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THE WORK (AS DEFINED BELOW) IS PROVIDED UNDER THE TERMS OF THIS CREATIVE
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COPYRIGHT AND/OR OTHER APPLICABLE LAW. ANY USE OF THE WORK OTHER THAN AS
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TO BE BOUND BY THE TERMS OF THIS LICENSE. TO THE EXTENT THIS LICENSE MAY
BE CONSIDERED TO BE A CONTRACT, THE LICENSOR GRANTS YOU THE RIGHTS
CONTAINED HERE IN CONSIDERATION OF YOUR ACCEPTANCE OF SUCH TERMS AND
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1. Definitions

a. "Adaptation" means a work based upon the Work, or upon the Work and
other pre-existing works, such as a translation, adaptation,
derivative work, arrangement of music or other alterations of a
literary or artistic work, or phonogram or performance and includes
cinematographic adaptations or any other form in which the Work may be
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recast, transformed, or adapted including in any form recognizably
derived from the original, except that a work that constitutes a
Collection will not be considered an Adaptation for the purpose of
this License. For the avoidance of doubt, where the Work is a musical
work, performance or phonogram, the synchronization of the Work in
timed-relation with a moving image (“'synching™) will be considered an
Adaptation for the purpose of this License.

. "Collection"” means a collection of literary or artistic works, such as

encyclopedias and anthologies, or performances, phonograms or
broadcasts, or other works or subject matter other than works listed
in Section 1(F) below, which, by reason of the selection and
arrangement of their contents, constitute intellectual creations, in
which the Work is included in its entirety in unmodified form along
with one or more other contributions, each constituting separate and
independent works in themselves, which together are assembled into a
collective whole. A work that constitutes a Collection will not be
considered an Adaptation (as defined above) for the purposes of this
License.

. "Distribute” means to make available to the public the original and

copies of the Work through sale or other transfer of ownership.

. "Licensor" means the individual, individuals, entity or entities that

offer(s) the Work under the terms of this License.

. "Original Author" means, in the case of a literary or artistic work,

the individual, individuals, entity or entities who created the Work
or if no individual or entity can be identified, the publisher; and in
addition (i) in the case of a performance the actors, singers,
musicians, dancers, and other persons who act, sing, deliver, declaim,
play in, interpret or otherwise perform literary or artistic works or
expressions of folklore; (ii) in the case of a phonogram the producer
being the person or legal entity who first fixes the sounds of a
performance or other sounds; and, (iii) in the case of broadcasts, the
organization that transmits the broadcast.

. "Work" means the literary and/or artistic work offered under the terms

of this License including without limitation any production in the
literary, scientific and artistic domain, whatever may be the mode or
form of its expression including digital form, such as a book,
pamphlet and other writing; a lecture, address, sermon or other work
of the same nature; a dramatic or dramatico-musical work; a
choreographic work or entertainment in dumb show; a musical
composition with or without words; a cinematographic work to which are
assimilated works expressed by a process analogous to cinematography;
a work of drawing, painting, architecture, sculpture, engraving or
lithography; a photographic work to which are assimilated works
expressed by a process analogous to photography; a work of applied
art; an illustration, map, plan, sketch or three-dimensional work
relative to geography, topography, architecture or science; a
performance; a broadcast; a phonogram; a compilation of data to the
extent it is protected as a copyrightable work; or a work performed by
a variety or circus performer to the extent it is not otherwise
considered a literary or artistic work.

. "You" means an individual or entity exercising rights under this

License who has not previously violated the terms of this License with
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respect to the Work, or who has received express permission from the
Licensor to exercise rights under this License despite a previous
violation.

h. "Publicly Perform"™ means to perform public recitations of the Work and
to communicate to the public those public recitations, by any means or
process, including by wire or wireless means or public digital
performances; to make available to the public Works in such a way that
members of the public may access these Works from a place and at a
place individually chosen by them; to perform the Work to the public
by any means or process and the communication to the public of the
performances of the Work, including by public digital performance; to
broadcast and rebroadcast the Work by any means including signs,
sounds or images.

i. "Reproduce" means to make copies of the Work by any means including
without limitation by sound or visual recordings and the right of
fixation and reproducing fixations of the Work, including storage of a
protected performance or phonogram in digital form or other electronic
medium.

2. Fair Dealing Rights. Nothing in this License is intended to reduce,
limit, or restrict any uses free from copyright or rights arising from
limitations or exceptions that are provided for in connection with the
copyright protection under copyright law or other applicable laws.

3. License Grant. Subject to the terms and conditions of this License,
Licensor hereby grants You a worldwide, royalty-free, non-exclusive,
perpetual (for the duration of the applicable copyright) license to
exercise the rights in the Work as stated below:

a. to Reproduce the Work, to incorporate the Work into one or more
Collections, and to Reproduce the Work as incorporated in the
Collections; and,

b. to Distribute and Publicly Perform the Work including as incorporated
in Collections.

The above rights may be exercised in all media and formats whether now
known or hereafter devised. The above rights include the right to make
such modifications as are technically necessary to exercise the rights in
other media and formats, but otherwise you have no rights to make
Adaptations. Subject to 8(f), all rights not expressly granted by Licensor
are hereby reserved, including but not limited to the rights set forth in
Section 4(d).

4. Restrictions. The license granted in Section 3 above is expressly made
subject to and limited by the following restrictions:

a. You may Distribute or Publicly Perform the Work only under the terms
of this License. You must include a copy of, or the Uniform Resource
Identifier (URI) for, this License with every copy of the Work You
Distribute or Publicly Perform. You may not offer or impose any terms
on the Work that restrict the terms of this License or the ability of
the recipient of the Work to exercise the rights granted to that
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recipient under the terms of the License. You may not sublicense the
Work. You must keep intact all notices that refer to this License and
to the disclaimer of warranties with every copy of the Work You
Distribute or Publicly Perform. When You Distribute or Publicly
Perform the Work, You may not impose any effective technological
measures on the Work that restrict the ability of a recipient of the
Work from You to exercise the rights granted to that recipient under
the terms of the License. This Section 4(a) applies to the Work as
incorporated in a Collection, but this does not require the Collection
apart from the Work itself to be made subject to the terms of this
License. If You create a Collection, upon notice from any Licensor You
must, to the extent practicable, remove from the Collection any credit
as required by Section 4(c), as requested.

b. You may not exercise any of the rights granted to You in Section 3
above in any manner that is primarily intended for or directed toward
commercial advantage or private monetary compensation. The exchange of
the Work for other copyrighted works by means of digital file-sharing
or otherwise shall not be considered to be intended for or directed
toward commercial advantage or private monetary compensation, provided
there is no payment of any monetary compensation in connection with
the exchange of copyrighted works.

c. If You Distribute, or Publicly Perform the Work or Collections, You
must, unless a request has been made pursuant to Section 4(a), keep
intact all copyright notices for the Work and provide, reasonable to
the medium or means You are utilizing: (i) the name of the Original
Author (or pseudonym, if applicable) if supplied, and/or if the
Original Author and/or Licensor designate another party or parties
(e.g-, a sponsor institute, publishing entity, journal) for
attribution (“Attribution Parties') in Licensor’s copyright notice,
terms of service or by other reasonable means, the name of such party
or parties; (ii) the title of the Work if supplied; (iii) to the
extent reasonably practicable, the URI, if any, that Licensor
specifies to be associated with the Work, unless such URI does not
refer to the copyright notice or licensing information for the Work.
The credit required by this Section 4(c) may be implemented in any
reasonable manner; provided, however, that in the case of a
Collection, at a minimum such credit will appear, if a credit for all
contributing authors of Collection appears, then as part of these
credits and in a manner at least as prominent as the credits for the
other contributing authors. For the avoidance of doubt, You may only
use the credit required by this Section for the purpose of attribution
in the manner set out above and, by exercising Your rights under this
License, You may not implicitly or explicitly assert or imply any
connection with, sponsorship or endorsement by the Original Author,
Licensor and/or Attribution Parties, as appropriate, of You or Your
use of the Work, without the separate, express prior written
permission of the Original Author, Licensor and/or Attribution
Parties.

d. For the avoidance of doubt:

i. Non-waivable Compulsory License Schemes. In those jurisdictions in
which the right to collect royalties through any statutory or
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compulsory licensing scheme cannot be waived, the Licensor
reserves the exclusive right to collect such royalties for any
exercise by You of the rights granted under this License;

ii. Waivable Compulsory License Schemes. In those jurisdictions in
which the right to collect royalties through any statutory or
compulsory licensing scheme can be waived, the Licensor reserves
the exclusive right to collect such royalties for any exercise by
You of the rights granted under this License if Your exercise of
such rights is for a purpose or use which is otherwise than
noncommercial as permitted under Section 4(b) and otherwise waives
the right to collect royalties through any statutory or compulsory
licensing scheme; and,

iii. Voluntary License Schemes. The Licensor reserves the right to
collect royalties, whether individually or, in the event that the
Licensor is a member of a collecting society that administers
voluntary licensing schemes, via that society, from any exercise
by You of the rights granted under this License that is for a
purpose or use which is otherwise than noncommercial as permitted
under Section 4(b).

e. Except as otherwise agreed in writing by the Licensor or as may be
otherwise permitted by applicable law, if You Reproduce, Distribute or
Publicly Perform the Work either by itself or as part of any
Collections, You must not distort, mutilate, modify or take other
derogatory action in relation to the Work which would be prejudicial
to the Original Author’s honor or reputation.

5. Representations, Warranties and Disclaimer

UNLESS OTHERWISE MUTUALLY AGREED BY THE PARTIES IN WRITING, LICENSOR
OFFERS THE WORK AS-1S AND MAKES NO REPRESENTATIONS OR WARRANTIES OF ANY
KIND CONCERNING THE WORK, EXPRESS, IMPLIED, STATUTORY OR OTHERWISE,
INCLUDING, WITHOUT LIMITATION, WARRANTIES OF TITLE, MERCHANTIBILITY,
FITNESS FOR A PARTICULAR PURPOSE, NONINFRINGEMENT, OR THE ABSENCE OF
LATENT OR OTHER DEFECTS, ACCURACY, OR THE PRESENCE OF ABSENCE OF ERRORS,
WHETHER OR NOT DISCOVERABLE. SOME JURISDICTIONS DO NOT ALLOW THE EXCLUSION
OF IMPLIED WARRANTIES, SO SUCH EXCLUSION MAY NOT APPLY TO YOU.

6. Limitation on Liability. EXCEPT TO THE EXTENT REQUIRED BY APPLICABLE
LAW, IN NO EVENT WILL LICENSOR BE LIABLE TO YOU ON ANY LEGAL THEORY FOR
ANY SPECIAL, INCIDENTAL, CONSEQUENTIAL, PUNITIVE OR EXEMPLARY DAMAGES
ARISING OUT OF THIS LICENSE OR THE USE OF THE WORK, EVEN IF LICENSOR HAS
BEEN ADVISED OF THE POSSIBILITY OF SUCH DAMAGES.

7. Termination

a. This License and the rights granted hereunder will terminate
automatically upon any breach by You of the terms of this License.
Individuals or entities who have received Collections from You under
this License, however, will not have their licenses terminated
provided such individuals or entities remain in full compliance with
those licenses. Sections 1, 2, 5, 6, 7, and 8 will survive any
termination of this License.
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b.

