the Fourier transform and the definition of the frequency response, we can derive a number of
equivalences involving the frequency response and series- and parallel-interconnected systems.
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Figure 6.18: Equivalences involving frequency responses and the series interconnection of LTT systems. The (a) first
and (b) second equivalences.
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Figure 6.19: Equivalence involving frequency responses and the parallel interconnection of LTI systems.

Suppose that we have two LTI systems J{; and J(, with frequency responses H; and H», respectively, that are
connected in a series configuration as shown in the left-hand side of Figure 6.18(a). Let 41 and A, denote the impulse
responses of Hy and H,, respectively. The impulse response 4 of the overall system is given by

h(t) = hy x hy(2).
Taking the Fourier transform of both sides of this equation yields
H(ow)=3{h xh} (o)
=Fh(0)Fh (o)
= H] ((I))HQ(CO)
Thus, we have the equivalence shown in Figure 6.18(a). Also, since multiplication commutes, we also have the
equivalence shown in Figure 6.18(b).
Suppose that we have two LTI systems J{; and I, with frequency responses H; and H, that are connected in a

parallel configuration as shown on the left-hand side of Figure 6.19. Let & and &, denote the impulse responses of
H and I, respectively. The impulse response 4 of the overall system is given by

h(t) = hi(t) + ha(1).
Taking the Fourier transform of both sides of this equation yields
H(w)=3{h +h}(o)
=Fh(w)+ Fhy(w)
=H ((J)) —|—H2((D).

Thus, we have the equivalence shown in Figure 6.19.

6.16 LTI Systems and Differential Equations

Many LTI systems of practical interest can be represented using an Nth-order linear differential equation with constant
coefficients. Suppose that we have such a system with input x and output y. Then, the input-output behavior of the
system is given by an equation of the form

N . M .
Y b () y(0) =Y ac () x(0)
k=0 k=0
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(where M < N). Let X and Y denote the Fourier transforms of x and y, respectively. Taking the Fourier transform of
both sides of the above equation yields

N ; M ;
&r{sz)bk (4) )’(t)} (@) 9{1{2601( (4) x(t)} (o).

Using the linearity property of the Fourier transform, we can rewrite this as
Zbk&"{ (4)*y } Zakir"{ (4)*x )}(w).
Using the time-differentiation property of the Fourier transform, we can re-express this as
Zbk (jo)*Y (o Zak (jo) X (o).
k=0 k=0

Then, factoring we have

N M
®) ¥ bi(jo) = X(0) ¥, ajo)*
k=0 k=0
Rearranging this equation, we obtain

V(o) Somlof _Eaiol
X(0) " T ohljof T bufok

Thus, the frequency response H is given by

M -k -k
Yi—oarj @

N PR
Y=o by j* ok

Observe that, for a system of the form considered above, the frequency response is a rational function—hence, our
interest in rational functions.

H(w) =

Example 6.34 (Differential equation to frequency response). A LTI system with input x and output y is characterized
by the differential equation

Ty (¢) 4+ 11y (¢) + 13y(¢) = 5x(¢) + 3x(1),

where x’, ¥/, and y” denote the first derivative of x, the first derivative of y, and the second derivative of y, respectively.
Find the frequency response H of this system.

Solution. Taking the Fourier transform of the given differential equation, we obtain
7(jo)*Y (@) +11joY (o) + 13Y (o) = 5joX (0) +3X (o).
Rearranging the terms and factoring, we have
(—70% + 11 jo+13)Y(0) = (5jo+3)X(0).
Thus, H is given by

Y(©) Sjo+3
X(w) —T702+11jo+13"

Copyright (©) 2012-2020 Michael D. Adams Edition 2.0



6.17. FILTERING 179

Example 6.35 (Frequency response to differential equation). A LTI system with input x and output y has the frequency
response

_ —T70*+11jo+3

H(w) 50212

Find the differential equation that characterizes this system.
Solution. From the given frequency response H, we have

Y(0) —To*+11jo+3
X(w) — —S502+2

Multiplying both sides by (—5®? +2)X (), we have
—50%Y (0) +2Y(0) = —T0*X (0) + 11 joX (0) + 3X (o).
Applying some simple algebraic manipulation yields
5(j0)%Y (0)+2Y (0) =7(jo)’X(0)+11(jo)X (o) +3X (o).
Taking the inverse Fourier transform of the preceding equation, we obtain

5y () +2y(r) = 72" () + 11x (¢) + 3x(z). n

6.17 Filtering

In some applications, we want to change the relative amplitude of the frequency components of a function or possibly
eliminate some frequency components altogether. This process of modifying the frequency components of a function
is referred to as filtering. Various types of filters exist. One type is frequency-selective filters. Frequency selective
filters pass some frequencies with little or no distortion, while significantly attenuating other frequencies. Several
basic types of frequency-selective filters include: lowpass, highpass, and bandpass.

An ideal lowpass filter eliminates all frequency components with a frequency whose magnitude is greater than
some cutoff frequency, while leaving the remaining frequency components unaffected. Such a filter has a frequency

response of the form
1 o<
H(w)= { o] < o

0 otherwise,

where @, is the cutoff frequency. A plot of this frequency response is given in Figure 6.20(a).
An ideal highpass filter eliminates all frequency components with a frequency whose magnitude is less than
some cutoff frequency, while leaving the remaining frequency components unaffected. Such a filter has a frequency

response of the form
1 o> o
H(w)= { o>

0 otherwise,

where . is the cutoff frequency. A plot of this frequency response is given in Figure 6.20(b).
An ideal bandpass filter eliminates all frequency components with a frequency whose magnitude does not lie
between two cutoff frequencies, while leaving the remaining frequency components unaffected. Such a filter has a

frequency response of the form
1 g <|ol <o
H((I))_—{ 1< |0 < o

0 otherwise,

where .1 and w,, are the cutoff frequencies. A plot of this frequency response is given in Figure 6.20(c).
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H(w)
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(c)

Figure 6.20: Frequency responses of (a) ideal lowpass, (b) ideal highpass, and (c) ideal bandpass filters.
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Example 6.36 (Ideal filters). For each LTI system whose impulse response 4 is given below, find and plot the fre-
quency response H of the system, and identify the type of frequency-selective filter to which the system corresponds.
(a) h(t) = % sinc ., where @, is a positive real constant;

(b) h(t) = 6(t) — % sinc @, where @, is a positive real constant; and

(©) h(t) = 2%(sinc wpt) cos W,t, where @, and @, are positive real constants.

Solution. In what follows, let us denote the input and output of the system as x and y, respectively. Also, let X and Y
denote the Fourier transforms of x and y, respectively.

(a) The frequency response H of the system is simply the Fourier transform of the impulse response 4. Thus, we
have

H(w) = F{%sinc .t} (o)
= 2 F{sinc 0.1 }(®)

=% (wl[ rect ﬁ)

=rect 55

1 o[ Lo

10 otherwise.
The frequency response H is plotted in Figure 6.21(a). Since Y (®) = H(®)X(w) and H(®) = 0 for |®| > o, ¥ will
contain only those frequency components in X that lie in the frequency range |®| < @,. In other words, only the lower
frequency components from X are kept. Thus, the system represents a lowpass filter.

(b) The frequency response H of the system is simply the Fourier transform of the impulse response 4. Thus, we
have

H(o) = F{8(1) — & sinc .t} (o)
= JF6(w) — % TF{sinc .t} (o)

=1-% (wlrrectz—‘(‘o’r)

=1—rect55-

1 o[> o

10 otherwise.
The frequency response H is plotted in Figure 6.21(b). Since Y (®) = H(w)X (w) and H(®) = 0 for || < ®,, Y will
contain only those frequency components in X that lie in the frequency range |®| > ®,. In other words, only the
higher frequency components from X are kept. Thus, the system represents a highpass filter.

(c) The frequency response H of the system is simply the Fourier transform of the impulse response 4. Thus, we
have

H(w) = 3"{2% [sinc 1] cos w,t } (@)

= 2F{[sinc wpt|(2cos w,t) } (o)

= %5 {[sinc wpt][e + eI} ()
= 2 [F{e/ sinc wyt } (@) + F{e /™" sinc wpt } ()]
@p

— %% |
= [wbrect

0—,
2(1)[,

w+wu}

T
+ o rect 20,

_ 0—0, O+,
=rect 2o, +rect Za,

1 ou—wp <L o] < 0, + oy
0 otherwise.
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H(o)
1
w
— @, (8
(a)
H(o)
1
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(b)
H(o)
1
— 0, — Wy —ICl)a — @, + Wy Wy — Wy Ctl)a , + Wy
(©)

Figure 6.21: Frequency responses of each of the (a) first, (b) second, and (c) third systems from the example.

The frequency response H is plotted in Figure 6.21(c). Since Y (0) = H(®)X (®) and H(®w) = 0 for || < w0, — o,
or || > w, + @y, Y will contain only those frequency components in X that lie in the frequency range @, — @, <
|o| < @, + @p. In other words, only the middle frequency components of X are kept. Thus, the system represents a
bandpass filter. ]

Example 6.37 (Lowpass filtering). Consider a LTI system with impulse response
h(t) = 300sinc 3007z.
Using frequency-domain methods, find the response y of the system to the input

x(t) = 1 + 3 c0s 2007t + 1 cos 4007t — £ cos 6007z
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Solution. To begin, we find the Fourier transform X of x. Computing X, we have

X(@) =F{}+ 3 cos2007t + § cos 4007t — § cos 6007t } (@)
= 1F{1}(®) + 3F{cos 2007t } (®) + 1 F{cos 4007t} (w) — 1 F{cos 6007t} (w)
= 11218 ()] + 32 [8(® +2007) + & (@ — 2007)] + 2[5 (@ +4007) + & (w — 4007)]
— 716(@+6007) 4 6 (@ — 6007)]
=—Z§(w+600m) + Z8(w+4007) + Z (@ +2007) + w8 () + 3 (w —2007)
+28(w—400m) — 28(w — 6007).

A plot of the frequency spectrum X is shown in Figure 6.22(a). Using the results of Example 6.36, we can determine
the frequency response H of the system to be

H(w) = F{300sinc 3007}

= rect 2(3(?07:)
1 o] <3007
10 otherwise.

The frequency response H is shown in Figure 6.22(b). The frequency spectrum Y of the output can be computed as
Y(0) = H(0)X(o)
=2 §(w+2007) + 18 (®) + 225 (w —2007).
The frequency spectrum Y is shown in Figure 6.22(c). Taking the inverse Fourier transform of Y yields
y(t) =5 {325(w+2007) + 28 (@) + £ 5(w —2007) }
=715 {§(w)}+ 35 {n[5(w+2007) + 5(w —2007)]}
= 1(5%) + 2 cos 2007t
= % + % cos2007t. ]

Example 6.38 (Bandpass filtering). Consider a LTI system with the impulse response

h(t) = (2 sinct) cos4t.

Using frequency-domain methods, find the response y of the system to the input
x(t) = —2+42co0s2¢t + cos4t — cos6t.
Solution. Taking the Fourier transform of x, we have
X(w)=-27n8(w)+2(n[é(w—-2)+6(w+2)])+r[0(w—4)+5(w+4)] —7m[6(0—6)+ (w+6)]
=-—n0(0+6)+nd(0+4)+2n8(0+2)—2n8(®)+2n5(0—2)+nd(0—4)— w50 —6).

The frequency spectrum X is shown in Figure 6.23(a). Now, we compute the frequency response H of the system.
Using the results of Example 6.36, we can determine H to be

H(o) = F{(Zsinct)cos4t}
= rect “’T_A' +rect “’T“

1 3<]0l<5
10 otherwise.
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Figure 6.22: Frequency spectra for the lowpass filtering example. (a) Frequency spectrum of the input x. (b) Frequency
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Figure 6.23: Frequency spectra for bandpass filtering example. (a) Frequency spectrum of the input x. (b) Frequency
response of the system. (c) Frequency spectrum of the output y.

The frequency response H is shown in Figure 6.23(b). The frequency spectrum Y of the output is given by

Y(0) = H(0)X(o)
=n6(w+4)+nd(w—4).

Taking the inverse Fourier transform, we obtain

) =F Hrnd(w+4)+n8(w—4)} (1)
=F  n[d(w+4)+5(@—4)]} (1)
= cos4t. ||

6.18 Equalization

Often, we find ourselves faced with a situation where we have a system with a particular frequency response that is
undesirable for the application at hand. As a result, we would like to change the frequency response of the system
to be something more desirable. This process of modifying the frequency response in this way is referred to as
equalization. Essentially, equalization is just a filtering operation, where the filtering is applied with the specific goal
of obtaining a more desirable frequency response.

Let us now examine the mathematics behind equalization. Consider the LTI system with impulse response forig
as shown in Figure 6.24(a). Let Hyg denote the Fourier transform of hqrig. Suppose that the frequency response
Horig is undesirable for some reason (i.e., the system does not behave in a way that is good for the application at
hand). Consequently, we would instead like to have a system with frequency response Hy. In effect, we would like
to somehow change the frequency response Hig of the original system to Hy. This can be accomplished by using
another system called an equalizer. More specifically, consider the new system shown in Figure 6.24(b), which
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Input Output X y

e ——| heq >

horig horig

() (b)

Figure 6.24: Equalization example. (a) Original system. (b) New system with equalization.

X y

—] g > h e

Figure 6.25: System from example that employs equalization.

consists of a LTI equalizer with impulse response /., connected in series with the original system having impulse
response Aorig. Let Heq denote the Fourier transform of /eq. From the block diagram, we have

Y(0) =H(0)X (),

where H(®) = Horig(®)Heq(m). In effect, we want to force H to be equal to Hy so that the overall (i.e., series-
interconnected) system has the frequency response desired. So, we choose the equalizer to be such that

Hy(o)

Heq(®) = Horg(®)

Then, we have
H(®) = Horig () Heq(®)

_ Hq()
= tel®) 7 1]
=Hy ((1))

Thus, the system in Figure 6.24(b) has the frequency response Hy as desired.

Equalization is used in many applications. In real-world communication systems, equalization is used to eliminate
or minimize the distortion introduced when a signal is sent over a (nonideal) communication channel. In audio
applications, equalization can be employed to emphasize or de-emphasize certain ranges of frequencies. For example,
often we like to boost the bass (i.e., emphasize the low frequencies) in the audio output of a stereo.

Example 6.39 (Communication channel equalization). Consider a LTI communication channel with frequency re-
sponse

_ 1
Unfortunately, this channel has the undesirable effect of attenuating higher frequencies. Find the frequency response
G of an equalizer that when connected in series with the communication channel yields an ideal (i.e., distortion-
less) channel. The new system with equalization is shown in Figure 6.25, where g and h denote the inverse Fourier
transforms of G and H, respectively.

Solution. An ideal communication channel has a frequency response equal to one for all frequencies. Consequently,
we want H(®)G(w) = 1 or equivalently G(®) = 1/H (). Thus, we conclude that
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Figure 6.26: Basic electrical components. (a) Resistor, (b) inductor, and (c) capacitor.

6.19 Circuit Analysis

One application of the Fourier transform is circuit analysis. In this section, we consider this particular application.
The basic building blocks of many electrical networks are resistors, inductors, and capacitors. In what follows, we
briefly introduce each of these circuit elements.
A resistor is a circuit element that opposes the flow of electric current. The resistor, shown in schematic form in
Figure 6.26(a), is governed by the relationship

v(t) =Ri(t) (or equivalently, i(t) = £v(t)),

where R, v and i denote the resistance of, voltage across, and current through the resistor, respectively. Note that the
resistance R is a nonnegative quantity (i.e., R > 0). In the frequency domain, the above relationship becomes

V(®) =RI(w) (orequivalently, I(®) = £V ()),

where V and I denote the Fourier transforms of v and i, respectively.
An inductor is a circuit element that converts an electric current into a magnetic field and vice versa. The inductor,
shown in schematic form in Figure 6.26(b), is governed by the relationship

ot
v(t) = L&i(t) (or equivalently, i(z) = %/ v(r)dr) ,

where L, v, and i denote the inductance of, voltage across, and current through the inductor, respectively. Note that
the inductance L is a nonnegative quantity (i.e., L > 0). In the frequency domain, the above relationship becomes

V(o) = joLl(o) (or equivalently, /(@) = LV((D)) ,

where V and I denote the Fourier transforms of v and i, respectively.
A capacitor is a circuit element that stores electric charge. The capacitor, shown in schematic form in Fig-
ure 6.26(c), is governed by the relationship

t
v(r) = & [ i(t)dt (o equivalently, i(r) = CLy(r)) |

where C, v, and i denote the capacitance of, voltage across, and current through the capacitor, respectively. Note that
the capacitance C is a nonnegative quantity (i.e., C > 0). In the frequency domain, the above relationship becomes

V(w)= ja%cl(a)) (or equivalently, I(®) = joCV(®)),

where V and I denote the Fourier transforms of v and i, respectively.

Observe that, in the case of inductors and capacitors, the equations that characterize these circuit elements are
arguably much simpler to express in the Fourier domain than in the time domain. Consequently, the use of the Fourier
transform has the potential to greatly simplify the process of analyzing circuits containing inductors and capacitors.

Example 6.40 (Simple RL network). Consider the resistor-inductor (RL) network shown in Figure 6.27 with input
v1 and output v,. This system is LTI, since it can be characterized by a linear differential equation with constant
coefficients. (a) Find the frequency response H of the system. (b) Find the response v, of the system to the input
vi(t) = sgnt.
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T T
T T

Figure 6.27: Simple RL network.

Solution. (a) From basic circuit analysis, we can write

(Recall that the voltage v across an inductor L is related to the current i through the inductor as v(r) = L

the Fourier transform of (6.35) and (6.36) yields
Vi(w) = RI(®)+ joLI(®)
=(R+joL)I(®w) and
Va(w) = joLl(w).

From (6.37) and (6.38), we have

JoLI(w)
(R+ joL)I(w)
_ JjoL
~ R+joL’

Thus, we have found the frequency response of the system.

(6.35)
(6.36)

%i(t).) Taking

(6.37)

(6.38)

(6.39)

(b) Now, suppose that v;(z) = sgnz (as given). Taking the Fourier transform of the input v; (with the aid of

Table 6.2), we have

From the definition of the system, we know

Substituting (6.40) and (6.39) into (6.41), we obtain

o= () (7a)
2L

" Rt joL
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Taking the inverse Fourier transform of both sides of this equation, we obtain

Using Table 6.2, we can simplify to obtain
va(t) = 2¢~ Ry (r).

Thus, we have found the response v; to the input v; (¢) = sgnt. |

6.20 Amplitude Modulation

In communication systems, we often need to transmit a signal using a frequency range that is different from that of the
original signal. For example, voice/audio signals typically have information in the range of 0 to 22 kHz. Often, it is not
practical to transmit such a signal using its original frequency range. Two potential problems with such an approach
are: 1) interference and 2) constraints on antenna length. Since many signals are broadcast over the airwaves, we
need to ensure that no two transmitters use the same frequency bands in order to avoid interference. Also, in the case
of transmission via electromagnetic waves (e.g., radio waves), the length of antenna required becomes impractically
large for the transmission of relatively low frequency signals. For the preceding reasons, we often need to change the
frequency range associated with a signal before transmission. In what follows, we consider one possible scheme for
accomplishing this. This scheme is known as amplitude modulation.

Amplitude modulation (AM) is used in many communication systems. Numerous variations on amplitude modu-
lation are possible. Here, we consider two of the simplest variations: double-side-band/suppressed-carrier (DSB/SC)
and single-side-band/suppressed-carrier (SSB/SC).

6.20.1 Modulation With a Complex Sinusoid

Consider the communication system shown in Figure 6.28. First, let us consider the transmitter in Figure 6.28(a). The
transmitter is the system with the input x and output y that is characterized by the equation

y(t) = c1(t)x(t), (6.42)
where
ci(t) = /%!,

Let X, Y, and C; denote the Fourier transforms of x, y, and c, respectively. Taking the Fourier transform of both sides
of (6.42), we obtain

Y (@) = F{erx} (o)

=TF{e/x(1)} (»)
=X(w— ). (6.43)

Thus, the frequency spectrum of the (transmitter) output is simply the frequency spectrum of the (transmitter) input
shifted by w.. The relationship between the frequency spectra of the input and output is illustrated in Figure 6.29.
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Figure 6.29: Frequency spectra for modulation with a complex sinusoid. (a) Spectrum of the transmitter input.
(b) Spectrum of the complex sinusoid used in the transmitter. (c) Spectrum of the complex sinusoid used in the
receiver. (d) Spectrum of the transmitted signal. (e) Spectrum of the receiver output.
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Clearly, the spectrum of the output has been shifted to a different frequency range as desired. Next, we need to
determine whether the receiver can recover the original signal x from the transmitted signal y.

Consider the receiver shown in Figure 6.28(b). The receiver is a system with the input y and output X that is
characterized by the equation

£(t) = ca(t)y(1), (6.44)
where
co(t) = e O,

In order for the communication system to be useful, we need for the received signal X to be equal to the original signal
x from the transmitter. Let Y, X, and C, denote the Fourier transform of y, X, and ¢, respectively. Taking the Fourier
transform of both sides of (6.44), we obtain

X(0) = F{eoy}H (o)

= F{ey(1)} ()

Substituting the expression for Y in (6.43) into this equation, we obtain

X(0) =X([0+ 0] - o)
=X().

Since X = X, we have that the received signal £ is equal to the original signal x from the transmitter. Thus, the
communication system has the desired behavior. The relationship between the frequency spectra of the various signals
in the AM system is illustrated in Figure 6.29.

Although the above result is quite interesting mathematically, it does not have direct practical application. The
difficulty here is that ¢y, ¢3, and y are complex signals, and we cannot realize complex signals in the physical world.
This communication system is not completely without value, however, as it inspires the development of the practically
useful system that we consider next.

6.20.2 DSB/SC Amplitude Modulation

Now, let us consider the communication system shown in Figure 6.30. This system is known as a double-side-
band/suppressed-carrier (DSB/SC) amplitude modulation (AM) system. The receiver in Figure 6.30(b) contains a LTI
subsystem that is labelled with its impulse response 4. The DSB/SC AM system is very similar to the one considered
earlier in Figure 6.28. In the new system, however, multiplication by a complex sinusoid has been replaced by
multiplication by a real sinusoid. The new system also requires that the input signal x be bandlimited to frequencies
in the interval [— @y, @] and that

Wy < 00 <20, — Wp. (6.45)
The reasons for this restriction will become clear after having studied this system in more detail.

Consider the transmitter shown in Figure 6.30(a). The transmitter is a system with input x and output y that is
characterized by the equation

where

¢(t) = cos @t.
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Taking the Fourier transform of both sides of the preceding equation, we obtain

Y(0) = F{ex} (o)
= F{(cos w.1)x(t) }{ )
=T {3/ + e x(n) } ()
=5 [F{/™x() @) + T{e/*'x(1) } ()]
X(0— ) +X(0+ o). (6.46)

N— NI

(Note that, above, we used the fact that cos @z = %(ej Oct | o= Ot ).) Thus, the frequency spectrum of the (transmitter)
output is the average of two shifted versions of the frequency spectrum of the (transmitter) input. The relationship
between the frequency spectra of the input and output can be seen through Figures 6.31(a) and (d). Observe that we
have managed to shift the frequency spectrum of the input signal into a different range of frequencies for transmission
as desired. Next, we must determine whether the receiver can recover the original signal x.

Consider the receiver shown in Figure 6.30(b). The receiver is a system with input y and output £ that is charac-
terized by the equations

v(t) =c(t)y(t) and (6.47a)
() =vxh(t), (6.47b)

where c is as defined earlier and
h(t) = ZCOTCO sinc @qof. (6.47¢)

Let H, Y, V, and X denote the Fourier transforms of &, v, v and %, respectively. Taking the Fourier transform of X
(in (6.47b)), we have

X(0) =H(0)V (o). (6.48)
Taking the Fourier transform of £ (in (6.47c)) with the assistance of Table 6.2, we have

H(o) = ff{%ﬂsmcmcot} ()

_ [0)

= 2rect m

)2 o[ < o0
0 otherwise.

Taking the Fourier transform of v (in (6.47a)) yields

V(o) =FHey}Ho)
= F{(cos axt)y(t) } (@)
= 9{% (ejw"" —|—efjw"') y(1)} (@)

7[5 X ([0 — 0] — o) +X ([0 — o] + )] + 5 X ([0 + o — o) + X ([0 + o] + @)]]
= 1X(0)+iX(0-20.) + 1X(0+20.). (6.49)
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c(t) = cos ot c(t) =cosat  h(t) = 222 sinc weot
X Yy y v x
> @ > > @ » /’l —

(a) (b)

Figure 6.30: DSB/SC amplitude modulation system. (a) Transmitter and (b) receiver.

The relationship between V and X can be seen via Figures 6.31(a) and (e). Substituting the above expression for V
into (6.47b) and simplifying, we obtain

=1H(0)X(0)+ tH(0)X (0 —20.) + 1H(0)X (0 +20.)
= 5 [2X(@)] + 3(0) + 7 (0)

I
Jal
&

In the above simplification, since H(®) = 2rect ﬁ and condition (6.45) holds, we were able to deduce that H(®)X (@) =

2X (@), H(0)X (® —20.) = 0, and H(®)X (® +20,.) = 0. The relationship between X and X can be seen from Fig-
ures 6.31(a) and (f). Thus, we have that X = X, implying £ = x. So, we have recovered the original signal x at the
receiver. This system has managed to shift x into a different frequency range before transmission and then recover x
at the receiver. This is exactly what we wanted to accomplish.

6.20.3 SSB/SC Amplitude Modulation

By making a minor modification to the DSB/SC AM system, we can reduce the bandwidth requirements of the
system by half. The resulting system is referred to as a single-side-band/suppressed-carrier (SSB/SC) AM system.
This modified system is illustrated in Figure 6.32. The transmitter in Figure 6.32(a) contains a LTI subsystem that is
labelled with its impulse response g. Similarly, the receiver in Figure 6.32(b) contains a LTI subsystem that is labelled
with its impulse response 4. Let X, Y, Q, V, X, C, G, and H denote the Fourier transforms of x, ¥, q, Vv, X, ¢, g and h,
respectively.
The transmitter is a system with input x and output y that is characterized by the equations
q(t) =c(t)x(t) and
y(1) = qxg(t),

where

c(t) =cos@.t and
g(t) = 8(1) — % sinc 1.

Taking the Fourier transform of g, we obtain

Glw) = 1 |o> o
o otherwise, and

The receiver is a system with input y and output £ that is characterized by the equations

v(t) =c(t)y(t) and
() =vxh(t)
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X(w)
1 C(w) H(w)
T T 2
L J o — W0 (o) o
b, o o (b) ©
(a)

|
—Z‘wg — 0 . [0 —‘w( -0 '+ [2) —&)b [ (o8 - wy cbc ¢ ‘L [2) Z(bc

o

f 1
20, —w, “*% 20+,

®

Figure 6.31: Signal spectra for DSB/SC amplitude modulation. (a) Spectrum of the transmitter input. (b) Spectrum
of the sinusoidal function used in the transmitter and receiver. (c) Frequency response of the filter in the receiver.
(d) Spectrum of the transmitted signal. (e) Spectrum of the multiplier output in the receiver. (f) Spectrum of the
receiver output.
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c(r) =cosat g(t)=0(t) — % sincw,t c(t)=cosw.t ht)= 4‘7‘;‘0 sinc .ot
x q y y v X
g > > {(x) > h ——

(@) (b)

Figure 6.32: SSB/SC amplitude modulation system. (a) Transmitter and (b) receiver.

where c is as defined earlier and

h(r) = %0 sinc @t

Taking the Fourier transform of /, we obtain

4 ol <o
H(o)= (4 101= a0
0 otherwise.
Figure 6.33 depicts the transformations that the signal undergoes as it passes through the system. Again, the output
from the receiver is equal to the input to the transmitter. A detailed analysis of this communication system is left as
an exercise for the reader.

6.21 Sampling and Interpolation

Often, we encounter situations in which we would like to process a continuous-time signal in the discrete-time domain
or vice versa. For example, we might have a continuous-time audio signal that we would like to process using a digital
computer (which is a discrete-time system), or we might have a discrete-time audio signal that we wish to play on a
loudspeaker (which is a continuous-time system). Clearly, some means is needed to link the continuous- and discrete-
time domains. This connection is established through processes known as sampling and interpolation. In what follows,
we will formally introduce these processes and study them in some detail.

Sampling allows us to create sequence (i.e., a discrete-time signal) from a function (i.e., a continuous-time signal).
Although sampling can be performed in many different ways, the most commonly used scheme is periodic sampling.
With this scheme, a sequence y of samples is obtained from a function x as given by

y(n) =x(Tn) for all integer n, (6.50)
where T is a positive real constant. As a matter of terminology, T is referred to as the sampling period, and w; = 27”

is referred to as the (angular) sampling frequency. A system such as that described by (6.50) is known as an ideal
continuous-to-discrete-time (C/D) converter, and is shown diagrammatically in Figure 6.34. An example of periodic
sampling is shown in Figure 6.35. Figure 6.35(a) shows a function x to be sampled, and Figure 6.35(b) shows the
sequence y obtained by sampling x with the sampling period T = 10.

Interpolation allows us to construct a function (i.e., a continuous-time signal) from a sequence (i.e., a discrete-time
signal). In effect, for a given sequence, this process constructs a function that would produce the given sequence when
sampled, typically with some additional constraints imposed. More formally, for a given sequence y associated with
a sampling period T, interpolation produces a function X as given by

£=Hy,
subject to the constraint that

X(Tn) =y(n) for all integer n,
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X ()
1 C(w) G(w) H(w)
4
®
—Oc0 D)
5 a (d)
(a)
} t t t t t ()
2w, 0=y —0O —0O+, — o wy W — O W W + @ 20c
(e)
Y (o)
1
,,,,,,,,,,,,,,,,,,,,,,,,,,,, 2
} ¥ ! t t t t ! Y t (0]
-2 —Wc— @, —0 —O -+, — @y [ @ — @ ¢ + @y 20
/I 1 1 | ‘ )
2w —w, 2% 20+, 20 —w, 2% 20+,
1
| | | |
(0]
o T b o o 20,
(h)

Figure 6.33: Signal spectra for SSB/SC amplitude modulation. (a) Spectrum of the transmitter input. (b) Spectrum of
the sinusoid used in the transmitter and receiver. (c) Frequency response of the filter in the transmitter. (d) Frequency
response of the filter in the receiver. (e) Spectrum of the multiplier output in the transmitter. (f) Spectrum of the
transmitted signal. (g) Spectrum of the multiplier output in the receiver. (h) Spectrum of the receiver output.
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X C/D y
——— (with sampling —>——
period T')

Figure 6.34: Ideal C/D converter with input function x and output sequence y.

4+ 4+
37 3 ‘.
24 24
1+ 1+ ‘
— t 11 1 | n
0 10 20 30 40 50 60 70 o 1 2 3 4 5 6 1
(a) (b)

Figure 6.35: Example of periodic sampling. (a) The function x to be sampled and (b) the sequence y produced by
sampling x with a sampling period of 10.

y D/C £
—— (with sampling —>——
period T')

Figure 6.36: Ideal D/C converter with input sequence y and output function x.

where J{ is an operator that maps a sequence to a function. The precise form of J{ depends on the particular inter-
polation scheme employed. Although there are many different ways in which to perform interpolation, we will focus
our attention in subsequent sections on one particular scheme known as bandlimited interpolation. The interpola-
tion process is performed by a system known as an ideal discrete-to-continuous-time (D/C) converter, as shown in
Figure 6.36.

In the absence of any constraints on the sampling process, a function cannot be uniquely determined from a
sequence of its equally-spaced samples. In other words, the sampling process is not generally invertible. Consider,
for example, the functions x| and x, given by

x1(t)=0 and x(r) =sin(27r).
If we sample each of these functions with the sampling period 7' = 1, we obtain the respective sequences
yi(n)=x1(Tn)=x1(n) =0 and yy(n) =x2(Tn)=sin(27n) =0.

Thus, y; = y; in spite of the fact that x; # x,. This example trivially shows that if no constraints are placed upon a
function, then the function cannot be uniquely determined from its samples.

Fortunately, under certain circumstances, a function can be recovered exactly from its samples. In particular, in
the case that the function being sampled is bandlimited, we can show that a sequence of its equally-spaced samples
uniquely determines the function if the sampling period is sufficiently small. This result, known as the sampling
theorem, is of paramount importance.

6.21.1 Sampling

In order to gain some insight into sampling, we need a way in which to mathematically model this process. To this
end, we employ the simple model for the ideal C/D converter shown in Figure 6.37. In short, we may view the process
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ideal C/D converter

)= ¥ 8(t—KkT)

convert from : y
impulse train —>——>—
to sequence :

Figure 6.37: Model of ideal C/D converter with input function x and output sequence y.

of sampling as impulse train modulation followed by conversion of an impulse train to a sequence of sample values.
More specifically, to sample a function x with sampling period 7', we first multiply x by the periodic impulse train p
to obtain

s(t) = x(1)p(), (6.51)

where

Then, we take the weights of successive impulses in s to form a sequence y of samples. The sampling frequency is
given by @; = 27” As a matter of terminology, p is referred to as a sampling function. From the diagram, we can see
that the signals s and y, although very closely related, have some key differences. The impulse train s is a function
(i.e., continuous-time signal) that is zero everywhere except at integer multiples of 7 (i.e., at sample points), while y
is a sequence (i.e., discrete-time signal), defined only on the integers with its values corresponding to the weights of
successive impulses in s. The various signals involved in sampling are illustrated in Figure 6.38.

In passing, we note that the above model of sampling is only a mathematical convenience. That is, the model
provides us with a relatively simple way in which to study the mathematical behavior of sampling. The above model,
however, is not directly useful as a means for actually realizing sampling in a real-world system. Obviously, the im-
pulse train employed in the above model poses some insurmountable problems as far as implementation is concerned.

Now, let us consider the above model of sampling in more detail. In particular, we would like to find the rela-
tionship between the frequency spectra of the original function x and its impulse-train sampled version s. In what
follows, let X, Y, P, and S denote the Fourier transforms of x, y, p, and s, respectively. Since p is T-periodic, it can be
represented in terms of a Fourier series as

pt) =Y cre/®. (6.52)
Using the Fourier series analysis equation, we calculate the coefficients ¢y to be

=+ e (t)e %! gy
k— T 7T/2p

=1 /m 8(t)e ke dy
T )rp

@ (6.53)

s(t) = x(1) %eﬂ“"f’
f——
= % Z x(t)ejkw”
oo
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x(t)
p(t)
4__
3+ 1 1 1 1
2_
1“ T T T T t
0 T 2T 3T
: : | t (b)
0 T 2T 3T
(a)
s(1) y(n)
x(T) x(T)
44 [ 4+
31 aen T 3t o) A7)
23 +(0) e 21" +0)
11 11+
T T t T T n
0 T 2T 3T 0 1 2 3
(©) (d

Figure 6.38: An example of the various signals involved in the sampling process for a sampling period of 7. (a) The
function x to be sampled. (b) The sampling function p. (c) The impulse-modulated function s. (d) The sequence y
produced by sampling.
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Taking the Fourier transform of s yields
S(w)=2Y X(o—koy). (6.54)

Thus, the spectrum of the impulse-train sampled function s is a scaled sum of an infinite number of shifted copies of
the spectrum of the original function x.

Now, we consider a simple example to further illustrate the behavior of the sampling process in the frequency
domain. Suppose that we have a function x with the Fourier transform X where |X(w)| = 0 for |o| > @, (i.e., x is
bandlimited). To simplify the visualization process, we will assume X has the particular form shown in Figure 6.39(a).
In what follows, however, we only actually rely on the bandlimited nature of x and not its specific definition. So, the
results that we derive in what follows generally apply to any bandlimited function. From (6.54), we know that § is
formed by the superposition of an infinite number of shifted copies of X. Upon more careful consideration, we can
see that two distinct situations can arise. That is, the nonzero portions of the shifted copies of X used to form S can
either: 1) overlap or, 2) not overlap. These two cases are illustrated in Figures 6.39(b) and 6.39(c), respectively. From
these graphs, we can see that the nonzero portions of the shifted copies of X will not overlap if

O, <0;—o, and —, > —0;+ 0,
or equivalently

5 > 20y,.

Consider the case in which the copies of the original spectrum X in S do not overlap, as depicted in Figure 6.39(b).
In this situation, the spectrum X of the original function is clearly discernible in the spectrum S. In fact, one can see
that the original spectrum X can be obtained directly from S through a lowpass filtering operation. Thus, the original
function x can be exactly recovered from s.

Now, consider the case in which copies of the original spectrum X in S do overlap. In this situation, multiple
frequencies in the spectrum X of the original function are mapped to the same frequency in S. This phenomenon
is referred to as aliasing. Clearly, aliasing leads to individual periods of S having a different shape than the original
spectrum X. When aliasing occurs, the shape of the original spectrum X is no longer discernible from S. Consequently,
we are unable to recover the original function x from s in this case.

6.21.2 Interpolation and Reconstruction of a Function From Its Samples

Interpolation allows us to construct a function (i.e., continuous-time signal) from a sequence (i.e., discrete-time sig-
nal). This process is essentially responsible for determining the value of a function between sample points. Except
in very special circumstances, it is not generally possible to exactly reproduce a function from its samples. Although
many interpolation schemes exist, we shall focus our attention shortly on one particular scheme. The interpolation
process can be modeled with the simple ideal D/C converter system, shown in Figure 6.40.

Recall the ideal C/D converter of Figure 6.37. Since the process of converting an impulse train to a sequence is
invertible, we can reconstruct the original function x from a sequence y of its samples if we can somehow recover x
from s. Let us suppose now that x is bandlimited. As we saw in the previous section, we can recover x from s provided
that x is bandlimited and sampled at a sufficiently high rate so as to avoid aliasing. In the case that aliasing does not
occur, we can reconstruct the original function x from y using the ideal D/C converter shown in Figure 6.40. In what
follows, we will derive a formula for computing the original function £ from its samples y. Consider the model of the
D/C converter. We have a lowpass filter with impulse response

— (7 A—— Wyt
h(t) = sinc %+ = sinc %~
and frequency response

@y

@s 0 otherwise.

H(®) =Trect 12 = 2Z rect o = {
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Figure 6.39: Effect of impulse-train sampling on the frequency spectrum. (a) Spectrum of the function x being
sampled. (b) Spectrum of s in the absence of aliasing. (c) Spectrum of s in the presence of aliasing.

ideal D/C converter

y oo convert from s N
: impulse train .

Figure 6.40: Model of ideal D/C converter with input sequence y and output function X.
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First, we convert the sequence y to the impulse train s to obtain
s(r) = Z y(n)é(t —Tn).
NnN=—oo
Then, we filter the resulting function s with the lowpass filter having impulse response #, yielding

() =s*h(t)
:/m S(O)h(i —7)d7

:/ h(t—1 Zy 8(t—Tn)dt

n—=—oo
= 3 y(n ht—T (t—Tn)dr
)dt
Nn—=—oco
= Z y(n)h(t — Tn)
= Z y(n)sinc [% (1 —Tn)].
Nn—=—oo

If x is bandlimited and aliasing is avoided, £ = x and we have a formula for exactly reproducing x from its samples y.

6.21.3 Sampling Theorem

In the preceding sections, we have established the important result given by the theorem below.

Theorem 6.19 (Sampling Theorem). Let x be a function with the Fourier transform X, and let y be the sequence
resulting from the periodic sampling of x with the sampling period T (i.e., y(n) = x(Tn)). Suppose that |X ()| =0
Sor all || > wy (i.e., x is bandlimited to the interval [— @y, wy]). Then, x is uniquely determined by y if

s > 2wy, (6.55)

where @y = 27” In particular, if (6.55) is satisfied, we have that

Z y(n)sinc [%(t —Tn)],

n=—o0

or equivalently (i.e., rewritten in terms of @s instead of T ),

oo

x(1)="Y y(n)sinc (%t —7n).

n=-—oo

As a matter of terminology, we refer to (6.55) as the Nyquist condition (or Nyquist criterion). Also, we call
% the Nyquist frequency and 2wy, the Nyquist rate. It is important to note that the Nyquist condition is a strict
inequality. Therefore, to ensure aliasing does not occur in the most general case, one must choose the sampling rate
larger than the Nyquist rate. One can show, however, that if the frequency spectrum does not have impulses at the
Nyquist frequency, it is sufficient to sample at exactly the Nyquist rate.

Example 6.41. Let x denote a continuous-time audio signal with Fourier transform X. Suppose that |X (®)| = 0 for all
|w| > 441007. Determine the largest period T with which x can be sampled that will allow x to be exactly recovered
from its samples.
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Figure 6.41: Frequency spectrum of the function x.

Solution. The function x is bandlimited to frequencies in the range (—®y, ®y), where @, = 44100z. From the
sampling theorem, we know that the minimum sampling rate required is given by

Wy = 2wm
= 2(441007)
= 882007.

Thus, the largest permissible sampling period is given by

Although the sampling theorem provides an upper bound on the sampling rate that holds in the case of arbitrary
bandlimited functions, in some special cases it may be possible to employ an even smaller sampling rate. This point
is further illustrated by way of the example below.

Example 6.42. Consider the function x with the Fourier transform X shown in Figure 6.41 (where @, > @,). (a) Using
the sampling theorem directly, determine the largest permissible sampling period T that will allow x to be exactly
reconstructed from its samples. (b) Explain how one can exploit the fact that X () = 0 for a large portion of the
interval [—®, — ®,, ®, + ®,] in order to reduce the rate at which x must be sampled.

Solution. (a) The function x is bandlimited to [—®y,, @], where @, = ®, + @,. Thus, the minimum sampling rate
required is given by

; > 20,

=2(w. + ,)
=20, +20,.

and the maximum sampling period is calculated as

T<%’f

_ 27

T 20,120,

__x
0+ *

(b) We can modulate and lowpass filter x in order to compress all of its spectral information into the frequency range
[—20,,20,], yielding the function x;. That is, we have

x1(t) = {x(r) cos[(@ — @, )f]} * h(t)
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X ((D)

—2wm, 20,

Figure 6.42: Frequency spectrum of the function x;.

where
h(t) = *%sinc20,) €5 H(w) = 2rect (%) .
This process can be inverted (by modulation and filtering) to obtain x from x;. In particular, we have that
x(t) = {x1(t) cos[(@. — @)t} o ()
where

CTFT,

ho(t) = 8(r) — 229 incl(, — wg)t] £ Hz(w):z_zrect(w%).

Let X; denote the Fourier transform of x;. The Fourier transform X; is as shown in Figure 6.42. Applying the
sampling theorem to x; we find that the minimum sampling rate is given by

w5 > 2(20,)
=4w,

and the largest sampling period is given by

T <22

Wy
2

4w,
T

20, °

Since w, > @, (by assumption), this new sampling period is larger than the one computed in the first part of this
problem. ]
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6.22 Exercises

6.22.1 Exercises Without Answer Key

6.1 Using the Fourier transform analysis equation, find the Fourier transform X of each function x below.
(a) x(r) = Ad8(tr —1p), where #p and A are real and complex constants, respectively;

(b) x(¢) = rect(t — 1), where o is a constant
(©) x(t) = (t—1);

(d) x(¢) = 3[u(t) —u(t —2)]; and

e) x(t) =e

6.2 Use a Fourier transform table and properties of the Fourier transform to find the Fourier transform X of each
function x below.
(a) x(t) = cos(t —5);
(b) x(t) = e Pu(t +2);
(c) x(t) = [cost]u(t);
(d) x(t) = 6[u(t) — u(t —3)};
e x(t) =1/t
(f) x(t) = rrect(2¢);
(2) x(t) = e/ sin(5¢ — 2);
(

(h) x(¢) = cos(5t — 2);

() x(1) =e Py

G x(t) = [ e " tu(t—1)dr;
&) x(t) = ( + 1)sin(5¢ — 3);

M) x(r) = (sm2m)5( 2
(m) x(t) = e /' 1
(n) x(¢)

(0) x(1)

) 3t—2’
= e/ (cos2t)u(t); and
=e sgn(—t—1).

6.3 Compute the Fourier transform X of the function

= 2161/(5(t—kT)7
k=0

where a is a constant satisfying |a| < 1 and T is a strictly-positive real constant. (Hint: Recall the formula for
the sum of an infinite geometric series. That is, b+br+br’ +... = {2 if [r| < 1)
6.4 The ideal Hilbert transformer is a LTI system with the frequency response
H(®w)=—jsgno.
This type of system is useful in a variety of signal processing applications (e.g., SSB/SC amplitude modulation).

By using the duality property of the Fourier transform, find the impulse response £ of this system.

6.5 For each function y given below, find the Fourier transform Y of y (in terms of the Fourier transform X of x).
(a) y(t) = x(at — b), where a and b are constants and a # 0;

®) (1) = [Zx()d7:

© (1) = [Lx*()dT;

(d) y(t) = D(xxx)(t), where D denotes the derivative operator;
(e) y(t) =tx(2t — 1);
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6.6

6.7

6.8

6.9

6.10

6.11

(f) y(t) = 'x(t - 1),*
(@) y(t) = (re™P'x( )) ’ .
(h) y(t) = (li) xx1(t), where x; () = ¢ /'x(t) and D denotes the derivative operator;
(i) y(t) = [Zox" (1= D)dr;
) 5(6) = Leon(3r — D]x(r:

k) y t) [gt ()] sin(t - 2);

(D) y(¢) = tx(¢) sin3¢; and

(m) y(1) = e/

Find the Fourier transform X of each periodic function x shown below.

x(r)

1 1

x(1)

1
" ! | " ! | " —
Za 3 1 2 3 4

% 1
4 3 2 -1 0 2 3 4
—1 -1 (b)
(@)

Using the time-domain convolution property of the Fourier transform, compute the convolution & = hy * hy,
where

hy(f) = 2000sinc(20007) and /iy (f) = 8(¢) — 1000sinc(10007).

Compute the energy contained in the function x(¢) = 200sinc(2007¢).

For each function x given below, compute the frequency spectrum of x, and find and plot the corresponding
magnitude and phase spectra.

(2) x(t) = e ™u(t), where a is a positive real constant; and

(b) x(t) = sinc %.

For each differential/integral equation below that defines a LTI system with input x and output y, find the
frequency response H of the system. (Note that the prime symbol denotes differentiation.)

(@) y" (1) +5y'(1) +y(2) +3x'(1) —x(t) = 0;

®) Y (1) +2y(t) + [ 3y(7)dT + 54 (t) — x(¢) = 0; and

(©) ' (1) +5y'(1) + 6y(t) = ¥ (1) + 11x(¢).

For each frequency response H given below for a LTI system with input x and output y, find the differential
equation that characterizes the system.

() H(w) = 12

;and
jo+3

b) H = .
(b) H(w) —jo} —60*+11jo+6
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6.12 Consider the LTI system with impulse response
h(t) = 6(t) —300sinc 3007z.
Using frequency-domain methods, find the response y of the system to the input

x(t) = 1 + 3 c0s 2007t + 1 cos 4007t — § cos 6007t

6.13 Consider the LTT system with input vy and output v; as shown in the figure below, where R=1and L = 1.

N K
| |

Ol

o
(a) Find the frequency response H of the system.

(b) Determine the magnitude and phase responses of the system.
(c) Find the impulse response % of the system.

6.14 Consider the LTI system with input vy and output v; as shown in the figure below, where R=1, C = %, and

_ 1
Lim.
. L C
! ||
O—— Y YN o)
T-i— || +T
%) R V1

O |
Ol

(a) Find the frequency response H of the system.
(b) Use a computer to plot the magnitude and phase responses of the system.
(c) From the plots in part (b), identify the type of ideal filter that this system approximates.

6.15 Let x be a real function with Fourier transform X satisfying X (@) = 0 for |®| > @,. We use amplitude modu-
lation to produce the function y(z) = x(¢) sin @.t. Note that @. > . In order to recover the original function
x, it is proposed that the system shown in the figure below be used. This system contains a LTI subsystem that
is labelled with its impulse response 4. Let Y, V, X, and H denote the Fourier transforms of v, v, X, and h,
respectively. The system is such that

H(o) = 2 o] <o
0 otherwise.

X
h I —
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(a) Find an expression for Y in terms of X. Find an expression for X in terms of V. Find an expression for X in

terms of X.

(b) Compare % and x. Comment on the utility of the proposed system.

6.16 When discussing DSB/SC amplitude modulation, we saw that a system of the form shown below in Figure A
is often useful. In practice, however, the multiplier unit needed by this system is not always easy to implement.
For this reason, we sometimes employ a system like that shown below in Figure B. In this second system, we
sum the sinusoidal carrier and modulating signal x and then pass the result through a nonlinear squaring device

(i-e., v2(t) = v3(¢)). This system also contains a LTI subsystem with impulse response A.

COS @t

cos .t

V2

(b)

Let X, Vi, V5, and H denote the Fourier transforms of x, vi, v», and , respectively. Suppose that X (@) = 0 for

|o| > w, (i-e., x is bandlimited).

(a) Find an expression for v, vo, and Vo. (Hint: If X(®) = 0 for |®| > @}, then using the time-domain
convolution property of the Fourier transform, we can deduce that the Fourier transform of x? is zero for || >

2wy.)

(b) Determine the frequency response H required for the system shown in Figure B to be equivalent to the
system in Figure A. State any assumptions made with regard to the relationship between @, and w,. (Hint: It
might be helpful to sketch X and V; for the case of some simple X. Then, compare V; to X in order to deduce

your answer.)

6.17 Consider the system with input x and output y as shown in Figure A below. The impulse response 4 is that of
an ideal Hilbert transformer, whose frequency response H is given by

Let X, Y, Vy, V», and V3 denote the Fourier transforms of x, y, v{, v, and v3, respectively.

H(w)

COos Wt

(a)

V2

sin @t

V3

= —jsgnow.

Xl(co)

— @y

(b)

(a) Suppose that X (@) = 0 for |®| > @, where @, < ®,. Find expressions for V;, V5, V3, and Y in terms of X.

(b) Suppose that X = X;, where X| is as shown in Figure B. Sketch Vi, V,, V3, and Y in this case.

(c) Draw the block diagram of a system that could be used to recover x from y.
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6.18 Consider the system shown below in Figure A with input x and output X, where this system contains a LTI
subsystem with impulse response g. The Fourier transform G of g is given by

Glow) = 2 |o| <1007
10 otherwise.

Let X, X, Y, and Q denote the Fourier transforms of x, £, y, and g, respectively.

X (@)

sin 1000tz sin 10007t

1
) ) —

1 Y (0]
(a) ~1007 0 1007

(®)

=

(a) Suppose that X (@) = 0 for |®| > 100x. Find expressions for ¥, Q, and X in terms of X.
(b) If X = X where X is as shown in Figure B, sketch Y, O, and X.

6.19 Consider the system shown below in Figure A with input x and output y. Let X, P, S, H, and Y denote the
Fourier transforms of x, p, s, h, and y, respectively. Suppose that

o

p(t) = Z 8(t—1g5) and H(w):ﬁrect(ﬁ).

n——oo

(a) Derive an expression for S in terms of X. Derive an expression for Y in terms of S and H.

(b) Suppose that X = X, where X is as shown in Figure B. Using the results of part (a), plot S and Y. Indicate
the relationship (if any) between the input x and output y of the system.

(c) Suppose that X = X,, where X; is as shown in Figure C. Using the results of part (a), plot S and Y. Indicate
the relationship (if any) between the input x and output y of the system.

p

X s y

h L

(a)
X1 () X ()
1 1
T T a) T T
—10007 10007 —20007 20007
(d) (©)

6.20 Let X denote the Fourier transform of x. Show that:
(a) if x is even, then X (@) = 2 [;” x(t) cos wrdt; and
(b) if x is odd, then X (@) = —2j [ x(¢) sin wtdt.
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6.21

6.22

6.23

6.24

6.25

6.26

6.27

Let x be a real function with even part x. and odd part x,. Let X, X, and X, denote the Fourier transforms of x,
Xe, and x,, respectively. Show that:

(a) Xe(®) = Re[X(w)]; and

(b) Xo(@) = jIm[X (®)].

Let y(t) = x(t +a) +x(t — a), where a is a real constant, and let X and Y denote the Fourier transforms of x and
¥, respectively. Show that Y (®) = 2X (@) cosa.

Show that, if a function x has bandwidth B, then x"(¢) has bandwidth nB.

Suppose that we want to transmit a binary sequence y (where y(n) is either zero or one) over a continuous-time
communication channel. To do this, we choose to represent each binary sample of y with a continuous-time
pulse. Using the sampling theorem, show that it is possible to transmit the bits of y at a rate of 2B bits per
second over an ideal (i.e., noise-free) channel of bandwidth B. As it turns out, this is the theoretical upper
bound on the data transmission rate, assuming that each pulse is used to represent only a single bit of data.
(Hint: According to the sampling theorem, a continuous-time function of bandwidth B can be constructed from
2B pieces of information.)

Show that a function cannot be both timelimited and bandlimited. [Hint: Let X denote the Fourier transform of
x. Suppose that x is timelimited and also bandlimited such that X (@) = 0 for |®| > B. Due to the bandlimited
nature of x, we have that X () = X (@)rect (53 ) for B’ > B. Then, show that the inverse Fourier transform of
the preceding equation leads to a contradiction. To do this, you will need to observe that the convolution of a
timelimited function with a non-timelimited function must be a non-timelimited function.]

The bandwidth of a LTI system is most simply defined as the bandwidth of the system’s frequency response H.
Explain why a (LTI) communication channel with (finite) bandwidth B cannot be used to (reliably) transmit a
signal with bandwidth greater than B.

Let y; and y, be functions bandlimited to frequencies in the range [—®;, ®,]. Suppose that these functions are
sampled at a frequency ; satisfying the Nyquist condition to produce the sequences

x1(n)=y1(Tn) and x(n)=y2(Tn),

where T = fo—’: Now, consider the function y = y; *y,. Suppose that y is also sampled with period T to produce
the sequence

x(n) =y(Tn).

(a) Show that y is bandlimited to frequencies in the range [— ®;, @], meaning that it must be possible to recover
y exactly from its samples.
(b) Show that the samples of y can be computed by

x(n) = %’f ki x1(k)x2(n—k).

(c) Explain how we might use the above results to compute the (continuous-time) convolution of bandlimited
functions using a (discrete-time) computer.
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6.28 A function x is bandlimited to 22 kHz (i.e., only has spectral content for frequencies f in the range [—22000,22000)).
Due to excessive noise, the portion of the spectrum that corresponds to frequencies f satisfying | f| > 20000 has
been badly corrupted and rendered useless. (a) Determine the minimum sampling rate for x that would allow
the uncorrupted part of the spectrum to be recovered. (b) Suppose now that the corrupted part of the spectrum
were eliminated by filtering prior to sampling. In this case, determine the minimum sampling rate for x.

6.29 A function x is bandlimited for frequencies in the range [—B, B|. Find the lowest rate at which the function
y(t) = x*(t) can be sampled such that aliasing does not occur.

6.22.2 Exercises With Answer Key

6.30 Using the Fourier transform analysis equation, find the Fourier transform X of the function

where T is a nonzero real constant. (Hint: Be careful to correctly consider the case that 7 < 0.)

Short Answer. X () = |T|sinc £2

6.31 Using the Fourier transform synthesis equation, find the inverse Fourier transform x of the function
X (@) = rect 3%,

where B is a nonzero real constant. (Hint: Be careful to correctly consider the case that B < 0.)

|B|

Short Answer. x(t) = — sinc Bt

6.32 Find the Fourier transform X of each function x given below.
@ x(r) = $ [6(1)+ £ ]; and

Tt |’

(b) x(1) = 6(t +a)+ 6(t — a), where a is a real constant.

Short Answer. (a) X(®) = u(®); (b) X(w) = 2cosaw.

6.33 Usmg properties of the Fourier transform, the Fourier transform pair rect L& |T|sinc 52 2 , and the fact that
tri § = rectxrect(z), find the Fourier transform X of the function x(¢) = tri & Where T is a nonzero real constant.

Short Answer. L sinc? 7@
2 =z

CTFT,

6.34 Given that ¢! ¢ -, find the Fourier transform X of the function x() = 2a

2 4a?"

Short Answer. X (o) =2me ¢l

6.35 Using a Fourier transform table and properties of the Fourier transform, find the Fourier transform Y of each
function y given below in terms of the Fourier transform X of the function x.

(a) y(r) = t(cos3t)x(t); and
(®) y(t) = (= 1)1 (r = 1).

Short Answer. (a) Y (@) = % "(0—3)+ %X (w4 3) (where the prime symbol denotes the first derivative);
b)Y (0) = e7(55) " [X* (~o)].
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6.36

6.37

6.38

6.39

6.40

6.41

For each pair of functions M and P given below, find the function x having magnitude spectrum M and phase
spectrum P.

(@ M(ow)=1P(w) =o;and

(b) M(w) =rect § and P(®) = 50.

Short Answer. (a) x(t) = 8(t + 1); (b) x(t) = 5 sinc [3 (¢ +5)].

2n
Using Parseval’s relation, evaluate the integral [, sinc?(kz)dt, where k is a nonzero real constant.
Short Answer. 7/k
Let x denote a function with the Fourier transform X. For each frequency/magnitude spectrum given below,

determine (if possible) whether x has each of the following properties: real, even/odd, periodic, finite duration,
and finite energy.

X(o) X ()] X ()]
. . ) . . ) N )
S0 i -1 o0 1 o 1 2
(a) (b) (c)
X (o) X(w)

—_—— —
——— —
o— —

o4

(d) (e

Short Answer. (a) real, even, aperiodic, not finite duration, finite energy; (b) aperiodic, finite energy, not
finite duration; (c) not real, aperiodic, not finite duration, finite energy, not even/odd; (d) real, even, periodic
(fundamental period ZT” = 27), not finite duration, not finite energy; (e) real, even, aperiodic, not finite duration,
not finite energy

Using properties of the Fourier transform and a Fourier transform table, compute the convolution y = x| * xp,
where

x1(t) =sinc(at —by) and xy(t) = sinc(at — by)
and a, by, and b, are real constants with a # 0.

Short Answer. y(7) = ﬁ sinc(at — by — by)

a

Let x(z) = sinc(5¢ — 3). By direct application of the Nyquist sampling theorem, determine the lowest sampling
rate @, at which x can be sampled such that it can be exactly reconstructed from its samples.

Short Answer. 10 rad/s

An audio signal x consists of two perfect sinusoidal tones at 440 Hz and 880 Hz. The signal x is sampled
at a rate of f; Hz and then played back on a loudspeaker. Determine how many tones will be heard on the
loudspeaker and their frequencies, if f; equals (a) 500 Hz and (b) 2000 Hz. (You should assume that a human
can hear frequencies from 20 Hz to 20 kHz.)
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Short Answer. (a) Two tones are heard with frequencies 60 Hz and 120 Hz; (b) Two tones are heard at 440 Hz
and 880 Hz

6.42 Consider a bandlimited function x that has been sampled at a frequency ®; (in radians) satisfying the Nyquist
condition to produce the sequence y. Find an expression for the Fourier transform X of the function x in terms of
the sequence y of samples and @,. [Hint: Recall that, from the sampling theorem, x(r) = Y., y(n) sinc(%1 —
7n).]

Short Answer. X (o) = %’f Yo L y(n)e 2mno/os rect o

6.23 MATLAB Exercises

6.101 (a) Consider a frequency response H of the form

) aok
H(w) = oy s p—
Zk:() bka)

where a; and by are complex constants. Write a MATLAB function called freqw that evaluates a function of
the above form at an arbitrary number of specified points. The function should take three input arguments:

1) a vector containing the g coefficients;
2) avector containing the by coefficients; and
3) a vector containing the values of @ for which to evaluate H(®).

The function should generate two return values:

1) a vector of function values; and
2) avector of points at which the function was evaluated.

If the function is called with no output arguments (i.e., the nargout variable is zero), then the function should
plot the magnitude and phase responses before returning. (Hint: The polyval function may be helpful.)

(b) Use the function developed in part (a) to plot the magnitude and phase responses of the system with the
frequency response

B 16.0000
~ 1.00000* — j5.226303 — 13.656902 + j20.9050® + 16.0000°

H(o)

For each of the plots, use the frequency range [—5,5].
(c) What type of ideal frequency-selective filter does this system approximate?

6.102 Consider the filter associated with each of the frequency responses given below. In each case, plot the magnitude
and phase responses of the filter, and indicate what type of ideal frequency-selective filter it best approximates.

3
@,

a) Hw)= where @, = 1;
(@) H(w) (jo)? + 2w, (jw)? +20,(jo) + @} b
:\S
(b) H (@) = — : __Uo) : . and
(jw)s +17.527635(jw)* + 146.32995(j)3 + 845.73205(jw)? + 2661.6442( jw) + 7631.0209
© H(w) = 13.104406(jw)?

(j®)°+3.8776228(j®)> +34.517979(jw)* +75.146371(jw)3 +276.14383(j®)2 +248.16786(jw) + 512
(Hint: Use the fregs function with s = j® to compute the frequency response. The abs, angle, linspace,

plot, xlabel, ylabel, and print functions may also prove useful for this problem.)
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6.103 (a) Use the butter and besself functions to design a tenth-order Butterworth lowpass filter and tenth-order
Bessel lowpass filter, each with a cutoff frequency of 10 rad/s.
(b) For each of the filters designed in part (a), plot the magnitude and phase responses using a linear scale for
the frequency axis. In the case of the phase response, plot the unwrapped phase (as this will be helpful later in
part (d) of this problem). (Hint: The fregs and unwrap functions may be helpful.)
(c) Consider the magnitude responses for each of the filters. Recall that an ideal lowpass filter has a magnitude
response that is constant in the passband. Which of the two filters more closely approximates this ideal behav-
ior?
(d) Consider the phase responses for each of the filters. An ideal lowpass filter has a phase response that is a
linear function. Which of the two filters has a phase response that best approximates a linear (i.e., straight line)
function in the passband?
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Chapter 7

Laplace Transform

7.1 Introduction

In this chapter, we introduce another important mathematical tool in the study of signals and systems known as the
Laplace transform. The Laplace transform can be viewed as a generalization of the (classical) Fourier transform. Due
to its more general nature, the Laplace transform has a number of advantages over the Fourier transform. First, the
Laplace transform representation exists for some functions that do not have a Fourier transform representation. So,
we can handle some functions with the Laplace transform that cannot be handled with the Fourier transform. Second,
since the Laplace transform is a more general tool, it can provide additional insights beyond those facilitated by the
Fourier transform.

7.2 Motivation Behind the Laplace Transform
In Section 4.10, we showed that complex exponentials are eigenfunctions of LTI systems. Suppose that we have a LTI

system with impulse response s. This eigenfunction property leads to the result that the response y of the system to
the complex exponential input x(z) = e (where s is a complex constant) is

where
H(s) = / " h(t)e . (7.1)

Previously, we referred to H as the system function. In this chapter, we will learn that H is, in fact, the Laplace
transform of A. That is, the integral in (7.1) is simply the definition of the Laplace transform. In the case that s = jw
where o is real (i.e., s is purely imaginary), (7.1) becomes the Fourier transform integral (studied in Chapter 6). From
our earlier reading, we know that H(jw) is frequency response of the LTI system (i.e., the Fourier transform of #).
Since (7.1) includes the Fourier transform as a special case, the Laplace transform can be thought of as a generalization
of the (classical) Fourier transform.

7.3 Definition of the Laplace Transform

The (bilateral) Laplace transform of the function x is denoted as £x or X and is defined as
Lx(s) = X (s) = / x(t)e "dr. (7.2)
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Similarly, the inverse Laplace transform of X is denoted £~'X or x and is given by

LX) = x(r) = —— / " X)ed (13)
=X = s)e’ds .
27rj G — joo ’

where 6 = Re(s). We refer to x and X as a Laplace transform pair and denote this relationship as
x(1) < X (s).

As we can see from (7.3), the calculation of the inverse Laplace transform requires a contour integration (since s is a
complex variable). In particular, we must integrate along the vertical line s = ¢ in the complex plane. Such a contour
integration is often not so easy to compute. Therefore, in practice, we do not usually compute the inverse Laplace
transform using (7.3) directly. Instead, we resort to other means (to be discussed later).

Two different versions of the Laplace transform are commonly used. The first is the bilateral version, as intro-
duced above. The second is the unilateral version. The unilateral Laplace transform is most frequently used to solve
systems of linear differential equations with nonzero initial conditions. As it turns out, the only difference between
the definitions of the bilateral and unilateral Laplace transforms is in the lower limit of integration. In the bilateral
case, the lower limit is —eo, whereas in the unilateral case, the lower limit is 0. In the remainder of this chapter, we
will focus our attention primarily on the bilateral Laplace transform. We will, however, briefly introduce the unilateral
Laplace transform as a tool for solving differential equations. Unless otherwise noted, all subsequent references to
the Laplace transform should be understood to mean bilateral Laplace transform.

7.4 Remarks on Notation Involving the Laplace Transform

Each of the Laplace transform operator £ and inverse Laplace transform operator £~! map a function to a function.
Consequently, the operand for each of these operators must be a function (not a number). Consider the unnamed
function that maps ¢ to ¢l as shown in Figure 7.1. Suppose that we would like to write an expression that denotes
the Laplace transform of this function. At first, we might be inclined to write “L{e"" 1. Strictly speaking, however,
this notation is not correct, since the Laplace transform operator requires a function as an operand and “e= It (strictly
speaking) denotes a number (i.e., the value of the function in the figure evaluated at #). Essentially, the cause of
our problems here is that the function in question does not have a name (such as “x”) by which it can be referred.
To resolve this problem, we could define a function x using the equation x(7) = eIl and then write the Laplace
transform as “Lx”. Unfortunately, introducing a new function name just for the sake of strictly correct notation is
often undesirable as it frequently leads to highly verbose writing.

One way to avoid overly verbose writing when referring to functions without names is offered by dot notation,
introduced earlier in Section 2.1. Again, consider the function from Figure 7.1 that maps ¢ to e |, Using strictly
correct notation, we could write the Laplace transform of this function as “£ {e‘H } In other words, we can indicate
that an expression refers to a function (as opposed to the value of function) by using the interpunct symbol (as
discussed in Section 2.1). Some examples of the use of dot notation can be found below in Example 7.1. Dot notation
is often extremely beneficial when one wants to employ precise (i.e., strictly correct) notation without being overly
verbose.

Example 7.1 (Dot notation). Several examples of the use of dot notation are as follows:

1. To denote the Laplace transform of the function x defined by the equation x(¢) = t>e~>'u(t) (without the need

to introduce the named function x), we can write: £ {(~)ze_3('>u(~)}.

2. To denote the Laplace transform of the function x defined by the equation x(t) = t?e~3u(t) evaluated at s — 5
(without the need to introduce the named function x), we can write: £ {(-)26’3(%1(-)} (s—3).

3. To denote the inverse Laplace transform of the function X defined by the equation X (s) = s~! (without the need
to introduce the named function X), we can write: £~! {(~)’1 }
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Figure 7.1: A plot of el versus 7.

4. To denote the inverse Laplace transform of the function X defined by the equation X (s) = s~ ! evaluated at t — 3
(without the need to introduce the named function X), we can write: £~ {(-)7'} (1 —3). |

If the reader is comfortable with dot notation, the author would encourage the reader to use it when appropriate.
Since some readers may find the dot notation to be confusing, however, this book (for the most part) attempts to mini-
mize the use of dot notation. Instead, as a compromise solution, this book adopts the following notational conventions
in order to achieve conciseness and a reasonable level of clarity without the need to use dot notation pervasively:

e unless indicated otherwise, in an expression for the operand of the Laplace transform operator £, the variable
“t” is assumed to be the independent variable for the function to which the Laplace transform is being applied
(i.e., in terms of dot notation, the expression is treated as if each “¢” were a “.”);

e unless indicated otherwise, in an expression for the operand of the inverse Laplace transform operator £~!, the
variable “s” is assumed to be the independent variable for the function to which the inverse Laplace transform

[Tl 3 ”)

is being applied (i.e., in terms of dot notation, the expression is treated as if each “s” were a

Some examples of using these book-sanctioned notational conventions can be found below in Example 7.2. Admit-
tedly, these book-sanctioned conventions are not ideal, as they abuse mathematical notation somewhat, but they seem
to be the best compromise in order to accommodate those who may prefer not to use dot notation.

Example 7.2 (Book-sanctioned notation). Several examples of using the notational conventions that are employed
throughout most of this book (as described above) are as follows:

1. To denote the Laplace transform of the function x defined by the equation x(¢) = t2e~3u(t) (without the need
to introduce the named function x), we can write: £ {r?e~u(z)}.

2. To denote the Laplace transform of the function x defined by the equation x(¢) = t2e~3u(t) evaluated at s — 5
(without the need to introduce the named function x), we can write: £ {r?e>u(t)} (s —5).

3. To denote the inverse Laplace transform of the function X defined by the equation X (s) = s~! (without the need
to introduce the named function X), we can write: £~! {s7'}.

4. To denote the inverse Laplace transform of the function X defined by the equation X (s) = s~ ! evaluated at r — 3
(without the need to introduce the named function X), we can write: £~ {s’l } (t=3). |
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Since applying the Laplace transform operator or inverse Laplace transform operator to a function yields another
function, we can evaluate this other function at some value. Again, consider the function from Figure 7.1 that maps 7 to
¢~ V. To denote the value of the Laplace transform of this function evaluated at s — 1, we would write “£{e~ 1} (s —1)”
using dot notation or “L{e~"} (s — 1)” using the book-sanctioned notational conventions described above.

7.5 Relationship Between Laplace Transform and Continuous-Time Fourier
Transform

In Section 7.3 of this chapter, we introduced the Laplace transform, and in the previous chapter, we studied the (CT)
Fourier transform. As it turns out, the Laplace transform and (CT) Fourier transform are very closely related. Recall

the definition of the Laplace transform in (7.2). Consider now the special case of (7.2) where s = j® and @ is real
(i.e., Re(s) = 0). In this case, (7.2) becomes

X(jo) = [ / B x(t)e“dt}

s=j0

Thus, the Fourier transform is simply the Laplace transform evaluated at s = j®, assuming that this quantity is well
defined (i.e., converges). In other words,
X(jo)=Fx(w). (7.4)

Incidentally, it is due to the preceding relationship that the Fourier transform of x is sometimes written as X (jo).
When this notation is used, the function X actually corresponds to the Laplace transform of x rather than its Fourier
transform (i.e., the expression X (j@) corresponds to the Laplace transform evaluated at points on the imaginary axis).

Now, consider the general case of an arbitrary complex value for s in (7.2). Let us express s in Cartesian form as
s = 0 + jo where o and @ are real. Substituting s = 0 + j® into (7.2), we obtain

X(o+jo)= /_w x(t)e (OHO) gy
= [ e e
=F{e %x(t)}(w).
Thus, we have shown
X(o+jo)=F{e x(t)} o). (7.5)

Thus, the Laplace transform of x can be viewed as the (CT) Fourier transform of x'(r) = e~ %"x(¢) (i.e., x weighted by
a real exponential function). As a consequence of multiplying by the real exponential e~ °’, the Laplace transform of
a function may exist when the Fourier transform of the same function does not.