Subject to the above terms and conditions, the license granted here is
perpetual (for the duration of the applicable copyright in the Work).
Notwithstanding the above, Licensor reserves the right to release the
Work under different license terms or to stop distributing the Work at
any time; provided, however that any such election will not serve to
withdraw this License (or any other license that has been, or is
required to be, granted under the terms of this License), and this
License will continue in full force and effect unless terminated as
stated above.

8. Miscellaneous

a.

Each time You Distribute or Publicly Perform the Work or a Collection,
the Licensor offers to the recipient a license to the Work on the same
terms and conditions as the license granted to You under this License.

. If any provision of this License is invalid or unenforceable under

applicable law, it shall not affect the validity or enforceability of
the remainder of the terms of this License, and without further action
by the parties to this agreement, such provision shall be reformed to
the minimum extent necessary to make such provision valid and
enforceable.

. No term or provision of this License shall be deemed waived and no

breach consented to unless such waiver or consent shall be in writing
and signed by the party to be charged with such waiver or consent.

. This License constitutes the entire agreement between the parties with

respect to the Work licensed here. There are no understandings,
agreements or representations with respect to the Work not specified
here. Licensor shall not be bound by any additional provisions that
may appear in any communication from You. This License may not be
modified without the mutual written agreement of the Licensor and You.

. The rights granted under, and the subject matter referenced, in this

License were drafted utilizing the terminology of the Berne Convention
for the Protection of Literary and Artistic Works (as amended on
September 28, 1979), the Rome Convention of 1961, the WIPO Copyright
Treaty of 1996, the WIPO Performances and Phonograms Treaty of 1996
and the Universal Copyright Convention (as revised on July 24, 1971).
These rights and subject matter take effect in the relevant
jurisdiction in which the License terms are sought to be enforced
according to the corresponding provisions of the implementation of
those treaty provisions in the applicable national law. If the
standard suite of rights granted under applicable copyright law
includes additional rights not granted under this License, such
additional rights are deemed to be included in the License; this
License is not intended to restrict the license of any rights under
applicable law.

Creative Commons Notice

Copyright €2012 Michael D. Adams

Creative Commons is not a party to this License, and makes no warranty
whatsoever in connection with the Work. Creative Commons will not be
liable to You or any party on any legal theory for any damages
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whatsoever, including without limitation any general, special,
incidental or consequential damages arising in connection to this
license. Notwithstanding the foregoing two (2) sentences, if Creative
Commons has expressly identified itself as the Licensor hereunder, it
shall have all rights and obligations of Licensor.

Except for the limited purpose of indicating to the public that the
Work is licensed under the CCPL, Creative Commons does not authorize
the use by either party of the trademark "Creative Commons' or any
related trademark or logo of Creative Commons without the prior
written consent of Creative Commons. Any permitted use will be in
compliance with Creative Commons” then-current trademark usage
guidelines, as may be published on its website or otherwise made
available upon request from time to time. For the avoidance of doubt,
this trademark restriction does not form part of this License.

Creative Commons may be contacted at http://creativecommons.org/.
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Preface

This book is primarily intended to be used as a text for undergraduate students in engineering (and related) disciplines.
The book provides a basic introduction to continuous-time signals and systems. Since many engineering curricula use
MATLAB as a teaching tool, the book also includes a detailed tutorial on MATLAB as an appendix. This book
evolved from a detailed set of lecture notes that the author prepared in order to teach two different undergraduate
courses on signals and systems at the University of Victoria. The first version of these lectures notes was developed
while the author was teaching ELEC 260 in the Summer 2003 term. These lecture notes were then augmented in
order to accommodate the teaching of ELEC 255. Over time, the lecture notes underwent many changes, eventually
evolving into the book that you are now reading.

More recently, the author has started to develop some material on discrete-time signals and systems. With a little
luck, the author will complete this draft material, and include it in a future version of this book.
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Chapter 1

Introduction

1.1 Signals

A signal is a function of one or more variables that conveys information about some (usually physical) phenomenon.

1.1.1 Dimensionality of Signals

Signals can be classified based on the number of independent variables with which they are associated. A signal that
is a function of only one variable is said to be one dimensional (1D). Similarly, a signal that is a function of two or
more variables is said to be multidimensional. Human speech is an example of a 1D signal. In this case, we have a
signal associated with fluctuations in air pressure as a function of time. An example of a 2D signal is a monochromatic
image. In this case, we have a signal that corresponds to a measure of light intensity as a function of horizontal and
vertical displacement.

1.1.2 Continuous-Time and Discrete-Time Signals

A signal can also be classified on the basis of whether it is a function of continuous or discrete variables. A signal that
is a function of continuous variables (e.g., a real variable) is said to be continuous time. Similarly, a signal that is a
function of discrete variables (e.g., an integer variable) is said to be discrete time. Although the independent variable
need not represent time, for matters of convenience, much of the terminology is chosen as if this were so. For example,
a digital image (which consists of a rectangular array of pixels) would be referred to as a discrete-time signal, even
though the independent variables (i.e., horizontal and vertical position) do not actually correspond to time.

If a signal is a function of discrete variables (i.e., discrete-time) and the value of the function itself is also discrete,
the signal is said to be digital. Similarly, if a signal is a function of continuous variables, and the value of the function
itself is also continuous, the signal is said to be analog.

Many phenomena in our physical world can be described in terms of continuous-time signals. Some examples of
continuous-time signals include: voltage or current waveforms in an electronic circuit; electrocardiograms, speech,
and music recordings; position, velocity, and acceleration of a moving body; forces and torques in a mechanical
system; and flow rates of liquids or gases in a chemical process. Any signals processed by digital computers (or
other digital devices) are discrete-time in nature. Some examples of discrete-time signals include digital video, digital
photographs, and digital audio data.

A discrete-time signal may be inherently discrete or correspond to a sampled version of a continuous-time sig-
nal. An example of the former would be a signal corresponding to the Dow Jones Industrial Average stock market
index (which is only defined on daily intervals), while an example of the latter would be the sampled version of a
(continuous-time) speech signal.
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Figure 1.1: Graphical representations of (a) continuous-time and (b) discrete-time signals.

Figure 1.2: Segment of digitized human speech.

1.1.3 Notation and Graphical Representation of Signals

As a matter of notation, we typically write continuous-time signals with their independent variables enclosed in
parentheses. For example, a continuous-time signal x with the real-valued independent variable ¢ would be denoted
x(t). Discrete-time signals are written with their independent variables enclosed in brackets. For example, a discrete-
time signal x with the integer-valued independent variable » would be denoted x[n]. This use of parentheses and
brackets is a convention followed by much of the engineering literature. In the case of discrete-time signals, we
sometimes refer to the signal as a sequence. Figure 1.1 shows how continuous-time and discrete-time signals are
represented graphically.

1.1.4 Examples of Signals

A number of examples of signals have been suggested previously. Here, we provide some graphical representations
of signals for illustrative purposes. Figure 1.2 depicts a digitized speech signal. Figure 1.3 shows an example of a
monochromatic image. In this case, the signal represents light intensity as a function of two variables (i.e., horizontal
and vertical position).
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Figure 1.4: System with one or more inputs and one or more outputs.

1.2 Systems

A system is an entity that processes one or more input signals in order to produce one or more output signals, as
shown in Figure 1.4. Such an entity is represented mathematically by a system of one or more equations.

In a communication system, the input might represent the message to be sent, and the output might represent
the received message. In a robotics system, the input might represent the desired position of the end effector (e.g.,
gripper), while the output could represent the actual position.

1.2.1 Classification of Systems

A system can be classified based on the number of inputs and outputs it employs. A system with only one input is
described as single input, while a system with multiple inputs is described as multi-input. Similarly, a system with
only one output is said to be single output, while a system with multiple outputs is said to be multi-output. Two
commonly occurring types of systems are single-input single-output (SISO) and multi-input multi-output (MIMO).
A system can also be classified based on the types of signals with which it interacts. A system that deals with
continuous-time signals is called a continuous-time system. Similarly, a system that deals with discrete-time signals
is said to be a discrete-time system. A system that handles both continuous- and discrete-time signals, is sometimes
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Figure 1.5: A simple RC network.
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Figure 1.6: Communication system.
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Figure 1.7: Feedback control system.

referred to as a hybrid system (or sampled-data system). Similarly, systems that deal with digital signals are referred
to as digital, while systems that handle analog signals are referred to as analog. If a system interacts with 1D signals
the system is referred to as 1D. Likewise, if a system handles multidimensional signals, the system is said to be
multidimensional.

1.2.2 Examples of Systems

Systems can manipulate signals in many different ways and serve many useful purposes. Sometimes systems serve
to extract information from their input signals. For example, in case of speech signals, systems can be used in order
to perform speaker identification or voice recognition. A system might analyze electrocardiogram signals in order to
detect heart abnormalities. Amplification and noise reduction are other functionalities that systems could offer.

One very basic system is the RC network shown in Figure 1.5. Here, the input would be the source voltage v,(r)
and the output would be the capacitor voltage v (¢).

Consider the communication system shown in Figure 1.6. This system takes a message at one location and
reproduces this message at another location. In this case, the system input is the message to be sent, and the output
is the estimate of the original message. Usually, we want the message reproduced at the receiver to be as close as
possible to the original message sent by the transmitter.

A system of the general form shown in Figure 1.7 frequently appears in control applications. Often, in such
applications, we would like an output to track some reference input as closely as possible. Consider, for example, a
robotics application. The reference input might represent the desired position of the end effector, while the output
represents the actual position.
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1.3 Continuous-Time Signals and Systems

In the remainder of this course, we will focus our attention primarily on the study of 1D continuous-time signals
and systems. Moreover, we will mostly concern ourselves with SISO (i.e., single-input single-output) systems. The
discrete-time and multidimensional cases will be treated in other courses.

1.4 Why Study Signals and Systems?

As can be seen from the earlier examples, there are many practical situations in which we need to develop systems
that manipulate/process signals. In order to do this, we need a formal mathematical framework for the study of such
systems. The goal of this course is to provide the student with such a framework.
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Chapter 2

Continuous-Time Signals and Systems

2.1 Transformations of the Independent Variable

An important concept in the study of signals and systems is the transformation of a signal. Here, we introduce several
elementary signal transformations. Each of these transformations involves a simple modification of the independent
variable.

2.1.1 Time Reversal

The first type of signal transformation that we shall consider is known as time reversal. Time reversal maps the input
signal x(¢) to the output signal y(¢) as given by

y(t) = x(=1). 2.1)

In other words, the output signal y(¢) is formed by replacing ¢ with —¢ in the input signal x(¢). Geometrically, the
output signal y(z) is a reflection of the input signal x(¢) about the (vertical) line 7 = 0.

To illustrate the effects of time reversal, an example is provided in Figure 2.1. Suppose that we have the signal in
Figure 2.1(a). Then, time reversal will yield the signal in Figure 2.1(b).

2.1.2 Time Scaling

Another type of signal transformation is called time scaling. Time scaling maps the input signal x() to the output
signal y(¢) as given by
y(t) = x(at), 22

|
w
11
N}
[
N
o
N
N+
W
~
|
w
11
N}
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N
o
=t
N+
Wt

Figure 2.1: Example of time reversal.
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Figure 2.2: Example of time scaling.

where a is a scaling constant. In other words, the output signal y(z) is formed by replacing ¢ with ar in the original
signal x(¢). Geometrically, this transformation is associated with a compression/expansion along the time axis and/or
reflection about the (vertical) line r = 0. If |a| <1, the signal is expanded (i.e., stretched) along the time axis. If
la] > 1, the signal is instead compressed. If |a| = 1, the signal is neither expanded nor compressed. Lastly, if a <0,
the signal is reflected about the vertical line + = 0. Observe that time reversal is simply a special case of time scaling
with a = —1.