By using the above relationship, we can derive the formula for the inverse Laplace transform given in (7.3). Let
X denote the Laplace transform of x, and let s = 6 + j®, where ¢ and ® are real. From the relationship between the
Fourier and Laplace transforms in (7.5), we have

X(o+ jo) = T{e 'x(1)} (0),

where o is chosen so that X (s) converges for s = ¢ + jo. Taking the inverse Fourier transform of both sides of the
preceding equation yields

FUX (6 + jo)} 1) = e %'x(1).
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Multiplying both sides by €', we obtain
x(t) ="' F X (o + jw)} (1)

From the definition of the inverse Fourier transform, we have
x(t) = e [zlﬂ/ X(G+ja))ej“”dco]
= ﬁﬁwx(o+jw)e(6+/w)’dw.

Since s = ¢ + jw, we have that ds = jd®, and consequently,

x(1) = / " X (e ( ! ) ds

O — joo
| O+ joo ;
= X(s)e"ds.

j2n G—joo

Thus, we have just derived the inverse Laplace transform formula in (7.3).

7.6 Laplace Transform Examples

In this section, we calculate the Laplace transform of several relatively simple functions. In the process, we gain some
important insights into the Laplace transform.

Example 7.3. Find the Laplace transform X of the function
x(t) = e “u(t),
where a is a real constant.
Solution. Let s = 0+ jo, where ¢ and @ are real. From the definition of the Laplace transform, we have
X(s) =L{e “u(t)}(s)
= /oo e “u(t)e dt

_ / e—(s-‘ra)tdt
0

= (=) e ],

0"

At this point, we substitute s = ¢ + j@ in order to more easily determine when the above expression converges to a
finite value. This yields

X(S)Z {( m) e7(0'+a+jw)t} :
_ (ﬁﬂl—jw) [e—(crira)tefjwz} :

— (ssbm) [eeome 1]

Thus, we can see that the above expression only converges for o +a > 0 (i.e., Re(s) > —a). In this case, we have that

X(s) = (ﬁ) 0-1]

= (7a) (1)
_ 1
T s+a
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Im(s) Im(s)

(a) b)

Figure 7.2: Region of convergence for the case that (a) @ > 0 and (b) a < 0.

Thus, we have that

e u(r) for Re(s) > —a.

s+a

The region of convergence for X is illustrated in Figures 7.2(a) and (b) for the cases of @ > 0 and a < 0, respectively.
|

Example 7.4. Find the Laplace transform X of the function
x(t) = —e "u(—t),
where a is a real constant.
Solution. Lets = o+ jo, where ¢ and o are real. From the definition of the Laplace transform, we can write
X(s) = L{—e“u(-1)}(s)
= /oc —e "u(—1)e "dt

0
:/ —e e dt
:/0 —67(S+a>tdt

= [

—o0

In order to more easily determine when the above expression converges to a finite value, we substitute s = 0 + jo.
This yields

x(5) = [ (5ga ) @] [

—oo0

_ (o‘+a]7+]w) {e—(c—ka)te—jwt} 0

—oo
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Im(s) Im(s)

(a) b)

Figure 7.3: Region of convergence for the case that (a) a > 0 and (b) a < 0.

Thus, we can see that the above expression only converges for 6 +a < 0 (i.e., Re(s) < —a). In this case, we have

X(9) = (o7 ) [1 - 0]
1
:era'

Thus, we have that

—e Mu(—t) for Re(s) < —a.

a

The region of convergence for X is illustrated in Figures 7.3(a) and (b) for the cases of @ > 0 and a < 0, respectively.
|

At this point, we compare the results of Examples 7.3 and 7.4, and make an important observation. Notice that
the same algebraic expression for X was obtained in both of these examples (i.e., X (s) = Hia). The only difference
is in the convergence properties of X. In one case, X (s) converges for Re(s) > —a while in the other it converges for
Re(s) < —a. As it turns out, one must specify both the algebraic expression for X and its region of convergence in
order to uniquely determine x = £~ !X from X.

Example 7.5 (Laplace transform of the unit-step function). Find the Laplace transform X of the function

x(t) = u(t).

Solution. Lets = o + jw, where o and ® are real. From the definition of the Laplace transform, we have
X(s) = Lu(s)
= / u(t)e "dt
/ e S dt
0
_1

= [(=)els-

At this point, we substitute s = 0 + jw in order to more clearly see the region of convergence for this expression. This
yields

X(S) = [(_ O'Jrljw) 67(6+jw)t} :

1 ot Tl
— _ - —J
=[(-7m) e

0"
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Thus, we can see that the above expression converges only for ¢ > 0 (i.e., Re(s) > 0). In this case, we have

Thus, we have that

Example 7.6 (Laplace transform of the unit-impulse function). Find the Laplace transform X of the function
x(r) =Ad(t — 1),
where A and f( are arbitrary real constants.
Solution. From the definition of the Laplace transform, we can write
X(s) = L{A8(r —10) }(s)
= /w Ad(t—tg)e " dt
= A/m &(t—to)e dt.

Using the sifting property of the unit-impulse function, we can simplify this result to obtain

X(s) = Ae ™,
Thus, we have shown that
AS(t —19) < Ae™™ for all s. [

7.7 Region of Convergence for the Laplace Transform

Before discussing the region of convergence (ROC) of the Laplace transform in detail, we need to introduce some
terminology involving sets in the complex plane. Let R denote a set in the complex plane. A set R comprised of all
complex numbers s such that

Re(s) < a,

for some real constant a (or a = ), is said to be a left-half plane (LHP). A set R comprised of all complex numbers
s such that

Re(s) > a,
for some real constant a (or a = —o0), is said to be a right-half plane (RHP). Examples of LHPs and RHPs are given

in Figure 7.4. Note that the set consisting of the entire complex plane is trivially both a LHP and RHP (i.e., the entire
complex plane satisfies Re(s) > —eo and Re(s) < o).
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Im(s)

(a)

Im(s)

(©)

Re(s)

Re(s)

m(s) |
Re(s)
() i
m(s) |
Re(s)
i d

Figure 7.4: Examples of LHPs and RHPs. An example of a LHP in the case that (a) a < 0 and (b) a > 0. An example

of a RHP in the case that (¢) a < 0 and (d) a > 0.
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Figure 7.5: Example of set intersection. The sets (a) Ry and (b) R;; and (c) their intersection Rj N R;.
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Figure 7.6: Example of adding a scalar to a set. (a) The set R. (b) The set R+ 1.

Since the ROC is a set (of points in the complex plane), we often need to employ some basic set operations when
dealing with ROCs. For two sets A and B, the intersection of A and B, denoted A N B, is the set of all points that are
in both A and B. An illustrative example of set intersection is shown in Figure 7.5.

For a set S and a scalar constant a, S+ a denotes the set given by

S+a={z+a:z€S}.

That is, S+ a denotes the set formed by adding a to each element of S. For example, suppose that R is the set of
complex numbers s satisfying

—1 <Re(s) <1,
as shown in Figure 7.6(a). Then, R + 1 is the set of complex numbers s satisfying
0 <Re(s) <2,

as shown in Figure 7.6(b).
For a set S and a scalar constant a, aS denotes the set given by

aS={az:z€ S}

That is, aS denotes the set formed by multiplying each element of S by a. For example, suppose that R is the set of
complex numbers s satisfying

—1 <Re(s) <2,

as shown in Figure 7.7(a). Then, 2R is the set of complex numbers s satisfying
—2 < Re(s) < 4,

as shown in Figure 7.7(b); and —2R is the set of complex numbers s satisfying
—4 < Re(s) <2,

as shown in Figure 7.7(c).

As we saw earlier, for a function x, the complete specification of its Laplace transform X requires not only an
algebraic expression for X, but also the ROC associated with X. Two distinct functions can have the same algebraic
expression for their Laplace transform. In what follows, we examine some of the constraints on the ROC (of the
Laplace transform) for various classes of functions.

One can show that the ROC for the Laplace transform has the following properties:
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Figure 7.7: Example of multiplying a set by a scalar. (a) The set R. The sets (b) 2R and (c) —2R.
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1. The ROC of the Laplace transform X consists of strips parallel to the imaginary axis in the complex plane. That
is, if s is in the ROC, then s+ j® is in the ROC for all real .

Justification: The Laplace transform X of the function x is simply the (CT) Fourier transform of
X (1) = x(t)e Re6) | Thus, X converges whenever this Fourier transform converges. Since the con-
vergence of the Fourier transform only depends on Re(s), the convergence of the Laplace transform
only depends on Re(s).

2. If the Laplace transform X is a rational function, the ROC does not contain any poles, and the ROC is bounded
by poles or extends to infinity.

Partial justification: Since X is rational, its value becomes infinite at a pole. So obviously, X does
not converge at a pole. Therefore, it follows that the ROC cannot contain a pole.

3. If a function x is finite duration and its Laplace transform X converges for some value of s, then X converges
for all values of s (i.e., the ROC is the entire complex plane).

4. If a function x is right sided and the (vertical) line Re(s) = 0y is in the ROC of the Laplace transform X of x,
then all values of s for which Re(s) > o must also be in the ROC (i.e., the ROC is a right-half plane including
Re(s) = 0yp).

5. If a function x is left sided and the (vertical) line Re(s) = oy is in the ROC of the Laplace transform X or x,
then all values of s for which Re(s) < op must also be in the ROC (i.e., the ROC is a left-half plane including
Re(s) = G()).

6. If a function x is two sided and the (vertical) line Re(s) = 0y is in the ROC of the Laplace transform X of x,
then the ROC will consist of a strip in the complex plane that includes the line Re(s) = op.

7. If the Laplace transform X of a function x is rational, then:

(a) If x is right sided, the ROC of X is to the right of the rightmost pole of X (i.e., the right-half plane to the
right of the rightmost pole).

(b) If x is left sided, the ROC of X is to the left of the leftmost pole of X (i.e., the left-half plane to the left of
the leftmost pole).

Note that some of the above properties are redundant. For example, properties 1, 2, and 4 imply property 7(a).
Also, properties 1, 2, and 5 imply property 7(b). Moreover, since every function can be classified as one of left sided
(but not right sided), right sided (but not left sided), two sided, or finite duration, we can infer from properties 3, 4, 5,
and 6 that the ROC can only be of the form of a left-half plane, a right-half plane, a (single) vertical strip, the entire
complex plane, or the empty set. Thus, the ROC must be a connected region. That is, it cannot consist of multiple
(unconnected) vertical strips.

Example 7.7. The Laplace transform X of the function x has the algebraic expression
s+ %
(s2+25+2)(s2+s—-2)°

Identify all of the possible ROCs of X. For each ROC, indicate whether the corresponding function x is left sided,
right sided, two sided, or finite duration.

X(s) =

Solution. The possible ROCs associated with X are determined by the poles of this function. So, we must find the
poles of X. Factoring the denominator of X, we obtain

s+%

K= T )6 26— 1)

Thus, X has poles at —2, —1 — j, —1+ j, and 1. Since these poles only have three distinct real parts (namely, —2, —1,
and 1), there are four possible ROCs:
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Figure 7.8: ROCs for example. The (a) first, (b) second, (c) third, and (d) fourth possible ROCs for X.

i) Re(s) < =2,

il) —2 <Re(s) < -1,

iii) —1 <Re(s) < 1, and

iv) Re(s) > 1.
These ROCs are plotted in Figures 7.8(a), (b), (c), and (d), respectively. The first ROC is a left-half plane, so the
corresponding x must be left sided. The second ROC is a vertical strip (i.e., neither a left- nor right-half plane), so the
corresponding x must be two sided. The third ROC is a vertical strip (i.e., neither a left- nor right-half plane), so the
corresponding x must be two sided. The fourth ROC is a right-half plane, so the corresponding x must be right sided.

|

7.8 Properties of the Laplace Transform
The Laplace transform has a number of important properties. In the sections that follow, we introduce several of these
properties. For the convenience of the reader, the properties described in the subsequent sections are also summarized

in Table 7.1 (on page 245). Also, for convenience, several Laplace-transform pairs are given later in Table 7.2 (on
page 246). In what follows, we will sometimes refer to transform pairs in this table.

7.8.1 Linearity

Arguably, the most important property of the Laplace transform is linearity, as introduced below.
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Theorem 7.1 (Linearity). Ifx;(t) +— X;(s) with ROC Ry and x»(t) < X(s) with ROC R, then
a1x1 (t) + axxa(t) < a1X1(s) +axXa(s) with ROC R containing Ry MRy,

where ay and ay are arbitrary complex constants.

Proof. Let y(t) = ajx|(t) + azxa(t), and let Y denote the Laplace transform of y. Using the definition of the Laplace
transform and straightforward algebraic manipulation, we have

Y(s) = /w [a1x1 (1) +axxa(t)]e " dt

:/ alxl(t)67S’dt+/ arx(t)e ' dt

:a1/ xl(t)efsldt—i—az/ x2(t)e ' dt
=a1 X1 (s) + axXa(s).

The ROC R can be deduced as follows. If X; and X, both converge at some point s, say s = A, then any linear
combination of these functions must also converge at s = A. Therefore, the ROC R must contain the intersection of
R and R;. Thus, we have shown that the linearity property holds. |

In the preceding theorem, note that the ROC of the result can be larger than R; N R,. When X and X, are rational
functions, this can only happen if pole-zero cancellation occurs in the expression a1 X (s) + a2 Xa(s).

Example 7.8 (Linearity property of the Laplace transform). Find the Laplace transform of the function
X =x1+x2,
where
x1(t)=e"u(t) and xp(t) =e "u(t)—e 2u(t).
Solution. Using Laplace transform pairs from Table 7.2, we have
Xi(s) = L{e~u(t)}(s)
= s—fl—l for Re(s) > —1 and
Xa(s) = L{e " u(t) —e Hu(t)}(s)
= L{e” u(t) }(s) = L{e™u(t) }(s)

1 1
= ——— forR —1
i1 sga for e(s) >
1
= forRe >—].
5+ 1)(s5+2) (5)

So, from the definition of X, we can write

X(s) = L{x1 +x2}(s)
=Xi(s)+Xa(s)

o I
S T G642
o s+2+1
S (s+1)(s+2)

_ s+3
(s D(s+2)
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Figure 7.9: ROCs for the linearity example. The (a) ROC of Xi, (b) ROC of X3, (c) ROC associated with the
intersection of the ROCs of X; and X5, and (d) ROC of X.

Now, we must determine the ROC of X. We know that the ROC of X must contain the intersection of the ROCs of X
and X;. So, the ROC must contain Re(s) > —1. Furthermore, the ROC cannot be larger than this intersection, since
X has a pole at —1. Therefore, the ROC of X is Re(s) > —1. The various ROCs are illustrated in Figure 7.9. So, in
conclusion, we have

for Re(s) > —1. |

Example 7.9 (Linearity property of the Laplace transform and pole-zero cancellation). Find the Laplace transform X
of the function

X=X —x2,
where x; and x; are as defined in the previous example.

Solution. From the previous example, we know that

1
Xi(s) = S for Re(s) > —1 and

1
T D) (s+2)

for Re(s) > —1.

Copyright (©) 2012-2020 Michael D. Adams Edition 2.0



7.8. PROPERTIES OF THE LAPLACE TRANSFORM 231

From the definition of X, we have

X(s) = L{x; —x2}(s)
=X (s) —Xa(s)
o 1
Ts+1 0 (s+1)(s+2)
s+2—1
(s+1)(s+2)
- s+1
o (sH+1D)(s+2)
1
Tst2

Now, we must determine the ROC of X. We know that the ROC of X must at least contain the intersection of the
ROCs of X; and X;. Therefore, the ROC must contain Re(s) > —1. Since X is rational, we also know that the ROC
must be bounded by poles or extend to infinity. Since X has only one pole and this pole is at —2, the ROC must also
include —2 < Re(s) < —1. Therefore, the ROC of X is Re(s) > —2. In effect, the pole at —1 has been cancelled by
a zero at the same location. As a result, the ROC of X is larger than the intersection of the ROCs of X| and X>. The
various ROCs are illustrated in Figure 7.10. So, in conclusion, we have

X(s) =

for Re(s) > —2. [ |

7.8.2 Time-Domain Shifting

The next property of the Laplace transform to be introduced is the time-domain shifting property, as given below.
Theorem 7.2 (Time-domain shifting). Ifx(t) <— X (s) with ROC R, then

x(t —ty) = e "X (s) with ROC R,
where to is an arbitrary real constant.

Proof. To prove the above property, we proceed as follows. Let y(f) =x(t —19), and let Y denote the Laplace transform
of y. From the definition of the Laplace transform, we have

Y(s) = /7 Zx(; —t)e V.

Now, we perform a change of variable. Let T =7 —f( so that t = T+ and d7 = dr. Applying this change of variable,
we obtain

:e_S’O/ x(t)e*"dz

oo

=e 0X(s).

The ROC of Y is the same as the ROC of X, since Y and X differ only by a finite constant factor (i.e., e *0). Thus, we
have proven that the time-domain shifting property holds. |
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Figure 7.10: ROCs for the linearity example. The (a) ROC of X, (b) ROC of X5, (c) ROC associated with the
intersection of the ROCs of X; and X», and (d) ROC of X.
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Example 7.10 (Time-domain shifting property). Find the Laplace transform X of
x(t)=u(t—-1).
Solution. From Table 7.2, we know that
u(t) < 1/s forRe(s) > 0.
Using the time-domain shifting property, we can deduce
x()=u(t—1) «+— X(s)=e* (%) for Re(s) > 0.

Therefore, we have

-8

X(s)= eT for Re(s) > 0. |

7.8.3 Laplace-Domain Shifting
The next property of the Laplace transform to be introduced is the Laplace-domain shifting property, as given below.

Theorem 7.3 (Laplace-domain shifting). Ifx(t) <— X (s) with ROC R, then
' x(t) < X (s —so) with ROC R+Re(sp),
where sq is an arbitrary complex constant. The ROCs are illustrated in Figure 7.11.

Proof. To prove the above property, we proceed as follows. Let y(¢) = *0’x(¢), and let Y denote the Laplace transform
of y. Using the definition of the Laplace transform and straightforward manipulation, we obtain

Y(s)= / e x(t)e " dt
= / x(t)e~5%0) gy
=X(s—s0).

Since Y (s +so) = X(s), ¥ converges at A + s if and only if X converges at A. Since the convergence properties
of a Laplace transform only depend on the real part of the s parameter, ¥ converges at A +Re(sp) if and only if X
converges at A. Consequently, the ROC of Y is simply the ROC of X shifted by Re(sg). Thus, we have shown that the
Laplace-domain shifting property holds. |

Example 7.11 (Laplace-domain shifting property). Using only the properties of the Laplace transform and the trans-
form pair

LT 2
el I for —1 <Re(s) < 1,

— S
find the Laplace transform X of

5t o=l

x(t)=e'e .

Solution. We are given

_ 2
e M T for —1 < Re(s) < 1.
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Figure 7.11: Regions of convergence for Laplace-domain shifting. (a) Before shift. (b) After shift.

Using the Laplace-domain shifting property, we can deduce

2
_ St _
x(t)—e[e \" — X(S)—m for_1+5<Re(S)<1+5,
Thus, we have
2
X(S):m fOr4<Re(S) < 6.

Rewriting X in factored form, we have

2 B 2 B 2 B -2 B -2
1—(s—5)2 1—(s2—10s+25) —s24+10s—24 s2—10s4+24 (s—6)(s—4)

X(s) =
Therefore, we have

for 4 < Re(s) < 6. ]

7.8.4 Time-Domain/Laplace-Domain Scaling

The next property of the Laplace transform to be introduced is the time-domain/Laplace-domain scaling property, as
given below.

Theorem 7.4 (Time-domain/Laplace-domain scaling). If x(r) <— X (s) with ROC R, then

LT 1
x(at) +— —X (E

a ) with ROC Ry = aR,
a

a
where a is a nonzero real constant.

Proof. To prove the above property, we proceed as below. Let y(¢) = x(ar), and let ¥ denote that Laplace transform
of y. From the definition of the Laplace transform, we have

Y(s)= /j;x(at)e_“dt.
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Now, we perform a change of variable. Let T = ar so that = T/a and dT = adt. Performing the change of variable
(and being mindful of the change in the limits of integration), we obtain

v(s) = L Zx(@e 0 () dT a>0
T\ o x(n)eTa (Dar a<o
_Jimx(metidr a>0

—1= x(r)e*Pdr a<0.

a

Combining the two cases for a (i.e., a > 0 and a < 0), we obtain
Y(s)= / x(t)e"T/adr
_ 1
=X (3)-
Since |a|Y (as) = X(s), ¥ converges at aA if and only if X converges at A. Thus, the ROC of Y is aR. Thus, we have
proven that the scaling property holds. ]

The affect of time-domain scaling on the ROC of the Laplace transform is illustrated in Figure 7.12. Suppose
that the ROC of the Laplace transform of a function x is as shown in Figure 7.12(a). Then, the ROC of the Laplace
transform of the function y(¢) = x(ar) is as shown in Figure 7.12(b) for the case that a > 0 and Figure 7.12(c) for the
case that a < 0.

Example 7.12 (Time-domain scaling property). Using only properties of the Laplace transform and the transform

pair

LT 2
el T for —1 <Re(s) < 1,

find the Laplace transform of the function
x(t) =e .
Solution. We are given

—f| T

el +—— for —1 <Re(s) < 1.

1—s2

Using the time-domain scaling property, we can deduce

LT l 2
x(t) =e P s X(S):ET@)Z for 3(—1) < Re(s) < 3(1).
3
Thus, we have
X(s) 2 for —3 <Re(s) <3
§)=———— — s .
3[1-6)7]
Simplifying, we have
X(s) = 2 229 6 —6
3(1_%) 3(955'2) 39-52) 9-s2 (s+3)(s—3)
Therefore, we have
- _ for —3 <R 3. [
(s) ) or —3 < Re(s) <
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Figure 7.12: Regions of convergence for time-domain/Laplace-domain scaling. (a) Before scaling. After scaling for
(b)a>0and (c)a<0.
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7.8.5 Conjugation
The next property of the Laplace transform to be introduced is the conjugation property, as given below.
Theorem 7.5 (Conjugation). Ifx(t) <— X (s) with ROC R, then
x*(t) <= X*(s*) with ROC R.
Proof. To prove the above property, we proceed as follows. Let y(z) = x*(¢), let Y denote the Laplace transform of

v, and let s = ¢ + jw, where ¢ and @ are real. From the definition of the Laplace transform and the properties of
conjugation, we can write

¥(s) = /_ Zx* (t)edt

- :[/_ix*(t)e—s,dt]*r
: /:" b F (es’)*dt} *
: :/:x(t)(e‘”rdrr

* .
Now, we observe that (e~)* = ¢~ ’. Thus, we can write

¥(s) = [ /_ ix(t)e-S*fdt] *
— X*(s").

We determine the ROC of Y as follows. First, we observe that X (s) = Y*(s*). Since Y*(s*) = X(s), ¥ converges at
A if and only if X converges at A*. We know, however, that convergence only depends on the real part of A. So, Y
converges at A if and only if X converges at A. From these results, we have that the ROC of ¥ must be identical to the
ROC of X. Thus, we have shown that the conjugation property holds. |

Example 7.13 (Conjugation property). Using only properties of the Laplace transform and the transform pair

i LT l
T (r) s ———— forRe(s) > —1,
s+14j

find the Laplace transform of
x(t) = e ().

Solution. We are given

‘We have
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Thus, x = v*. Consequently, using the conjugation property, we can deduce

1

x(t) — e(—l-‘rj)fu(t) VALEN X(S) = <*+]+
s J

) for Re(s) > —1.

Simplifying the algebraic expression for X, we have

X(s) 1 * 1* 1
S)= —_— = = .
s+ 1+j [s*+ 147 s+1—j

Therefore, we can conclude

X(s) - for Re(s) > —1. ]

:S+1—]

7.8.6 Time-Domain Convolution

The next property of the Laplace transform to be introduced is the time-domain convolution property, as given below.

Theorem 7.6 (Time-domain convolution). Ifx(t) +— X (s) with ROC Ry and x(t) <~ Xa(s) with ROC Ry, then
x1#x2(t) <= X1 (s)Xa(s) with ROC containing Ry NRy.

Proof. To prove the above property, we proceed as below. Let y(#) = xj *x2(¢), and let Y denote the Laplace transform
of y. From the definition of the Laplace transform and convolution, we have

Now, we perform a change of variable. Let v =7 — 7 so that t = v+ 7 and dv = dt. Applying the change of variable
and simplifying, we obtain

Y(s) = /_oo [/w xz(v)e_s("*'f)dv} xi1(t)dt

—o0

_ /{ [ /Z N dv} (1)t

= [/mxz(v)e‘wdv} [/Ze”xl(r)dr}

= X] (S)Xz (S) .

Now, we consider the ROC of Y. If X; and X, both converge at some A, then Y (s) = X; (s)X>(s) must also converge
at A. Therefore, the ROC of Y must contain the intersection of the ROCs of X; and X5. Thus, we have shown that the
time-domain convolution property holds. |
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In the preceding theorem, note that the ROC of the result can be larger than R; N R,. When X and X, are rational
functions, this can only happen if pole-zero cancellation occurs in the expression X (s)X(s).

The time-domain convolution property of the Laplace transform has important practical implications. Since the
Laplace transform effectively converts a convolution into a multiplication, the Laplace transform can be used as a
means to avoid directly dealing with convolution operations. This is often extremely helpful when working with (CT)
LTI systems, for example, since such systems fundamentally involve convolution.

Example 7.14 (Time-domain convolution property). Find the Laplace transform X of the function
x(t) = x1 xxp(t),
where
x1(t) = (sin3f)u(t) and xp(¢) =tu(t).
Solution. From Table 7.2, we have that

. LT 3
x1(t) = (sin30)u(t) «— Xi(s)= 710 for Re(s) >0 and

x(t) =tu(t) +— Xo(s) = Slz for Re(s) > 0.

Using the time-domain convolution property, we have

3

x(t) <= X(s) = <S2+9

) (Slz) for {Re(s) > 0} N {Re(s) > O}.

The ROC of X is {Re(s) > 0} N{Re(s) > 0} (as opposed to a superset thereof), since no pole-zero cancellation occurs.
Simplifying the expression for X, we conclude

= m for Re(s) > 0. ]

7.8.7 Time-Domain Differentiation

The next property of the Laplace transform to be introduced is the time-domain differentiation property, as given
below.

Theorem 7.7 (Time-domain differentiation). Ifx(t) +— X (s) with ROC R, then

dx(t) . .
);(t ) +— sX(s) with ROC containing R.

Proof. To prove the above property, we proceed as follows. Let D denote that derivative operator, let y = Dx, and let
Y denote the Laplace transform of y. From the definition of the inverse Laplace transform, we have

x(t) ! /GHOOX(s)e”ds.

o % G—joo

Differentiating both sides of this equation with respect to 7, we have

=355/, . Xed
t) = — sX(s)e ds.
= o0n o
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Observing that the right-hand side of the above equation is simply the inverse Laplace transform of sX(s), we can
write

y(t) = £7H{sX(5)}(0).
Taking the Laplace transform of both sides yields
Y(s) =sX(s).

Now, we consider the ROC of Y (s) = sX(s). Clearly, ¥ must converge at A if X converges at A. Since multiplication
by s has the potential to cancel a pole in X, it is possible that the ROC of Y may be larger than the ROC of X.
Consequently, the ROC of Y must at least contain R. Thus, we have shown that the time-domain differentiation
property holds. |

In the preceding theorem, note that the ROC of the result can be larger than R. When X is a rational function, this
can only happen if pole-zero cancellation occurs in the expression sX (s).

The time-domain differentiation property of the Laplace transform has important practical implications. Since the
Laplace transform effectively converts differentiation into multiplication (by s), the Laplace transform can be used
as a means to avoid directly dealing with differentiation operations. This can often be beneficial when working with
differential and integro-differential equations, for example.

Example 7.15 (Time-domain differentiation property). Find the Laplace transform X of the function
x(r) =45(1).
Solution. From Table 7.2, we have that
8(t) «+= 1 foralls.
Using the time-domain differentiation property, we can deduce
x(t)=45(t) « X(s)=s(1) foralls.

Therefore, we have

X(s)=s foralls. |

7.8.8 Laplace-Domain Differentiation

The next property of the Laplace transform to be introduced is the Laplace-domain differentiation property, as given
below.

Theorem 7.8 (Laplace-domain differentiation). Ifx(t) +— X (s) with ROC R, then
—tx(t) +— 4X(s) with ROCR.

Proof. To prove the above property, we proceed as follows. Let y(¢) = —zx(¢) and let Y denote the Laplace transform
of y. From the definition of the Laplace transform, we have

X(s) = / x(t)e "dt.
Differentiating both sides of the above equation with respect to s, we obtain
4y (s) = /_ —rx(nedr
=Y(s).

Thus, we have shown that the Laplace-domain differentiation property holds. |
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Example 7.16 (Laplace-domain differentiation property). Using only the properties of the Laplace transform and the
transform pair

e Hu(t) for Re(s) > —2,

N

find the Laplace transform of the function
x(t) =te Hu(r).

Solution. We are given

e Hu(t) for Re(s) > —2.

s+

Using the Laplace-domain differentiation and linearity properties, we can deduce

x(t) =te 2u(t) <+ X(s) = —% <s—|—12> for Re(s) > —2.

Simplifying the algebraic expression for X, we have

x@);ﬁ( ! )$<s+2>—1<1><1><s+2>—2

s+2 (s+2)%

Therefore, we conclude

X(s) = 5 for Re(s) > —2. [ ]

1
(s+2)

7.8.9 Time-Domain Integration
The next property of the Laplace transform to be introduced is the time-domain integration property, as given below.

Theorem 7.9 (Time-domain integration). If x(¢) +— X (s) with ROC R, then

4 LT 1
/ x(7)dt <— —X(s) with ROC containing RN {Re(s) > 0}.
oo s

Proof. To prove the above property, we proceed as follows. Let y(¢) = [*_ x(7)dt, and let Y and U denote the Laplace
transforms of y and u, respectively. First, we observe that

y(t) = xxu(t).
Taking the Laplace transform of both sides of this equation, we have
Y(s) = L{xxu}(s).
From the time-domain convolution property of the Laplace transform, we have

Y (s) = Lx(s)Lu(s)
=X(s)U(s).

From Example 7.5, we know that U (s) = % for Re(s) > 0. So,

Now, we need to consider the ROC of Y. Clearly, Y must converge at A if X and U both converge at . Consequently,
the ROC of ¥ must contain the intersection of the ROCs of X and U. Since U converges for Re(s) > 0, the ROC of Y
must contain RN [Re(s) > 0]. Thus, we have shown that the time-domain integration property holds. ]
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In the preceding theorem, note that the ROC of the result can be larger than RN {Re(s) > 0}. When X is a rational
function, this can only happen if pole-zero cancellation occurs in the expression %X (s).

The time-domain integration property of the Laplace transform has important practical implications. Since the
Laplace transform effectively converts integration into division (by s), the Laplace transform can be used as a means
to avoid directly dealing with integration operations. This can often be beneficial when working with integral and
integro-differential equations, for example.

Example 7.17 (Time-domain integration property). Find the Laplace transform of the function

x(t) = /_’ e sintlu(z)dr.

Solution. From Table 7.2, we have that

1
eizt[sint]u(t) <L> m for RC(S) > —2.

Using the time-domain integration property, we can deduce

W)= [ e intu(e)ar <5 X(5)= (W) for {Re(s) > ~2} N {Re(s) > 0}.

The ROC of X is {Re(s) > —2} N{Re(s) > 0} (as opposed to a superset thereof), since no pole-zero cancellation
takes place. Simplifying the algebraic expression for X, we have

N R B U S SR S A
s\ (s+2)241) s\ S244ds+4+1) s\ 244s+5)

Therefore, we have

for Re(s) > 0.

[Note: 52 +4s+5= (s+2—j)(s+2+/).] "

7.8.10 Initial and Final Value Theorems

The next properties of the Laplace transform to be introduced are known as the initial and final value theorems, as
given below.

Theorem 7.10 (Initial value theorem). Let x be a function with the Laplace transform X. If x is causal and contains
no impulses or higher order singularities at the origin, then

x(07) = lim sX (),

§—yo0
where x(07) denotes the limit of x(t) as t approaches zero from positive values of 1.

Proof. To prove the above property, we proceed as below. First, we expand x as a Taylor series at 0T,
tl’l
x(t) = [x(07) +x1 (0 4. 42" (Oﬂﬁ 4. u@),

where x") denotes the nth derivative of x. Taking the Laplace transform of the above equation, and using the fact that
L{t"u(t)}(s) = S,,”—l we can write

1 1
X(S):x(OJr);+x(1)(0+)s7+...+x(n>(0+)

xS +....
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Multiplying both sides of this equation by s, we obtain
D L () () L
sX(s) =x(0")+x""(0 )E—i-...—&—x (0 )S—n+

Taking the limit as s — oo, we have

lim sX (s) = x(07).

§—o0

Thus, the initial value theorem holds. |

Theorem 7.11 (Final value theorem). Let x be a function with the Laplace transform X. If x is causal and x(t) has a
finite limit as t — oo, then

lim x(7) = lim sX (s).

t—»o0 s—0

Proof. Let X' denote the derivative of x. The differentiation property of the unilateral Laplace transform (introduced
later in Section 7.17) states that s£,x(s) —x(0~) = £,x/(s). Furthermore, since x is causal, this property can be
rewritten as s£x(s) —x(07) = £,x'(s). Thus, we have that

$X(s)—x(07) = / X ()e " dr.

Taking the limit of both sides of this equation as s — 0, we obtain

oo

lim [sX(s) —x(07)] =lim [ X'(r)e "dt
s—0 s—0.J0—

= oox’(t)dt
-
= x(1)|g-

= limx(z) —x(07).

t—oo

Thus, we have

limsX (s) —x(07) = limx(¢) —x(07).

s—0 t—ro0
Adding x(07) to both sides of the equation yields
limsX (s) = lim x(). |

s—0 t—ro0
Example 7.18 (Initial and final value theorems). A bounded causal function x with a (finite) limit at infinity has the
Laplace transform

B 252 +3s5+2

X(S) = m for Re(S) > 0.

Determine x(0") and lim, o x(z).

Solution. Since x is causal (i.e., x(¢) = 0 for all r < 0) and does not have any singularities at the origin, the initial
value theorem can be applied. From this theorem, we have

x(01) = lim sX (s)
252 +3s5+2
[s3 +2s2+ ZS]
25 +3s+2

= lims
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Since x is bounded and causal and has well-defined limit at infinity, we can apply the final value theorem. From
this theorem, we have

lim x(¢) = lim sX
lim x(r) = limsX(s)

zlims{

s—0

252 43s+2
s3+2s2+2s}
B 252 43542
242542
=1.

s=0

In passing, we note that the inverse Laplace transform x of X can be shown to be
x(t) = [1+e " cost]u(t).

As we would expect, the values calculated above for x(0") and lim,_,. x(¢) are consistent with this formula for x. 1

Amongst other things, the initial and final value theorems can be quite useful in checking for errors in Laplace
transform calculations. For example, suppose that we are asked to compute the Laplace transform X of the function
x. If we were to make a mistake in this computation, the values obtained for x(0) and lim, . x(¢) using X with the
initial and final value theorems and using x directly would most likely disagree. In this manner, we can relatively
easily detect some types of errors in Laplace transform calculations.

7.9 More Laplace Transform Examples

Earlier in this chapter, we derived a number of Laplace transform pairs. Some of these and other important transform
pairs are listed in Table 7.2. Using the various Laplace transform properties listed in Table 7.1 and the Laplace
transform pairs listed in Table 7.2, we can more easily determine the Laplace transform of more complicated functions.

Example 7.19. Using properties of the Laplace transform and the Laplace transform pair

—2a

efa\t| LT
— (s+a)(s—a)

for —a < Re(s) < a,

find the Laplace transform X of the function
x(t) = e3P,
Solution. We begin by re-expressing x in terms of the following equations:
vi(t) = e,
v(t) =vi(t—7), and
x(r) = v2(31).

In what follows, let Ry,, Ry,, and Rx denote the ROCs of Vi, V>, and X, respectively. Taking the Laplace transform of
the above three equations, we obtain

-10
(s+5)(s=5)’
Va(s) = e Vi(s), Ry, =Ry,
X(s)=1Va(s/3), and Ry =3Ry,.

Vi(s) = Ry, = (=5 <Re(s) < 5),
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Table 7.1: Properties of the (bilateral) Laplace transform
Property Time Domain Laplace Domain  ROC
Linearity arxi(t) +axxp(t)  a1Xi(s)+axXo(s) Atleast Ry MRy

Time-Domain Shifting
Laplace-Domain Shifting
Time/Laplace-Domain Scaling
Conjugation

Time-Domain Convolution
Time-Domain Differentiation
Laplace-Domain Differentiation

Time-Domain Integration

x(t—19) e X (s)
' x(t) X(s—s50)

1 s
x(ar) HX (£>
X (1) X*(s%)
x1 xx(1) X1 ()Xo (s)

d
Ex(t) sX(s)
~x(r) 2X(s)

R

R+Re(so)

aR

R

Atleast RiNR,
At least R

R

Atleast RN {Re(s) > 0}

Property
Initial Value Theorem x(0") = lim sX (s)
§—ro0
Final Value Theorem  lim x(7) = lim sX (s)
t—o s—0
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Table 7.2: Transform pairs for the (bilateral) Laplace transform

Pair  x(t) X(s) ROC
1 8@) 1 All's
1
2 u(t) 5 Re(s) >0
1
3 —u(—t) - Re(s) <0
s
n n!
4 "u(t) i Re(s) >0
n n!
5 —t"u(—1) s Re(s) <0
1
6 e “ul(r) P Re(s) > —a
1
7 e “u(—t) “ra Re(s) < —a
8 t"e ult) o Re(s) > —a
(s+a)t!
—at n!
9 e ¢ u( t) W Re(s) < —a
10 (cosapt)u(r) m Re(s) >0
11 (sinpt)u(r) M Re(s) >0
2+ wp
12 (e “cosmpt)u(t) __sta Re(s) > —a
(s+a)?+ w2
13 (e “sinapt)u(t) . Re(s) > —a
(s+a)*+a}
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Combining the above equations, we have

X(s)= %Vg(s/3)
= %6—7@/3)‘/1 (s/3)

—7s/3 —10

Brsena-s M

Rx = 3Ry,
— 3Ry,
=3(—5<Re(s) <5)
= —15 <Re(s) < 15.

Thus, we have shown that

—10
(s/34+5)(s/3-5)

X(s) = %877‘?/3

Example 7.20. Find the Laplace transform X of the function
x(t) =[e" +e X u(r).
Solution. We can calculate X as

X(s) = £{[e™ +e 2 u(t)} (s)

= L{e " u(t)}(s) + L{e > u(t)}(s)
1
- s+1 + s+2
s+ 2+s+1
s+ D(s+2)
2543

= ) for Re(s) > —1.

for Re(s) > —1NRe(s) > —2

Thus, we have that

25+3

YO = ey

for Re(s) > —1.

Example 7.21. Find the Laplace transform X of the function
x(t) =[e ™ +e u(t—1).
Solution. To begin, we rewrite x as
x(t) =[e7 X +e ()

where

vi(t) =u(t—1).

for —15 < Re(s) < 15.
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Taking the Laplace transform of the preceding equations, we have

Vi(s) = L{u(t = 1)}(s)

=e (1) forRe(s) > 0.

and
X(s) =Ll +e ¥vi(0)}(s)
= L{e 2v1 (1)} (s) + L{e 31 (1)} (s).
Now, we focus on simplifying the preceding expression for X. Let Ry, denote the ROC of V;. Then, we have
L{e #vi(t)}(s) =Vi(s+2) fors€Ry, —2 and
L{e (1)} (s) =Vi(s+3) forscRy, —3.

Thus, we have

X(s) = L{e () }(s) + L{e v (1)} (s)
=Vi(s+2)+Vi(s+3) for (Ry, —2)N(Ry, —3).

Substituting the earlier expression for V; into the above equation yields

1
X(s) = e—<s+2>st +e—<f+3>sT3 for (Re(s) > —2) N (Re(s) > —3)
1
— —(s+2) —(s+3) _* for R _2.
e 12 T3 for e(s) >
Thus, we have that
1
X(s)= _(”2)”—2 +e_(s+3)s+—3 for Re(s) > —2. [ |
Example 7.22. Find the Laplace transform X of the function
x(t) = 0(t) +ult).
Solution. Taking the Laplace transform of x, we have
X(s) = L{8+u}(s)
=L8(s)+ Lu(s).
From Table 7.2, we have
8(t) <1 foralls and
u(t) +— 1 forRe(s) > 0.
Substituting the above results, we obtain
X(s)=1+1 forRe(s) >0
s+l
s
Thus, we have that
1
X(s)= St for Re(s) > 0. [ |
s
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Example 7.23. Find the Laplace transform X of the function

x(t) =te3,

Solution. To begin, we rewrite x as
x(t) = te¥ u(—t) +te 3 u(r).
Taking the Laplace transform of x, we have
X(s) = L{te>u(—1) +te > u(t)}(s)
= L{te¥u(—1)}(s) + L{te 3 u(t)}(s)

(1 !
= G 513';2 + (s—&l-.3)2 for Re(s) > —3NRe(s) <3
B —(s+3)2+(s—3)2
o (s+3)2(s—3)2
 —(s+65+9)+5>—65+9
B (s+3)2(s—3)?
_ —12s
(s +3)2(s—3)%

Thus, we have that

—12s

X0 = G-

for —3 < Re(s) < 3. |

Example 7.24. Consider the function
y(t) = e " foxx(t)].
Let X and Y denote the Laplace transforms of x and y, respectively. Find an expression for Y in terms of X.
Solution. To begin, we rewrite y as
() =e"vi(t)
where

v (t) = x*x(1).

Let V; denote the Laplace transform of v. Let Ry, Ry, and Ry denote the ROCs of X, Y, and V, respectively. Taking
the Laplace transform of the above equations yields

Vi(s) = Lvi(s)
= L{xxx}(s)
= Lx(s)Lx(s)
=X2(s) forscRx and

Y(s) = L{e (1) }(s)
=Vi(s+1) forseRy —1.

Substituting the above expression for V; into the above formula for Y, we have

Y(s)=Vi(s+1)

=X*(s+1) forseRxy—1. |
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Figure 7.13: Function for the Laplace transform example.

Example 7.25. Using a Laplace transform table and properties of the Laplace transform, find the Laplace transform
X of the function x shown in Figure 7.13.

First solution (which incurs more work due to differentiation). First, we express x using unit-step functions. We have

x(t) =tu(t) —u(t —1)]
=ru(t) —rtu(t—1).

Taking the Laplace transform of both sides of the preceding equation, we obtain

X(s) = £{tu(t)}(s) — L{tu(r — 1)} (s).

We have
L{tu(r)}(s) = siz and
cfrulr = D}o) = (-t - )} =~ ()
(s
—(—e s —572)

Combining the above results, we have

2
_ 1 e*S e*S
T2 s 2
1= se S —e
2

Since x is finite duration, the ROC of X is the entire complex plane.

Second solution (which incurs less work by avoiding differentiation). First, we express x using unit-step functions.
We have

x(t) =tlu(t) —u(t —1)] = tu(t) —tu(t — 1)
=tu(t)— (¢t —Du(t—1)—u(—1).

Taking the Laplace transform of both sides of the preceding equation, we obtain

X(s) = L{tu(t) }(s) = L{(t = Du(r = 1) }(s) = L{u(t = 1)}(s).
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x(t)

10

Figure 7.14: Function for the Laplace transform example.

We have

Combining the above results, we have

1 e* e*
X(s)= 5 — — —
(5) s 2 s
l—e—se”?
= .
Since x is finite duration, the ROC of X is the entire complex plane. |

Example 7.26. Find the Laplace transform X of the function x shown in Figure 7.14.

First solution (which incurs more work due to differentiation). First, we express x using unit-step functions. We have
x(t)=(+2)[u(t+1) —u(t)] + (=t +2)[u(t) —u(t —1)]
=rtu(t+ 1) —ru(t)+2u(t + 1) — 2u(t) — tu(t) +tu(t — 1) + 2u(t) — 2u(t — 1)
=tu(t+1)+2u(t+1)—2tu(t) +tu(t — 1) —2u(r —1).

Taking the Laplace transform of both sides of the preceding equation, we obtain
X(s) = —L{—tut + 1) }(s) + 2L {u(t+ 1)} (s) + 26 {—tu(t) }(s) — £{—tut — 1) }(s) — 26 {ult = 1) }(5)
-5() () )4 () ()
(57 (2) () () ()

—sef+ef+se S +e -2+ 25 —2eF
2

s
se*+ef —2—se S +e
52 '

Since x is (bounded and) finite duration, the ROC of X must be the entire complex plane. Thus, we have that

seS+ef —2—se S +e

5 for all s.

X(s)

N
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Second solution (which incurs less work by avoiding differentiation). Alternatively, we can rearrange our above ex-

pression for x to obtain

x(@t)=[tu(t+1)+u(t+1) —u(t+1)] +2u(t+ 1) — 2tu(t) + [tu(t — 1) —u(t — 1) +u(t — 1)] — 2u(t — 1)

(t+Du+1)+u@+1)=2tu(t)+(t—Du(t—1) —u(t —1).

Taking the Laplace transform of both sides of the preceding equation, we have

X(s)=e"LA{tu(t)} (s) + L{u(t+1)}(s) —2L{eu(t) }(s) + e L {ru(t)} (s) — L{u(t — 1) }(s)

— 5L sl _nl 4 sl sl

=egtes—254+e S —e g
e +sef —24+eF—se?
52 ’

In the case of this alternate solution, the expression for X is considerably easier to simplify.

7.10 Determination of the Inverse Laplace Transform

As suggested earlier, in practice, we rarely use (7.3) directly in order to compute the inverse Laplace transform. This
formula requires a contour integration, which is not usually very easy to compute. Instead, we employ a partial
fraction expansion of the function. In so doing, we obtain a number of simpler functions for which we can usually
find the inverse Laplace transform in a table (e.g., such as Table 7.2). In what follows, we assume that the reader is
already familiar with partial fraction expansions. A tutorial on partial fraction expansions is provided in Appendix B

for those who might not be acquainted with such expansions.
Example 7.27. Find the inverse Laplace transform x of

2

X(s) = §$2—5—2

for —1 < Re(s) < 2.

Solution. We begin by rewriting X in the factored form

2

)

Then, we find a partial fraction expansion of X. We know that X has an expansion of the form

Ay A
s+1 +s—2'

X(s) =
Calculating the coefficients of the expansion, we obtain

Ar= (s+1DX(s)]=
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So, X has the expansion
2 1 2 1
X(s)= = - = .
=3 (s—Z) 3 <s+1)
Taking the inverse Laplace transform of both sides of this equation, we have
2 1 2 1
)=-L"" —-o! ). 7.6
w0 =3e{ -3 o 7.6)
Using Table 7.2 and the given ROC, we have
1
—eMu(—1) < =) for Re(s) <2 and
—t LT _
e 'u(t) «+— T for Re(s) > —1.
Substituting these results into (7.6), we obtain
x(1) =3[~ u(—1)] =3[ "u(r)]
= —%eztu(—t)—%eftu(t). [ |

Example 7.28 (Rational function with a repeated pole). Find the inverse Laplace transform x of

2541

X6 = 5 126+2)

for Re(s) > —1.

Solution. To begin, we find a partial fraction expansion of X. We know that X has an expansion of the form

Ay Ap Az

X(s) = :
(s) s+1 (s+1)2+s+2

Calculating the coefficients of the expansion, we obtain

A= {(%)271 KSJA)ZX(S)]H

= [Els+ DX O]

#(52)ll
_ '(s+2)(2)(2s+1)(1>]
(s+2)?

B [2s+4—25—1
(s+2)2

s=—1

s=—1

s=—1

s=—1

Edition 2.0 Copyright (©) 2012-2020 Michael D. Adams



254 CHAPTER 7. LAPLACE TRANSFORM

Thus, X has the expansion

3 1 3

X(s)= — — .
(s) s+1 (s+1)2 542

Taking the inverse Laplace transform of both sides of this equation yields

x(t)=3L"" {si]}(r)ﬁ‘l { (s+11)2}(t)3£_1 {siz}(’)‘

From Table 7.2 and the given ROC, we have

e 'u(t) «— o5 forRe(s) > —1,
te u(t) <+ ﬁ for Re(s) > —1, and
e ?u(t) « L5 forRe(s) > —2.

Substituting these results into (7.7), we obtain

x(t) =3¢ u(t) —te " u(t) —3e > u(r)
= (3¢ —te" =3¢ ) u(t).

(1.7)

Example 7.29 (Inverse Laplace transform of improper rational function). Find the inverse Laplace transform x of

252 +4s+5

YO = ey

for Re(s) > —1.

Solution. We begin by noting that X is not a strictly-proper rational function. So, we need to perform polynomial long
division in order to express X as the sum of a polynomial and a strictly-proper rational function. By long division, we

have
2

s243s+2 [ 255 + 45+ 5
257 + 65 + 4
- 25 + 1.

In other words, we have

—2s+1
X(s)=2+———"—.
(s) +s2+3s+2

For convenience, we define

—25+1

P )

so that

X(s)=2+V(s).
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Observe that V is a strictly-proper rational function. So, we can find a partial fraction expansion of V. Now, we find
this expansion. We know that such an expansion is of the form

A A

Calculating the expansion coefficients, we have

A= (s+DV(s)l—
—25+1
s+2
=3 and
Ay = (s+2)V(s)|—»
=25+
s+

=-5

s=—1

s=—2

So, we have

X(s)=2+V(s)
NERRED
s+1 s+2°

Taking the inverse Laplace transform, we obtain

x(t) = L7'X (1)
—oL {1} (1) 430! {Hll} (1) =557 {Siz} o).

Considering the ROC of X, we can obtain the following from Table 7.2:

5(r) <55 1,
e 'u(t) <+ g forRe(s) > —1, and
e u(t) + L5 forRe(s) > —2.

Finally, we can write
x(t) = 28(t) +3e "u(t) — 5¢ > u(r)
=28(t)+ (3™ —5e 2 u(r). [ |

Example 7.30. Find all possible inverse Laplace transforms of
1
X(s)=5—7——.
(s) s24+3s+2
Solution. We begin by rewriting X in factored form as

X(s) =

(7.8)

1
(s+1)(s+2)°
Then, we find the partial fraction expansion of X. We know that such an expansion has the form
A A
s+1 0 s+2°

X(s) =
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Calculating the coefficients of the expansion, we have

1
A1: (S"_I)X(S)‘S:_l: m s=_1:l and
1
Ay = )X ()|, = =-1.
= DX = 17|
So, we have
1 1
X(s)= — .
(5) s+1 s+2
Taking the inverse Laplace transform of both sides of this equation yields
=64 - 19)
s+1 s+2 ' )
For the Laplace transform X, three possible ROCs exist:
i) Re(s) < -2,

ii) —2 <Re(s) < —1, and
iii) Re(s) > —1.
Thus, three possible inverse Laplace transforms exist for X, depending on the choice of ROC.
First, let us consider the case of the ROC Re(s) < —2. From Table 7.2, we have
LT 1

—e 'u(—t) < ;7 forRe(s) < —1 and

—e M u(—t) « L5 forRe(s) < —2.

Substituting these results into (7.9), we have

x(t) = —etu(—t) + e Hu(—1)
=[-e"! Jre_z'] u(—1).

Second, let us consider the case of the ROC —2 < Re(s) < —1. From Table 7.2, we have

—e'u(—t) +— - forRe(s) < —1 and
e u(t) == L5 forRe(s) > —2.

Substituting these results into (7.9), we have
x(t) = —e Tu(—t) —e Hu(r).
Third, let us consider the case of the ROC Re(s) > —1. From Table 7.2, we have

e 'u(t) +— 5 forRe(s) > —1 and

e u(t) + L5 forRe(s) > —2.

Substituting these results into (7.9), we have
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X y —] H -

Figure 7.16: Laplace-domain view of a LTI system with
input Laplace transform X, output Laplace transform Y,
and system function H.

Figure 7.15: Time-domain view of a LTI system with
input x, output y, and impulse response /.

7.11 Characterizing LTI Systems Using the Laplace Transform

Consider a LTI system with input x, output y, and impulse response £, as depicted in Figure 7.15. Such a system is
characterized by the equation

y(t) = xxh(t).

Let X, Y, and H denote the Laplace transforms of x, y, and A, respectively. Taking the Laplace transform of both sides
of the above equation and using the time-domain convolution property of the Laplace transform, we have

Y(s) = H(s)X (s).

The quantity H is known as the system function or transfer function of the system. If the ROC of H includes
the imaginary axis, then H(jm) is the frequency response of the system. The system can be represented with a block
diagram labelled in the Laplace domain as shown in Figure 7.16, where the system is labelled by its system function H.

7.12 Interconnection of LTI Systems

From the properties of the Laplace transform and the definition of the system function, we can derive a number of
equivalences involving the system function and series- and parallel-interconnected systems.

Suppose that we have two LTI systems H; and H, with system functions H; and H,, respectively, that are con-
nected in a series configuration as shown in the left-hand side of Figure 7.17(a). Let h; and h; denote the impulse
responses of J{; and H,, respectively. The impulse response /4 of the overall system is given by

h(t) = hy xhy(t).
Taking the Laplace transform of both sides of this equation yields
H(s)=L{h1xhy}(s)
= Lh(s)Lhy(s)
= H] (S)HQ(S).

Thus, we have the equivalence shown in Figure 7.17(a). Also, since multiplication commutes, we also have the
equivalence shown in Figure 7.17(b).

Suppose that we have two LTI systems J{; and H{, with system functions H; and H, that are connected in a
parallel configuration as shown on the left-hand side of Figure 7.18. Let h; and &y denote the impulse responses of
H and H;, respectively. The impulse response 4 of the overall system is given by

h(t) =hi(t) + ha(2).
Taking the Laplace transform of both sides of the equation yields

H(s) = £{h1 + o} (s)
= Lhy(s)+ Lhy(s)
=H (S) +H2(S).

Thus, we have the equivalence shown in Figure 7.18.
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X Y X Y
— H, — H, - = — H H, N
(a)
X Y X Y
— H, —— H, —— = — H> —— H; ——
(b)

Figure 7.17: Equivalences involving system functions and the series interconnection of LTI systems. The (a) first and
(b) second equivalences.

X Y
> > H;

!

Hi+H, ———

> H2

Figure 7.18: Equivalence involving system functions and the parallel interconnection of LTI systems.

7.13 System Function and System Properties

Many properties of a system can be readily determined from the characteristics of its system function, as we shall
elaborate upon in the sections that follow.

7.13.1 Causality

From Theorem 4.8, we know that, a LTI system is causal if its impulse response is causal. A causal function, how-
ever, is inherently right sided. Consequently, from the properties of the ROC of the Laplace transform discussed in
Section 7.7, we have the theorem below.

Theorem 7.12. The ROC associated with the system function of a causal LTI system is a right-half plane or the entire
complex plane.

Proof. Let h and H denote the impulse response and system function of a causal LTI system J{. The system J( is
causal if and only if 4 is causal. Since a causal signal is always right sided and a right-sided signal always has a
Laplace transform with a right-half plane ROC, the ROC of H must be a right-half plane. |

In general, the converse of the above theorem is not necessarily true. That is, it is not always true that a right-half
plane ROC is associated with a causal system function. If H is rational, however, we have that the converse does hold,
as indicated by the theorem below.

Theorem 7.13. For a LTI system with a rational system function H, causality of the system is equivalent to the ROC
of H being the right-half plane to the right of the rightmost pole or, if H has no poles, the entire complex plane.

Proof. From Theorem 7.12, we know that the ROC of H is a right-half plane. Furthermore, since H is rational, we
also know from the properties of the ROC that the ROC of H must be the region to the right of the rightmost pole
of H. |

Example 7.31. For the LTI system with each system function H below, determine whether the system is causal.
(@) H(s) = & for Re(s) > —1;

s+1
(b) H(s) = SZL] for —1 <Re(s) < 1;
(c)H(s) = s% for Re(s) < —1; and
(d)H(s) = % forRe(s) > —1.
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Im Im

(a) (b)

Figure 7.19: Pole and ROCs of the rational system functions in the causality example. The cases of the (a) first
(b) second system functions.

Solution. (a) The poles of H are plotted in Figure 7.19(a) and the ROC is indicated by the shaded area. The system
function H is rational and the ROC is the right-half plane to the right of the rightmost pole. Therefore, the system is
causal.

(b) The poles of H are plotted in Figure 7.19(b) and the ROC is indicated by the shaded area. The system function
is rational but the ROC is not a right-half plane. Therefore, the system is not causal.

(c) The system function H has a left-half plane ROC. Therefore, & is a left-sided signal. Thus, the system is not
causal.

(d) The system function H has a right-half plane ROC but is not rational. Thus, we cannot make any conclusion
directly from the system function. Instead, we draw our conclusion from the impulse response 4. Taking the inverse
Laplace transform of H, we obtain

h(t) = e Du(r +1).

Thus, the impulse response /% is not causal. Therefore, the system is not causal. |

7.13.2 BIBO Stability

In this section, we consider the relationship between the system function and BIBO stability. The first important result
is given by the theorem below.

Theorem 7.14. A LTI system is BIBO stable if and only if the ROC of its system function H contains the imaginary
axis (i.e., Re(s) =0).

Proof. To begin, we observe that the ROC of H containing the imaginary axis is equivalent to the condition
H(jw) converges for all @. (7.10)

Let h denote the inverse Laplace transform of H (i.e., & is the impulse response of the system). From earlier in
Theorem 4.11, we know that the system is BIBO stable if and only if

/w |h(2)|dt < oo (7.11)

(i.e., h is absolutely integrable). Thus, the proof of the theorem is equivalent to showing that (7.11) holds if and only
if (7.10) holds.
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First, we show that (7.11) being satisfied implies that (7.10) holds. So, we assume that (7.11) holds. From the
definition of H (evaluated on the imaginary axis), we have

H(jo) = / h(t)e 7@ dr.
Now, we note the fact that an integral is convergent if it is absolutely convergent. In particular, for any function f,

/ f(¢)dt converges if / |f(2)|dt converges.

Thus, H(j®) = [~ h(t)e /" dt converges if [~ |h(t)e™/*"|dt converges. We have, however, that

[i|h(t)e_/wt|dt:12|h(t)|‘e‘jwt|dt:/:o\h(t)|dt.

So, H(jw) converges if (7.11) holds. Thus, (7.11) being satisfied implies that (7.10) holds. The proof that (7.10)
being satisfied implies that (7.11) holds is left as an exercise for the reader. |

In the case that the system is causal, a more specific result can be derived. This result is given by the theorem
below.

Theorem 7.15. A causal LTI system with a (proper) rational system function H is BIBO stable if and only if all of the
poles of H lie in the left half of the plane (i.e., all of the poles have negative real parts).

Proof. From Theorem 7.14, we know that the system is stable if and only if the ROC of H contains the imaginary
axis. Since the system is causal and H is rational, the ROC of H is to the right of its rightmost pole. Therefore, the
ROC contains the imaginary axis if and only if the rightmost pole is to the left of the imaginary axis. All of the poles
of H lying to the left of the imaginary axis is equivalent to all of these poles having negative real parts. ]

Observe from the preceding two theorems (i.e., Theorems 7.14 and 7.15) that, in the case of a LTI system, the
characterization of the BIBO stability property is much simpler in the Laplace domain (via the system function)
than the time domain (via the impulse response). For this reason, analyzing the stability of LTI systems is typically
performed using the Laplace transform.

Example 7.32. A LTI system has the system function

1
(s+1)(s+2)

Given that the system is BIBO stable, determine the ROC of H.

H(s)=

Solution. Clearly, the system function H is rational with poles at —1 and —2. Therefore, only three possibilities exist
for the ROC:
i) Re(s) < -2,
ii) =2 <Re(s) < —1, and
iii) Re(s) > —1.
In order for the system to be stable, however, the ROC of H must include the entire imaginary axis. Therefore, the
ROC must be Re(s) > —1. This ROC is illustrated in Figure 7.20. [ |

Example 7.33. A LTI system is causal and has the system function

1

He) = eamrmnr

Determine whether this system is BIBO stable.
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Figure 7.20: ROC for example.
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|
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|

Figure 7.21: Poles of the system function.

Solution. We begin by factoring H to obtain

1
(s+2)(s+1—=j(s+1+j)

H(s)=

(Using the quadratic formula, one can confirm that s2+2s+2=0hasrootsat s = —1 + Jj-) Thus, H has poles at —2,
—1+j,and —1 — j. The poles are plotted in Figure 7.21. Since the system is causal and all of the poles of H are in
the left half of the plane, the system is stable. |

Example 7.34. For each LTI system with system function H given below, determine the ROC of H that corresponds
to a BIBO stable system.
s(s—1)

W = G )61

(b) H(s) = (s—s—(l)(s.;(l)(s.)— = )G-1+))
B s+j)s—J .

OO = = raen ™

@H()=""1.

Solution. (a) The function H has poles at —2, —1+ j, and —1 — j. The poles are shown in Figure 7.22(a). Since
H is rational, the ROC must be bounded by poles or extend to infinity. Consequently, only three distinct ROCs are
possible:

Edition 2.0 Copyright (©) 2012-2020 Michael D. Adams



262 CHAPTER 7. LAPLACE TRANSFORM

Im Im
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|
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|
] 2+ -2+
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Figure 7.22: Poles and ROCs of the system function H in the (a) first, (b) second, (c) third, and (d) fourth parts of the
example.

i) Re(s) < -2,
ii) —2 <Re(s) <—1, and
iii) Re(s) > —1.
Since we want a stable system, the ROC must include the entire imaginary axis. Therefore, the ROC must be Re(s) >
—1. This is the shaded region in the Figure 7.22(a).
(b) The function H has poles at —1, 1, 1 + j, and 1 — j. The poles are shown in Figure 7.22(b). Since H is rational,
the ROC must be bounded by poles or extend to infinity. Consequently, only three distinct ROCs are possible:
i) Re(s)< -1,
ii) —1 <Re(s) <1, and
iii) Re(s) > L.
Since we want a stable system, the ROC must include the entire imaginary axis. Therefore, the ROC must be —1 <
Re(s) < 1. This is the shaded region in Figure 7.22(b).
(c) The function H has poles at —2+ j and —2 — j. The poles are shown in Figure 7.22(c). Since H is rational,
the ROC must be bounded by poles or extend to infinity. Consequently, only two distinct ROCs are possible:
i) Re(s) < —2and
ii) Re(s) > —2.
Since we want a stable system, the ROC must include the entire imaginary axis. Therefore, the ROC must be Re(s) >
—2. This is the shaded region in Figure 7.22(c).
(d) The function H has a pole at 0. The pole is shown in Figure 7.22(d). Since H is rational, it cannot converge
at 0 (which is a pole of H). Consequently, the ROC can never include the entire imaginary axis. Therefore, the system
function H can never be associated with a stable system. |
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7.13.3 Invertibility

In this section, we consider the relationship between the system function and invertibility. The first important result is
given by the theorem below.

Theorem 7.16 (Inverse of LTI system). Let I be a LTI system with system function H. If the inverse H ' of H exists,
H~" is LTI and has a system function Hi,, that satisfies

H(s)Hiny(s) = 1. (7.12)

Proof. Let h denote the inverse Laplace transform of H. From Theorem 4.9, we know that the system X is invertible
if and only if there exists another LTI system with impulse response Ajy, satisfying

h*him, =34.

Let H;,, denote the Laplace transform of #;,,. Taking the Laplace transform of both sides of the above equation, we
have

L{h*hiny } = L0.
From the time-domain convolution property of the Laplace transform and Table 7.2 (i.e., £3(s) = 1), we obtain
H(s)Hiny(s) = 1. |
From the preceding theorem, we have the following result:

Theorem 7.17 (Invertibility of LTI system). A LTI system 3{ with system function H is invertible if and only if there
exists a function Hi,, satisfying

H(s)Hiny(s) = 1.

Proof. The proof follows immediately from the result of Theorem 7.16 by simply observing that J{ being invertible
is equivalent to the existence of (. ]

From the above theorems, we have that a LTI system J{ with system function H has an inverse if and only if a
solution for H™ exists in (7.12). Furthermore, if an inverse system exists, its system function is given by

Hip(s) = ﬁ

Since distinct systems can have identical system functions (but with differing ROCs), the inverse of a LTI system
is not necessarily unique. In practice, however, we often desire a stable and/or causal system. So, although multiple
inverse systems may exist, we are frequently only interested in one specific choice of inverse system (due to these
additional constraints of stability and/or causality).

Example 7.35. Consider the LTI system with system function

s+

His)= 542

Determine all possible inverses of this system. Comment on the stability of each of these inverse systems.

for Re(s) > —2.

Solution. The system function H;,, of the inverse system is given by

I s+2
H(s) s+1°

Hinv(s) =

Two ROCs are possible for Hi,,:
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i) Re(s) < —1and

ii) Re(s) > —1.
Each ROC is associated with a distinct inverse system. The first ROC is associated with an unstable system since
this ROC does not include the imaginary axis. The second ROC is associated with a stable system, since this ROC
includes the entire imaginary axis. |

7.14 LTI Systems and Differential Equations

Many LTI systems of practical interest can be described by Nth-order linear differential equations with constant
coefficients. Such a system with input x and output y can be characterized by an equation of the form

N k M &
Y b () v(0) =Y a (&) x(0), (7.13)
k=0 k=0

where M < N. Let X and Y denote the Laplace transforms of x and y, respectively. Let H denote the system function
of the system. Taking the Laplace transform of both sides of the above equation, we obtain

N M
k k
e En)o}o-e{ Lol
k=0 k=0
Using the linearity property of the Laplace transform, we can rewrite this equation as
S d\k S d\k
Y bt { (4) y(t)} (5)=Y ast { (4) x(t)} (5).
k=0 k=0
Using the time differentiation property of the Laplace transform, we have
N M
)y bis*Y (s) = ) aws*X (s).
k=0 k=0

Factoring, we have
N M
Y(s) Z brst =X (s) Z ars*.
k=0 k=0

Dividing both sides of this equation by X (s) Y, bxs*, we obtain

Y(s) _ Zﬁioaksk
X (s) ZkN=o bpsk’

Thus, H is given by
M k
H(s) = Z00
):k:() bksk

Observe that, for a system of the form considered above (i.e., a system characterized by an equation of the form
of (7.13)), the system function is always rational. It is for this reason that rational functions are of particular interest.

Example 7.36 (Differential equation to system function). A LTI system with input x and output y is characterized by
the differential equation

Y () + 5 (1) + 5y (1) = x(2),

where D, K, and M are positive real constants, and the prime symbol is used to denote derivative. Find the system
function H of this system.
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Solution. Taking the Laplace transform of the given differential equation, we obtain

Rearranging the terms and factoring, we have
(5% + f75+37) Y (5) = X(5).

Dividing both sides by (s*+ &5+ &) X(s), we obtain

Thus, H is given by

1

Hs)=—F——.
(s) 24+ Dyt K

Example 7.37 (System function to differential equation). A LTI system with input x and output y has the system
function

N

H(S):m,

where L and R are positive real constants. Find the differential equation that characterizes this system.

Solution. Let X and Y denote the Laplace transforms of x and y, respectively. To begin, we have

Rearranging this equation, we obtain

(s+ %)Y(s) = sX(s)
= sY(s)+ Ry (s) =sX(s).

Taking the inverse Laplace transform of both sides of this equation (by using the linearity and time-differentiation
properties of the Laplace transform), we have

LHsy(s)} () + %L*IY(t) =L YsX(5)} (1)

= Ly(t)+By() = Lx(z).

Therefore, the system is characterized by the differential equation
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R C
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|
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Figure 7.23: Basic electrical components. (a) Resistor, (b) inductor, and (c) capacitor.

7.15 Circuit Analysis

One application of the Laplace transform is circuit analysis. In this section, we consider this particular application.
The basic building blocks of many electrical networks are resistors, inductors, and capacitors. In what follows, we
briefly introduce each of these circuit elements.

A resistor is a circuit element that opposes the flow of electric current. The resistor, shown in schematic form in
Figure 7.23(a), is governed by the relationship

v(t) =Ri(t) (or equivalently, i(r) = %v(t)),

where R, v and i denote the resistance of, voltage across, and current through the resistor, respectively. Note that the

resistance R is a nonnegative quantity (i.e., R > 0). In the Laplace domain, the above relationship becomes
V(s)=RI(s) (orequivalently, I(s) = £V (s)),

where V and I denote the Laplace transforms of v and i, respectively.

An inductor is a circuit element that converts an electric current into a magnetic field and vice versa. The inductor,
shown in schematic form in Figure 7.23(b), is governed by the relationship

t
v(t) = L%i(r) (or equivalently, i(t) = %/ v(‘c)dr) ,

where L, v, and i denote the inductance of, voltage across, and current through the inductor, respectively. Note that
the inductance L is a nonnegative quantity (i.e., L > 0). In the Laplace domain, the above relationship becomes

V(s)=sLI(s) (orequivalently, I(s) = LV(s)),

where V and I denote the Laplace transforms of v and i, respectively.
A capacitor is a circuit element that stores electric charge. The capacitor, shown in schematic form in Fig-
ure 7.23(c), is governed by the relationship

!
v(t) = é[ i(t)dt  (or equivalently, i(f) = C%v(t)) ,

where C, v, and i denote the capacitance of, voltage across, and current through the capacitor, respectively. Note that
the capacitance C is a nonnegative quantity (i.e., C > 0). In the Laplace domain, the above relationship becomes

V(s) = %I(s) (or equivalently, I(s) = sCV (s)),

where V and I denote the Laplace transforms of v and i, respectively.

Observe that the equations that characterize inductors and capacitors are arguably much simpler to express in the
Laplace domain than in the time domain. Consequently, the use of the Laplace transform can greatly simplify the
process of analyzing circuits containing inductors and capacitors.

Example 7.38 (Simple RC network). Consider the resistor-capacitor (RC) network shown in Figure 7.24 with input v{
and output v,. This system is LTI and can be characterized by a linear differential equation with constant coefficients.
(a) Find the system function H of this system. (b) Determine whether the system is BIBO stable. (c) Determine the
step response of the system.
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Figure 7.24: Simple RC network.

Solution. (a) From basic circuit analysis, we have

vi(t) =Ri(t)+v2(¢) and (7.14a)
i(1) =Cavy(1). (7.14b)

Taking the Laplace transform of (7.14) yields

Vi(s) =RI(s)+Va(s) and (7.15a)
I(s) = CsVa(s). (7.15b)
Using these equations, we can write
Vi(s) = R[CsVa(s)] + Va(s)

= Vi(s) = RCsVa(s) +Va(s)
= Vi(s) = [l + RCs]Va(s).

Thus, we have that the system function H is given by

1 1
Va(s) 1 RC_ _ ___RC

Vi(s) 1+RCs stae s—(—g)

H(s)=

Since the system can be physically realized, it must be causal. Therefore, H must have the ROC Re(s) > f%. So,
we have

for Re(s) > — 7.

H(s)

~ 1+RCs

(b) Since resistance and capacitance are positive quantities, —% is a negative value. Consequently, the ROC

always includes the entire imaginary axis, and the system is stable.
(c) Now, let us calculate the step response of the system. We know that the system input-output behavior is
characterized by the equation

Va(s) = H(s)Vi(s)

- <1+1RCS) Vils).