To demonstrate the behavior of time scaling, we provide an example in Figure 2.2. Suppose that we have the
signal x(z) as shown in Figure 2.2(a). Then, using time scaling, we can obtain the signals in Figures 2.2(b), (c), and

(d).

2.1.3 Time Shifting

The next type of signal transformation that we consider is called time shifting. Time shifting maps the input signal
x(r) to the output signal y(z) as given by

y(t) =x(t—=b), (2.3)

where b is a shifting constant. In other words, the output signal y(¢) is formed by replacing ¢ by ¢ — b in input signal
x(r). Geometrically, this operation shifts the signal (to the left or right) along the time axis. If 4 is positive, y(¢) is
shifted to the right relative to x(¢) (i.e., delayed in time). If b is negative, y(¢) is shifted to the left relative to x(z) (i.e.,
advanced in time).

The effects of time shifting are illustrated in Figure 2.3. Suppose that we have the input signal x(¢) as shown in
Figure 2.3(a). Then, the signals in Figures 2.3(b) and (c) can be obtained through time shifting.

2.1.4 Combining Time Scaling and Time Shifting

In the preceding sections, we introduced the time reversal, time scaling, and time shifting transformations. Moreover,
we observed that time reversal is simply a special case of time scaling. Now, we introduce a more general transfor-
mation that combines the effects of time scaling, time shifting, and time reversal. This new transformation maps the

Copyright €2012 Michael D. Adams Last Revised: January 11, 2012



2.1. TRANSFORMATIONS OF THE INDEPENDENT VARIABLE 9

g 545!
x(t—1) x(t+1)
3 T 3T
2 T 2 T
1+ T
5 % 1 o0 1 & & ! .
(b) (©

Figure 2.3: Example of time shifting.

input signal x(¢) to the output signal y(¢) as given by
y(t) = x(at —b), (2.4)

where « is a scaling constant and b is a shifting constant. In other words, the output signal y(¢) is formed by replacing
¢ with ar — b in the input signal x(¢). One can show that such a transformation is equivalent to first time shifting x(z)
by b, and then time scaling the resulting signal by a. Geometrically, this transformation preserves the shape of x(z)
except for a possible expansion/compression along the time axis and/or a reflection about the vertical line r = 0. If
la| < 1, the signal is stretched along the time axis. If |a| > 1, the signal is instead compressed. If a < 0, the signal is
reflected about the vertical line r = 0.

The above transformation has two distinct but equivalent interpretations. That is, it is equivalent to each of the
following:

1. first, time shifting x(¢) by b, and then time scaling the result by a.
2. first, time scaling x(¢) by a, and then time shifting the result by b/a.

One can easily confirm that both of the above equivalences hold, as shown below.

Consider the first case. First, we time shift x(z) by b. Let us denote the result of this operation as v(¢), so that
v(t) = x(t —b). Next, we time scale v(r) by a. This yields the result v(at). From the definition of v(z), however, we
have v(at) = x(at —b) = y(t).

Consider the second case. First, we time scale x(¢) by a. Let us denote the result of this operation as v(¢), so that
v(t) = x(at). Next, we ﬁne shif}ﬂt) by b/a. This yields the result v(r — g). From the definition of v(r), however, we
canwrite v(t—2) =x a(t—2) =x(at—b) = y(t).

a a

Example 2.1. To illustrate the equivalent interpretations, we consider a simple example. Consider the signal x(z)
shown in Figure 2.4(a). Let us now determine the transformed signal y(z) = x(at —b) wherea=2and b = 1.

Solution. First, we consider the shift-then-scale method. In this case, we first shift the signal x(¢) by & (i.e., 1). This
yields the signal in Figure 2.4(b). Then, we scale this new signal by « (i.e., 2) in order to obtain y(¢) as shown in
Figure 2.4(c).
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Figure 2.4: Two different interpretations of combined shifting and scaling transformation. (a) Original signal. Results
obtained by shifting followed by scaling: (b) intermediate result and (c) final result. Results obtained by scaling
followed by shifting: (d) intermediate result and (e) final result.

Second, we consider the scale-then-shift method. In this case, we first scale the signal x(¢) by a (i.e., 2). This
yields the signal in Figure 2.4(d). Then, we shift this new signal by Z (i.e., %) in order to obtain y(r) as shown in
Figure 2.4(e).

O

2.2 Transformations of the Dependent Variable

In the preceding sections, we examined several transformations of the independent variable. Now, we consider similar
transformations of the dependent variable.

2.2.1 Amplitude Scaling

The first transformation that we consider is referred to as amplitude scaling. Amplitude scaling maps the input signal
x(t) to the output signal y(r) as given by
y(t) = ax(t), (2.5)

where « is a scaling constant. Geometrically, the output signal y(¢) is expanded/compressed in amplitude and/or
reflected about the time axis. An amplifier is an example of a device that performs amplitude scaling.

To illustrate the effects of amplitude scaling, an example is given in Figure 2.5. Suppose that we have the signal
x(t) as shown in Figure 2.5(a). Then, amplitude scaling can be used to obtain the signals in Figures 2.5(b), (c), and (d).
2.2.2 Amplitude Shifting

The next transformation that we consider is referred to as amplitude shifting. Amplitude shifting maps the input
signal x(¢) to the output signal y(¢) as given by

y(t) =x(t) +b, (2.6)

where b is a shifting constant. Geometrically, amplitude shifting adds a vertical displacement to x(z).
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Figure 2.5: Example of amplitude scaling.

The effects of amplitude shifting are illustrated by Figure 2.6. The original signal x(¢) is given in Figure 2.6(a),
and an amplitude-shifted version in Figure 2.6(b).

2.2.3 Combining Amplitude Scaling and Shifting

In the previous sections, we considered the amplitude-scaling and amplitude-shifting transformations. We can define
a new transformation that combines the effects amplitude-scaling and amplitude-shifting. This transformation maps
the input signal x(¢) to the output signal y(¢), as given by

y(t) = ax(t) + b, 2.7

where a is a scaling constant and 4 is a shifting constant. One can show that this transformation is equivalent to first
scaling x(7) by a and then shifting the resulting signal by b.

2.3 Signal Properties

Signals can possess a number of interesting properties. In what follows, we define several such properties. These
properties are frequently useful in the analysis of signals and systems.

2.3.1 Even and Odd Signals

A signal x(¢) is said to be even if it satisfies

x(r) =x(—t) forallz. (2.8)
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Figure 2.7: Example of an even signal.

Geometrically, an even signal is symmetric about the vertical line r = 0. Some common examples of even signals
include the cosine, absolute value, and square functions. Another example of an even signal is given in Figure 2.7.
A signal x(¢) is said to be odd if it satisfies

x(t) = —x(—¢) forallz. (2.9)

Geometrically, an odd signal is antisymmetric about r = 0. In other words, the signal has symmetry with respect to
the origin. One can easily show that an odd signal x(¢) must be such that x(0) = 0. Some common examples of odd
signals include the sine, signum, and cube (i.e., x(r) = 3) functions. Another example of an odd signal is given in
Figure 2.8.

Any signal x(¢) can be represented as the sum of the form

x(t) = x (1) +x,(¢) (2.10)

where x,.(¢) and x,(z) are even and odd, respectively, and given by
xe(t) = 3 (x(t) +x(=)) and (2.11)
%o(t) = 3 (x(t) =x(—1)). (2.12)

Often, we denote the even and odd parts of x(¢) as Even{x(s)} and Odd{x(¢)}, respectively. From (2.11) and (2.12),
we can easily confirm that x, () +x,(t) = x(¢) as follows:

Xe(t) +x0(t) =
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Figure 2.8: Example of an odd signal.

Furthermore, we can easily verify that x,(¢) is even and x,(¢) is odd. From the definition of x,(¢) in (2.11), we can
write:

xe(=1) = 3(x(=1) +x(=(=1)))
=3 (x(t) +x(-1))
= x,(t).
Thus, x.(¢) is even. From the definition of x,(¢) in (2.12), we can write:
Xo(—1) = 3 (x(—1) = x(1))
= 3(=x(t) +x(=r1))
= —x,(1).

Thus, x, () is odd.
Sums involving even and odd signals have the following properties:

* The sum of two even signals is even.

e The sum of two odd signals is odd.

« The sum of an even signal and odd signal is neither even nor odd.
Products involving even and odd signals have the following properties:

« The product of two even signals is even.

« The product of two odd signals is even.

= The product of an even signal and an odd signal is odd.

2.3.2 Periodic Signals

A signal x(¢) is said to be periodic if it satisfies
x(t)=x(t+T), forallsandsome constant T, T > 0. (2.13)

The quantity T is referred to as the period of the signal. Two quantities closely related to the period are the frequency
and angular frequency, denoted as f and , respectively. These quantities are defined as

f=% and o=2xf=2.
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x(t

)

Figure 2.9: Example of a periodic signal.

A signal that is not periodic is said to be aperiodic.

Examples of periodic signals include the cosine and sine functions. Another example of a periodic signal is shown
in Figure 2.9.

A signal that satisfies (2.13) must also satisfy

x(t) =x(t+NT) (2.14)

for any integer value N. Therefore, a signal that is periodic with period T is also periodic with period NT. In most
cases, we are interested in the smallest (positive) value of T for which (2.13) is satisfied. We refer to this value as the
fundamental period of the signal.

Theorem 2.1 (Sum of periodic functions). Suppose that x1(t) and x3(t) are periodic signals with fundamental periods
Th and Ty, respectively. Then, the sum y(t) = x1(t) +x2(t) is a periodic signal if and only if the ratio Ti/ T is a rational
number (i.e., the quotient of two integers). Suppose that Ti/To = qfr where q and r are integers and coprime (i.e.,
have no common factors), then the fundamental period of y(t) is rTy (or equivalently, qT», since rT1 = qT»). (Note
that rT1 is simply the least common multiple of T1 and T5.)

In passing, we note that the above result can be extended to the more general case of the sum of N periodic signals.
The sum of N periodic signals x1 (), x2(¢), ..., xn(¢) with periods T1, T3, .. ., Ty, respectively, is periodic if and only if
the ratios of the periods are rational numbers (i.e., 71/7; is rational for k = 2,3,...,N). If the sum is periodic, then the
fundamental period is simply the least common multiple of {71, T>,...,Ty}. (Note that the least common multiple
of the set of positive real numbers {71, 1>, ..., Ty } is the smallest positive real number T that is an integer multiple of
each T fork=1,2,...,N.)

Example 2.2. Letx;(r) = sinzz and x2(7) = sinz. Determine whether the signal y(r) = x1(r) 4+ x2(¢) is periodic.

Solution. Denote the fundamental periods of x1(¢) and xz(¢) as 71 and T3, respectively. We then have Ty = 2n/n =2
and 7> = 2n/1 = 2xn. (Recall that the fundamental period of sinar is 27/ |c|.) Consider the quotient T1/T, =
2/(2m) = 1/=. Since m is an irrational number, this quotient is not rational. Therefore, y(z) is not periodic. O

Example 2.3. Let x1(¢) = cos(2xr 4 %) and xz(¢) = sin(7zt). Determine whether the signal y(z) = x1(¢) +x2(z) is
periodic.

Solution. Let T; and T denote the fundamental periods of x1(¢) and x2(¢), respectively. Thus, we have T3 = g—g =1
and 7, = % = 2/7. We can express T1/T as the rational number 7/2. Therefore, y(¢) is periodic. Furthermore, the

period is 277 = 77> = 2 (since 2 and 7 are coprime). O

Example 2.4. Let x1(¢) = cos(6xr) and x(r) = sin(30xr). Determine whether the signal y(r) = x1(¢) 4+ x2(¢) is
periodic.
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Figure 2.10: Examples of (a) left-sided, (b) right-sided, (c) finite-duration, and (d) two-sided signals.

Solution. Let T; and T, denote the fundamental periods of x;(¢) and x»(z), respectively. Thus, we have T; = g—” = %
and I, = 320% = % We can express 71/T; as the rational number 5/1 (where 5 and 1 are coprime). Therefore, y(z) is
periodic. Furthermore, the period is T = 177 =515 = % (since 5 and 1 are coprime). O

2.3.3 Support of Signals

We can classify signals based on the interval over which their function value is nonzero. (This is sometimes referred
to as the support of a signal.)
A signal x(¢) is said to be left sided if, for some finite constant 7o, the following condition holds:

x(t)=0 forall > 1.

In other words, the signal is only potentially nonzero to the left of some point. A signal x(¢) is said to be right sided
if, for some finite constant #g, the following condition holds:

x(t)=0 forallt <g.

In other words, the signal is only potentially nonzero to the right of some point. A signal that is both left sided and
right sided is said to be time limited or finite duration. A signal that is neither left sided nor right sided is said to be
two sided. Examples of left-sided, right-sided, finite-duration, and two-sided signals are shown in Figure 2.10.

A signal x(¢) is said to be causal if

x(t)=0 forallr<Q0.
A causal signal is a special case of a right-sided signal. Similarly, a signal x(z) is said to be anticausal if
x(t)=0 forallr>0.

An anticausal signal is a special case of a left-sided signal.

2.3.4 Signal Energy and Power

The energy E contained in the signal x(¢) is given by

|
E=  |x(t)]d:.

—oo
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As a matter of terminology, a signal x(r) with finite energy is said to be an energy signal.

The average power P contained in the signal x(z) is given by

1 Ld/2 9
P=lim = [x(2)]° dt.
T-T —1/2

As a matter of terminology, a signal x(¢) with (nonzero) finite average power is said to be a power signal.

2.3.5 Examples

Example 2.5. Suppose that we have a signal x(¢) with the following properties:

x(r—3) is causal, and
x(t) is odd.

Determine for what values of ¢ the signal x(¢) must be zero.

Solution. Since x(¢ — 3) is causal, we know that x(+ — 3) = 0 for r < 0. This implies that

x(t)=0 forr <—3.

Since x(z) is odd, we know that
x(t) = —x(—r) forallz.
From (2.15) and (2.16), we have —x(—t) = 0 for r < —3 which implies that
x(t)=0 fort>3.
Substituting ¢ = 0 into (2.16) yields x(0) = —x(0) which implies that
x(0)=0.

Combining (2.15), (2.17), and (2.18), we conclude that x(¢) must be zero for

t<-=3, t>3, or t=0.

Example 2.6. Suppose that we have a signal x(z) with the following properties:

x(r—3) is even,
x(t)=t+5for -5=¢=-3,
x(r—1) is anticausal, and
x(t—5) is causal.

Find x(z) for all z.
Solution. Since x(¢t —1) is anticausal, we know that

x(t—1)=0 forr>0.
This implies that

x(t)=0 fort>—1.
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Since x(t —5) is causal, we know that
x(r—5)=0 fors <0.

This implies that

x(t)=0 forzr <—5. (2.20)
We are given that
x(t)=1t+5 for -5=r<-3. (2.21)
Combining (2.19), (2.20), and (2.21), we have
—1
Eg forr<-5
x(r) = $5 for-5=<r=<-3 (2.22)
forr>—1.

So, we only need to determine x(r) for —3 <t < —1. Since x(r — 3) is even, we know that
x(t—3) =x(—r—23) forallz.
This implies that
x(t) =x(—t—6) forallz. (2.23)
Combining (2.21) and (2.23), we have
x(t) =x(—t—6)
=(—t—6)+5 for-5=—r—6=<-3

=—t—1lforls—<3
=—t—1 for—3=r=<-1.

Combining this with our earlier result (2.22), we have
1

fort<—5
%5 for—-5<r<-3
%1 for3<r<-1

forr=—1.

x(t) =

2.4 Elementary Signals

A number of elementary signals are particularly useful in the study of signals and systems. In what follows, we
introduce some of the more beneficial ones for our purposes.

2.4.1 Real Sinusoidal Signals
One important class of signals is the real sinusoids. A real sinusoidal signal x(z) has the general form

x(r) =Acos(ot + 06), (2.24)

2n

where A, @, and 6 are real constants. Such a signal is periodic with period T = fal’

shown in Figure 2.11.

and has a plot resembling that
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Acos(wt+0)

Acos6 /
t

Figure 2.11: Real sinusoidal signal.

At AeM AeM
A A A
___/ t [ \ .
(a) (b) (©

Figure 2.12: Real exponential signal for (a) A >0, (b) A =0, and (c) A <O0.

2.4.2 Complex Exponential Signals

Another important class of signals is the complex exponentials signals. A complex exponential signal x(z) has the
general form
x(t) =AM, (2.25)

where A and A are complex constants. Complex exponentials are of fundamental importance to systems theory, and
also provide a convenient means for representing a number of other classes of signals. A complex exponential can
exhibit one of a number of distinctive modes of behavior, depending on the values of its parameters A and A. In what
follows, we examine some special cases of complex exponentials, in addition to the general case.

Real Exponential Signals

The first special case of the complex exponential signals to be considered is the real exponential signals. In this
case, we restrict A and A in (2.25) to be real. A real exponential can exhibit one of three distinct modes of behavior,
depending on the value of A, as illustrated in Figure 2.12. If A > 0, the signal x(¢) increases exponentially as time
increases (i.e., a growing exponential). If A <0, the signal x(z) decreases exponentially as time increases (i.e., a
decaying or damped exponential). If A = 0, the signal x(¢) simply equals the constant A.
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|A]cos(wt + 6) |Alsin(ez + 6)
Al - |A]
|A]cos6
_IAl """"""" _|A
(@) (b)

Figure 2.13: Complex sinusoidal signal. (a) Real and (b) imaginary parts.

Complex Sinusoidal Signals

The second special case of the complex exponential signals that we shall consider is the complex sinusoidal signals.
In this case, the parameters in (2.25) are such that A is complex and A is purely imaginary (i.e., Re{A} = 0). For
convenience, let us re-express A in polar form and 4 in Cartesian form as follows:

A=]Ale!® and A= jo,
where 0 and o are real constants. Using Euler’s relation (A.6), we can rewrite (2.25) as
x(t) = Ae™
_ |A| ejeejcot
_ |A|ej(wt+9)
= |A|cos(et + 0) + j|A|sin(cr + 6).
2n

From the above equation, we can see that x(z) is periodic with period T = fol- Similarly, the real and imaginary
parts of x(z) are also periodic with the same period. To illustrate the form of a complex sinusoid, we plot its real and

imaginary parts in Figure 2.13. The real and imaginary parts are the same except for a phase difference.
General Complex Exponential Signals

Lastly, we consider general complex exponential signals. That is, we consider the general case of (2.25) where A and
A are both complex. For convenience, let us re-express A in polar form and A in Cartesian form as

A=|Ale’® and A =0+ o,
where 0, ¢, and w are real constants. Substituting these expressions for A and A into (2.25), we obtain

x(t) = Ae
_ |A|ej96(6+jw)t
_ |A| thej(a)tJrB)

=|Ale® cos(wt +0) + j|A|e® sin(wt + 0).
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(@) (b) (©

Figure 2.14: Real part of a general complex exponential for (a) c >0, (b) c =0, and (c) o <0.

We can see that Re{x(s)} and Im{x(z)} have a similar form. Each is the product of a real exponential and real
sinusoidal function. One of three distinct modes of behavior is exhibited by x(¢), depending on the value of o. If
o =0, Re{x(¢)} and Im{x(¢)} are real sinusoids. If o >0, Re{x(¢)} and Im{x(z)} are each the product of a real
sinusoid and a growing real exponential. If o <0, Re{x(¢)} and Im{x(¢)} are each the product of a real sinusoid and
a decaying real exponential. These three cases are illustrated for Re{x(r)} in Figure 2.14.

2.4.3 Relationship Between Complex Exponential and Real Sinusoidal Signals

A real sinusoid can be expressed as the sum of two complex sinusoids using the identity

A 1] ' 1
Acos(or+6) =~ /(@1H0) | pmi(@+0)  ang (2.26)
A 1 ‘ 1
Asin(ot +0) = 2 e/(O40) — mi(0rt6) (2.27)

(This result follows from Euler’s relation and is simply a restatement of (A.7).)

2.4.4  Unit-Step Function

Another elementary signal often used in systems theory is the unit-step function. The unit-step function, denoted
u(t), is defined as
1
0 fort<0

t) = 2.28
u(t) 1 fort=>0. ( )

A plot of this function is given in Figure 2.15. Clearly, the unit-step function is discontinuous at ¢+ = 0. Unfortunately,
there is very little agreement in the existing literature as to how to define u(r) at = 0. The most commonly used
values are 0, 1, and 1/2. In our treatment of the subject, we simply choose to leave the value of u(z) unspecified at
¢t = 0 with the implicit assumption that the value (whatever it happens to be) is finite. As it turns out, for most practical
purposes, it does not matter how the unit-step function is defined at the origin (as long as its value is finite). (The
unit-step function is also sometimes referred to as the Heaviside function.)
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-1 0

[

Figure 2.15: Unit-step function.

rect(r)

1

1
3 0 2

Figure 2.16: Unit rectangular pulse.

2.4.5 Unit Rectangular Pulse

Another useful signal is the unit rectangular pulse. The unit rectangular pulse function is denoted as rect(z) and is
given by

1
1 forfe|<3

rect(z) =
®) 0 for || > 3.
A plot of this signal is shown in Figure 2.16.

Example 2.7 (Extracting part of a function with a rectangular pulse). Use the unit rectangular pulse to extract one
period of the waveform x(¢) shown in Figure 2.17(a).

Solution. Let us choose to extract the period of x(¢) for —% <r< % In order to extract this period, we want to
multiply x(z) by a function that is one over this interval and zero elsewhere. Such a function is simply rect(¢/T) as
shown in Figure 2.17(b). Multiplying rect(¢+/T) and x(¢) results in the function shown in Figure 2.17(c). O

2.4.6 Unit Triangular Pulse

Another useful elementary function is the unit triangular pulse function, which is denoted as tri(z) and defined as

1
vigy— 12 <1}
0 otherwise.