To compute the step response, we need to consider an input equal to the unit-step function. So, v; = u, implying that
Vi(s) = % Substituting this expression for V; into the above expression for V,, we have

400 (s ()

1
RC

N s(s+ %)
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Now, we need to compute the inverse Laplace transform of V; in order to determine v,. To simplify this task, we find
the partial fraction expansion for V,. We know that this expansion is of the form

Ay A2
V2 (S) = — T
N s+ ol
Solving for the coefficients of the expansion, we obtain
Al = SVQ(S)|s:0
=1 and
Ay = (s+ %)vz(s)h}%
1
_ _RC
L
RC

=—1.

Thus, we have that V, has the partial fraction expansion given by

1 1

N er%

Taking the inverse Laplace transform of both sides of the equation, we obtain

ba(t) = £ {1} (1) — £ {Hll } (o).
RC

Using Table 7.2 and the fact that the system is causal (which implies the necessary ROC), we obtain

va(t) = u(t) — e /ROy (1)

= (1= utr). ]

7.16 Stability Analysis

As mentioned earlier, since BIBO stability is more easily characterized for LTI systems in the Laplace domain than
the time domain, the Laplace domain is often used to analyze system stability. In what follows, we will consider this
application of the Laplace transform in more detail.

Example 7.39 (Feedback system). Consider the system shown in Figure 7.25 that has input Laplace transform X and
output Laplace transform Y, and is formed by the interconnection of two causal LTI systems labelled with their system
functions H; and H,. The system functions H; and H, are given by

1

)= o rer @)

and Ha(s) = —1,

where a is a real constant. (a) Find the system function H of the (overall) system. (b) Determine the values of the
parameter a for which the system is BIBO stable.

Solution. (a) From the system diagram, we can write

V(s) =X(s)+Hz(s)Y(s) and
Y(s)=Hi(s)V(s).
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H,

Figure 7.25: Feedback system.

Combining these two equations and simplifying, we obtain

Y(s) = Hi(s)[X(s) + Ha(s)Y (s)]

= Y(s) =H(5)X(s) + Hi(s)Ha(s)Y (s)
= Y(s)[1 —H(s)Ha(s)] = Hi(s)X (s)
Y(s)  Hi(s)
T X() T T-H(5)H()
Since H(s) = ));8 , we have
H(s)= — 1)

1 —H(s)Hx(s) '
Substituting the given expressions for H; and H,, and simplifying, we can write

[ S
s2+as+(a—2)

1+ (b))
1
s24as+(a—2)+1
1
s2tas+(a—1)
(b) In order to assess the stability of the system, we need to know the poles of the system function H. So, we use

the quadratic formula in order to factor the denominator of H. Solving for the roots s of the denominator of H, we
obtain

H(s)=

—a++/a*—4(a—1)

S =

2
—at+va®—4a+4

={-1,1—a}.
So, s> +as+(a—1)= (s+1)(s+a—1). Thus, we have
1

BT

Since the system is causal, the system is stable if and only if all of the poles are strictly to the left of the imaginary
axis. The system has two poles, one at —1 and one at 1 —a. Thus, we know that

l—-a<0=a>1.

Therefore, the system is stable if and only if a > 1. |
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Figure 7.26: Feedback control system.

7.16.1 Feedback Control Systems

In control systems applications, we wish to have some physical quantity (such as a position or force) track a desired
value over time. The input to the control system is the desired (i.e., reference) value for the quantity being controlled,
and the output is the actual value of the quantity. The difference between the actual value and reference value consti-
tutes an error. The goal of the control system is to force this error to be as close to zero as possible. When the error is
zero, this corresponds to the actual value being equal to the desired value. For example, in a simple heating/cooling
thermostat system, the reference input would be temperature setting on the thermostat wall control and the output
would be the actual room temperature. In a flight control system, the reference input would be the desired values for
the position and orientation of the plane specified by the pilot’s flight controls and the output would be the plane’s
actual position and orientation.

A very commonly occurring configuration used for control system applications is known as a feedback control
system. A feedback control system consists of three interconnected subsystems:

1. aplant, which is the system whose output corresponds to the quantity being controlled,;
2. asensor, which is used to measure the actual value of the quantity being controlled; and

3. a compensator (also called a controller), which is used to ensure that the overall system behaves in a manner
that the output closely tracks the reference input in addition to possibly satisfying other criteria such as being
stable.

The general structure of a feedback control system is shown in Figure 7.26. The reference input corresponds to the
desired value for the quantity being controlled. The output corresponds to the actual value of the quantity being
controlled (which is measured by a sensor). The adder output corresponds to error (i.e., the difference between the
desired and actual values of the controlled quantity). Again, in control applications, the objective is to have the output
track the reference input as closely as possible over time. In other words, we wish for the error to be as close to zero as
possible. It is the responsibility of the compensator to ensure that this happens. If the compensator is well designed,
the error will remain close to zero over time.

Consider a simple control system application corresponding to a robot arm. In this system, the reference input
corresponds to the desired position and orientation of the robot-arm end effector (i.e., the device at the end of the
robot arm), while the output corresponds to the actual position and orientation of the end effector. If the compensator
is well designed, then the actual position and orientation of the end effector should track the desired value over time.

Having introduced the notion of feedback control systems, we now consider the application of stabilizing an
unstable plant with a feedback control system.

Example 7.40 (Stabilization of unstable plant). Consider the causal LTI system with input Laplace transform X,
output Laplace transform Y, and system function

Copyright (©) 2012-2020 Michael D. Adams Edition 2.0



7.16. STABILITY ANALYSIS 271

] P L,

Figure 7.27: Plant.

X Y
— P > w ——
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X R Y
C > P > »
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Figure 7.28: Two configurations for stabilizing the unstable plant. (a) Simple cascade system and (b) feedback control
system.

as depicted in Figure 7.27. One can easily confirm that this system is not BIBO stable, due to the pole of P at 1. (Since
the system is causal, the ROC of P is the RHP given by Re(s) > 1. Clearly, this ROC does not include the imaginary
axis. Therefore, the system is not stable.) In what follows, we consider two different strategies for stabilizing this
unstable system as well as their suitability for use in practice.

(a) STABILIZATION OF UNSTABLE PLANT VIA POLE-ZERO CANCELLATION. Suppose that the system in Fig-
ure 7.27 is connected in series with another causal LTI system with system function

s—1
W) = o651y
in order to yield a new system with input Laplace transform X and output Laplace transform Y, as shown in Fig-
ure 7.28(a). Show that this new system is BIBO stable.

(b) STABILIZATION OF UNSTABLE PLANT VIA FEEDBACK. Suppose now that the system in Figure 7.27 is
interconnected with two other causal LTI systems with system functions C and Q, as shown in Figure 7.28(b), in order
to yield a new system with input Laplace transform X, output Laplace transform Y, and system function H. Moreover,
suppose that

C(s)=p and Q(s)=1,

where f3 is a real constant. Show that, with an appropriate choice of 3, the resulting system is BIBO stable.

(c) PRACTICAL ISSUES. Parts (a) and (b) of this example consider two different schemes for stabilizing the
unstable system in Figure 7.27. As it turns out, a scheme like the one in part (a) is not useful in practice. Identify
the practical problems associated with this approach. Indicate whether the scheme in part (b) suffers from the same
shortcomings.

Solution. (a) From the block diagram in Figure 7.28(a), the system function H of the overall system is
H(s) = P(s)W(s)
10 s—1
- (s— 1) (10(s+1)>
1
s+1°
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Since the system is causal and H is rational, the ROC of H is Re(s) > —1. Since the ROC includes the imaginary
axis, the system is BIBO stable.

Although our only objective in this example is to stabilize the unstable plant, we note that, as it turns out, the
system also has a somewhat reasonable step response. Recall that, for a control system, the output should track the

input. Since, in the case of the step response, the input is #, we would like the output to at least approximate u. The
step response s is given by

s(t) = L7H{U(s)H (s)} (1)

Rl
:Ll{l_sil}m

=(1—e"u(t).

Evidently, s is a somewhat crude approximation of the desired response u.
(b) From the block diagram in Figure 7.28(b), we can write

Combining these equations (by substituting the expression for R in the first equation into the second equation), we
obtain

Y(s) = C(s)P(s)[X (s) — Q(s)Y (s)]
= Y(s)=C(s)P(s)X(s) —C(s)P(s)Q(s)Y (s)
= [1+C(s)P(s)Q(s)]Y (s) = C(s)P(s)X (s
N Y(s) _ C(s)P(s
X() ~ THC()P6)Q0)
Since H(s) = %, we have
___ C(s)P(s)
1) = T P906)
Substituting the given expressions for P, C, and Q, we have
B
H(is) = —M—
N TS T(Y
108
~s—1+108
B 108
s—(1—10B8)

The system function H is rational and has a single pole at 1 — 10. Since the system is causal, the ROC must be the
RHP given by Re(s) > 1 — 108. For the system to be stable, we require that the ROC includes the imaginary axis.
Thus, the system is stable if 1 — 108 < 0 which implies 108 > 1, or equivalently 3 > %.

Although our only objective in this example is to stabilize the unstable plant, we note that, as it turns out, the
system also has a reasonable step response. (This is not by chance, however. Some care had to be exercised in
the choice of the form of the compensator system function C. The process involved in making this choice requires
knowledge of control systems beyond the scope of this book, however.) Recall that, for a control system, the output
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should track the input. Since, in the case of the step response, the input is u, we would like the output to at least
approximate u. The step response s is given by

s(t) =L~ {U(s)H (5)} (¢)
=i
=< iopot (o= om) O

~u(t) forlarge f3.

Clearly, as f3 increases, s better approximates the desired response u.

(c) The scheme in part (a) for stabilizing the unstable plant relies on pole-zero cancellation. Unfortunately, in
practice, it is not possible to achieve pole-zero cancellation. In short, the issue is one of approximation. Our analysis
of systems is based on theoretical models specified in terms of equations. These theoretical models, however, are only
approximations of real-world systems. This approximate nature is due to many factors, including (but not limited to)
the following:

1. We cannot determine the system function of a system exactly, since this involves measurement, which always
has some error.

2. We cannot build a system with such precision that it will have exactly some prescribed system function. The
system function will only be close to the desired one.

3. The system function of most systems will vary at least slightly with changes in the physical environment (e.g.,
changes in temperature and pressure, or changes in gravitational forces due to changes in the phase of the moon,
and so on).

4. Although a system may be represented by a LTI model, the likely reality is that the system is not exactly LTI,
which introduces error.

For reasons such as these, the effective poles and zeros of the system function will only be approximately where we
expect them to be. Pole-zero cancellation, however, requires a pole and zero to be placed at exactly the same location.
So, any error will prevent the pole-zero cancellation from occurring. Since at least some small error is unavoidable in
practice, the desired pole-zero cancellation will not be achieved.

The scheme in part (b) for stabilizing the unstable plant is based on feedback. With the feedback approach, the
poles of the system function are not cancelled with zeros. Instead, the poles are completely changed/relocated. For
this reason, we can place the poles such that, even if the poles are displaced slightly (due to approximation error),
the stability of the system will not be compromised. Therefore, this second scheme does not suffer from the same
practical problem that the first one does. u

7.17 Unilateral Laplace Transform

As mentioned earlier, two different versions of the Laplace transform are commonly employed, namely, the bilateral
and unilateral versions. So far, we have considered only the bilateral Laplace transform. Now, we turn our attention
to the unilateral Laplace transform. The unilateral Laplace transform of the function x is denoted as £,x or X and
is defined as

Lox(s) = X (s) = / " x(r)e Va1, (7.16)

The inverse unilateral Laplace transform has the same definition as in the case of the bilateral transform, namely (7.3).
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Comparing the definitions of the unilateral and bilateral Laplace transforms given by (7.16) and (7.2), respectively,
we can see that these definitions only differ in the lower limit of integration. Due to the similarity in these definitions,
an important relationship exists between these two transforms, as we shall now demonstrate. Consider the bilateral
Laplace transform of the function xu for an arbitrary function x. We have

oo

L{xu}(s) = [wx(t)u(t)e”tdt

= [ x(t)e "dt
o

= Lyx(s).

In other words, the unilateral Laplace transform of the function x is simply the bilateral Laplace transform of the
function xu. Since L,x = L{xu} and xu is always right sided, the ROC associated with £,x is always a right-
half plane. For this reason, we often do not explicitly indicate the ROC when working with the unilateral Laplace
transform.

From earlier in this chapter, we know that the bilateral Laplace transform is invertible. That is, if the function x
has the bilateral Laplace transform X = Lx, then £~'X = x. Now, let us consider the invertibility of the unilateral
Laplace transform. To do this, we must consider the quantity £;'£,x. Since £,x = £{xu} and the inverse equations
for the unilateral and bilateral Laplace transforms are identical, we can write

L1 Lux(t) = £, {L{au} } (1)

= L7 {au}} ()
= x(t)u(t)

_Jx(t) t>0
“lo  r<o.

Thus, we have that £ £,x = x only if x is causal. In other words, the unilateral Laplace transform is invertible only
for causal functions. For noncausal functions, we can only recover x(¢) for > 0. In essence, the unilateral Laplace
transform discards all information about the value of the function x at ¢ for # < 0. Since this information is discarded,
it cannot be recovered by an inverse unilateral Laplace transform operation.

Due to the close relationship between the unilateral and bilateral Laplace transforms, these two transforms have
some similarities in their properties. Since these two transforms are not identical, however, their properties differ in
some cases, often in subtle ways. The properties of the unilateral Laplace transform are summarized in Table 7.3.

By comparing the properties of the unilateral and bilateral Laplace transform listed in Tables 7.3 and 7.1, re-
spectively, we can see that the unilateral Laplace transform has some of the same properties as its bilateral counter-
part, namely, the linearity, Laplace-domain shifting, conjugation, and Laplace-domain differentiation properties. The
initial-value and final-value theorems also apply in the case of the unilateral Laplace transform.

Since the unilateral and bilateral Laplace transforms are defined differently, their properties also differ in some
cases. These differences can be seen by comparing the bilateral Laplace transform properties listed in Table 7.1 with
the unilateral Laplace transform properties listed in Table 7.3. In the unilateral case, we can see that:

1. the time-domain convolution property has the additional requirement that the functions being convolved must
be causal;

2. the time/Laplace-domain scaling property has the additional constraint that the scaling factor must be positive;
3. the time-domain differentiation property has an extra term in the expression for £, { %x(t)}; and

4. the time-domain integration property has a different lower limit in the time-domain integral (namely, 0~ instead
of —o0).

Also, in the unilateral case, the time-domain shifting property does not hold (except in special circumstances).
Since £,x = L{xu}, we can easily generate a table of unilateral Laplace transform pairs from a table of bilateral
transform pairs. Using the bilateral Laplace transform pairs from Table 7.2, and the preceding relationship between the
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Table 7.3: Properties of the unilateral Laplace transform

Property Time Domain Laplace Domain
Linearity aix(t) +axx(t) a1Xi(s) + axXo(s)
Laplace-Domain Shifting ' x(t) X(s—s0)
Time/Laplace-Domain Scaling  x(ar),a >0 éX (2)
Conjugation x*(1) X*(s")
Time-Domain Convolution x1(t) *x2(t),x1 and x, are causal X (s)X>(s)
Time-Domain Differentiation %x(t) sX(s)—x(07)
Laplace-Domain Differentiation —x(z) %X (s)
Time-Domain Integration / i x(t)dt éX (s)

Property

Initial Value Theorem x(07) = 1i_>m sX(s)
§—r00

Final Value Theorem mx(¢) = limsX ()

li
t—poo s—0
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Table 7.4: Transform pairs for the unilateral Laplace transform

Pair x(¢),t>0 X(s)

1 6(1) 1
1
2 1 -
s
n!
3 t" T
4 e :
s+a
n!
5 tn —at
¢ (s +a)rtl
6 Cos Wyt 5
S _
2+ w3
. ()
7 sin Wyt -
@ s2+ wf
s+a
8 e “coswyt ——m———
@ (s+a)?+ o
—at - o
9 e “sinwgt —
@ (s+a)?+w}

unilateral and bilateral Laplace transforms, we can trivially deduce the unilateral Laplace transform pairs in Table 7.4.
Since, in the unilateral case, the ROC is always a right-half plane, we do not explicitly indicate the ROC in the table.
That is, the ROC is implicitly assumed to be a right-half plane.

The inverse unilateral Laplace transform is computed through the same means used in the bilateral case (e.g.,
partial fraction expansions). The only difference is that the ROC is always assumed to be a right-half plane.

7.18 Solving Differential Equations Using the Unilateral Laplace Trans-
form

Many systems of interest in engineering applications can be characterized by constant-coefficient linear differential
equations. As it turns out, a system that is described by such an equation need not be linear. In particular, the
system will be linear only if the initial conditions for the differential equation are all zero. If one or more of the
initial conditions is nonzero, then the system is what we refer to as incrementally linear. For our purposes here,
incrementally linear systems can be thought of as a generalization of linear systems. The unilateral Laplace transform
is sometimes quite useful due to its ability to easily handle nonzero initial conditions. For example, one common use
of the unilateral Laplace transform is in solving constant-coefficient linear differential equations with nonzero initial
conditions. In what follows, we consider some examples that exploit the unilateral Laplace transform to this end.

Example 7.41. Consider the causal incrementally-linear TI system with input x and output y characterized by the
differential equation

Y (1) +3y(1) = x(t),
where the prime symbol denotes derivative. If x() = e u(¢) and y(0~) = 1, find y.

Solution. We begin by taking the unilateral Laplace transform of both sides of the given differential equation. This
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yields

£ ()} () +3Luy(s) = Lux(s)
sY (s) =y(07) +3Y (s) = X(s)
= (s+3)Y(s) =X(s)+y(07)
X(5)+¥(07)
s+3

4

= Y(s)=

Since x(t) = e 'u(t), we have

1

$)=Lule}() = 7

Substituting this expression for X and the given initial conditions (i.e., y(0~) = 1) into the above equation for ¥, we
obtain

G e
Y= T T GG

Now, we find a partial fraction expansion for Y. Such an expansion has the form

A Ay

Y(s)= .
(s) s+1 s+3

Calculating the expansion coefficients, we obtain

Ar= (s+ 1Y (9)]=,

s=—1

Ay = (s+3)Y(s)[;= 5

s=—3

So, we can rewrite Y as

12 1)2
s+1 s+3°

Y(s) =
Taking the inverse unilateral Laplace transform of Y, we obtain

(t) =LY (1)

Example 7.42 (Unilateral Laplace transform of second-order derivative). Find the unilateral Laplace transform Y of
y in terms of the unilateral Laplace transform X of x, where

¥(1) =X (1)

and the prime symbol denotes derivative (e.g., x” is the second derivative of x)
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Solution. Define the function
v(t) =X (1) (7.17)
so that

y(t) =V(1). (7.18)

Let V denote the unilateral Laplace transform of v. Taking the unilateral Laplace transform of (7.17) (using the
time-domain differentiation property), we have

V(s)=Lu{x'} (s)
=s5X(s)—x(07). (7.19)
Taking the unilateral Laplace transform of (7.18) (using the time-domain differentiation property), we have
Y(s) =Ly {V'}(s)
=sV(s)—v(07). (7.20)
Substituting (7.19) into (7.20), we have
Y(s) =s(sX(s) —x(07)) —v(07)
= 5’X(s) —sx(07) —x'(07).

Thus, we have that

Example 7.43. Consider the causal incrementally-linear TI system with input x and output y characterized by the
differential equation

Y'(#) 43y () + 2() = x(1),
where the prime symbol denotes derivative. If x(¢) = 5u(z), y(07) =1, and y'(07) = —1, find y.

Solution. We begin by taking the unilateral Laplace transform of both sides of the given differential equation. This
yields

L, {y” +3y +2y} (s) = Lux(s)

Ly {y”} (s)+3L, {y'} (8) +2L,y(s) = Lux(s)

[ () = 55(07) =y/(07)] +3 [s¥ () = y(0)] +2¥ (5) = X(s)

s2Y (s) —sy(07) —¥'(07) +3sY (s) —3y(07) +2Y (s) = X ()

[s24+3s+2] Y (s) = X(s) +sy(07) +/(07) +3y(07)

~ X(s)+sy(07) +y'(07) +3y(07)
Y(S) o s2 43542 '

¢l

Since x(t) = Su(t), we have

X(s) = Lu{5u()}(s) = 3.
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Substituting this expression for X and the given initial conditions into the above equation yields

(3)+s—143 242545

YO =~5 372 = s(s+1)(s+2)

Now, we must find a partial fraction expansion of Y. Such an expansion is of the form

AL A A

Y .
(5) ) +s—|—1+s+2

Calculating the expansion coefficients, we obtain

Al SY(S)‘SZO
242545

(s+1)(s+2)

s=0

[S1[¥))

Ay = (s+ 1Y (9)]s=,
s+ 2545
s(s+2)

=—4, and

Az = (s+2)Y(s)]s=»

s2+2s+5
s(s+1)

s=—1

s=—2
_5

=3.

So, we can rewrite Y as

_ 5/2 4 5/2
s s+l s+2°

Y(s)
Taking the inverse unilateral Laplace transform of Y yields

¥(1) = £, (1)

— 3! {i}(;)-%ul {Hll}(t)JriLu' {s;}(t)

% —4e "4 %efz’ fort > 0. [ |

Example 7.44 (RC network). Consider the resistor-capacitor (RC) network shown in Figure 7.29 with input vy and
output vi. If R = 100, C = 5. vo(t) = 3¢ > u(t), and v;(0~) = 1, find v;.

Solution. From basic circuit analysis, we have

vo(t) =Ri(t)+vi(t) and
i(t) =Cv (7).

Combining the preceding two equations, we obtain

vo(t) =R[CLvi(1)] +vi (1)
= RC%V] () +vi1(2).
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. R
i
O O
t '
%) cC —— Vi
0 0
Figure 7.29: RC network.
Taking the unilateral Laplace transform of both sides of this equation yields
LUVO(S):’CLI {RC%VI t) ( )}( )
= Lyv(s) =RCL, {%vl t)}( )+ Lyvi(s
= W(s)=RC [SV] (s)—v1(0~ )] +Vi(s)
= Vo(s) =RCsVi(s) —RCv (07) 4+ Vi(s)
= Vo(s) +RCv1(07) = RCsV; (s) + Vi (s)
- V()(S) + RCvy (0_)
= Vi) =Tk
Since vo(t) = 3¢~ u(t), we have
3
Vo(s) = .
o(s) s+2
Substituting this expression for V; into the above equation for V;, we obtain
(25)+1
1% _ s+2)
1(s) s+1
3 1
= +
(s+1)(s+2) s+1
- s+5
(s D(s+2)
Now, we find a partial fraction expansion of Vj. Such an expansion is of the form
Al Ay
Vi(s) = .
1(s) s+1 + s+2
Calculating the expansion coefficients yields
Ar= (s+DVi(s)l=
_s+5
B s+2 s=—1
=4 and
Ay = (s+2)Vi(s)|,=»
_s+5
B s+1 s=—2
=-3.
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Ol
Ol

Figure 7.30: RLC network.

Thus, we can rewrite V) as

4 3

Vi(s) = S
1(5) s+1 s+2

Taking the inverse unilateral Laplace transform of V, we obtain
vi(r) = £,Va(e)
4 3
=L;! — t
! { s+1  s+2 } ®)

— 407! {Sil}(t)—ulu‘ {Siz}(t)

=4e¢™" —3e7 2 fort>0. ]

Example 7.45 (RLC network). Consider the resistor-inductor-capacitor (RLC) network shown in Figure 7.30 with
input vp and output vi. fR=2,L=1,C =1, vo(t) = u(t),vi(07) =0, and v{ (0~) = 1, find v;.

Solution. From basic circuit analysis, we can write

Combining the above equations, we obtain

vo(t) = R {Cjtvl(t)} +L% {Cjtvl(t)} o (f)

2

:RC%vl()—kLCjz L)+ (1),

Taking the unilateral Laplace transform of both sides of the preceding equation yields

Luvols) = RCL, {410} (5) +LCLL { (§) v1(0) } () + Luvi s)

Vo(s) = RC [sVi(s) —v1(07)] +LC [s*Vi(s) —sv1(07) =i (07)] +Vi(s)
Vo(s) = RCsVy (s) — RCv(0™) + LCs?V (s) — LCsv1 (07) — LCV, (07) 4 Vi (s)
[LCs* +RCs+ 1] Vi(s) = Vo(s) +RCv(0™) +LCsv; (07) + LCV; (07)

Vils) = Vo(s) + [RC+LCs]v; (07) + LCv, (07)
/= LCs2+RCs+ 1 '

ol
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Since vy = u, we have Vy(s) = % Substituting this expression for Vp into the preceding equation for V;, we obtain

_ )+
2425 +1
()
BCESIE

_ 1
Cos(s+ 1)’

Vi(s)

Now, we find a partial fraction expansion of V. Such an expansion is of the form

A Ay
Vi(s) = — .
1) s + s+1
Solving for the expansion coefficients, we obtain
A= sV, (S)‘s:o
1
a s+1 s=0
=1 and
Ay = (s+DVi(s)l=
1
Sls=—1
=—1.
Thus, we can rewrite V| as
1 1
v, = _ _
1(s) s s+1

=1—¢"! fort>0.
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7.19 Exercises

7.19.

71

7.2

7.3

1 Exercises Without Answer Key

Using the definition of the Laplace transform, find the Laplace transform X of each of function x below.
(2) x(r) = e “u(r);
(b) x(t) = el; and

(c) x(t) = [cos mpt]u(z). [Note: [e* cosbxdx = ﬁ (e*[acosbx+ bsinbx]) +C.]

Using properties of the Laplace transform and a table of Laplace transform pairs, find the Laplace transform X
of each function x below.

(@) x(r) = e u(t);

(b) x(t) = 33-2’ (t) +2eu(—t);

() x(t) = e 2u(t +4);

(@ x(1) = f’m (1)

(e) x(r) = —e u( t+b), where a and b are real constants and a > 0;

() x(t) = te 3u(t +1); and

(2) x(1) = ( 2).

Using properties of the Laplace transform and a Laplace transform table, find the Laplace transform X of each

function x below.
t

@x(t)=q1-2
0
141
b)x(t) =< 1—1t
0
1t
(©) x(t) = 1
0
7.4

0<r<1
1<t<?2
otherwise;
—-1<t<0
0<r<1
otherwise;
0<r<1
1<t<?2
2<t<3
otherwise.

and

Using properties of the Laplace transform and a Laplace transform table, find the Laplace transform X of the

function x shown in the figure below.

x(t)

Ny

2 3

(=]
—_

7.5 For each case below, find the Laplace transform Y of the function y in terms of the Laplace transform X of the

function x.
(a) y(t) = x(at b) where a and b are real constants and a # 0;
(6) y(t) = e [ x(t — 1)];
© (1) = tX(3t —2);
@ y() = Dxl( ), where x; () = x*(t — 3) and D denotes the derivative operator;
@ y@) = (3t +7); and
() y(r) = e P x(t +3).
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7.6 The function x has the Laplace transform

x(p) - BFRO=D)
s(s+1)(s—1)
Determine whether x is left sided, right sided, two sided, or finite duration for each ROC of X below.
(a) Re(s) < —1;
(b) —1 <Re(s) <0;
(c) 0 <Re(s) < 1; and
(d) Re(s) > 1.

7.7 A function x has the Laplace transform

s+%
(s+1—=7(s+1+j)(s+2)

X(s) =

Plot the ROC of X if x is (a) left sided; (b) right sided; (c) two sided; (d) causal.

7.8 A function x has the Laplace transform

s+%

X6 = DT T )T T )61

Determine how many distinct possibilities exist for x. (It is not necessary to explicitly find all of them.)

7.9 A causal function x has the Laplace transform

_ —2s
T s243542°

X(s)

(a) Assuming that x has no singularities at 0, find x(0T).
(b) Assuming that lim,_,.. x(#) exists, find this limit.

7.10 Find the inverse Laplace transform x of each function X below.

5
(@) X(s)= ;2_1 for —1 < Re(s) < 1;

252 +4s+5
b) X(s —— for Re(s) > —1; and
(b) X(s) (s+1)(s+2) (s)

35+1
(C)X(S)—mfor —2<R€(S)<—l

7.11 Find the causal inverse Laplace transform x of each function X below.

s +4s+5
(a)X(S) = Sz-i—zT—i—l’ and

—35°—65s—2
b)X(s) = —5——.
(6) X(s) (s+1)2(s+2)

7.12 Find all possible inverse Laplace transforms of

CTs—1 4 3

H(s) s2—1 :s+1+s—1'
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7.13

7.14

7.15

7.16

7.17

Consider a LTI system with input x, output y, and system function H, where
s+1
H(s)= ———.
(s) 242542

Find the differential equation that characterizes the behavior of the system.

A causal LTI system with input x and output y is characterized by the differential equation
Y'(8) +4y' (1) +3y(1) = 20 (1) +x(1),
where the prime symbol denotes derivative. Find the system function H of the system.

Consider the LTI system with input x, output y, and system function H, as shown in the figure below. Suppose
that the systems J{; and H, are causal and LTI with the respective system functions

1

H(s) = 1 and Hy(s) =A,
o
where A is a real constant.
X v y
H, > >
Y
)

(a) Find an expression for H in terms of H; and H,.
(b) Determine for what values of A the system is BIBO stable.

Consider the LTT resistor-inductor (RL) network with input v; and output v, shown in the figure below.
; L
e Y TY N e}
t !
\7 R %)

Ol

o
(a) Find the system function H of the system.

(b) Determine whether the system is BIBO stable.
(c) Find the step response s of the system.

Consider the causal (incrementally-linear TI) system with input x and output y that is characterized by the

differential equation
YH(0) +7y (1) + 12y(1) = x(1),

=x
where the prime symbol denotes derivative. If y(07) = —1,y/(07) =0, and x(r) = u(¢), find y.
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7.18 Consider the LTI resistor-capacitor (RC) network shown in the figure below, where R = 1000 and C = ﬁ.

i R
O O
T + +
%) cC —— 141
o o

(a) Find the differential equation that characterizes the relationship between the input v and output v.
(b) If v (07) =2, and vy(t) = 2¢~¥, find v;.

7.19 Consider a LTI system with the system function

s2+Ts+12

H(s)=> 0572
=23

Find all possible inverses of this system. For each inverse, identify its system function and the corresponding
ROC. Also, indicate whether the inverse is causal and/or stable. (Note: You do not need to find the impulse
responses of these inverse systems.)

7.20 Consider the causal LTI system with input x and output y that is characterized by the differential equation

Y'(6) =y(t) =x'(t) + ax(t),

where a is a real constant and the prime symbol denotes derivative. Determine for what values of a the system
is BIBO stable.

7.21 In wireless communication channels, the transmitted signal is propagated simultaneously along multiple paths
of varying lengths. Consequently, the signal received from the channel is the sum of numerous delayed and
amplified/attenuated versions of the original transmitted signal. In this way, the channel distorts the transmitted
signal. This is commonly referred to as the multipath problem. In what follows, we examine a simple instance
of this problem.

Consider a LTI communication channel with input x and output y. Suppose that the transmitted signal x prop-
agates along two paths. Along the intended direct path, the channel has a delay of T and gain of one. Along
a second (unintended indirect) path, the signal experiences a delay of 7'+ 7 and gain of a. Thus, the received
signal y is given by y(¢t) = x(t — T) +ax(t — T — 7). Find the transfer function H of a LTI system that can
be connected in series with the output of the communication channel in order to recover the (delayed) signal
x(r — T) without any distortion. Determine whether this system is physically realizable.

7.19.2 Exercises With Answer Key

7.22 Using the definition of the Laplace transform, find the Laplace transform X of each of function x below.
(a) x(t) = (sinar)u(t), where a is a real constant; and
(b) x(t) = (sinhat)u(t), where sinht = 1 (¢ —e™") and a is a real constant.
(c) x(t) = (coshat)u(t), where cosht = 1 (¢! + ) and a is a real constant.

Short Answer.  (a) X(s) = -y for Re(s) > 0; (b) X(s) = % for Re(s) > [a]; (¢) X(5) = 725 for
Re(s) > |a]
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7.23 Using properties of the Laplace transform and a table of Laplace transform pairs, find the Laplace transform X
of each function x given below.
(@) x(t) = t>eu(t —1);
(b) x(¢) = Pu(t —1);
© x(t) = (t+1)u(t—1); and
@ x(@)=ult—1)—u(t—2).
Short Answer.  (a) X(s) = e ! (%) for Re(s) > —1; (b) X(s) =¢* (ﬁ#) for Re(s) > 0;

©X(s) =e (27;1) for Re(s) > 0; (d) X (s) = <=2 for all s.

7.24 Find the inverse Laplace transform x of each function X given below.
(@) X(s) = e 7$ 5T for Re(s) > —2;

(s+2)(s+3)
(b) X(s) = —j:l” for Re(s) > —1;
©) X(s) = 73‘;[179‘“7) for Re(s) > —1;
d) X(s) = T +S+2 for Re(s) > —1; and
() X(s) = H375+1) for Re(s) > —2.

Short Answer. (a) x(t) = ¢ 2" Du(r —7) + 5¢ 3 Du(t —7); (b) x(t) = Ste"u(t) — 3e"u(?); () x(t) =
Te 2 u(t) +5te"u(t); (d) x(t) = 8(t) —eu(t) +2te " u(t); (&) x(t) = Te > u(t) — 6e~>u(t) — 13te>u(t)

7.25 Find the inverse Laplace transform x of the function X (s) = W if the ROC of X is:

(a) —2 <Re(s) < I;

(b) Re(s) > 1; and

(c) Re(s) < —2.

Short Answer. (a) x(t) = e > u(t) +e'u(—t); (b) x(t) = [e~* — €' Ju(t); (¢) x(t) = [—e % + €' Ju(—t)
7.26 Let X denote the Laplace transform of x. Suppose that x is absolutely integrable and X is rational with a pole
at 1 and the other poles unknown. Determine if x can be each of the following:
(a) left sided;
(b) right sided;

(c) two sided;
(d) finite duration.

Short Answer. (a) yes; (b) no; (c) yes; (d) no

7.27 Use the Laplace transform to compute the convolution y(f) = x; xx (), where
x1(t) = e "ut), x(t)=eu(),

and a and b are strictly positive real constants. [Note that there are two cases to consider, namely a = b and

a#b.]
Short Answer. if a # b, y(t) = ;- (e " — e ™)u(t); if a = b, y(t) = te " u(t)

7.28 For the causal LTI system with input x and output y that is characterized by each differential equation given
below, find the system function H of the system.
(@) y"(1) +3y'(£) +2y(t) = 5x'(r) 4 7x(1).

Edition 2.0 Copyright (©) 2012-2020 Michael D. Adams



288 CHAPTER 7. LAPLACE TRANSFORM

Short Answer. (a) H(s) = Szis; 7+2 for Re(s) > —1

7.29 For the LTI system with input x and output y and each system function H given below, find the differential

equation that characterizes the system.

7543
@) H(s) = 3aa

Short Answer. (a) 15y"(r) +4y'(t) +y(t) = 7x/ (1) + 3x(¢)

7.30 Consider the system J{ with input Laplace transform X and output Laplace transform Y as shown in the figure.
In the figure, each subsystem is LTI and causal and labelled with its system function, and a is a real constant.
(a) Find the system function H of the system J{. (b) Determine whether the system J{ is BIBO stable.
X 14 Y

—>—® > > @—b—

Short Answer. (a) H(s) = ﬁ%ﬁ for Re(s) > —3; (b) system is BIBO stable.

7.31 Consider the system J{ with input Laplace transform X and output Laplace transform Y as shown in the figure.
In the figure, each subsystem is LTI and causal and labelled with its system function, and a is a real constant.
Determine for what values of a the system J{ is BIBO stable.

X \4 Y
* - > s

Short Answer. H(s) = £t for Re(s) > a; system is BIBO stable if a < 0

7.32 Consider the system J with input Laplace transform X and output Laplace transform Y as shown in the figure.
In the figure, each subsystem is LTI and causal and labelled with its system function, and a is a real constant.
Determine for what values of a the system J is BIBO stable.
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2a — 1—=
Y
Y
< a—a’l—e > 4 >
Short Answer. H(s) = M% for Re(s) > a; BIBO stable if a < 0

7.33 Consider the system with input Laplace transform X and output Laplace transform Y as shown in the figure. In
the figure, each subsystem is LTI and causal and labelled with its system function; and P(s) = 1/s, C(s) = as+3,
O(s) =1, and a is a real constant. (a) Find the system function H of the system H. (b) Determine for what
values of a the system J{ is BIBO stable.

b'¢ 4 - R , Y
- \/
0 <
Short Answer. (a) H(s) = -2 for Re(s) > =% (b) a > —1

7.34 Consider the LTI system J{ shown in the figure below, where the Laplace transforms of the input and output are
denoted as X and Y, respectively. Each of the subsystems in the diagram are LTI and labelled with their system
functions. Find the system function H of the system J in terms of A, B, and C.

X Y
A > > >
y
B - Y
C <
A(s)

Short Answer. H(S) = W

7.35 Consider the design of a thermostat system for a room in a building, where the input x is the desired room
temperature and the output y is the actual room temperature. For the purposes of this design, the system will be
modelled as a LTI system with system function H. Determine which of the functions H; and H, given below
would be a more desirable choice for H. Explain the rationale for your decision. [Hint: Consider the unit-step
response of the system.]

2
(a) Hi(s) = 555 and

01001k 5]
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Short Answer. H;

7.20 MATLAB Exercises

7.101 Consider a causal LTI system with the system function

1
H pr— .
(s) —257 — 56 —3s5 4253 +5—3

(a) Use MATLAB to find and plot the poles of H.
(b) Determine whether the system is BIBO stable.

7.102 Consider a LTT system with the system function

1
~ 1.0000s* 42.6131s% +3.414252 +2.61315 + 1.0000

H(s)

(This system corresponds to a fourth-order Butterworth lowpass filter with a cutoff frequency of 1 rad/s.) Plot
the response y of the system to each input x given below. In each case, plot y over the interval [0, 20].
(a)x=6; and

(b) x =u.

(Hint: The t£f, impulse, and step functions may be helpful.)
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Appendix A

Complex Analysis

A.1 Introduction

Complex analysis is an essential tool in the study of signals and systems. For this reason, a brief review of complex
analysis is provided in this appendix.

A.2 Complex Numbers

A complex number is a number of the form
=X+,

where x and y are real and j is the constant defined by
f=—1

(i.e., j = v/—1). The real part, imaginary part, magnitude, and argument of the complex number z are denoted as
Rez and Imz, |z|, and argz, respectively, and defined as

ReZ:x, ImZ:%
2] = V32432, and argz= atan2(y, x) + 27k,

where k is an arbitrary integer, and

arctan(y/x) x>0
/2 x=0andy>0
atan2(y,x) £ —x/2 x=0andy<0 (A1)

arctan(y/x)+7 x<Oandy>0
arctan(y/x) —m x<Oandy<O0.

(The notation Zz is sometimes also used to denote the quantity argz.) The complex number z can be represented by a
point (x,y) in the complex plane, as illustrated in Figure A.1. This figure also shows the relationship between the real
part, imaginary part, magnitude, and argument of a complex number.

For any given complex number z, the quantity arg z is not unique. This follows from the fact that, for any integer %,
the quantities 6 and 0 + 27k physically represent the same overall angular displacement. The value 6 of arg z that lies
in the range —7 < 6 < 7 is called the principal argument of z and is denoted as Argz. For a particular nonzero z,
this quantity is uniquely specified. In particular, Argz = atan2(y, x).

As an aside, we note that the function atan2(y,x) computes the angle that the directed line segment from (0,0) to
(x,y) forms with the real axis, and is defined such that — 7 < atan2(y,x) < 7.
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Im )
Z=x+Jy
Imzf--ooeveeeiiioo
k<
.«"'arz
arg R
Rez

Figure A.1: Graphical representation of a complex number.

Example A.1. Compute the real part, imaginary part, magnitude, and principal argument of each complex number z
below.

(@)z= § +j%; and

b)yz=1—j.

Solution. (a) We have

(b) We have
Rez=1, Imz= -1,

2 =1/124(=1)2=v2 and
Argz = arctan (’Tl) =-—n/4. |

A.3 Representations of Complex Numbers

Two different representations are commonly used for complex numbers, namely, the Cartesian and polar forms. The
Cartesian form is also sometimes referred to as rectangular form. Depending on the particular situation, one form may
be more convenient to use than the other.

In the case of the Cartesian form, a complex number z is represented as

z=x+jy,

where x and y are real. That is, z is expressed directly in terms of its real and imaginary parts. The quantity z can also
be treated as a point (x,y) in a Cartesian coordinate system as shown in Figure A.2(a).
In the case of the polar form, a complex number z is represented as

z=r(cos O+ jsinB),

where r and 0 are real and r > 0. One can show through simple geometry that r = |z| and 6 = argz. Thus, in
the polar case, a complex number is expressed directly in terms of its magnitude and argument. In this way, we

Copyright (©) 2012-2020 Michael D. Adams Edition 2.0



A.4. ARITHMETIC OPERATIONS 293

Im Im

Re )9 Re

(a) (b)

Figure A.2: Representations of complex numbers. The (a) Cartesian and (b) polar forms.

can treat the quantity z as a point (,0) in a polar coordinate system, as shown in Figure A.2(b). As we note later,
cos 0 + jsin @ = e/®. Therefore, the polar form can equivalently be expressed as

z=rel?.

This exponential notation is often used, due to its relative compactness.

A.4 Arithmetic Operations

In what follows, we consider a few basic arithmetic operations on complex numbers.

A.4.1 Conjugation
The conjugate of the complex number z = x + jy is denoted as z* and defined as
& =x—jy.

Geometrically, the conjugation operation reflects a point in the complex plane about the real axis, as illustrated in
Figure A.3. One can easily verify that for any complex numbers z, 71, and z;, the following identities hold:

2 =z,
Rez=1(z+7"),
1
Imz = 5;(z—27),
(z1+22)" =21 +25,
(z122)" =7}75, and
(21/22)" =171 /2-
Trivially, we also have that
|z| =z| and

argz" = —argz.

A4.2 Addition

Consider the addition of the complex numbers z; and z;. Suppose that z; and z, are expressed in Cartesian form as

z71=x1+jy1 and zp =xp+ jys.
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Im
SLEXE)Y
Re
L =Xy

Figure A.3: Conjugate of complex number.

Then, the sum of z; and z, can be computed as

21 +22 = (x1+jy1) + (2 + jy2)
= (%1 +x2) + (1 +y2)-

Suppose that z; and z, are expressed in polar form as
71 = rlejel and = Vzejez.
Then, the sum of z; and z, can be computed as

21 +22 — rlefel _|_r26192

= (r1cos 0y +rpc0s60,) + j(r;sinO; +rysin 6;).
Example A.2 (Addition with the Cartesian form). Given that z; = 3+ j4 and zo = —2 — j3, compute 7| + z7.

Solution. We have

a+2=0+4)+(-2-3)=1+]. [ |

Example A.3 (Addition with the polar form). Given that z; =3+ j4 and zp = V2e57/4, compute 7 + 23.

Solution. In order to compute this sum, we first convert z, to Cartesian form to obtain

Rez = \f2cos%’r =—1 and
Imz, = ﬁsin%” =-—1.

Then, we have

u+2=06+j4)+(-1—-j)=2+,3. n

A.4.3 Multiplication

Consider the multiplication of the complex numbers z; and z;. Suppose that z; and z, are represented in Cartesian
form as

z1=x1+jy1 and zp =x2+ jys.
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Then, the product of z; and z, can be computed as

2122 = (x1 + jy1) (x2 + jiy2)
= X1X2 + jX1y2 + jXoy1 — yiy2
= (x1x2 —y1y2) + j(x1y2 +x21).

Suppose that z; and 7z, are represented in polar form as
71 = rlejel and zp = rgejez.
Then, the product of z; and z, can be computed as

2122 = <71€j91> <r2ej92)

— rlrgej(9'+92).

Example A.4 (Multiplication with the Cartesian form). Given that z; =2+ j3 and zp = 3 — j4, compute z;25.
Solution. Using straightforward algebraic manipulation, we have

2122 =2+ j3)(3—j4) =6—j8+ j9+12=18+. u

Example A.5 (Multiplication with the polar form). Given that z; = V2el /4 and 75 =3el n/ 6 compute z12;.

Solution. Using straightforward algebraic manipulation, we obtain

2122 = (V267%4) (3677/0) = 3/2¢737/12, =

A.4.4 Division

Consider the division of the complex numbers z; and z;. Suppose that z; and z, are represented in Cartesian form as
z=x1+jy1 and z2=x2+ jy2.

Then, the quotient of z; and z, can be computed as
2 (u\(n) _uzsn _ uz
S-(B)E) -

_ (X1 +jy1) (x2 — Jjiy2)

x%—&-y%
X1 — jxiy2 + oy +yin
N x%—f—y%
~ xx+yya +jay —xy)
N x%—&-y% '

Suppose that z; and z, are represented in polar form as
71 = rlejel and 7 = rzej92.

Then, the quotient of z; and z, can be computed as

2 rel?
2 el
_ 11 ,i(61-6)
)
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Example A.6 (Division with the Cartesian form). Given that z; = 1 + j and zp =2 — j, compute z; /z5.

Solution. Using straightforward algebraic manipulation, we have

a (144 (244 242j+j-1  143j =
n \2—-j)\2+j) 22412 5

Example A.7 (Division with the polar form). Given that z; = 2¢/™/3 and z; = 3e/™/*, compute z; /5.

Solution. Using straightforward algebraic manipulation, we have

a 2070, (5-5)

_ 2, jm/12
e = 2¢/7/12, u
7 3e/m4 3 3

A.4.5 Miscellany

For arbitrary complex numbers z; and z;, the following identities hold:

lz122] = |21 |22 s
= @ for z, # 0,
|22

argzizp = argzy +argzy, and

z
arg (zl) =argz) —argz; forz; #0.
2

<1
22

A.5 Arithmetic Properties of Complex Numbers

In what follows, we consider some of the properties of arithmetic over the complex numbers.

A.5.1 Commutative Property

For complex numbers, addition and multiplication are commutative. That is, for any two complex numbers z; and z7,
the following identities hold:

2+22=2+z and

{122 = 2221 -

A.5.2 Associative Property

For complex numbers, addition and multiplication are associative. That is, for any three complex numbers 71, z5, and
23, the following identities hold:

(zi+z2)+z3=z2+(22+23) and

(z122)z3 = 21 (2223).

A.5.3 Distributive Property

The distributive property also holds for complex numbers. That is, for any three complex numbers z;, 22, and z3, the
following identity holds:

21(z+23) =212+ 2123-
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A.6 Roots of Complex Numbers

Every complex number z has n distinct nth roots in the complex plane. In particular, the nth roots of z = re/?, where
r=|z| and 6 = argz, are given by

WrelOF2R)/n - fork=0,1,...,n— 1. (A.2)
Example A.8. Find the four fourth roots of 2.
Solution. Let z; for k =0, 1,2,3 denote each of the four fourth roots of 2. From (A.2), we have
o = V2602 4 _ Yk /2
Thus, we obtain
_ 30— 3,
\f 72 = jV/2,
2= \fZe/” =—v2, and
23 = V2P = —j{‘ﬁ.
So, we conclude that the four fourth roots of 2 are

\4/57 J\‘yia - \4/25 and - J\‘yi .

A.7 Euler’s Relation and De Moivre’s Theorem

An important relationship exists between exponentials and sinusoids as given by the theorem below.
Theorem A.1 (Euler’s relation). For any real 0, the following identity holds:

el =cos B+ jsin®. (A3)

This identity is known as Euler’s relation.

Proof. The preceding theorem can be proven as follows. Recall that the Maclaurin series expansions of e*, cosx, and
sinx are given by

2 x3

X
R TR (A4)
2 4 6
X X X
cosx = ——2!—1——4!——6!—&—---, and (A.5)
3 5 7
. X X X
Slnx:X—§+§ ﬁ—i— (A6)

Using (A.4), we can write ¢/9 as the series

0 .0, U8)? (6 (8 (j6)
L TR TR T T

By regrouping terms and using (A.5) and (A.6), we obtain

0% o6* 03 0
(12O (o)

=cosf+ jsin6. |
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From Euler’s relation, we can deduce the following additional identities:

cos 6 = %(eje +¢ 7% and (A.72)
sin = 3 (/% —e %), (A.7b)

Another important result involving exponential functions is given by the theorem below.

Theorem A.2 (De Moivre’s theorem). For all real 0 and all integer n, the following identity holds:
. . n
e"® — (e/9> . (A8)

This result is known as De Moivre’s theorem.

Proof. The result of the above theorem can be proven by induction, and is left as an exercise for the reader. (See

Exercise A.10.) n
Note that, in the preceding theorem, » must be an integer. The identity (A.8) does not necessarily hold if z is not
an integer. For example, consider 8 = —7w and n = % (where n is clearly not an integer). We have that
e = oI(1/2)(=7) — o=Jm/2 — _ ;i  and

(eje)” _ (efjn)l/zz (D)2 = .

Clearly, in this case, /"¢ # (eje)”.

A.8 Conversion Between Cartesian and Polar Form

Suppose that we have a complex number z = x + jy = re/?. Using Euler’s relation, we can derive the following
expressions for converting from polar to Cartesian form:

x=rcosf and (A.92)
y=rsinf. (A.9b)
Similarly, we can deduce the following expressions for converting from Cartesian to polar form:

r=+/x2+y* and (A.10a)

0 = atan2(y,x), (A.10b)

where the atan2 function is as defined in (A.1).

If we choose to use the arctan function directly in order to compute 8 (instead of using the atan2 function), we
must be careful to consider the quadrant in which the point (x,y) lies. This complication is due to the fact that the
arctan function is defined such that —% <arctan < % Consequently, if the point does not lie in the first or fourth
quadrant of the complex plane, the arctan function will not yield the desired angle.

Example A.9. Express each complex number z given below in polar form.
(@)z=1+jV2;and
b)yz=—-1—.

Solution. (a) The magnitude and argument of 7 are given by

lz| =4/12+ (\ﬁ)z =3 and

argz = arctan (Q) = arctan v/2.
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Im Im
V2| 27 argz
ER
..
: e -1
1
(a) (b)

Figure A.4: Example of converting complex numbers from Cartesian to polar form. The case of the (a) first and
(b) second part of the example.

Thus, we have
= \/gej(arctan \/5)

The result is plotted in Figure A.4(a).
(b) The magnitude and argument of z are given by

2 =1/(=1)24+(=1)2=+v2 and
argz = arctan(=}) — 7 = arctan 1 — 7 = —3Z.
Thus, we have
7= \/2e 3T/,

The result is plotted in Figure A.4(b). |

A.9 Complex Functions
A complex function maps complex numbers to complex numbers. For example, the function
fx) =22 +2z+1,

where z is complex, is a complex function.
A complex polynomial function is mapping of the form

f2)=ao+aiz+a +- +ad",

where ag, ay, ..., a,, and z are complex. A complex rational function is a mapping of the form
£lz) = ag+aiz+a?+...+ay"
bo+biz+by2+ ...+ by’
where ag,ay,...,an,bo,b1,...,b, and z are complex. In the context of systems theory, polynomial and rational func-

tions play a particularly important role.
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Given any complex function f(z), we can always write f(z) = Re[f(z)] + jIm[f(z)]. Writing z in Cartesian form
as z=x+ jy, we have that f(z) =Re[f(x+ jy)]+ jIm[f(x+ jy)]. Now, we can express Re[f(x+ jy)] as a real-valued
function v of the two real variables x and y. Similarly, we can express Im[f (x+ jy)] as a real-valued function w of the
two real variables x and y. Thus, we can always express a complex function f in the form

[(2) = fx+jy) = v(xy) +jwlx,y), (A.1D)

where v and w are each real-valued functions of the two real variables x and y (and z = x + jy).

A.10 Circles, Disks, and Annuli

A circle in the complex plane with center zg and radius r is the set of points z satisfying
e—z0l=r,

where r is a strictly positive real constant. A plot of a circle is shown in Figure A.5.

A disk is the set of points inside of a circle, possibly including the points on the circle itself. If the points on the
circle are not included in the set, the disk is said to be open; otherwise, the disk is said to be closed. More formally,
an open disk with center zp and radius r is the set of points z satisfying

|Z—Zo| <r,

where r is a strictly positive real constant. A plot of an open disk is shown in Figure A.6. Similarly, a closed disk
with center zp and radius r is the set of points z satisfying

|Z_ZO| §r7

where r is a strictly positive real constant. A plot of a closed disk is shown in Figure A.7.

An annulus (i.e., aring) is the set of points between two concentric circles, possibly including the points on one or
both circles. If an annulus does not include the points on its two defining circles, it is said to be open. More formally,
an open annulus with center zg, inner radius 7, and outer radius r; is the set of points z satisfying

r < \Z—Zo\ <r,

where r| and r; are strictly positive real constants. A plot of an annulus is shown in Figure A.8.

A.11 Limit

Let f be a complex function and zp a complex number. We want to define the limit of f(z) as z approaches zg. Unlike
in the case of real functions, the value zg can be approached from infinitely many directions in the complex plane. In
order for the limit to be useful, however, we want it to be defined in such a way that it is independent of the direction
from which z¢ is approached. With this in mind, we define the notion of a limit below.

A function f evaluated at z is said to have the limit L as z approaches zj if

1. f1is defined in some open disk about zp, except possibly at the point z¢; and

2. for every positive real number &, there exists a positive real number 6 such that |f(z) — L| < € for all values of
zin the disk |z —zo| < 6 except z = zo.

This limit can be expressed as

lim f(z) = L.

220
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Im Im
P -7 T < o
/ \
/ r \
|
oo
\ ¢ /
N /
~ 7
Re Re
Figure A.5: Circle about zo with radius r. Figure A.6: Open disk of radius r about zg.
Im
Im 7 - - o > N
, N
/ _ - = \
/ s = N \
;e 7 \ \
ot e \
I ca e 1
I ! . |
\ X 20 y /
\ \ Vi /
\ AN 4 /
\ S—-=-7 4
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Figure A.7: Closed disk of radius r about zg.

Figure A.8: Open annulus about zg with inner
radius r; and outer radius r;.

A.12 Continuity
A function f is said to be continuous at a point zg if f(zo) is defined and given by

f(z0) = lim f(z).

A function is said to be continuous if it is continuous at every point in its domain. Polynomial functions are
continuous everywhere. For example, the function f(z) = 3z> +z> — z+ 1 is continuous for all complex z. Rational
functions (i.e., quotients of polynomials) are continuous everywhere except at points where the denominator poly-
nomial becomes zero. For example, the function f(z) = % is continuous for all complex z except z =1 and
z=—L

A.13 Differentiability

A function f is said to be differentiable at a point z = zg if the limit
. z)— flz
) tim LE )
=20 Z—20

exists. This limit is called the derivative of f at the point zg. A function is said to be differentiable if it is differentiable
at every point in its domain.

In general, the rules for differentiating sums, products, and quotients are the same for complex functions as for
real functions. Let f and g be function and let a be a scalar constant. Let the prime symbol denote a derivative. If
f'(z0) and g'(z9) exist, then

1. (af) (z0) = af’(zo) for any complex constant a;
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- (f+8)(z0) = f'(20) + &' (20);
. (f8)(z0) = f'(20)g(z0) + f(z0)& (0):

. (f/g) (z0) = 8(z0)f (zgzzz,{}ZO)g (zo); and

(IS \S]

~

|91

. if zo = g(wp) and g’ (wyp) exists, then the derivative of f(g(z)) at wg is f'(z0)g’ (wo) (i.€., the chain rule).

Polynomial functions are differentiable everywhere. Rational functions are differentiable everywhere except at
points where the denominator polynomial becomes zero.

A.14 Analyticity

A function f is said to be analytic at a point z if it is differentiable at every point in some open disk about zg. A
function f is said to be analytic if it is analytic at every point in its domain.
One extremely useful test for the analyticity of a function is given by the theorem below.

Theorem A.3 (Cauchy-Riemann equations). Let f be a complex function expressed in the form of (A.11). So, we
have

f(2) = v(xy) + jw(x,y),

where 7 = x+ jy. The function f is analytic in S if and only if v and w satisfy the following conditions at all points
inS:
dv _ dw v dw

— and —=—

dx  dy dy  dx’
These equations are known as the Cauchy-Riemann equations.

Proof. A proof of this theorem is somewhat tedious and therefore omitted here. ]

Polynomial functions are both continuous and differentiable everywhere. Therefore, such functions are analytic
everywhere. Rational functions are both continuous and differentiable everywhere, except at points where the denom-
inator polynomial becomes zero. Consequently, rational functions are analytic at all but these points.

Example A.10. Determine for what values of z the function f(z) = z? is analytic.

Solution. First, we observe that f is a polynomial function. Then, we recall that polynomial functions are analytic
everywhere. Therefore, f is analytic everywhere.

Alternate Solution. We can demonstrate the analyticity of f using Theorem A.3. We express z in Cartesian form as
z=x+ jy. We rewrite f in the form of f(x,y) = v(x,y) + jw(x,y) as follows:

f@) = flatjy) = (et jy)? =22+ j2uy =y = (6 =%) +j(2xy).
Thus, we have that f(z) = v(x,y) + jw(x,y), where
v(x,y) =x*—y* and w(x,y) = 2xy.

Now, computing the partial derivatives, we obtain

av ow av ow
— =2 — =2 —==-2 d — =2y
o dy o dy Yo and oy Y
From this, we can see that
Jdv  dw v ow
—=— and —=-——.
dx dy dy ox
Therefore, the Cauchy-Riemann equations are satisfied for all complex z = x+ jy. Therefore, f is analytic everywhere.
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Example A.11. Determine for what values of z the function f(z) = 1/z is analytic.

Solution. We can deduce the analyticity properties of f as follows. First, we observe that f is a rational function.
Then, we recall that a rational function is analytic everywhere except at points where its denominator polynomial
becomes zero. Since the denominator polynomial of f only becomes zero at 0, f is analytic everywhere except at 0.

Alternate Solution. To study the analyticity of f, we use Theorem A.3. We express z in Cartesian form as z = x+ jy.
We rewrite f in the form f(x,y) = v(x,y) + jw(x,y) as follows:

B N S 1 X—jy\ _ x—Jy
f(Z)—f(x+Jy)—x+jy— (x+jy> <x—jy> —x2+y2'

Thus, we have that f(x,y) = v(x,y) + jw(x,y), where

X
v(x,y) = 2152 =x(x*+)*)"" and
Zy -
W()C,y) = x72+y2 = —y(xZ +y2) 1.

Now, computing the partial derivatives, we obtain

dv 2, 2y-1 2 222 24 (P 4y y =
— ="+ +(—1)(x"+ 2x7) = = ,
ox ( ¥9) (—1)( yo) T (2x7) (2 +y2)2 (2 +y2)2
ow - (P +y) ¥ -x
= (=) +y) T H (D) 2y (~y) = = )
5y = (D) D) @) () = T e =
av _ —2xy
2 (D) Y () =
—-_— = (- X X))\ — = .
ox Y Y (x2+y2)?
So, we have that, for z # 0 (i.e., x and y not both zero),
v _aw v
ox dy dy  ox
(i.e., the Cauchy-Riemann equations are satisfied). Therefore, f is analytic everywhere except at 0. |

A.15 Zeros and Singularities

If a function f is analytic in a domain D and is zero at a point zp in D, f is said to have a zero at zo. If, in addition,
the first n — 1 derivatives of f are also zero at zg (i.e., f1)(z0) = fP(z0) = ... = f""D(z9) = 0), f is said to have an
nth-order zero at zo. An analytic function f is said to have an nth order zero at infinity if the function g(z) = f(1/2)
has an nth order zero at 0.

A point at which a function fails to be analytic is called a singularity. A singularity may be isolated or nonisolated.
If a function f is analytic for z in an annulus 0 < |z — zg| < r but not at zg, f is said to have an isolated singularity at
z0. There are three types of isolated singularities: a removable singularity, an essential singularity, and a pole.

Herein, we are often interested in polynomial and rational functions. Polynomial functions do not have singulari-
ties, since such functions are analytic everywhere. In contrast, rational functions can have singularities. In the case of
rational functions, we are normally interested in poles (since rational functions cannot have essential singularities and
removable singularities are not very interesting).

Edition 2.0 Copyright (©) 2012-2020 Michael D. Adams



304 APPENDIX A. COMPLEX ANALYSIS

Consider a rational function f. We can always express such a function in factored form as

K(z—a)%(z—ay)®---(z—ay)™

f2) =
(z— bl)ﬁl (z— bz)ﬁz o (z— bN)ﬁN ’
where K is complex, ay,ay, ... ,ap,b1,ba, ..., by are distinct complex constants, and o, 0, ..., 0n and B1, Bo, ..., By
are positive integers. One can show that f has poles at by, bs,...,by and zeros at aj,ay,...,ay. Furthermore, the kth

pole (i.e., by) is of order By, and the kth zero (i.e., ay) is of order ;. A pole of first order is said to be simple, whereas
a pole of order two or greater is said to be repeated. A similar terminology can also be applied to zeros (i.e., simple
zero and repeated zero).

Example A.12 (Poles and zeros of a rational function). Find and plot the poles and (finite) zeros of the function

22+ D) (z—1)
(z+1)(z2+3z+2)(2+22+2)°

f(z)=

Solution. We observe that f is a rational function, so we can easily determine the poles and zeros of f from its factored
form. We now proceed to factor f. First, we factor 22+ 3z+2. To do this, we solve for the roots of 72 +3z+2 =0 to
obtain

(For additional information on how to find the roots of a quadratic equation, see Section A.16.) So, we have
2 4+3z42=(z+1)(z+2).
Second, we factor z2 + 2z + 2. To do this, we solve for the roots of 72 + 2z +2 = 0 to obtain

—24+,/22-4(1)(2)

20 = 1dj={-1+j,—1—j}

7=

So, we have
Z4+2z+2=(z+1-j)(z+1+)).
Lastly, we factor z2 + 1. Using the well-known factorization for a sum of squares, we obtain
ZH1=(z+))(z—J)
Combining the above results, we can rewrite f as

Z+)e=i)E-1)
@+ 1)2(z+2)(z+1—j)(z+1+))

f(z)=

From this expression, we can trivially deduce that f has:
e first order zeros at 1, j, and —J,
e a second order zero at 0,
e first order poles at —1+ j, —1 — j, —2, and
e a second order pole at —1.
The zeros and poles of this function are plotted in Figure A.9. In such plots, the poles and zeros are typically denoted

[T

by the symbols “x” and “0”, respectively. ]
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Re

Figure A.9: Plot of the poles and zeros of f (with their orders indicated in parentheses).

Example A.13. Find the zeros and poles of the function

22
f(Z):m~

Solution. The zeros of f are given by the roots of z> —2 = 0, which is equivalent to z> = 2 = 2¢/°. This equation has
three distinct solutions (i.e., the three third roots of 2), namely,

V2, V263 and V26473,

The poles of f are given by the roots of z°> +4 = 0, which is equivalent to > = —4 = 4e /7. This equation has five
distinct solutions (i.e., the five fifth roots of —4), namely,

\S/Zej(fnhto)/s — \S/Zefjn/S’
\S/Zej(—m—Zn)/S _ \S/Zejﬂr/i7
wej(fn#m)/s — \S/Zej3n/57
\5/18_/'(771+677:)/5 — \5/161'71: _ _\5/1, and
\5/Zej(—7r+87r)/5 _ \5/Zej77t/5' ]

A.16 Quadratic Formula

Consider the equation az? +bz+c =0, where a, b, and ¢ are real, z is complex, and a # 0. The roots of this equation
are given by

b+ 2_4
. —bE Vb —dac vzbac (A.12)
a

This formula is often useful in factoring quadratic polynomials with complex conjugate roots. For example, from the
quadratic formula, we can conclude that the general quadratic az> + bz + ¢ has the factorization

a? +bz+c=a(z—z)(z—2z1),

where
—b—+/b?—4ac —b++Vb?—4ac
W=y ad as e e
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A.17 Exercises

A.17.1 Exercises Without Answer Key

Al

A2

A3

A4

AS

A.6

Express each of the following complex numbers in Cartesian form:
(a) 2e/27/3;

(b) V2e/™/4;

(c) 2¢/77/; and

(d) 3e/7/2,

Express each complex number below in polar form. In each case, plot the value in the complex plane, clearly
indicating its magnitude and argument. State the principal value for the argument.

@ —V3+j;

(b) =3 — %

© V2-jv2;

) 1+ jv/3;

(e) —1—jv/3; and
(f) —3+4j.

Evaluate each of the expressions below, stating the final result in the specified form. When giving a final result
in polar form, state the principal value of the argument.

(a) 2 (? - ]%) +j (%ef(_m/“)) (in Cartesian form);
b) (@ _j%) (%ej(_”/d')) (in polar form);

(©) (? _j%) /(1+ j) (in polar form);

(d) e'*/™/* (in Cartesian form);

(e) ((7% + ]?) *)8 (in polar form);

® 1+ j)lo (in Cartesian form); and

1
(2) I +], (in polar form).

Show that each of the identities below holds, where z, 71, and z; are arbitrary complex numbers.
(@) |z1/22] = |z1]/ |z2| for zo # O;

(b) arg(z1/z2) = argzy — argzs for zp # 0;

(¢) z+7* =2Re{z};

(d) zz* = |z|*; and

(e (z122)* = 2] 25

Use Euler’s relation to show that each of the identities below holds.
(a) cos O = % [e/® +e770];

im0 =, e e and

(c) cos? 6 = 31 +cos26].

For each rational function f of a complex variable given below, find the the poles and zeros of f and their
orders. Also, plot the poles and zeros of f in the complex plane.

@) fz) =22+ jz+3;

(b) f(z) =z+3+2z71
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(22 +2245)(22+1)
© () = s
be Z be Z
(22+22+2) (22 +3z+2)
3
77—z
d = ;
( ) f(Z) Z2 _ 4 ’
z+ 2
e and
2= (22 +2z+2)(z — 1)
(e) f(
2
22 —1)
M f(z) = :
f) (22 +4z+ )22 +22+2)
A.7 Determine the points at which each function f given below is: i) continuous, ii) differentiable, and iii) analytic.

A8

A9

A0

A.11

To deduce the answer, use your knowledge about polynomial and rational functions. Simply state the final
answer along with a short justification (i.e., two or three sentences). (In other words, it is not necessary to use
the Cauchy-Riemann equations for this problem.)

@) f(z) =32 - j24+z—=

z—1 )
®) /() = (2 +3)(22+z+1)’
© f(2) = z—¢iand

@ f(z) =z+2+z".

Use the Cauchy-Riemann equations to show that the function f(z) = e“ is analytic for all z, where a is a real
constant and z is complex.

For each function1 f of areal variable given below, find an expression for |f(®)| and arg f(®).
(@ f(o) = (1;7)102
jo

(b) f(w) = W,
(©) f(w) = W ;
@) f(ow) = W;
(e) f(w) = ﬁ; and

jo—1
0 f(©) =2
Use induction to prove De Moivre’s theorem (i.e., Theorem A.2), which states that (e/9)" = ¢/9" for all real 6

and all integer n.

Show that each of the following identities hold:
@ Y oI T/N Yk _ N if k/N is an integer
n=(N) 0 otherwise,
where ), v, denotes a summation over a single period of the N-periodic summand (i.e., the expression being
summed); and
o [ ersrmie T k=0
JT 0 otherwise,
where [ denotes integration over a single period of the 7-periodic integrand (i.e., the expression being inte-
grated).
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A.17.2 Exercises With Answer Key

A.12 A rational function F has a first-order pole at —1, a second-order pole at —2, and a first-order zero at 0. The
function is known not to have any other poles or zeros. If F(1) =1, find F.

Short Answer. F(s) = %

A.13 For each function F' given below, find the poles and zeros of F and their orders.

(@) F(S) = s*g:—;s :

Short Answer. (a) first-order zero at 3; first-order poles at 0, VT4 Y734 YT 3T/4 and /Te T4,

A.18 MATLAB Exercises

A.101 Consider the rational function

_ 647* — 487% — 3677 4272
T 6470 — 12875 — 11224 +32073 — 8472 — 727+ 27"

f(2)

Use the Symbolic Math Toolbox in order to find the poles and zeros of f and their orders. (Hint: Some of the
following functions may be useful: sym, solve, factor, and pretty.)
A.102 Use the roots function to find the poles and zeros of the rational function

_ 4622 +1072+ 8z
T 942128419977 + 111126 +400725 + 963974 + 1540123 + 1568972 + 91927+ 2340

(@)

Plot these poles and zeros using the plot function.
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Appendix B

Partial Fraction Expansions

Sometimes we find it beneficial to be able to express a rational function as a sum of lower-order rational functions.
This type of decomposition is known as a partial fraction expansion. Partial fraction expansions are often useful in
the calculation of inverse Laplace and inverse Fourier transforms.

Suppose that we have a rational function

_ amzm‘i'amflzmil +...F0z+ 0

f(2)= Buzt+ Bu1z V4. 4+ Biz+ o

where m and n are nonnegative integers. Such a function is said to be strictly proper if m < n (i.e., the order of the

numerator polynomial is strictly less than the order of the denominator polynomial). We can always write a rational

function as the sum of a polynomial function and a strictly proper rational function. This can be accomplished through

polynomial long division. In what follows, we consider partial fraction expansions of strictly proper rational functions.
Consider a rational function f of the form

() = A"+ am 17" . Faiz+ag
by 12"+ + b1z + by

where ag,ay,...,am—1,bo,by1,...,b,—1 are complex constants, m and n are nonnegative integers, and m < n (i.e., f is
strictly proper). Let us denote the polynomial in the denominator of the above expression for f as d. We can always
factor d as

d(z) = (z—p1)(z—p2)-- (2= Pa),

where the py are the roots of d.
First, let us suppose that the roots of d are distinct (i.e., the p; are distinct). In this case, f can be expanded as

A A A, A
fR)=——+ "+
Z—p1 Z—DP2 I—Pn-1 Z—Dn

where

Ak = (Z_pk)f(z)|z:pk .

To see why the preceding formula for Ay is correct, we simply evaluate (z— px)f(z)|,_,, - We have that

Ai(z— As(z— A1 (z—
(&= P f (@)=, = lz(z_pf’k)Jr zz(z_pfk)+...+kzl_(;k fk) +A+
Ak+1(z_pk)+.”+An(Z_pk)}
2= Dt 2=Pn Jliep,
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Now, let us suppose that the roots of d are not distinct. In this case, we can factor d as

d(z) — (Z—p1)q' (Z_pz)% (Z—pp)qp.