A plot of this function is given in Figure 2.18.
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x(t)
14 rect(t/T)
.. \ T 1
T T \ t
i (b)
(@)
rect(¢+/T)x(t)
1 =+
: : e . — 1
_1-_
(©

Figure 2.17: Using the unit rectangular pulse to extract one period of a periodic waveform.
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Figure 2.18: Unit triangular pulse.
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2.4.7 Cardinal Sine Function

In the study of signals and systems, a function of the form

frequently appears. Therefore, as a matter of convenience, we give this particular function a special name, the cardinal
sine or sinc function. That is, we define

. sint
sinct £ -

(Note that the symbol “£” simply means “is defined as”.) By using I’Hopital’s rule, one can confirm that sincz is well
defined for r = 0. That is, sincO = 1. In passing, we note that the name “sinc” is simply a contraction of the function’s
full Latin name “sinus cardinalis” (cardinal sine).

2.4.8 Unit-Impulse Function

In systems theory, one elementary signal of fundamental importance is the unit-impulse function. We denote this
function as 6(¢). Instead of defining this function explicitly, it is defined in terms of its properties. In particular, the
unit-impulse function is defined by the following two properties:

5(z)ﬂ fortr20 and (2.293)
o(t)dr =1. (2.29b)

From these properties, we can see that the function is zero everywhere, except at = 0 where it is undefined. Indeed,
this is an unusual function. Although it is zero everywhere except at a single point, it has a nonzero integral. Techni-
cally, the unit-impulse function is not a function in the ordinary sense. Rather, it is what is known as a generalized
function. Sometimes the unit-impulse function is also referred to as the Dirac delta function or delta function.

Graphically, we represent the impulse function as shown in Figure 2.19. Since the function assumes an infinite
value at r = 0, we cannot plot the true value of the function. Instead, we use a vertical arrow to represent this infinite
spike in the value of the signal. To show the strength of the impulse, its weight is also indicated. In Figure 2.20, we
plot a scaled and shifted version of the unit impulse function.

We can view the unit-impulse function as a limiting case involving a rectangular pulse. More specifically, let us
define the following rectangular pulse function
L1

1/e for|t]<e/2

t) =
8(t) 0 otherwise

This function is plotted in Figure 2.21. Clearly, the area under the curve is unity for any choice of €. The unit impulse
function &(¢) is obtained by taking the following limit:

o(t) = J:im)g(r).

Thus, the unit-impulse function can be viewed as a limiting case of a rectangular pulse where the pulse width becomes
infinitesimally small and the pulse height becomes infinitely large in such a way that the integral of the resulting
function remains unity.

Informally, one can also think of the unit-impulse function &(¢) as the derivative of the unit-step function u(z).
Strictly speaking, however, the derivative of u(¢) does not exist in the ordinary sense, since u(r) is discontinuous
at+ = 0. To be more precise, 8(¢) is what is called the generalized derivative of u(r). The generalized derivative
is essentially an extension of the notion of (ordinary) derivative, which can be well defined even for functions with
discontinuities.
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Figure 2.19: Unit impulse function.
Ko(t—1)

K

0 o

Figure 2.20: Scaled and shifted unit impulse function.

Figure 2.21: Unit-impulse function as limit of rectangular pulse.
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x(1) S(t—1p) x(t)o(t—1g)
1 x(t0)
x(to) """
AN t . t .
(@) (b) (©)

Figure 2.22: Graphical interpretation of equivalence property.

The unit-impulse function has two important properties that follow from its operational definition in (2.29). The
first is sometimes referred to as the equivalence property. This property states that for any signal x(r) that is contin-
uous at ¢t = fy,

x(t)6(t—1t9) =x(tg)8(t —19). (2.30)

This property is illustrated graphically in Figure 2.22. This result can be used to help derive the second property of
interest. From (2.29b), we can write 1

O(t—1)dt = 1.
Multiplying both sides of the preceding equation by x(zo) yields

1
x(t0) 8 (¢ — t0)dt = x(tp).
Then, by using the equivalence property in (2.30), we can write

1

x(t)6(t —1tg)dt = x(to). (2.31)
This result (i.e., (2.31)) is known as the sifting property of the unit-impulse function. As we shall see later, this
property is of great importance. In passing, we also note two other identities involving the unit-impulse function
which are occasionally useful:

6(t)=0(—t) and
O(at) = ﬁS(i),

where a is a nonzero real constant. (Lastly, note that it follows from the definition of &(z) that integrating the function
over any interval not containing the origin will result in the value of zero.)

Example 2.8 (Sifting property example). Evaluate the integral

(|
[sint]6(t — m/4)dr.
Solution. Using the sifting property of the unit impulse function, we can write:

|
[sint]8(t — n/4)dt =sinn/4

2

Example 2.9 (Sifting property example). Evaluate the integral

1
[sin27z) 6 (4r — 1)dr.

—oo
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Solution. First, we observe that the integral to be evaluated does not quite have the same form as (2.31). So, we need
to perform a change of variable. Let T = 4¢ so that r = ©/4 and dt = dt/4. Performing the change of variable, we
obtain
LJd L]
[sin2nr]§(4t—1)dt = %[sin2nt/4]5(t—1)dt
T o .
= zsinwt/2 6(t—1)dr.

oo

Now the integral has the desired form, and we can use the sifting property of the unit-impulse function to write

1
[sin2mr]6 (4t — 1)dr = I?sin nt/2 E:l

—oo

= Lsinz/2
-1
=17
O
Example 2.10. Evaluate the integral Eo(rz +1)8(t—2)d.
Solution. Using the equivalence property of the delta function given by (2.30), we can write
- -
(12 +1)8(r—2)dt=  (22+1)8(t—2)dt
[
=5 §(r—2)dr.
Using the defining properties of the delta function given by (2.29), we have that
—1
= 1 fort>2
§(t—2)dt = ort
—c 0 forr<2.
Therefore, we conclude that
L1
= 5 fortr>2
2
°+1)o(t—2)dt =
—m( +1)a( ) 0 forr<?2
=5u(r—2).
O

2.5 Signal Representation Using Elementary Signals

In the earlier sections, we introduced a number of elementary signals. Often in signal analysis, it is convenient
to represent arbitrary signals in terms of elementary signals. Here, we consider how the unit-step function can be
exploited in order to obtain alternative representations of signals.

Example 2.11 (Unit rectangular pulse). Express the function y(¢) = rect(z) in terms of unit-step functions. A plot of
y(t) is given in Figure 2.23(c).

Solution. \We observe that the unit rectangular pulse is simply the difference of two time-shifted unit-step functions.
In particular, we have that

Vo) =ult+3)—ult=3).
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Nl
~—

u(t+3) —u(t—3%) y(t)=u(t+3)—u(t—

N

(@) (b) ©

Figure 2.23: Representing the unit rectangular pulse using unit-step functions. (a) A shifted unit-step function, (b) an-
other shifted unit-step function, and (c) their sum (which is the rectangular pulse).

Graphically, we have the scenario depicted in Figure 2.23.
In passing, we note that the above result can be generalized. Suppose that we have a rectangular pulse x(¢) of
height 1 with a rising edge at r = a and falling edge at = . One can show that

x(1) :uEIa)—u(t—b)
1 fora<t<b
0 fort<aort=>b.

Example 2.12 (Piecewise linear function). Using unit-step functions, find an equivalent representation of the follow-

ing function:
% for0=sr<1
forlsr<2
B %t for2<r<3
otherwise.
A plot of x(r) can be found in Figure 2.24(a).

Solution. \We consider each segment of the piecewise linear function separately. The first segment (i.e., for0 <r <1)
can be expressed as

v1(t) = t{u(t) —u(r—1)].

This function is plotted in Figure 2.24(b). The second segment (i.e., for 1 <¢ < 2) can be expressed as
vo(t) =u(t—1)—u(t—2).

This function is plotted in Figure 2.24(c). The third segment (i.e., for 2 <7 < 3) can be expressed as

va(t) = (3—1)[u(t—2)—u(t—3)].
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x(t) vi(t)

1 N\ V

0 f I 0 1 5 !
@ (b)

va(t) v3(t)

1 1 AN

0 I o 1 5 § !
(©) (d)

Figure 2.24: Representing piecewise linear function using unit-step functions.

This function is plotted in Figure 2.24(d). Now, we observe that x(z) is simply the sum of the three preceding functions.
That is, we have

x(t) =vi(t) +v2(t) +v3(t)

Thus, we have found an alternative representation of x(¢) that uses unit-step functions. O

Example 2.13 (Piecewise polynomial function). Find an alternative representation of the following function by using

unit-step functions:
for0=sr<1
2?2 forlsr<3
B %t for3<r<4
otherwise.
A plot of x(¢) is shown in Figure 2.25(a).

Solution. We consider each segment of the piecewise polynomial function separately. The first segment (i.e., for
0 <7 < 1) can be written as

vi(t) = u(t) —u(t—1).
This function is plotted in Figure 2.25(b). The second segment (i.e., for 1 <t < 3) can be written as
va(t) = (1 —2)%[u(t—1) —u(t —3)] = (> — 4t + 4)[u(t — 1) — u(t — 3)].
This function is plotted in Figure 2.25(c). The third segment (i.e., for 3 <r < 4) can be written as

v3(t) = (4—1)[u(t—3)—u(t—4))].
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x(t) vi(t)

0 i 2 B ! 0 3 1 !
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va(t) v3(t)
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o 1 & 4§ 4 ! o 1 5 & 4!
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Figure 2.25: Representing piecewise polynomial function using unit-step functions.

This function is plotted in Figure 2.25(d). Now, we observe that x(¢) is obtained by summing the three preceding
functions as follows:
x(t) = vi(t) +va(t) +va(t)
= () —ult = D))+ (> =4+ 4)[ut — 1) —u(t =3)] + (4—1)[u(t —3) —u(t — 4)]
=u(t)+ (P =4 +4—Du(t—1)+ (4—1—[> — 4t +4)u(t —3) — (4—t)u(t — 4)
=u(t)+ (> =4 +3)u(t — 1) + (=2 +30)u(t — 3) + (t — d)u(t — 4).

Thus, we have found an alternative representation of x(¢) that utilizes unit-step functions. O

Example 2.14 (Periodic function). Consider the periodic function x(¢) shown in Figure 2.26(a). Find a representation
of x(¢) that utilizes unit-step functions.

Solution. \We begin by finding an expression for a single period of x(¢). Let us denote this expression as v(z). We can
then write:

v(t) =u(t+3) —u(t—3).

This function is plotted in Figure 2.26(b). In order to obtain the periodic function x(¢), we must repeat v(z) every two
units (since the period of x(¢) is two). This can be accomplished by adding an infinite number of shifted copies of v(z)
as follows:

oo

x(t) = ; v(t — 2k)

oo

= Y lu(t+3—2k)—u(t— 3 —2k)].

k=—oo

Thus, we have found a representation of the periodic function x(¢) that makes use of unit-step functions. O

2.6 Continuous-Time Systems

Suppose that we have a system with input x(¢) and output y(¢). Such a system can be described mathematically by the
equation

y(t) =T {x(1)}, (2.32)
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x(1) v(t)
1 1
5 -3 _1 1 ER 4 1 1 4
2 2 2 2 2 2 2 2
(@) (b)
Figure 2.26: Representing periodic function using unit-step functions.
Input Output
x(1) System (1)
T

Figure 2.27: Block diagram of system.

where T denotes an operator (i.e., transformation). The operator T simply maps the input signal x(z) to the output
signal y(¢). Such an operator might be associated with a system of differential equations, for example.
Alternatively, we sometimes express the relationship (2.32) using the notation

T
x(1) == y(1).

Furthermore, if clear from the context, the operator T is often omitted, yielding the abbreviated notation
x(1) = y(1).

Note that the symbols “ - ” and “=" have very different meanings. For example, the notation x(z) — y(¢) does not in
any way imply that x(¢) = y(¢). The symbol “ - should be read as “produces” (not as “equals”). That is, “x(¢) - y(¢)”
should be read as “the input x(z) produces the output y(z)”.

2.6.1 Block Diagram Representation
Suppose that we have a system defined by the operator T and having the input x(¢) and output y(¢). Often, we
represent such a system using a block diagram as shown in Figure 2.27.

2.6.2 Interconnection of Systems

Systems may be interconnected in a number of ways. Two basic types of connections are as shown in Figure 2.28.
The first type of connection, as shown in Figure 2.28(a), is known as a series or cascade connection. In this case, the
overall system is defined by

y(1) = To{To{x()}}. (2.33)

The second type of connection, as shown in Figure 2.28(b), is known as a parallel connection. In this case, the overall
system is defined by

(1) = Tofx()} + To{x()}. (2.34)

The system equations in (2.33) and (2.34) cannot be simplified further unless the definitions of the operators T1 and
T, are known.

2.7 Properties of Continuous-Time Systems

In what follows, we will define a number of important properties that a system may possess. These properties are
useful in classifying systems, as well as characterizing their behavior.
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x(1) | System1 ¥(1)
- - T
x(r)  [System 1 System2| Y(1) L
— —»— —»—
T T2
| System 2
(@ g T,
(b)

Figure 2.28: Interconnection of systems. (a) Series and (b) parallel interconnections.

2.7.1 Memory

A system is said to have memory if its output y(¢) at any arbitrary time 7y depends on the value of its input x(z) at any
time other than ¢ = 1. If a system does not have memory, it is said to be memoryless.

Example 2.15. A system with input x(¢) and output y(¢) is characterized by the equation

Such a system is commonly referred to as an integrator. Determine whether this system has memory.

Solution. Consider the calculation of y(¢) for any arbitrary time ¢ = fo. For t =1, y(r) depends on x(z) for —eo <7 < 1.
Thus, y(1)],—;, is dependent on x(¢) for some r & r9. Therefore, this system has memory. O

Example 2.16. A system with input x(¢) and output y(¢) is characterized by the equation

(1) = Ax(),
where A is a real constant. This system is known as an ideal amplifier. Determine whether this system has memory.
Solution. Consider the calculation of y(¢) for any arbitrary time ¢+ = #p. The quantity y(¢p) depends on x(¢) only for
t = t9. Therefore, the system is memoryless. O
2.7.2 Causality

A system is said to be causal if its output y(¢) at any arbitrary time 7o depends only on the values of its input x(¢) for
<.

If the independent variable represents time, a system must be causal in order to be physically realizable. Noncausal
systems can sometimes be useful in practice, however, as the independent variable need not always represent time.

Example 2.17. A system with input x(¢) and output y(¢) is described by
y(t) = x(=1).
Determine whether this system is causal.

Solution. Fort <0, y(¢) depends on x(¢) for t > 0. So, for example, if = —1, y(¢) depends on x(1). In this case, we
have that y(—1) depends on x(¢) for some r > —1 (e.g., for r = 1). Therefore, the system is noncausal. O

Example 2.18. A system with input x(z) and output y(¢) is characterized by the equation

Determine whether this system is causal.

Solution. Consider the calculation of y(o) for arbitrary #y. We can see that y(7y) depends only on x(z) for —eo <t < 1.
Therefore, this system is causal. O
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2.7.3 Invertibility

A system is said to be invertible if its input x(r) can always be uniquely determined from its output y(¢). From this
definition, it follows that an invertible system will always produce distinct outputs from any two distinct inputs.

If a system is invertible, this is most easily demonstrated by finding the inverse system. If a system is not invertible,
often the easiest way to prove this is to show that two distinct inputs result in identical outputs.

Example 2.19. A system with input x(r) and output y(r) is described by the equation
y(1) = x(t —1o),
where 1q is a real constant. Determine whether this system is invertible.
Solution. Let T = t —tg which implies that r = 7 + fo. Using these two relationships, we can rewrite (2.19) as
y(t+10) = x(7).
Thus, we have solved for x(z) in terms of y(¢). Therefore, the system is invertible. O
Example 2.20. A system with input x(r) and output y(r) is defined by the equation
y(t) = sin[x(z)].
Determine whether this system is invertible.

Solution. Consider an input of the form x(r) = 2xk where k can assume any integer value. The response to such an
input is given by
y(r) = sin[x(z)] = sin2xk = 0.

Thus, we have found an infinite number of distinct inputs (i.e., x(¢) = 2zk for k = 0,1, +2,...) that all result in the
same output. Therefore, the system is not invertible. O

2.7.4 Stability

Although stability can be defined in numerous ways, in systems theory, we are often most interested in bounded-input
bounded-output (BIBO) stability.
A system having the input x(¢) and output y(¢) is BIBO stable if, for any x(¢), |x(¢)| <A < « for all t implies that
[y(t)] < B < forall z. In other words, a system is BIBO stable if a bounded input always produces a bounded output.
To prove that a system is BIBO stable, we must show that every bounded input leads to a bounded output. To
show that a system is not BIBO stable, we simply need to find one counterexample (i.e., a single bounded input that
leads to an unbounded output).

Example 2.21. A system is characterized by the equation

where x(¢) and y(¢) denote the system input and output, respectively. Determine whether this system is BIBO stable.

Solution. Suppose now that we choose the input to be the unit-step function. That is, suppose that x(¢) = u(z). Clearly,
u(r) is a bounded function for all 7 (i.e., |u(z)] < 1 for all r). We can calculate the system response to this input as
follows:
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From this result, however, we can see that as ¢ — oo, y(¢) — c. Thus, the output becomes unbounded for arbitrarily
large ¢, in spite of the input being bounded. Therefore, the system is unstable. O

Example 2.22. A system is described by the equation
y(1) =2 (1),
where x(r) and y(¢) denote the system input and output, respectively. Determine whether this system is BIBO stable.

Solution. If [x(t)] < A < e, then from the above equation it follows that [y(z)] = E%)ESAZ. Thus, if the input is
bounded, the output is also bounded. Therefore, the system is stable. O

2.7.5 Time Invariance

Let y(¢) denote the response of a system to the input x(z), and let # denote a shift constant. If, for any choice of x(z)
and 1o, the input x(r —1p) produces the output y(r — o), the system is said to be time invariant. In other words, a
system is time invariant, if a time shift (i.e., advance or delay) in the input signal results in an identical time shift in
the output signal.
Example 2.23. A system with input x(¢) and output y(¢) is characterized by the equation

¥(t) = 1x(1).
Determine whether this system is time invariant.

Solution. Let y1(r) and y2(z) denote the responses of the system to the inputs x1(¢) and x1(r — o), respectively, where
to is a real constant. We can easily deduce that

yi(t) =tx1(¢) and
y2(t) = tx1(t —10).

So, we have that
yi(t —to) = (t —to)x1(r —to).
Since y»(7) B y1(t — 1), the system is not time invariant (i.e., the system is time varying). O
Example 2.24. A system with input x(¢) and output y(¢) is characterized by the equation
¥(1) = sin[x(1)).
Determine whether this system is time invariant.

Solution. Let y1(r) and y2(r) denote the responses of the system to the inputs x1 (¢) and x1 (r — o), respectively, where
to is a real constant. We can easily deduce that

y1(t) =sin[x1 ()] and
y2(t) = sin[x(t —10)].

So, we have that
y1(t —t9) = sin[x1(t —1o)].

Since yy (1) = y1(t — 1), the system is time invariant. O
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2.7.6 Linearity

Let y1(¢) and y,(¢) denote the responses of a system to the inputs x1(¢) and x»(¢), respectively. If, for any choice of
x1(t) and x2(¢), the response to the input x1(¢) +x2(z) is y1(¢) +y2(¢), the system is said to possess the additivity
property.

Let y(¢) denote the response of a system to the input x(z), and let a denote a complex constant. If, for any choice
of x(¢) and a, the response to the input ax(r) is ay(t), the system is said to possess the homogeneity property.

If system possesses both the additivity and homogeneity properties, it is said to be linear. Otherwise, it is said to
be nonlinear.

The two linearity conditions (i.e., additivity and homogeneity) can be combined into a single condition known as
superposition. Let y1(¢) and y,(¢) denote the responses of a system to the inputs x3 (z) and x(z), respectively, and let
a and b denote complex constants. If, for any choice of x1(7), x2(¢), a, and b, the input ax1 (¢) + bx,(¢) produces the
response ay (t) + by2(t), the system is said to possess the superposition property.

To show that a system is linear, we can show that it possesses both the additivity and homogeneity properties, or
we can simply show that the superposition property holds.

Example 2.25. A system with input x(r) and output y(¢) is characterized by the equation
¥(1) = 1x(o).
Determine whether this system is linear.

Solution. Let y1(¢) and y»(z) denote the responses of the system to the inputs x1(¢) and x2(z), respectively. Let y3(¢)
denote the response to the input axi(¢) + bx(z) where a and b are complex constants. From the definition of the
system, we can write

y1(t) = tx1(2),
y2(t) = txp(t), and
va(t) = t(ax1(t) + bxo(t)) = atxy(t) + btxo(t) = ay1(t) + by, (t).

Since y3(r) = ay1(¢) + by2(t), the superposition property holds and the system is linear. O

Example 2.26. A system is defined by the equation

where x(r) and y(z) denote the system input and output, respectively. Determine whether this system is additive and/or
homogeneous. Determine whether this system is linear.

Solution. First, we consider the additivity property. Let y1(z), y2(¢), and y3(z) denote the system responses to the
inputs x1(¢), x2(¢), and x1 (r) +x2(¢), respectively. Thus, we have

(I
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Since y3(7) = y1(¢) +y2(¢), the system possesses the additivity property.
Second, we consider the homogeneity property. Let y;(¢) and y»(¢) denote the system responses to the inputs x1 (¢)
and ax; (1) where a is a complex constant. Thus, we can write

]
yi(t) = ~ x1(t)dt and
]
y2(t) = _waxl(r)dr
1

=ay1(t).

Since y2 (1) = ay1(t), the system has the homogeneity property.
Lastly, we consider the linearity property. The system is linear since it has both the additivity and homogeneity
properties. O

Example 2.27. A system with input x(¢) and output y(¢) (where x(z) and y(¢) are complex valued) is defined by the
equation
y(1) = Re{x(1)}.
Determine whether this system is additive and/or homogeneous. Determine whether this system is linear.
Solution. First, we check if the additivity property is satisfied. Let y1(¢), y2(¢), and y3(¢) denote the system responses
to the inputs x1(¢), x2(¢), and x1(r) + x2(¢), respectively. Thus, we have
y1(t) = Re{xa (1)},
y2(t) = Re{xz(r)}, and

y3(t) = Refxa (1) +x2(2)}
=Re{x1 (1)} +Re{x2(1)}
= y1(t) +y2(2).
Since y3(1) = y1(r) + y2(2), the system has the additivity property.
Second, we check if the homogeneity property is satisfied. Let y1(¢) and y(z) denote the system responses to the
inputs x1 (¢) and ax1 (¢) where a is a complex constant. Thus, we have
y1(t) = Rex1(z),
v2(t) = Re{ax1(¢)}, and
ay1(t) = aRe{x1(1)}.
In order for this system to possess the homogeneity property, ay1(t) = y2(¢) must hold for any complex a. Suppose
that @ = j. In this case, we have

y2(r) = Re{jx1 (1)}
=Re{j[Re{x1(t)}+ jIm{x1 () }}
=Re{—Im{x1 ()} + jRe{x1(r)}}
=—Im{x ()},
and
ay(r) = jRe{xy (1)}
Thus, the quantities y,(¢z) and ay; (¢) are clearly not equal. Therefore, the system does not possess the homogeneity

property.
Lastly, we consider the linearity property. Since the system does not possess both the additivity and homogeneity
properties, it is not linear. O
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2.7.7 Examples
Example 2.28. Suppose that we have the system with the input x(z) and output y(z) given by

¥(1) = 0dd{x(1)} = 3 (x(t) —x(—1)).