One can show that, in this case, f has a partial fraction expansion of the form

Aq Aip Ay g ]
7) = 2 . +... -
@) [z—m (z—p1)? (z—p1)n
J{Az,l b M ]
) (z—p2)2
A A
+m+[ Py WP],
z—pp (z—pp)ir
where
1

A= " = p)" ()]

(qx

=
Note that the gth-order pole p; contributes g terms to the partial fraction expansion.
Example B.1 (Simple pole). Find the partial fraction expansion of the function

3
Uy

Solution. First, we rewrite f with the denominator polynomial factored to obtain

3

R

From this, we know that f has a partial fraction expansion of the form

A As
)=——+—
@) z+1 z+2

where A| and A, are constants to be determined. Now, we calculate A| and A, as follows:

Ar=(z+1)f(2) =y
3

242

=3 and

(z2+2)f (@)=
3

z+1
=3

A

7==2

Thus, the partial fraction expansion of f is given by

3 3

M=~ "

Example B.2 (Repeated pole). Find the partial fraction expansion of the function

4748

)= (z4+1)2(z+3)°
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Solution. Since f has a repeated pole, we know that f has a partial fraction expansion of the form

A Aip Ay

fla) = z+1  (z+1)2  z+3

where A1 1, A1 2, and Ay 1 are constants to be determined. To calculate these constants, we proceed as follows:

a1 = g (B e+ 1770

= &[4 1@l

1
-1+ G5)
[

4(z+3) 1+ (—1)(z+3)_2(4z+8)] |

z=-1

z=—1

[l

| —|
—
M
+ |~
(98]
»

[\)
| — |

Ay =

Thus, the partial fraction expansion of f is given by

1, 2 1
Cz+l o (z4+1)2 43

(@)

Example B.3 (Improper rational function). Find the partial fraction expansion of the function

f(z)_2z3+922—z+2
2 43z+2

Solution. Since f is not strictly proper, we must rewrite f as the sum of a polynomial function and a strictly proper
rational function. Using polynomial long division, we have

2z +3
43242 22 + 97 -z +2
273 + 622 + 4z

322 — 5z +2
32 +9z + 6
— 14z — 4.
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Thus, we have

f(z) =2z+3+g(2),
where

| —l4z—4 —l4z—4
243742 (z4+2)(z+ 1)

8(2)

Now, we find a partial fraction expansion of g. Such an expansion is of the form

A Ay
) =——F+——.
8(2) z+1  z+2

Solving for the expansion coefficients, we have

Ar= (z+1)g(2)] -
 —14z-4
Toz+2
=10 and
= (2+2)8(2)] =
 —14z-4
o z+1
=-24.

—_

z=—1

S
[\

7=—2

Thus, g has the expansion

10 24

8(2) = z+1 z+2

Thus, we can decompose f using a partial fraction expansion as
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B.1 Exercises

B.1.1 Exercises Without Answer Key

B.1 Find the partial fraction expansion of each function f given below.

2
—7"+2z+7
@ f(z) = 4z3lj6u 242120—|— 44z+24°
i Zi
b =5}
() f(2) 8%_:_653_1’%
Z
© @) =510

B.2 Find the partial fraction expansion of each function f given below.

—27245
WI0= 5 a5y
2z +15z+21
b =————and
()f(z) §2+4Z;_3 an
47> +36z°+ 1032495
(©) f(z) =

(z+1)(z+3)3

B.1.2 Exercises With Answer Key

B.3 Find the partial fraction expansion of each function f given below.

=——— — and
(a) f(Z) 1_%171 _|_1%Z72 an
b) f(z) = 10
() f(z) (1_%(1)(1_(1)
Short Answer. (a) f(z) = —2 -+ : 3 (b) f2) = _9/101 + 1,1271
l*ZZ 17§Z’ ~10

B.2 MATLAB Exercises

B.101 Use MATLAB to find a partial fraction expansion for each function f given below. [Hint: The partfrac
function may be helpful.]

@10 = T
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Appendix C

Solution of Constant-Coefficient Linear
Differential Equations

C.1 Overview

Many systems of practical interest can be represented using linear differential equations with constant coefficients. For
this reason, we are interested in solution techniques for such equations. This appendix briefly introduces time-domain
methods for solving constant-coefficient linear differential equations.

C.2 Constant-Coefficient Linear Differential Equations

An Nth-order linear differential equation with constant coefficients has the general form

,g)bk <jt)ky(t) = f a <;t>kx(t),

k=0
where the a; and by, are constants. If the right-hand side of the above equation is identically equal to zero, the equation
is said to be homogeneous. Otherwise, the equation is said to be nonhomogeneous. Depending on whether the above
equation is homogeneous or nonhomogeneous, the solution method differs slightly.

C.3 Solution of Homogeneous Equations

First, we consider the solution of homogeneous equations. In this case, we have an equation of the form

i by <5I>ky(t) =0. (C.1)

k=0

Let us define the quantity
N
o(s) = Z bisk.
k=0

Then, we refer to

¢(s) =0

as the characteristic (or auxiliary) equation of (C.1). The solution of (C.1) depends on the roots of the characteristic
equation, as specified by the theorem below.
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Theorem C.1. Suppose that ¢(s) = 0 is the characteristic equation associated with the homogeneous linear differen-
tial equation

N k
Y b (%) y(1)=0.
k=0
If §(s) = 0 has a real root p of multiplicity k, then a solution of the differential equation is

(ao—|—a1t+ .. —|—ak,1tk71)e”t.

If §(s) = 0 has a pair of complex conjugate roots ¢ % jo, each root being of multiplicity k, then a solution of the
differential equation is

%! [(a0+a1t+ a1 coswr + (bo+ byt + ...+ b F D siner |

A general solution of the differential equation is obtained by taking a linear combination of the solutions obtained by
considering all roots of ¢(s) = 0.

From the above theorem, we can see that, in order to solve an equation of the form (C.1), we begin by finding
the roots of the corresponding characteristic equation. Then, we find a solution associated with each distinct root (or
pair of complex conjugate roots). Finally, the general solution is formed by taking a linear combination of all of these
individual solutions.

Example C.1. Find the general solution to the differential equation
Y'(£)+4y'(t) +5y(1) = 0.
Solution. The given differential equation has the characteristic equation
2 4+45+5=0.
Solving for the roots of the characteristic equation yields
—44 /42 —4(5)
§=——————"
2
=-2+4v—4
=24

Thus, we have one pair of complex conjugate roots (i.e., —2 & j), each root being of multiplicity 1. Therefore, the
general solution to the given equation is of the form

y(t) =e ¥ (aj cost + by sint). -

Example C.2. Find the general solution to the differential equation
Y'(6) +5y'(t) +6y(1) = 0.
Solution. The given differential equation has the characteristic equation
2 4+55+6=0,
which can be factored as
(s+2)(s+3)=0.

Clearly, the characteristic equation has the roots —2 and —3, each of multiplicity 1. Therefore, the general solution of
the given equation is of the form

y(t) =aje +ae . [ |
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Example C.3. Find the general solution to the differential equation
Y'() +2y/(t) + (1) =0.
Solution. The given differential equation has the characteristic equation

S +2s+1=0,
which can be factored as

(s+1)>=0.

Clearly, the characteristic equation has the root —1 of multiplicity 2. Therefore, the general solution to the given
equation is of the form

y(t) = (ao+art)e™". |

C.4 Particular Solution of Nonhomogeneous Equations

So far, we have only considered the solution of homogeneous equations. Now, we consider the nonhomogeneous
case. In the nonhomogeneous case, we have an equation of the form

N k
Yo () 20 =10 €2

k=0

As it turns out, in order to find a general solution to the above equation, we must first find a particular solution.

To find a particular solution, we must consider the form of the function f. Suppose that a particular solution
to (C.2) is given by the function y,. Since yj is a solution to (C.2), when we substitute y, into (C.2), the left-hand
side of (C.2) must equal f. Therefore, y, and its derivatives must be comprised of terms that resemble the terms
of f. Thus, by examining f, we can deduce a general expression for y, containing one or more unknown coefficients.
We, then, solve for these unknown coefficients. This solution technique is sometimes referred to as the method of
undetermined coefficients.

Table C.1 shows the general form of y, that should be nominally used in the case of several frequently encountered
forms for f. There is, however, one caveat. The general expression chosen for y, must not include any terms that are
linearly dependent on terms in the solution to the corresponding complementary equation. If linearly dependent terms
exist in our preliminary choice of y,, we must replace each term v(r) with "v(r) where m is the smallest positive
integer eliminating this linear dependence. To illustrate how this solution process works in more detail, we will now
consider a few example problems.

Example C.4. Find a particular solution of the differential equation
Y (1) 4+ 4y (1) +5y(t) = 562 + 31 + 8.

Solution. We begin by considering the form of the function on the right-hand side of the given differential equation.
Since terms in 72, t!, and 1° yield terms in 2, ¢!, and ¢ when substituted into the left-hand side of the given equation,
we deduce that a particular solution is of the form

yp(t) = at’ +ait +ap. (C.3)
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Table C.1: Forms for the particular solution

1) Yol(t)

co+cit+.. Fcpt” po+pit+...+ put"

ceat peat

csinbt or

ccosbt psinbt + gcos bt

(cot+cit+...+cut™)e” (po+pit+...+ pnt")e”

(cotcit+...+cut")cosbt or

(cotcit+...+cut")sinbt (po+pit+...4 pnt")cosbt+ (qo + qit + ...+ gnt") sinbt
(cotcit+...+cyt")e™ cosbr or

(cotcit+...+cyt")e™ sinbt (po+pit+...4 put")e® cosbr + (qo + qit + . . . + gnt" ) e sin bt

Differentiating y,, we obtain
y:)(t) =2at+a; and
yg(t) =2ay.
Substituting y, and its derivatives into the given differential equation yields
2ay +42a5t +ay] +5 [axt® +art +ag] = 5t* +3t +8

= 2a+8ast +4ay + Saxt> +5ait +5ag = 51> + 3t + 8
= [5a)t> + [8az +5a1]t + [2ay +4ay + 5ag) = 5t + 31 + 8.

Comparing the left- and right-hand sides of the above equation, we see that

S5a; =5,
8ay +5a; =3, and
2ay +4a; +5a9 = 8.

Solving this system of equations yields ap = 2, a; = —1, and ap = 1. Therefore, from (C.3), the given differential
equation has the particular solution

yolt) =2 —t+2. [

Example C.5. Find a particular solution of the differential equation
V(1) + 4y (1) +5y(r) = e .

Solution. We begin by considering the form of the function on the right-hand side of the given differential equation.
Since terms in e~ yield terms in e~ when substituted into the left-hand side of the equation, we deduce that the
particular solution yp, is of the form

yp(t) = ae™?.

Differentiating y,, we obtain

Yp(t) = —2ae™* and

y’p' (t) = 4ae .
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Substituting y, and its derivatives into the given differential equation yields

4ae”* +4[—2ae ] +5[ae ]| =¥

= 4dae ¥ —8ae ¥ +5ae =¥

= aqe ¥ =¢"%.

Comparing the left- and right-hand sides of the above equation, we have that a = 1. Therefore, the given differential
equation has the particular solution

yol(t) = e |

Example C.6. Find a particular solution of the differential equation
Y (1) +4y' (1) + 5y(t) = sint.

Solution. To begin, we examine the form of the function of the right-hand side of the given differential equation.
Since terms in sin? yield terms in sint and cost when substituted into the left-hand side of the given equation, we
deduce that the particular solution yj is of the form

Yp(t) = aj cost +apsint.
Differentiating y,, we obtain

yp(t) = —arsint +aycost  and

yo(t) = —aj cost —aysint.
Substituting y, and its derivatives into the given differential equation yields

[—aj cost — ap sint] +4[—aj sinz + ap cost] + 5[aj cost + ap sint] = sint
= [—a) +4ay+5a;]cost + [—ap —4a; + Say]sint = sint
= [4a1 +4az]cost + [4ay —4a;|sint = sint.

Comparing the left- and right-hand sides of the above equation, we have that

4a;+4a, =0 and

dar —4a; = 1.
Solving this system of equations yields a; = —% and ay = %. Therefore, the given differential equation has the
particular solution
yp(t) :f%cosﬂr%sint. |

C.5 General Solution of Nonhomogeneous Equations

With every nonhomogeneous constant-coefficient linear differential equation
N N M N
Z bi () (1) = Z ar (5) x(1),
k=0 k=0
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we can associate a homogeneous equation

N k
Z by (%) y(t)=0
=0

called the complementary equation. The complementary equation is formed by simply setting the function x (and
its derivatives) to zero in the original equation.

As it turns out, in order to find the solution of a nonhomogeneous equation, we must find a particular solution to
the given equation and also a general solution to its complementary equation. This process is more precisely specified
by the theorem below.

Theorem C.2. A general solution of the linear differential equation
N N M N
Y b () () = Y an () x(0)
k=0 k=0
has the form

y(t) = ye(t) +yp(t),

where y. is a general solution of the associated complementary equation and y, is any particular solution of the given
equation.

Example C.7. Consider the differential equation
¥ () +2y (1) +2y(t) = =2t + 4.

(a) Find the general solution of this equation.
(b) Find the solution if y(0) = 1 and y'(0) = 0.

Solution. (a) First, we need to find the general solution y. of the corresponding complementary equation
Y'(6) +2y' (1) +2y(1) = 0.
This equation has the characteristic equation
2 4+25+2=0.
Solving for the roots of this equation, we have
—24+/22-4(2)
§=—————
2
=-—1+j.

Therefore, the characteristic equation has a pair of complex conjugate roots —1 =+ j, each root being of multiplicity 1.
From this, we know that the complementary equation has a general solution of the form

ye(t) = e '(aj cost + by sint). (C.4)
Now, we must find a particular solution y, of the given differential equation. We consider the form of the function
on the right-hand side of the given equation. Since terms in ¢! and 7° yield terms in #! and 7 when substituted into the

left-hand side of the equation, we deduce that yj, is of the form

yp(t) = cit +co.
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Differentiating y,, we obtain
yp(t)=c1 and
yg(t) =0.
Substituting y, and its derivatives into the given differential equation yields

2¢1 +2[cit +co) = -2t + 4
= [ZC]]I + [261 +2C0] = -2t +4.

Comparing the left- and right-hand sides of the above equation, we have

2¢ci=—2 and
2¢1+2co =4.
Solving this system of equations yields ¢y = 3 and ¢; = —1. Therefore, the particular solution is given by
Yolt) = —1+3. (C.5)

Combining the results of (C.4) and (C.5), we conclude that the given equation has the general solution

y(t) =ye(t) +yp (1)
=e ' (ajcost +bysint) —1 +3.

(b) We compute the derivative of y as
¥ (t) = —e '(aj cost + by sint) + e~ (—ay sint + by cost) — 1.
From the given initial conditions, we have

0=—-a;+b;—1 and
1=a;+3.

Solving for a; and b yields a; = —2 and b; = —1. Therefore, we have

y(t) = e '(—2cost —sint) —t +3
= —e "(2cost +sint) — 1+ 3. ]

Example C.8. Consider the differential equation
YI(0)+3y' (1) +2y(1) =e".

(a) Find the general solution of this equation.
(b) Determine the solution if y(0) = —1 and y'(0) = 1.

Solution. First, we need to find the general solution y. of the corresponding complementary equation
Y'() +3y'(t) +2(t) = 0.
This equation has the characteristic equation

s 4+3s+2=0,
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which can be factored as
(s+2)(s+1)=0.
Thus, the characteristic equation has roots at —2 and — 1, each of multiplicity 1. From this, we can deduce that

Ye(t) =are™ +aze ™. (C.6)

Now, we need to find a particular solution yj of the given differential equation. Since y. contains a term with e,

we deduce that yj, is of the form

yp(t) =cte™.

Differentiating y,, we obtain

t

yp(t) =ce™"—cte™" and

yo(t) = —ce™ —c(e™ —te™") = =2ce™ +cte”".
Substituting y, and its derivatives into the given differential equation yields

(—2ce " +cte™)+3(ce —cte”")+2cte =€’
= (—2c+3c)e "+ (c—3c+2)te ="

Comparing the left- and right-hand sides of this equation, we conclude ¢ = 1. Therefore, we have
yplt) =te™". (C.7)

Combining the results from (C.6) and (C.7), we have

¥(1) = ye(t) +yp(2)
=aje ' +are X +te .
(b) We compute the derivative of y as
V()= —aje™ —2ape ™ +e ' —te".

From the given initial conditions, we have

1=—-—a;—2a>+1 and

—1=a;+as.
Solving for a; and a; yields
a = -2
a;=1.
Therefore, we have that
y(t)= 2" +e ¥ e [ ]
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C.6 Exercises

C.6.1 Exercises Without Answer Key

C.1 Find the general solution to each of the differential equations below.
(a) 8"(t) +6y'(t) +y(t) = 0
(b) y"(#) +5y" (1) + 17y'(t )
(©) y'(t) +9y' (1) +20y(t) =
(DY) +2y'(t) +y(t) = 0

3y(¢) = 0; [Hint: One root of the characteristic equation is —1.]; and

C.2 Find a particular solution to each of the differential equations below. In each case, the solution y. of the

corresponding complementary equation is given.

(@) Y'(1)+3y'(t) +2y(1) = 1> with yc(t) = cre™" +c2e™;

(b) y”(t) +3y' (1) +2y(t) = e’3t + 1t with y(t) = cre™ 4+ cpe™
© Y (1) +4Y (1) +3y(t) = e with yc(r) = c1e™" +c2¢”'; and
() y' (1) +2y'(¢) + y(¢) = sinr with y.(f) = cope " +cyre".

C.3 Consider the differential equation

VI(#)+3y (1) +2y(t) =t + 1.

(a) Find the general solution to this equation.
(b) Determine the solution in the case that y(0) = —% and y'(0) = —

C.4 Consider the differential equation

Y (2) 45y (1) + 6y(t) = 2.

(a) Find the general solution of this equation.
(b) Determine the solution in the case that y(0) = 0 and y'(0) = 1.

C.5 Find the general solution to each of the differential equations below.
@) y'(t) +7y(t) + 12y(¢) = 61> — 5t + 18;
(0) (1) +75/(1) + 12y(t) = e~
(© " (t) +4y'(t) +8y(t) = ¢™'; and
(DY) +2y(y) +5x(1) = 1 +e .

C.6.2 Exercises With Answer Key

Currently, there are no exercises available with an answer key.

C.7 MATLAB Exercises

1
3

C.101 Use the dsolve function in MATLAB to solve each of the differential equations in Exercise C.1.

C.102 Use the dsolve function in MATLAB to solve Exercise C.4.
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Appendix D

Miscellaneous Information

D.1 Integrals

. 1 1
/xnd_x _ anJr +C n ?é -1
In|x|+C n=-1

/cosxdx: sinx+C
/sinxdx = —cosx+C
/xexdx =e'(x—1)+C

/xe“xdx = a%e“x(ax— )+C

/xze‘”‘dx = a%eax(azxz —2ax+2)+C

/ e cosbxdx = e*a cossz + 2b sin bx] ‘c
ac+b

/e‘”‘ sinbxdx = e™[asinbx — bcos bx] c

' a? +b?

/xcosxdx =cosx+xsinx+C

/xsinxdx =sinx—xcosx+C

/udv:uv—/vdu

D.2 Derivatives

dx \v
@y —
dx “ dx vdx
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d .
— cosx = —sinx
dx

d .
— sinx = cosx
dx

D.3 Arithmetic and Geometric Series

The sum of the arithmetic sequence a,a+d,a+2d,...,a+ (n—1)d is given by

nl _ nl2a+d(n—1)]
k;)(ajukd)_f. (D.1)

n—1

The sum of the geometric sequence a, ra,r’a, ..., 'ais given by

-1

n—1
Zrka:a forr # 1. (D.2)
= r—1

The sum of the infinite geometric sequence a, ra,’a, ... is given by

) ra=-—"—"for |r| < 1. (D.3)
= -7
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Appendix E

MATLAB

E.1 Introduction

MATLARB is a software tool that is useful for solving a wide variety of problems arising in engineering applications.
The MATLAB software is a product of a company called The MathWorks. Extensive information on this software
(including detailed guides and manuals) is available, free of charge, from the company’s web site (http://www.
mathworks.com). A number of helpful books on MATLAB are also available [ 1, 2]. In this appendix, a reasonably
detailed introduction to MATLAB is also provided.

E.2 Octave

Although MATLAB is very powerful, it is a commercial software product. Therefore, MATLAB is not free. Fortu-
nately, an open-source MATLAB-like software package is available called Octave. Octave is available for download
from its official web site http://www.octave.org. This software is included in several major Linux distributions
(e.g., Fedora and Ubuntu). As well, Octave is also available for the Cygwin environment under Microsoft Windows.
(For more details about Cygwin, see http://www.cygwin.org.)

E.3 Invoking MATLAB

On most UNIX systems, the MATLAB software is started by invoking the mat 1ab command.

E.3.1 UNIX
The MATLAB software is invoked using a command line of the form:
matlab [ options ]

The mat lab command supports a number of options including the following:

-helpor -h
Display information on MATLAB options.

-nodisplay
Disable all graphical output. The MATLAB desktop will not be started.

-nojvm

Disable all Java support by not starting the Java virtual machine. In particular, the MATLAB desktop will not
be started.
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Table E.1: Keys for command-line editing

Key Action

Up arrow Recall previous line
Down arrow | Recall next line

Left arrow Move left one character
Right arrow | Move right one character

Home Move to beginning of line
End Move to end of line
Ctrl-C Cancel current line

-nodesktop
Disable the MATLAB desktop. Use the current terminal for commands.

-display displayname
Specify the X display to use for graphics output.

Like most UNIX programs, MATLAB uses the X Windows System for rendering graphics output. The DISPLAY
environment variable provides the default display setting for graphics output. If necessary, one can override the default
display setting by explicitly specifying the display to use via the ~display option.

When running MATLAB remotely, it may be necessary to disable the desktop (with the -nodesktop option). This
is due to the fact that, when the desktop is enabled, MATLAB tends to require a relatively large amount of network
bandwidth, which can be problematic over lower-speed network connections.

E.3.2 Microsoft Windows

Unfortunately, the author has not used MATLAB under Microsoft Windows. So, he cannot comment on the specifics
of running MATLAB under this operating system.

E.4 Command Line Editor

In MATLAB, several keys are quite useful for editing purposes, as listed in Table E.1. For example, the arrow keys
can be used to perform editing in the usual way.

E.5 MATLAB Basics

Arguably, one of the most helpful commands in MATLAB is the help command. This command can be used to
obtain information on many of the operators, functions, and commands available in MATLAB. For example, to find
information on the help command, one can type:

help help

In a similar vein, the doc command can be used to obtain detailed documentation on many of the functions and
commands in MATLAB. For example, to display documentation on the doc command, one can type:

doc doc

E.5.1 Identifiers

Identifiers (i.e., variable/function names) are case sensitive and may consist of uppercase and lowercase letters, under-
scores, and digits, but the first character cannot be a digit or an underscore. Although an identifier can be arbitrarily
long, only the first n characters are significant, where n depends on the particular version of MATLAB being used.
Any characters after the first n are simply ignored. (The namelengthmax function can be used to query the precise
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Table E.2: Predefined variables

Variable | Description

pi T

i V-1

y V-1

nan not-a-number (NaN)

inf infinity

ans last expression evaluated that was
not assigned to variable

date date

clock wall clock

realmin | smallest usable positive real number

realmax | largest usable positive real number

bitmax largest usable positive integer

Table E.3: Operators

Symbol | Description

+ addition

subtraction

multiplication

right division

left division

exponentiation

! conjugate transpose

L* element-wise multiplication
./ element-wise division
element-wise exponentiation
I transpose

P N |

value of n.) Several variables are automatically predefined by MATLAB as listed in Table E.2. You can assign a new
value to a predefined variable, but its original value will be lost.

E.5.2 Basic Functionality

In MATLAB, comments begin with a percent sign character and continue to the end of line. Some of the operators
supported by MATLAB are listed in Table E.3. Some math functions provided by MATLAB are listed in Tables E.4,
E.5, E.6, E.7, E.8, and E.9. Note that the sinc function in MATLAB does not compute the sinc function as defined
(by (3.24)) herein. Instead, this MATLAB function computes the normalized sinc function (as defined by (3.25)).

Example E.1. Some examples of very basic calculations performed using MATLAB are as follows:

a=1[123; 45 %6; 789] % 3 x 3 array
b= 1[123
4 5 6
78 9] $ 3 x 3 array
a - b
x = [1; 3; -1] % 3-dimensional column vector
y = X .* x + 3 * x + 2
y = a * x
t = 5;
=t ~ 2 4+ 3 *t - 7;

Edition 2.0 Copyright (©) 2012-2020 Michael D. Adams



330

APPENDIX E. MATLAB

Table E.4: Elementary math functions

Name

Description

abs
angle
imag
real
conj
round
fix
floor
ceil
sign
rem
mod

magnitude of complex number
principal argument of complex number
imaginary part of complex number
real part of complex number

conjugate of complex number

round to nearest integer

round towards zero

round towards —oo

round towards oo

signum function

remainder (with same sign as dividend)
remainder (with same sign as divisor)

Table E.5: Other math-related functions

Name Description
min minimum value
max maximum value
mean mean value
std standard deviation
median median value
sum sum of elements
prod product of elements
cumsum cumulative sum of elements
cumprod | cumulative product of elements
polyval evaluate polynomial
cart2pol | Cartesian-to-polar coordinate conversion
pol2cart | polar-to-Cartesian coordinate conversion
Table E.6: Exponential and logarithmic functions
Name | Description
exp exponential function
log natural logarithmic function
logl0 | base-10 logarithmic function
sqrt square root function
Table E.7: Trigonometric functions
Name | Description
sin sine function
cos cosine function
tan tangent function
asin | arcsine function
acos arccosine function
atan arctangent function
atan2 | two-argument form of arctangent function
Table E.8: Other math functions
Name | Description
sinc | normalized sinc function (as defined in (3.25))
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Table E.9: Radix conversion functions

Name Description

dec2bin | convert decimal to binary
bin2dec convert binary to decimal
dec2hex | convert decimal to hexadecimal
hex2dec convert hexadecimal to decimal
dec2base | convert decimal to arbitrary radix
base2dec | convert arbitrary radix to decimal

Table E.10: Array size functions

Name Description
size query array dimensions
length | query vector/array dimension

z 3 + 4 * 3, % complex number in Cartesian form

z = 20 * exp(j * 10); % complex number in polar form |

The disp function prints a single string. For example, the following code fragment prints “Hello, world” (followed
by a newline character):

disp (’Hello, world’);

The sprintf function provides very sophisticated string formatting capabilities, and is often useful in conjunction
with the disp function. The use of the sprintf function is illustrated by the following code fragment:

name = ’'Jane Doe’;
id = 06020997";
mark = 91.345678912;

disp (sprintf (' The student %s (ID %s) received a grade of %4.2f%%.',
name, id, mark));

The sprintf function is very similar in spirit to the function of the same name used in the C programming language.

E.6 Arrays

Frequently, it is necessary to determine the dimensions of an array (i.e., matrix or vector). For this purpose, MATLAB
provides two very useful functions as listed in Table E.10. The function size can be used to determine the number of
rows and/or columns in an array:

e size(a) returns a row vector with the number of rows and columns in a as elements (in that order);

e size(a, 1) returns the number of rows in a; and

e size(a, 2) returns the number of columns in a.
The function length is used to find the maximum of the two array dimensions. That is, length (a) is equivalent to
max (size(a)). Usually, the length function is used in conjunction with arrays that are known to be row/column

vectors.

Example E.2. Suppose that a = [1 2 3 4; 5 6 7 8]. Then, size(a) returns [2 4], size(a, 1) returns 2,
size(a, 2) returns 4, and length (a) returns 4. |
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Table E.11: Examples of abbreviated forms of vectors

Abbreviated Form | Long Form

1 :4 (1 2 3 4]

0 :0.2:1 [0 0.2 0.4 0.6 0.8 1]
1 :-1: -2 [1 0 -1 -2]

0 : 10 : 25 [0 10 20]

-1.5: -1 : -4 [-1.5 -2.5 -3.5]

Table E.12: Array subscripting examples

Expression Meaning

a(l, @) first row of a

a(:, 1) first column of a

a(l : 50) first 50 elements of a arranged in a row vector

a(l : 10) first 10 elements of a arranged in a row vector (i.e., the
first column of a)

a(l : 2 : 10, :) | odd-indexed rows of a

a(:, 2 2 : 10) | even-indexed columns of a

al(l 5, 1) rows 1 to5 of a

a(:, 6 : 10) columns 6 to 10 of a

a(l : 2, 9 : 10) | submatrix consisting of elements that are in rows 1,2
and also in columns 9,10

x(1 : 3) first three elements of x (arranged as a row or column
vector to match x)

E.6.1 Arrays with Equally-Spaced Elements

Often, it is necessary to specify a vector with equally-spaced elements. As a result, MATLAB provides a compact
means for specifying such a vector. In particular, an expression of the following form is employed:

start : step : end

The above expression is equivalent to a row vector with its first element equal to start and each of the subsequent
elements increasing in value by step until the value would exceed end. Note that step may be negative.

Example E.3. In Table E.11, some examples of abbreviated forms of vectors are given. ]

E.6.2 Array Subscripting

Suppose that we have an array a. We can access elements of the array by specifying the rows and columns in which
the elements are contained. In particular, a (rowspec, colspec) is the array consisting of the elements of a that are
in the rows specified by rowspec and columns specified by colspec. Here, rowspec is either a vector containing row

€,

indices or the special value “:” which means “all rows”. Similarly, colspec is either a vector containing column
indices or the special value “:” which means “all columns”. We can also access elements of the array a by specifying
a 1-dimensional element index, where elements in the array are numbered in column-major order. That is, a (indspec)
is the vector of elements of a that have the indices specified by indspec. Here, indspec is either a vector containing

(Rt

element indices or the special value “:” which means “all elements”.

Example E.4. Suppose that a is a 10 x 10 matrix and x is 10 x 1 vector. Some examples of array subscripting
involving a and x are given in Table E.12. |

E.6.3 Other Array Functions

Certain types of matrices tend to be used frequently in code. For this reason, MATLAB provides functions for
generating some common forms of matrices. These functions are listed in Table E.13.
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Table E.13: Special matrix/vector functions

Name Description

eye identity matrix

ones matrix of ones

Zeros matrix of zeros

diag diagonal matrix

rand random matrix

linspace | vector with linearly spaced elements
logspace | vector with logarithmically spaced elements

Table E.14: Basic array manipulation functions

Name Description

rot90 rotate array by 90 degrees
fliplr | flip array horizontally
flipud flip array vertically
reshape | change array dimensions

MATLAB provides functions for performing some common operations to matrices. These are listed in Table E. 14.

E.7 Scripts

Instead of interactively entering MATLAB code for immediate execution, code can be placed in a file and then ex-
ecuted. Normally, MATLAB code is placed in what are called M-files. The term “M file” originates from the fact
that these files use a name ending in the suffix “.m”. To create an M-file script, one simply creates a file with a name
ending in the suffix “.m”. Then, the code in the M-file can be invoked by using a command with the same name as
the M-file but without the “.m” extension. For reasons that will become apparent shortly, the base name of the M-file
(i.e., the name without the “.m” extension) must be a valid MATLAB identifier. For example, 2foobar.m is not a
valid M-file name since “2foobar” is not a valid MATLAB identifier. (Recall that MATLAB identifiers cannot start
with a digit such as “2”.) Also, in order for MATLAB to find an M-file, the file must be in one of the directories listed
in the MATLAB search path. We will explain how to query and change the MATLAB search path later in this section.
Before doing so, however, we provide a few examples of M-file scripts below.

Example E.5. Suppose that we have an M-file script called hello.m with the following contents:

Q

% Print a greeting.
disp(’Hello, World.’);

Then, the code in this file can be executed by simply typing the following in MATLAB:
hello

That is, we invoke the code in the M-file by using the base name of the file. (It is tacitly assumed that the file hello.m
has been placed in one of the directories listed in the MATLAB search path.) ]

Example E.6. In order to save some typing, we can create a file called main.m containing the following:

a = [
0.9501 0.8913 0.8214 0.9218;
0.2311 0.7621 0.4447 0.7382;
0.6068 0.4565 0.6154 0.1763;
0.4860 0.0185 0.7919 0.4057;

1i

y0 = a * [1 2 3 4]."

yl = a * [-1 2.5 3 4]."
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y3 = a * [41 -22 3 4].'
Then, to invoke the code in the above file, we simply type the following in our MATLAB session:
main

(Again, it is tacitly assumed that the file main.m has been placed in one of the directories listed in the MATLAB
search path.) |

Generally, one should avoid giving a script file a name that is associated with a previously defined variable or
function, as this leads to the potential for naming conflicts. For example, it would be a bad idea to name a script file
as sin.m, since the sin function is already built into MATLAB.

Clearly, MATLAB needs a means to locate M-file scripts, since there are usually many directories in which a user
might choose to place a script. For this purpose, the MATLAB search path is used. The MATLAB search path is a list
of directories in which MATLAB looks for M-files. In order for the code in an M-file to be successfully located by
MATLAB and executed, the M-file must be stored in a directory listed in the MATLAB search path. The MATLAB
search path can be queried with the path command:

path

This command will output all of the directories in the MATLAB search path (i.e., all of the directories in which
MATLAB will look for M-file scripts).
A new directory can be added to the MATLAB search path with the addpath command:

addpath dirname

This adds the directory dirname to the MATLAB search path.

A few other commands are also sometimes useful in the context of M-file scripts. These commands are described
below.

The working directory for MATLAB can be changed using the cd command:

cd dirname

The working directory is changed to the directory named dirname.
The current working directory can be queried with the pwd command:

pwd

This command will display the current working directory.

E.8 Relational and Logical Operators

The relational and logical operators provided by MATLAB are listed in Tables E.16 and E.17, respectively. Some
functions that are also quite useful in relational and logical expressions are listed in Table E.18. As far as boolean
expressions are concerned, MATLAB considers any nonzero number to be true and zero to be false.

Example E.7. Supposethata = [1 2 3 4 5] andb = [5 4 3 2 1]. Some examples of expressions using a and
b in conjunction with relational operators are given in Table E.15. ]

Example E.8. The following code fragment illustrates how one might use some of the relational/logical functions
such as all, any, and find:

a = [123; 45%6; 78 9];
if all(a > 0)
disp(’All matrix elements are positive.’);
end
if all(a < 0)
disp ("All matrix elements are negative.’);
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Table E.15: Examples of expressions involving relational operators

Expression Value

a>b (00011]
a == (0010 0]
a<b [1100 0]
a>26&a<=3][0110 0]
a<2 ] a>it4 [1 000 1]
“a (0000 0]

Table E.16: Relational operators

Symbol | Description
< less than
<= less than or equal
> greater than
>= greater than or equal
== equal
= not equal

Table E.17: Logical operators

Symbol

Description

&
|

&&
1

element-wise and
element-wise or
not

short-circuit and
short-circuit or

Table E.18: Relational and logical functions

Name

Description

any

all

find
exist
isfinite
isinf
isnan
isempty
isstr
strcmp

any element nonzero
all elements nonzero
find nonzero elements
check if variables exist
detect finite values
detect infinities

detect NaNs

detect empty matrices
detect strings

compare strings
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Table E.19: Operator precedence

Operators Precedence Level
() highest

;-

Ko NN

+ -

< <= > >= == "=

&

|

&&

| lowest

Unary + and - have higher precedence than the binary forms.
In older versions of MATLAB, & and | have the same precedence.

end
if “any(a == 0)
disp(’All matrix elements are nonzero.');
end
if all(real(a) == a)
disp(’All matrix elements are real.’);
end
i = find(a >= 8);
disp (' The following matrix elements are greater than or equal to 8:');

r

disp (a(i)); u

E.9 Operator Precedence

The operator precedence is shown in Table E.19.

E.10 Control Flow

In the sections that follow, we introduce the conditional execution and looping constructs available in MATLAB.

E.10.1 If-Elseif-Else

The if-elseif-else construct allows groups of statements to be conditionally executed, and has a number of
variants. The simplest variant (i.e., the i £ variant) has the form:

if expression
Statements
end

If the expression expression is true, then the statements statements are executed. The next simplest variant (i.e., the
if-else variant) has the form:

if expression;
statements
else
statementsy
end
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If the expression expression is true, then the statements statements; are executed. Otherwise, the statements statements;
are executed. Finally, the most general variant has the form:

if expression;
statements

elseif expression,
Statementsy

elseif expression,_|
statementsy,_|
else
Statementsy,
end

Note that the elseif and else clauses are optional.