Determine whether the system has each of the following properties: (a) memory, (b) causal, (c) invertible, (d) BIBO
stable, () time invariant, (f) linear.

Solution. (a) MEMORY. For any x(r) and any real 9, we have that y(r)|;—, depends on x(r) for t = 1 and r = —1p.
Since y(r)|;—, depends on x(¢) for ¢ & 1o, the system has memory (i.e., the system is not memoryless).

(b) CAusALITY. For any x(z) and any real constant 7o, we have that y(r)|,—,, depends only on x(r) for t = # and
t = —to. Suppose that 7o = —1. In this case, we have that y(r)|,—, (i.e., y(—1)) depends on x(¢) forr =1 butr = 1> 1.
Therefore, the system is not causal.

(c) INVERTIBILITY. Consider the response y(¢) of the system to an input x(¢) of the form

x(t)=a
where « is a real constant. We have that
y(t) = 3[x(t) = x(=1)]
= j(a=-a)
=0.

Therefore, any constant input yields the same zero output. This, however, implies that distinct inputs can yield
identical outputs. Therefore, the system is not invertible.

(d) STABILITY. Suppose that x(r) is bounded. Then, x(—r) is also bounded. Since the difference of two bounded
functions is bounded, x(z) — x(—) is bounded. Multiplication of a bounded function by a finite constant yields a
bounded result. So, the function %[x(t) —x(—t)] is bounded. Thus, y(¢) is bounded. Since a bounded input must yield
a bounded output, the system is BIBO stable.

(e) TIME INVARIANCE. Suppose that

x1(z) - y1(r) and
x1(t—to) — ya(t).

The system is time invariant if, for any x;(¢) and any real constant tg, y»(z) = y1(t — o). From the definition of the
system, we have

yi(t) = 3 (t) —xa(=1)],

ya(t) = 3xa(t —to) —x1((—t) —10)]
= 3[x1(t—10) —x1(—t—19)], and
yi(t—to) = 5[x1(t —10) —x1(—(t —10))]

NI NI

[xl(t—to) —xl(to—l)].

Since y» () 8 y1(t —1p), the system is not time invariant.
(f) LINEARITY. Suppose that

x1(t) - yi(2),
x2(t) - y2(¢), and
arx1 (1) +azxa(t) - y3(t).
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The system is linear if, for any x1(¢) and x,(¢) and any complex constants a; and az, y3(¢) = a1y1(¢) + az2y2(z). From
the definition of the system, we have

yi(t) = gl () = ()],

ya(t) = 3[x2(t) —x2(—1)], and

[arx (1) + azxz(1) — [arxa (—1) + azxa (—1)]]

»() =3
%[alxl (l‘) —alxl(—t) +axxy (l‘) —azxz(—t)}

1[5 (v (1) = xa(=1))] + a2 [ (x2(t) = x2(—1))]

w1(t) +azy2(t).

Since y3(r) = a1y1(r) + a2y2(z), the system is linear. O
Example 2.29. Suppose that we have the system with input x(z) and output y(z) given by
y(t) =3x(3t +3).

Determine whether the system has each of the following properties: (a) memory, (b) causal, (c) invertible, (d) BIBO
stable, (e) time invariant, (f) linear.

Solution. (a) MEMORY. For any x(r) and any real 7o, we have that y(¢)|;—,, depends on x(¢) for ¢+ = 310 + 3. Since
¥(t)|¢=1, depends on x(r) for r & 1o, the system has memory (i.e., the system is not memoryless).
(b) CAUSALITY. For any x(r) and any real constant 7o, we have that y(z)|,—,, depends only on x(¢) for = 3fg + 3.
Suppose that o = 0. In this case, y(t)|;—;, depends on x(z) for r = 3, but r = 3 > rp. Therefore, the system is not causal.
(c) INVERTIBILITY. From the definition of the system, we can write

y(1) = 3x(3t +3) Ek—1) =3x(1)
() = Sy(3e—0).
Thus, we have just solved for x(¢) in terms of y(¢). Therefore, an inverse system exists. Consequently, the system is
invertible.

(d) STABILITY. Suppose that x(¢) is bounded such that |x(¢)| <A < e (for all 7). Then, [x(3¢ + 3)] < A. Further-
more, we have that [3x(3¢ + 3)| = 3|x(3¢ + 3)|. So, [3x(3t + 3)| < 3A. Therefore, |y(z)] < 3A (i.e., y(¢) is bounded).
Consequently, the system is BIBO stable.

(e) TIME INVARIANCE. Suppose that

x1(t) - y1(¢) and
x1(t —10) - y2(2).

The system is time invariant if, for any x1(¢) and any real constant 7, y2(t) = y1(¢ —9). From the definition of the
system, we have

yl(t) = 3X1(3t +3),
y2() =3x1(3t+3—1), and

yi(t—10) =3x1(3(t —19) +3)
= 3x1(3r— 319 +3).

Since y,(r) B y1(t — 1), the system is not time invariant.
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(f) LINEARITY. Suppose that

x1(1) - y1(2),
x2(t) - y2(t), and
arx1(t) +axxa(t) — y3(1).

The system is linear if, for any x1 (z) and x»(¢), and any complex constants a; and az, y3(¢) = a1y1(t) + azy2(¢). From
the definition of the system, we have

y1(t) = 3x1(3r+3),
y2(t) = 3x2(3t +3), and
y3(t) = 3[arx1 (3t +3) + azx2 (3t + 3)]

= a1[3x1 (3t +3)] + a2 [3x2(3r + 3)]
= ayy1(t) +azy2(t).

Since y3(r) = a1y1(t) + a2y2(t), the system is linear. O
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2.8 Problems

2.1 ldentify the time and/or amplitude transformations that must be applied to the signal x(¢) in order to obtain each
of the signals specified below. Choose the transformations such that time shifting precedes time scaling and
amplitude scaling precedes amplitude shifting. Be sure to clearly indicate the order in which the transformations
are to be applied.

(8) y(r) =x(2r=1);

(0) y(1) = x(3t+1);

©) y(r) = ( 2t—|—1)+3
(d)y(t): ( t+1)—1; and
) y(t) = ( [—1])—1.

2.2 Suppose that we have two signals x(z) and y(¢) related as

y(t) = x(at — D),

where a and b are real constants and a 8 0.
(a) Show that y(¢) can be formed by first time shifting x(¢) by & and then time scaling the result by a.
(b) Show that y(z) can also be formed by first time scaling x(¢) by a and then time shifting the result by g

2.3 Given the signal x(z) shown in the figure below, plot and label each of the following signals:
(@) x( —1);
(b) x(21);
(©) x(—1);
(d) x(2r+1); and
() Ix(—=3t+1)—3

2.4 Determine whether each of the following functions is even, odd, or neither even nor odd:
(@) x(r) =1%;

(b) x(z) = £
© (r>:59
(d) x(¢) = (cos2mt)(sin2xr);
e) x(t) = efz’” and

() x(z)

2.5 Prove each of the following assertions:
(a) The sum of two even signals is even.

e +e7).
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2.6

2.7

2.8

29

2.10

211

(b) The sum of two odd signals is odd.

(c) The sum of an even signal and an odd signal is neither even nor odd.
(d) The product of two even signals is even.

(e) The product of two odd signals is even.

(f) The product of an even signal and an odd signal is odd.

Show that, if x(¢) is an odd signal, then

]

x(t)dt =0,
—A
where A is a positive real constant.
Show that, for any signal x(z),
[ Ll Ll
X(dr=  xE()dr+  xX2(1)dt,

where x,(r) and x, () denote the even and odd parts of x(¢), respectively.
Suppose k(z) is a causal signal and has the even part &, (¢) given by

he(t) =t{u(t) —u(rt—1)] +u(r—1) forr=>0.
Find A(z) for all 7.

Determine whether each of the signals given below is periodic. If the signal is periodic, find its fundamental
period.

(a) x(¢) = cos 2t + sin5t;

(b) x(¢) = [cos(4t — £)]?;

(€) x(t) = /2™ 4 /3™ and

(d) x(t) = 14cos2t + /.

Evaﬁate the-followying integrals:

(@) Z.sin 2t4+ 7 o(t)dr,

(b) iy [cost|6(T+ m)dT;

() Z_x(t)0(at —b)dr where a and b are real constants and a & 0;

(d) @212’60 —1)dt; and

(e) L. o(r)dr.

Suppose that we have the signal x(r) shown in the figure below. Use unit-step functions to find a single expres-
sion for x(¢) that is valid for all 7.
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2.12

2.13

2.14

2.15

2.16

2.17

2.18

2.19

Determine whether the system with input x(¢) and output y(¢) defined by each of the following equations is
linear: @

@y(t) = “ix(r)dr

(b) y(r) = e

©) y(t) = Even{x( )}; and

(d) y(r) = 22(1).

Determine whether the system with input x(z) and output y(¢) defined by each of the following equations is time

invariant:
(@) (1)
(b) y(z
©) y(r) = - x(tT— a)dt where a is a constant;
(d) y(t) = Zox(7)x (t—f)df

) y() = —t and

R
ﬁ&‘&

PSS

><

() y(t) =

Determine whether the system with input x(z) and output y(¢) defined by each of the following equations is
causal andgi memoryless:

@ y(t) = Z,x(t)dr;

(b) ¥(r) = Odd{x(r)};

© () :)ﬁ(j—l)ﬂ

(d) ¥(1) = 1y x(7)dT; and

@ y() = Z.x(r)é(r)dr.

Determine whether the system with input x(¢) and output y(¢) defined by each of the equations given below is
invertible. If the system is invertible, specify its inverse.

@) y(r) = x(at —b) where a and b are real constants and a 8 0;

(b) y(z
(© y((t

)=
)= Even{x( )} —0Odd{x(¢)}; and
(d) y(r) =

().

Determine whether the system with input x(¢) and output y(r) defined by each of the equations given below is
BIBO stabte}jr

(a) (1 tx

(b)y() ()+X() and

© ()= l/X< )-
[Hint for part (a): For any function f(x) @?f dx@ L_”J x)|dx.]

Show that if a system with input x(¢) and output y(z) is either additive or homogeneous, it has the property that
if x(¢) is identically zero (i.e., x(t) = O for all r), then y(¢) is identically zero (i.e., y(r) = 0 for all ¢).

Suppose that we have a signal x(7) with the derivative y(t) = %x(t).
(a) Show that if x(¢) is even then y(¢) is odd.
(b) Show that if x(¢) is odd then y(r) is even.