Example E.9. The following code fragment tests the sign of the variable x and prints an appropriate message:

if x > 0
disp(’'x 1is positive’);
elseif x < 0
disp(’x is negative’);
else
disp(’x 1is neither positive nor negative’);
end u

E.10.2 Switch

The switch construct provides another means to conditionally execute groups of statements. The general form of
this construct is as follows:

switch expression

case fest_expression)
statementsi

case test_expression;
statementsy

case fest_expression,_|
Statements, 1

otherwise
Statementsy,

end

The switch expression expression is compared to each of the test expressions test_expressiony, test_expression,, ...,
test_expression,_1 in order. The first test expression, say fest_expressiony, matching the expression expression has its
corresponding statements statements; executed. If none of the test expressions match the switch expression and an
otherwise clause is present, the statements statements, in this clause are executed. The switch expression must be
either a scalar or string.

Example E.10. The following code fragment examines the real variable n and prints some information concerning
its value:

n = 5;
switch mod(n, 2)
case 0
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disp (' number 1is even integer’);
case 1
disp (' number is odd integer’);
case {0.5, 1.5}
disp (' number is half integer’);
otherwise
disp (' number is not an integer’);
end ]

Example E.11. The following code fragment converts a mass specified in a variety of units to kilograms:

x = 100; % input mass
units = ’'1b’; % units for input mass
switch units
case {'g’}
y = 0.001 * x;
case {’'kg’}
y = X;
case {'1lb’}
y = 0.4536 * x;

otherwise
error ("unknown units’);
end
disp(sprintf ('%f %$s converts to %f kg’, x, units, y)); [ ]
E.10.3 For

The for construct allows a group of statements to be repeated a fixed number of times. This construct has the general
form:

for variable = array
statements
end

The statements statements are executed once for each value in the array array, where the variable variable is set to
the corresponding array value each time.

Example E.12 (Degree to radian conversion). The following code fragment outputs a table for converting angles from
units of degrees to radians:

disp (' Degrees Radians’);
for theta_degrees = -5 : 0.5 : 5
theta_radians = theta_degrees * pi / 180;
disp (sprintf (’%7.1f $7.4f’, theta_degrees, theta_radians));
end |

Example E.13. The following code fragment applies a linear transformation (represented by the matrix a) to each
column of the matrix [0 2 4 6; 1 3 5 7]:

a = [10; 1 -1];
for v = [0 2 4 6; 1 3 5 7]
disp(a * v);
end [ |
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E.10.4 While

The while construct allows a group of statements to be executed an indefinite number of times. This construct has
the form:

while expression
statements
end

The statements statements are executed repeatedly as long as the condition expression is true.

Example E.14. Suppose that we would like to compute the smallest machine-representable positive real number that,
when added to one, is still greater than one. This quantity is sometimes referred to as machine epsilon. Due to
finite-precision effects, there is a lower bound on this quantity. Although machine epsilon is available via the built-in
eps variable in MATLAB, we can compute its value explicitly using the following code:

epsilon = 1;

while (1 + epsilon / 2) > 1
epsilon = epsilon / 2;

end

disp (epsilon);

E.10.5 Break and Continue

Sometimes, it may necessary to prematurely break out of a loop or prematurely continue with its next iteration. This
is accomplished via break and continue.

Example E.15. The following two code fragments are equivalent, where the first employs a break statement and
the second does not:

o

% Code fragment 1

done = 0;
while 1
if done
break % Terminate (i.e., break out of) loop.
end
% Do something here.
% If we are finished, set done to one.

end

o

% Code fragment 2

done = 0;

while “done

Do something here.

If we are finished, set done to one.

oo o

end o
Example E.16. The following code fragment gives an example of the use of the cont inue statement:
a=1[103207];
for i = a
if i == 0
% Skip over the processing of a zero element in the array.
continue
end
% Process the nonzero array element.
disp(i);
end
The above code will print only the nonzero elements of the array a. ]
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E.11 Functions

MATLAB supports user-defined functions. To create a user-defined function, the code for the function is placed in an
M-file. In this sense, user-defined functions are very similar to script files. For this reason, most of the material on
script files in Section E.7 is also applicable here. There is, however, one key difference between a script and function
file. A function file must include a function directive (whereas a script file must not). This directive is primarily
used to indicate the number of input and output arguments for a function.

The first (non-comment) line in function file must contain the function directive. This directive has the form:

function [ argout|, argouts, ..., argout, | = funcname (arginy, arging, ..., arging)
This indicates that the function has the name funcname, the m input arguments argin, arginy, ..., argin,, and n
output arguments argouty, argouty, ..., argout,. The function name funcname should always be the same as the base

name of the file in which the function is stored (i.e., the file name without the “.m” suffix). Immediately following the
line containing the function directive, one should provide comments to be printed in response to a help inquiry for
the function. The body of a function extends from the function directive to a corresponding end directive or, if no
such end directive is present, the end of the file. The code in a function executes until either the end of the function
is reached or a return statement is encountered.

In MATLAB all input arguments to a function are passed by value. For this reason, changes to the input arguments
made inside of a function will not propagate to the caller. Also, any variables accessed/manipulated inside of a function
are local in scope to that function.

Example E.17 (Sinc function). As noted earlier, the sinc function provided by MATLAB computes the normalized
sinc function (as defined by (3.25)), not the sinc function (as defined by (3.24)). In Listing E.1, we define a function
mysinc that computes the sinc function. The command help mysinc will result in MATLAB printing the first block
of comments from the above function file.

Listing E.1: mysinc.m
1 function y = mysinc (x)
mysinc - Compute the sinc function.
mysinc(x) returns a matrix whose elements are the sinc of the
elements of x

oo o oo

Initialize the output array to all ones.

EN
o

7 y = ones(size(x));

8 % Determine the indices of all nonzero elements in the input array.

9 i = find(x);

10 % Compute the sinc function for all nonzero elements.

1" % The zero elements are already covered, since the output

12 % array was initialized to all ones above.

y(i) = sin(x(i)) ./ (x(i));

4 end u

Example E.18 (Factorial function). Suppose that we would like to write a function called myfactorial that takes
a single integer argument n and returns n!. We can achieve this functionality with the code in Listing E.2, which is
placed in a file named myfactorial.m. The code is invoked by calling the myfactorial function. For example,
myfactorial (4) returns the value 24.

Listing E.2: myfactorial.m

1 function y = myfactorial (x)

2 % myfactorial - compute factorial
3

4 y = 1

5 for n = 2 X
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Table E.20: Special predefined function variables

Name Description
nargin number of input arguments
nargout number of output arguments

varargin variable-length input argument
varargout | variable-length output argument

s end ]

In MATLAB, functions may take a variable number of input arguments and may return a variable number of output
arguments. In order for a function to determine the number of input and output arguments and access these arguments,
several variables are automatically defined upon entry to a function. These variables are listed in Table E.20. In what
follows, we give some examples of functions that take a variable number of input arguments.

Example E.19 (Function with variable number of input arguments). Suppose that we would like to write a function
called mysum that takes one, two, or three arguments and returns their sum. We can achieve this functionality with the
code in Listing E.3, which is placed in a file named mysum.m. The code is invoked by calling the mysum function. For
example, mysum (1) returns the value 1, mysum (1, 2) returns the value 3, and mysum (1, 2, 3) returns the value 6.

Listing E.3: mysum.m

1 function y = mysum(a, b, c)

2 % mysum - calculate the sum (of one to three quantities)
3

4 if nargin == 1

5 % function called with one argument

6 y = aj;

7 elseif nargin == 2

8 % function called with two arguments

9 y = a + b;

10 elseif nargin == 3

1 % function called with three arguments

12 y =a + b + ¢,

13 else

14 error ('invalid number of arguments’);

15 end

s end u

Perhaps, we would like to write a function similar to the one in the previous example, except we would like to be
able to handle an arbitrary number of input arguments (possibly many more than three). This can be accomplished by
using the special predefined varargin variable.

Example E.20 (Variable number of input arguments). Suppose that we would like to write a function that returns
the sum of its input arguments, but allows the number of input arguments to be arbitrary. We can achieve this func-
tionality with the code in Listing E.4, which is placed in a file named mysum2.m. The code is invoked by call-
ing the mysum?2 function. For example, mysum2 (1) returns the value 1, mysum2 (1, 2, 3) returns the value 6, and
mysum2 (1, 1, 1, 1, 1, 1, 1, 1) returns the value 8.

Listing E.4: mysum2.m

1 function y = mysum2 (varargin)
2 % mysum2 - Compute the sum of the input arguments

3
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Table E.21: Basic plotting functions

Name Description

plot linear x-y plot

loglog log log x-y plot

semilogx | semi-log x-y plot (x-axis logarithmic)
semilogy | semi-log x-y plot (y-axis logarithmic)

polar polar plot
bar bar chart
stem stem plot
pcolor pseudocolor (checkerboard) plot

Table E.22: Other graphing functions/commands

Name Description
axis control axis scaling and appearance
hold hold current plot

subplot | multiple axes in single figure
figure create figure

4 if nargin == 0

5 y = [1;

6 return

7 end

8 y = varargin{l};

9 for i = 2 : nargin

10 y =y + varargin{i};

1" end

2 end u

E.12 Graphing

MATLAB has a very rich set of graphing capabilities. Herein, we will try to illustrate some of these capabilities by
way of examples.

Some of the basic plotting functions are listed in Table E.21 and several other graphing-related functions/com-
mands are given in Table E.22.

When generating plots, it is sometimes desirable to be able to specify line styles, line colors, and marker styles.
The supported line styles, line colors, and marker styles are listed in Tables E.23, E.24, and E.25, respectively.

Example E.21 (Simple plot). Suppose that we want to plot the function sinz for ¢ in the interval [—47,47]. This can
be accomplished with the following code:

t = linspace (-4 * pi, 4 * pi, 500);
y = sin(t);
plot (t, y);

The resulting plot is shown in Figure E.1. |

Often, we need to add annotations to plots (e.g., a title, axis labels, etc.). This is accomplished using the functions
listed in Table E.26. Sometimes, we wish to use special symbols (such as Greek letters) in annotations. Fortunately,
numerous symbols are available in MATLAB as listed in Table E.27.

Example E.22 (Annotated plot). Suppose that we would like to plot the function a:(®) = |®|* sinw, using special
symbols in the axis labels to display Greek letters. This can be accomplished with the following code:
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Table E.25: Marker styles

Symbol | Marker Style
Table E.24: Line colors . pf)int
Symbol | Line Color © circle
Table E.23: Line styles = blue X Cross
i + plus sign
S N et
s square
. dotted C cyan -
-. dash dot m magenta d dl.amond
- dashed y yellow v tr%angle (down)
k black ) triangle (up)
W white < triangle (left)
> triangle (right)
P pentagram
h hexagram
)
0.8 i
0.6 |
0.4 |
0.2 i
0 [ 4
_02F 4
04t |
-0.6[ 4
08t i
RS S0 i 0 5 10 15

Figure E.1: Plot from example.

Table E.26: Graph annotation functions

Name Description

title graph title

xlabel | x-axis label

ylabel | y-axis label

grid grid lines

text arbitrarily-positioned text
gtext mouse-positioned text
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Table E.27: Special symbols for annotation text

String Symbol
\alpha o
\beta
\delta
\gamma
\omega
\theta
\Delta
\Omega

D> ER O™

Plot of o versus ®
1000 T

800 B

-200 q

~400( B

-600 - q

-800 q

~1000 | | | | | | |
-40 -30 -20 -10 0 10 20 30 40

Figure E.2: Plot from example.

w = linspace (-10 * pi, 10 * pi, 500);
a = abs(w) .7 2 .* sin(w);

plot (w, a);

xlabel (' \omega’);

ylabel ('\alpha');

title(’Plot of \alpha versus \omega'’);

The resulting plot is shown in Figure E.2. |

Example E.23 (Multiple plots on single axes). Suppose that we want to plot both sint and cos? on the same axes for
t in the interval [—27,27]. This can be accomplished with the following code:

t = linspace (-2 * pi, 2 * pi, 500);

plot (t, sin(t), ':'"); % plot using dotted line

hold on % cause the second plot not to erase the first
plot (t, cos(t), '"-"); % plot using solid line

hold off % allow the next plot to erase previous plots

The resulting plot is shown in Figure E.3. ]
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Figure E.3: Plot from example.

Example E.24 (Multiple axes on same figure). Suppose that we would like to plot the functions cost, sinf, arccos?,
and arcsint using four separate plots in the same figure. This can be done using the following code:

t = linspace(-pi, pi, 500);

subplot (2, 2, 1); % select first subplot in 2-by-2 layout
plot (t, cos(t));

title('cos(t)’)
subplot (2, 2, 2); % select second subplot in 2-by-2 layout
plot (t, sin(t))
title('sin(t)”)

t = linspace (-1 1, 500);
subplot (2, 2, 3); % select third subplot in 2-by-2 layout
plot (t, acos(t)

title(’acos(t)’
subplot (2, 2, 4); % select fourth subplot in 2-by-2 layout
plot (t, asin(t)

title("asin(t)’

The resulting graphs are shown in Figure E.4. |

E.13 Printing

To print copies of figures, the print command is employed. This command has various forms, but one of the simplest
is as follows:

print -ddevice filename

Here, device specifies the output format and filename is the name of the file in which to save the output. For example,
for a PostScript printer, the ps format should be used. For more details on additional options, type help print.
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cos(t) sin(t)
1 1
0.5 0.5
0 0
-0.5 -0.5
1 _1
4 2 0 2 4 4 2 0 2 4
acos(t) asin(t)
3.5 2
3
25 1
2
0
1.5
1 1
0.5
0 -2
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Figure E.4: Plot from example.

E.14 Symbolic Math Toolbox

Symbolic computation is sometimes quite helpful in solving engineering problems. For example, a very complicated
formula or equation involving several variables might need to be simplified without assuming specific values for the
variables in the formula/equation. The Symbolic Math Toolbox provides MATLAB with such symbolic computation
capabilities.

E.14.1 Symbolic Objects

The Symbolic Math Toolbox defines a new data type called a symbolic object. The toolbox uses symbolic objects to
represent symbolic variables, constants, and expressions. In essence, a symbolic object can have as its value any valid
mathematical expression.

Symbolic objects can be used in many of the same ways as non-symbolic objects. One must, however, keep in
mind that performing a computation symbolically is quite different than performing it non-symbolically. Generally
speaking, symbolic computation is much slower than non-symbolic computation.

E.14.2 Creating Symbolic Objects

A symbolic variable is created using either the sym function or syms directive. For example, a symbolic variable x
(whose value is simply itself) can be created using the sym function with the code:

x = sym('x");
The same result can be achieved in a less verbose manner using the syms directive as follows:
Syms x;

Also, the syms directive allows multiple variables to be specified. So, a single invocation of this directive can be used
to create multiple variables. For example, symbolic variables named x, y, and z can be created with the code:

syms X y z;

The sym function can also be used to create symbolic constants. For example, we can create a symbolic constant p
that has the value 7 with the code:
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p = sym('pi’);

Note that the character string argument passed to the sym function can only contain a variable name or constant. It
cannot be an arbitrary expression. For example, code like the following is not allowed:

sym(’a * x 2 + b *x +c');

f =
% ERROR: cannot pass arbitrary expression to sym function

From symbolic variables and constants, more complicated symbolic expressions can be constructed. For example,
a symbolic expression £ with the valuea * x ~ 2 + b * x + c can be created with the code:

syms a b ¢ x;
f=a*x "~ 2+ Db * x + c;

As another example, a symbolic expression f with the value pi * r ° 2 can be created with the code:

syms r;
f = sym('pi’) * r ° 2;

E.14.3 Manipulating Symbolic Objects
Symbolic objects can often be used in the same way as non-symbolic objects. For example, we can do things like:

syms t;

f =t + 1,

g = f 3 -2 * f - 21;
gl = cos(f) * sin(f / 3);

Symbolic objects are quite distinctive from other types of objects in MATLAB. For example, the following two lines
of code have very different effects:

x = pi;

X sym('pi’);

It is important to understand the difference in what these two lines of code do.
To substitute some expression/variable for another variable, use the subs function. For example, to substitute
t + 1fort inthe expressiont " 2, we can use the following code:

syms t;
f =t ° 2;
g = subs(f, t, t + 1)

After executing the preceding code, g is associated with the expression (t + 1) ~ 2.
To factor a symbolic expression, use the factor function. For example, suppose that we want to factor the
polynomial ¢2 4 3¢ + 2. This could be accomplished with the following code:

syms t;
f =t "2+ 3 *t + 2;
g = factor (f)

After executing the preceding code, g is associated with the (row-vector) expression [t + 2, t + 1]. Note that the
factor function will only produce factors with real roots.

To simplify a symbolic expression, use the simplify function. For example, suppose that we want to substitute
2 * t + 1fort inthe expressiont "~ 2 - 1 and simplify the result. This can be accomplished with the following
code:

syms t;
£f=t "2 - 1;
g = simplify(subs(f, t, 2 * t + 1))
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After executing the preceding code, g is associated with the expression (2 * t + 1) "~ 2 - 1.
To expand an expression, use the expand function. For example, to compute (¢ + 1)3, we can use the following
code:

syms t;
f = (t + 1) ° 5;
g = expand (f)

After executing the preceding code, g is associated with the expression:
t >~ 5+5*t "4+ 10 *t " 34+ 10*t " 2+5*¢t +1

. L . . —4
To display an expression in a human-friendly format, use the pretty function. For example, to compute [%tz + % (t+ 1)]

in an expanded and beautified format, we can use the following code:

syms t;
£ = ((1/2) * t72 + (1/3) * (t+1))"(-4);
pretty (expand (f))

The output of the pretty function in this case might look something like:

Example E.25 (Sum of an arithmetic sequence). Consider a sum of the form
n—1
S(a,d,n) £ Y (a+kd)
k=0

(i.e., the sum of an arithmetic sequence). Suppose that we did not happen to know that this sum can be calculated as
S(a,d,n) = in(2a+d(n—1)).

We could determine a general formula for the sum using the following code:

syms a d k nj;
simplify (symsum(a + k * d, k, 0, n - 1))

The code yields theresulta * n + (d * n * (n - 1)) / 2. Clearly, this result is equivalent to the known expres-
sion for S(a,d,n) given above. [ |

Example E.26 (Derivatives). Use MATLAB to compute each of the derivatives given below.
(a) % (¢’ cos3r); and

® 5 (525)-

Solution. (a) The derivative % (¢’ cos3r) can be evaluated with the code:

clear
syms t
pretty (simplify (diff (exp(t) * cos(3 * t), t)))

The result produced should resemble:

exp(t) (cos(3 t) - sin(3 t) 3)
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(b) The derivative % (2)‘;:“;) can be evaluated with the code:

clear
syms omega
pretty (simplify (diff (cos (omega) / (omega "~ 2 + 1), omega)))

The result produced should resemble:

sin (omega) 2 omega cos (omega)

Example E.27 (Definite and indefinite integrals). Use MATLAB to compute each of the integrals given below.
@ f1] (r+1)%dr;

(b) [tcos2tdt;

(© foﬂ/B cos?(t)dt; and

) [ (7" +1)dr.

Solution. (a) The integral jZ_Jrll (t+1)%d7 can be evaluated with the code:

clear
syms t tau

pretty (simplify (int ((tau + 1) ~ 2, tau, [(t - 1) (t + 1)1)))
The result produced should resemble:

2 8
2t + 4t + -
3

(b) The integral [#cos?2tdt can be evaluated with the code:

clear
syms t
pretty (simplify (int (t * cos(2 * t), t)))

The result produced should resemble:

(c) The integral fon/ 3 cos? (¢)dt can be evaluated with the code:

clear
syms t pi
pretty (simplify (int (cos(t) ~ 2, t, [0 (pi / 3)1)))

The result produced should resemble:
pi sqrt (3)

(d) The integral [ (t’l + t) dt can be evaluated with the code:
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Table E.28: Functions related to signal processing

Name Description
besself | Bessel analog filter design
bode bode plot
butter | Butterworth analog/digital filter design
freqgs frequency response of analog filter
impulse | compute impulse response
lsim simulate system
step compute step response
tf generate system model from transfer function coefficients
clear
syms t
pretty (simplify (int(t ~ (-1) + t, t)))

The result produced should resemble:

2
t
log(t) + --
2 |

E.14.4 Plotting Symbolic Expressions

To plot a symbolic expression in one variable, the ezplot function can be used. For example, to plot the function
f(t) = 3t> — 4t +2, we can use the code:

syms t;
ezplot (3 * t = 2 - 4 * £t + 2);

The range of the independent variable may optionally be specified. For example, to plot the expression for ¢ in the
interval [—1, 1], we can use the code:

syms t;
ezplot(3 * t =~ 2 -4 * t + 2, [-1 11);

E.15 Signal Processing

MATLAB provides many functions that are helpful in the analysis of signals and systems. Some of the more useful
functions are listed in Table E.28. In what follows, we provide several examples of how some of these functions can
be used.

E.15.1 Frequency Responses

In signal processing, we often need to evaluate the frequency responses of LTI systems. Usually such systems have a
frequency response that is rational. That is, the frequency response Hf is of the form
ieo 0@
Hr(0) = S5
Zk:o Bkw

where oy, and B are complex constants. Fortunately, a function of this form can be evaluated quite easily in MATLAB
using the polyval function.
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Often, it is more convenient to characterize a LTI system by its transfer function rather than its frequency response.
Most systems of interest have a transfer function that is rational. That is, the transfer function Hr is of the form
M—1
Zk:() aksk
Hie(s) = SE0
Yi—o brs
where a; and by are complex constants. Although we could compute the frequency response by using polyval to
evaluate the transfer function at points on the imaginary axis, there is an easier way to accomplish this task. In
particular, we can simply use the fregs function provided by MATLAB.

Example E.28 (Computing and plotting frequency responses with freqs). Consider the LTI system with transfer
function

1
_s2+\/§s+1'

This system is a second-order Butterworth lowpass filter with a cutoff frequency of 1 rad/s. Suppose that we would
like to evaluate the frequency response of this system at various values of @. This is equivalent to evaluating the
transfer function H at points on the imaginary axis. To this end, we can employ the fregs function in MATLAB.
More specifically, we can calculate and plot the magnitude and phase responses of the above system with the following
code:

H(s)

% Initialize the numerator and denominator coefficients of the transfer
% function.

tfnum = [0 O 17;

tfdenom = [1 sqrt(2) 1];

% Plot the magnitude and phase responses.
fregs (tfnum, tfdenom, linspace (0, 2, 500)); u

Example E.29 (Plotting frequency responses). Suppose that we would like to have a function that behaves in a similar
way to the MATLAB fregs function, but with a few differences in how plotting is performed. In particular, we would
like the plots generated with the magnitude response as a unitless quantity and the phase response in unwrapped form.
This can be accomplished with the code given in Listing E.5.

Listing E.5: myfregs.m

1 function [freqresp, omega] = myfreqgs (tfnum, tfdenom, omega)

2 % The myfreqgs function has essentially the same interface as the

3 % MATLAB freqgs function, but performs plotting slightly differently.
4 % The magnitude response 1is plotted as a unitless quantity (not 1in

5 % decibels).

6 % The phase response 1is plotted with the phase unwrapped.

If the frequencies have been specified as an input argument, then simply
pass them through to the real fregs function.

oo oo

10 if nargin >= 3

1 [freqresp, omega] = freqgs (tfnum, tfdenom, omega);

12 else

13 [freqresp, omega] = freqgs(tfnum, tfdenom);

14 end

15

16 % If no output arguments were specified, plot the frequency response.
17 if nargout == 0

18

19 % Compute the magnitude response as a unitless quantity.

Edition 2.0 Copyright (©) 2012-2020 Michael D. Adams



352 APPENDIX E. MATLAB

20 magresp = abs(freqresp);

21

2 % Compute the phase response with the phase unwrapped.
23 phaseresp = unwrap (angle (freqresp));

24

25 % On the first of two graphs, plot the magnitude response.
2% subplot (2, 1, 1);

27 plot (omega, magresp);

28 title ('Magnitude Response’);

2 xlabel (' Frequency (rad/s)’);

30 ylabel (" Magnitude (unitless)’);

31

2 % On the second of two graphs, plot the phase response.
3 subplot (2, 1, 2);

34 plot (omega, phaseresp);

35 title (' Phase Response’);

36 xlabel (' Frequency (rad/s)’);

37 ylabel ("Angle (rad)’);

38

39 end

o end |

E.15.2 Impulse and Step Responses

Sometimes, we need to determine the response of a LTI system to a specific input. Two inputs of particular interest
are the unit-impulse function 6 and unit-step function u. Fortunately, it is quite easy to compute impulse and step
responses using the impulse and step functions in MATLAB, as illustrated by the example below.

Example E.30 (Computing impulse and step responses). Consider the LTI system with the transfer function

1

H(s)=——.
(s) 2425+ 1

Suppose that we wish to calculate and plot the impulse and step responses of this system. This can be accomplished
with the code given in Listing E.6. Executing this code produces the plots shown in Figure E.5.

Listing E.6: Computing and plotting the impulse and step responses

1 % Initialize the numerator and denominator coefficients of the transfer
> % function.

3 tfnum = [0 0 1];

4+ tfdenom = [1 sqrt(2) 1];

¢ % Determine the system model associated with the given transfer function.
sys = tf(tfnum, tfdenom);

9 % Plot the impulse response.

v subplot (2, 1, 1);

n  impulse (sys);

3 ¢ Plot the step response.

4 subplot (2, 1, 2);

s step(sys); n
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Figure E.5: Plot from example.

E.15.3 Filter Design

A number of functions are provided in MATLAB to assist in the design of various types of filters. In what follows,
we consider a few examples of using such functions.

Example E.31 (Butterworth lowpass filter design). Suppose that we want to design a tenth-order Butterworth lowpass
filter with a cutoff frequency of 100 rad/s. We can design such a filter as well as plot its frequency response using the
code given in Listing E.7 below. The frequency response obtained for the filter is shown in Figure E.6.

Listing E.7: Butterworth lowpass filter design

% Calculate the transfer function coefficients for a tenth-order Butterworth
» % lowpass filter with a cutoff frequency of 100 rad/s.
[tfnum, tfdenom] = butter (10, 100, ’s’);

s % Plot the frequency response of the filter.
¢ fregs(tfnum, tfdenom); u

Example E.32 (Bessel lowpass filter design). Suppose that we want to design a tenth-order Bessel lowpass filter with
a cutoff frequency of 100 rad/s. We can design such a filter as well as plot its frequency response using the code given
in Listing E.8 below. The frequency response obtained for the filter is shown in Figure E.7.

Listing E.8: Bessel lowpass filter design

% Calculate the transfer function coefficients for a tenth-order Bessel
> % lowpass filter with a cutoff frequency of 100 rad/s.
[tfnum, tfdenom] = besself (10, 100);

s % Plot the frequency response of the filter.
¢ fregs(tfnum, tfdenom); L

E.16 Miscellany

Some other functions that might be useful are listed in Table E.29.
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Figure E.6: Frequency response of the Butterworth lowpass filter.
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Figure E.7: Frequency response of the Bessel lowpass filter.

Table E.29: Miscellaneous functions/commands

Name Description

roots find roots of polynomial

clear | clear a variable

diary log MATLAB session

echo echo commands on execution (for debugging)
quit quit MATLAB

format | output format for numbers
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E.17 Exercises

E.101

E.102

E.103

E.104

Indicate whether each of the following is a valid MATLAB identifier (i.e., variable/function name):
(a) dever

(b) Srichs

(c) foobar

(d) foo_bar

(e) _foobar

Let T¢, Tr, and Tx denote the temperature measured in units of Celsius, Fahrenheit, and Kelvin, respectively.
Then, these quantities are related by

Tr = %TC+32 and
Tx = Tc +273.15.

Write a program that generates a temperature conversion table. The first column of the table should contain the
temperature in Celsius. The second and third columns should contain the corresponding temperatures in units
of Fahrenheit and Kelvin, respectively. The table should have entries for temperatures in Celsius from —50 to
50 in steps of 10.

Let F denote the complex-valued function of a real variable given by
1
Flo)= .
(@) jo+1

Write a program to plot |F(®)| and arg F(®) for @ in the interval [—10,10]. Use subplot to place both plots
on the same figure.

In what follows, we consider a simple algorithm for generating a set of 2¢ points in the complex plane, where d
is a positive integer. Forn =0, 1,...,2¢ — 1, this algorithm computes the nth point p, as
N gkt
Pn= Z akﬁ + s
k=0
where § = %e’j”/“, ar € {0,1}, and n = Y9~} a;2%. Note that the binary sequence ay_1, ...,a,do is simply

the d-bit binary representation of the integer n, where ag corresponds to the least-significant bit. For example,
if d = 3, then the relationship between n and ay,ay,ap is as shown in the following table:

S
[\S)
=

S
(=)

NN N kW= O S

—_— == OO OO

—_—— O O == OO
— O = O~ O~ QO

(a) Write a function called twindragon that calculates and plots the point set obtained by using the above
algorithm for a specified value of the parameter d. The value of d should be passed as an input argument to
the function. [Hint: It is possible to implement this function in about 15 to 20 lines of code. The polyval and
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dec2bin functions should be quite helpful.]

(b) Using the function developed in part (a), plot the set of points obtained with the parameter d equal to 12. In
the limit as d approaches infinity, the resulting set of points converges to the well-known twin-dragon fractal set.
Although choosing d = 12 should be sufficient to see the approximate shape of the point set in the limiting case,
larger values of d will yield better approximations, albeit at the expense of significantly more computation. You
should obtain a plot resembling that shown below.

E.105 In what follows, let min(a,b) denote the minimum of a and b. For a complex number z, we define an iterative
process that generates the complex-number sequence v,;(0),v,(1),v,(2),..., where

v(in—1)4+z n>1
ve(n) = {OZ( n=0

Let g(z) denote the smallest value of n for which |v;(r)| > 10. In the case that |v,(n)| > 10 is not satisfied for
any n, g(z) is simply defined to be . Let f(z) = min(g(z), 10). For example, we have the following:

’ Z H First few elements of v, \ g \ f ‘
0,0,0,0 o | 10
J O>j7_1+j7_ja_l+ja_j e | 10
2 1]0,2,6,38 313
2j | 0,2j,—4+2j,12—14j 313

Write a function called mandelbrotfunc to compute the value f(z) for any (complex) value of z. Using the
function mandelbrotfunc, evaluate f on an evenly-spaced rectangular grid (in the complex plane) having
width 128, height 128, and with the bottom-left and top-right corners of the grid corresponding to the points
—2.25—1.5j and 1+ 1.5, respectively. Store these computed values into a 128 x 128 matrix. Then, using
the pcolor function in MATLAB, plot the contents of this matrix. After the call to pcolor, use the command
“shading interp” to eliminate the grid lines from the plot (which causes the plot to look somewhat less
attractive).

A complete solution to this problem requires less than 25 lines of code (excluding comments). A correct
solution should yield a plot resembling the one shown below. Incidentally, the innermost region in the plot is
an approximation to the famous Mandelbrot (fractal) set.
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E.106 Consider the vector v defined by the following line of code:
v=1[012 34 5]

Write an expression in terms of v that yields a new vector of the same dimensions as v, where each element ¢
of the original vector v has been replaced by the given quantity below. In each case, the expression should be
as short as possible.

(a) 2t —3;

®)1/(t+1);

(c) > —3; and

(d) |¢] +1*.

E.107 (a) Write a function called unitstep that takes a single real argument ¢ and returns (), where

u(t){l t>0

0 otherwise.

(b) Modify the function from part (a) so that it takes a single vector argument ¢ = [t 12 ... tn ]T (where n > 1 and
t1,ty,... 1, are real) and returns the vector [u(t) u(r) ... u(tn)]T. Your solution must employ a looping construct
(e.g., a for loop).

(c) With some ingenuity, part (b) of this problem can be solved using only two lines of code, without the need
for any looping construct. Find such a solution. [Hint: In MATLAB, to what value does an expression like
“I[-2 -1 0 1 2] >= 0” evaluate?]

E.108 In this problem, we consider an algorithm for generating a sequence p of n points in the plane (i.e., pg, p1,-- -, Pn—1)-
The first point py is chosen as the origin (i.e., po = [0 O}T), with the remaining points being given by the formula

L cos® sin®] ' [i
Pi=Pi-171_n@ cos® 0|

(a) Using MATLAB, write a function called drawpattern that takes n and 6 as input arguments (in that order)
with 0 being specified in degrees, and then computes and plots the points pg, p1,. .., pn—1 connected by straight
lines (i.e., draw a line from pg to p1, p1 to pa, p2 to p3, and so on). When performing the plotting, be sure to
use axis (’equal’) in order to maintain the correct aspect ratio for the plot. For illustrative purposes, the plots
produced for two sets of 8 and n values are shown in Figures (a) and (b) below.

(b) Generate the plots obtained by invoking drawpattern with n = 100 and 6 set to each of the following
values: 89°, 144°, and 154°. [Note: In MATLAB, the sin and cos functions take values in radians, not
degrees.]
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(a) 8 =90° and n = 100 (b) 6 = 166° and n = 100
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Appendix F

Additional Exercises

F.1

Overview

This appendix contains numerous additional exercises, which may be useful for practice purposes. In the case of each
question where a short answer is possible, an answer key is provided.

F.2

F1

F.2

F.3

F4

Exercises

A communication channel heavily distorts high frequencies but does not significantly affect very low frequen-
cies. Determine which of the functions x1, x, x3, and x4 would be least distorted by the communication channel,
where

x1(1)=8(1), x(1)=5, x3(t) =101 and x4 (r) =1/z.

Short Answer. x;

Consider a system consisting of a communication channel with input x and output y. Since the channel is not
ideal, y is typically a distorted version of x. Suppose that the channel can be modelled as a causal LTI system
with impulse response %(z) = e "u(t) + 8(¢). Determine whether we can devise a physically-realizable stable
system that recovers x from y. If such a system exists, find its impulse response g.

Short Answer. g(t) = &(t) —e > u(t)
A causal LTI system has impulse response %, system function H, and the following characteristics: 1) H is
rational with one pole at —2 and no zeros; and 2) h(0") = 4. Find h.

Short Answer. h(t) =d4e 2 u(t)

A causal LTI system with input x and output y is characterized by the differential equation

Y (1) +3y(t) = 2x().
Find the impulse response / of the system.

Short Answer. h(t) = 2e~ u(t)
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F.5 A causal LTI system K is such that y = 3(x, where x(¢) = e 2u(t) and y(t) = e ¥u(¢). Find the unit-step
response s of the system.

Short Answer. s(t) = Zu(t)+ e ¥ u(r)

F.6 A causal stable LTI system J{ has impulse response / and system function H. The function H is rational,
contains a pole at —2 and does not have a zero at the origin. The other poles and zeros of H are unknown.
Determine whether each of the statements below is true, false, or uncertain (i.e., insufficient information to
determine).

(@) F{e*h(t)} converges;

(b) [7 h(t)dt =0;

(c) th(r) is the impulse response of a causal and stable system;

(d) Dh has at least one pole in its Laplace transform expression, where D denotes the derivative operator.

Short Answer. (a) false; (b) false; (c) true; (d) true

F.7 A communication channel can be well approximated by a LTI system with impulse response h(f) = % sinc(1000¢).
Determine which of the functions x1, x, and x3 would be least distorted by this channel, where

x1(t)=96(t), x(t)=u(t), and x3(t) =cos100r.

Short Answer. x3

F.8 A common problem in real-world instrumentation systems is electromagnetic interference caused by 60 Hz
power lines. In particular, 60 Hz power lines can often introduce a significant amount of interference (i.e.,
noise) at 60 Hz and its higher harmonics (i.e., 120 Hz, 180 Hz, 240 Hz, and so on). Consider a causal system
with an impulse response of the form h(t) = alu(t) — u(t — b)], where a and b are nonzero real constants. With
an appropriate choice of a and b, such a system can be made to reject interference at 60 Hz and all of its higher
harmonics. Find a and b.

Short Answer. a#0and b= &

F.9 For the causal LTI system with input x, output y, and impulse response % that is characterized by each differential
equation given below, find 4.

(@) 4y"(t) = 2x(t) — X' ().

Short Answer. (a) (37— 1)u(t)
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