Given the signals x1 (¢) and xz(¢) shown in the figures below, express x»(z) in terms of xy (z).
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/

o
FNTE
ININES
o+

2.20 Given the signal
xt)=u@+2)+ut+1)+u()—2u(t—1)—u(r—2),
find and sketch y(r) = x(—4¢t —1).

2.21 For the system shown in the figure below, express the output y(¢) in terms of the input x(z) and the transforma-
tions 11, 1>, ..., Ts.

> i) > > T3 >
) Y
x(t) y(t)
—> T]_ > > T4 —>—C+>_>_
\ 4
- Ts .
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Chapter 3

Continuous-Time Linear Time-Invariant
Systems

3.1 Introduction

In the previous chapter, we identified a number of properties that a system may possess. Two of these properties were
the linearity and time invariance properties. In this chapter, we focus our attention exclusively on systems with both
of these properties. Such systems are referred to as linear time-invariant (LTI) systems.

3.2 Continuous-Time Convolution

In the context of LTI systems, we often find an operation known as convolution to be particularly useful. The convo-
lution of the functions x(¢) and A(z) is denoted as x(¢) [Alz) as is defined as
|
x(r) CAlr) = x(T)h(t —1)dT. (3.1
Throughout the remainder of these notes, the asterisk (or star) symbol (i.e., “ ) will be used to denote convolution,
not multiplication. It is important to make a distinction between convolution and multiplication, since these two
operations are quite different and do not generally yield the same result.

One must also be careful when using the abbreviated (i.e., star notation) for convolution, since this notation can
sometimes behave in counter-intuitive ways. For example, the expressions x(r —p) CAl# —1p) and x(t) CAl7)
where 1y is a nonzero constant, have very different meanings and are almost never equal.

Since the convolution operation is used extensively in system theory, we need some practical means for evaluating
a convolution integral. Suppose that, for the given functions x(¢) and A(¢), we wish to compute

1
y@)=x@) )= x(t)h(t—1)d7.

=

leci—ro:

Of course, we could naively attempt to compute y(¢) by evaluating a separate convolution integral for each possible
value of ¢. This approach, however, is not feasible, as ¢ can assume an infinite number of values, and therefore, an
infinite number of integrals would need to be evaluated. Instead, we consider a slightly different approach. Let us
redefine the integrand in terms of the intermediate function w, (7) where

w(7) = x(7)h(t — 7).

(Note that w; (7) is implicitly a function of z.) This means that we need to compute
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Now, we observe that, for most functions x(¢) and A(r) of practical interest, the form of w,(7) typically remains fixed
over particular ranges of . Thus, we can compute the integral y(¢) by first identifying each of the distinct expressions
for w, (1) and the range over which each expression is valid. Then, for each range, we evaluate a convolution integral.
In this way, we typically only need to compute a small number of integrals instead of the infinite number required
with the naive approach suggested above.

The above discussion leads us to propose the following general approach for performing the convolution operation:

1. Plot x(7) and A(z — ) as a function of 7.

2. Initially, consider an arbitrarily large negative value for ¢. This will result in A(z — t) being shifted very far to
the left on the time axis.

3. Write the mathematical expression for w; (7).

4. Increase ¢ gradually until the expression for w,(7) changes form. Record the interval over which the expression
for w, () was valid.

5. Repeat steps 3 and 4 until ¢ is an arbitrarily large positive value. This corresponds to a(t — ) being shifted very
far to the right on the time axis.

6. For each of the intervals identified above, integrate w,(7) in order to find an expression for y(z). This will yield
an expression for y(z) for each interval.

7. The results for the various intervals can be combined in order to obtain an expression for y(¢) that is valid for
all 7.

Example 3.1. Compute the convolution y(r) = x(¢) CAlz) where

1
EH for—1=<:<0
x(r) = for0=sr<1
otherwise, and
h(t) = e "u(t).

Solution. \We begin by plotting the signals x(t) and k() as shown in Figures 3.1(a) and (b), respectively. Next, we
proceed to determine the time-reversed and time-shifted version of 2(t). We can accomplish this in two steps. First,
we time-reverse h(7) to obtain A(—t) as shown in Figure 3.1(c). Second, we time-shift the resulting signal by ¢ to
obtain (r — t) as shown in Figure 3.1(d).

At this point, we are ready to begin considering the computation of the convolution integral. For each possible
value of ¢, we must multiply x(t) by A(z — ) and integrate the resulting product with respect to 7. Due to the form of
x(t) and A(7), we can break this process into a small number of cases. These cases are represented by the scenarios
illustrated in Figures 3.1(e) to (h).

First, we consider the case of r < —1. From Figure 3.1(e), we can see that

)
x(t)h(r—1)dT =0. (3.2)

—oo

Second, we consider the case of —1 < ¢ < 0. From Figure 3.1(f), we can see that

1
x(D)h(t—1)dt=  —e''dt

—o0 -1

—e 1. (3.3)
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Third, we consider the case of 0 <¢ < 1. From Figure 3.1(g), we can see that

-
x(D)h(t—1)dt=  —e"'dt+ €'dt
—oo -1 0
4 )
=—e' efdr+e! eldr
- 0

e e el
=—el—e Y+ —1]
=e e —14¢ —1]

=14+ (e1=2)". (3.4
Fourth, we consider the case of t = 1. From Figure 3.1(h), we can see that
=] 4 -
x(P)h(t—1)dt=  —e"'dt+ Fldr
e -1 0
9 !
=—e ' dr+e! e'dr

-1 0
1

= =[]0 +e7"[e"]lg

—e et —14e—1]

=(e—2+e Y™, (3.5)
Combining the results of (3.2), (3.3), (3.4), and (3.5), we have that

%1_1 forr<-—1

e for—1=<r<0
L—2)e"+1 for0sr<1
e—2+e Ne forl<t.

The convolution result x(¢) CAlt) is plotted in Figure 3.1(i). O

x(t) Chle) =

Example 3.2. Compute the convolution y(¢) = x(¢) Chlz) where

—1
1 f <r<l
x(r) = oro _t and
0 otherwise,
1
nr) = t for0=sr<1
0 otherwise.

Solution. We begin by plotting the signals x(z) and A(z) as shown in Figures 3.2(a) and (b), respectively. Next, we
proceed to determine the time-reversed and time-shifted version of 4(7). We can accomplish this in two steps. First,
we time-reverse %(t) to obtain 2(—7) as shown in Figure 3.2(c). Second, we time-shift the resulting signal by ¢ to
obtain i(r — t) as shown in Figure 3.2(d).

At this point, we are ready to begin considering the computation of the convolution integral. For each possible
value of ¢, we must multiply x(t) by A(r — =) and integrate the resulting product with respect to z. Due to the form of
x(t) and h(t), we can break this process into a small number of cases. These cases are represented by the scenarios
illustrated in Figures 3.2(e) to (h).

First, we consider the case of r < 0. From Figure 3.2(e), we can see that

(|
x(t)h(t—1)dT=0. (3.6)

—oo
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x(7)
: <
h(t—1) N
N
—_————-—- T
(1) t -1 1
1
-1
(e)
-1 T x(1)
1 . /
h(t—=1) |
)|
-1 ;1
__________ L T
(a) -1 t 1
h(T) -1
()
' (0)
1 :/
!
0 T h(t — 'Q‘ 'IE
(b) -1 T ; 1 ’
-1
C)]
x(7)
11— .
T ,‘: h(t— 1)
-1 1 t
h(t—1)
1
ot -1

Figure 3.1: Evaluation of the convolution integral. The (a) input signal x(7), (b) impulse response %(7), (c) time-
reversed impulse response i(—), and (d) impulse response after time-reversal and time-shifting 4(r — t). The func-
tions associated with the product in the convolution integral for (e) t <—1,(f) —1<r<0,(g)0<r<1,and (h)r =1,
(i) The convolution result x(r) [Alz).
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Second, we consider the case of 0 <7 < 1. From Figure 3.2(f), we can see that

= -
x(T)h(t—1)dt= (t—1)dt
—oo 0
~ o= e
— 2 %tz
=12 (3.7)

Third, we consider the case of 1 <¢ < 2. From Figure 3.2(g), we can see that

= 4
_ x(T)h(t—1)dT = _1(t—1)dr
=it =37

(1= [—1)—3(—1)%

1
2
=t—3—-[P—r—1(?-2+1)

=—1? 41 (3.8)
Fourth, we consider the case of t = 2. From Figure 3.2(h), we can see that
1
x(T)h(t —1)dT =0. 3.9

—oo

Combining the results of (3.6), (3.7), (3.8), and (3.9), we have that

C 1
% forr<0
H for0=sr<1
t) [Alt) = 2
*(0) CRLY) %ZH forl<r<2
forr=2.
The convolution result x(¢) CAlz) is plotted in Figure 3.2(i). O

Example 3.3. Compute the quantity y(z) = x(¢) [Aalr), where

I
% forr <0
<
X(t) = for0=r<1 and
%2 forlst<?2
forr>2,
h(t) =u(t)—u(®—1).

Solution. Due to the somewhat ugly nature of the expressions for x(z) and k(z), this problem can be more easily solved
if we use the graphical interpretation of convolution to guide us. We begin by plotting the signals x(t) and i(t), as
shown in Figures 3.3(a) and (b), respectively.

Next, we need to determine /(z — ), the time-reversed and time-shifted version of (7). We can accomplish this in
two steps. First, we time-reverse /() to obtain 4(—t) as shown in Figure 3.3(c). Second, we time-shift the resulting
signal by ¢ to obtain #(z — 7) as shown in Figure 3.3(d).

At this point, we are ready to begin considering the computation of the convolution integral. For each possible
value of ¢, we must multiply x(t) by A(z — 7) and integrate the resulting product with respect to z. Due to the form of
x(t) and h(7), we can break this process into a small number of cases. These cases are represented by the scenarios
illustrated in Figures 3.3(e) to (i).
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x(7)
i 1 -
RN (k)]
]
x(7) ! B .
t—1 t 0 1
1 (e)
x(7)
0 1 ‘ w1 <
h(t—=1) | s,
(a) N
h(7) t—1 0 t 1 ‘
]
1
x(7)
) R
T : .
0 ! o ae-)
(b) e
i . .
0 -1 1 t
o ©
1
x(7)
1 / "
VS k(=)
-1 0 ’ /
(c) : ‘~ .
0 1 r—1 t
1 (h)
h(t—1)
T
t—1 t
(d)

Figure 3.2: Evaluation of the convolution integral. The (a) input signal x(z), (b) impulse response A(z), (c) time-
reversed impulse response A(—1), and (d) impulse response after time-reversal and time-shifting 4(z — 7). The func-
tions associated with the product in the convolution integral for (e) 1 <0, (f)0<t<1,(g) 1<t <2,and (h)t =2,
(i) The convolution result x(¢) CAlz).

Copyright €2012 Michael D. Adams Last Revised: January 11, 2012



3.2. CONTINUOUS-TIME CONVOLUTION 49
First, we consider the case of r < 0. From Figure 3.3(e), we can see that
|
x(t)h(t—1)dT=0. (3.10)
Second, we consider the case of 0 < < 1. From Figure 3.3(f), we can see that
| -
x(D)h(t—1)dt= 1dt
—oo 0
= 3%l
=1 (3.11)
Third, we consider the case of 1 < < 2. From Figure 3.3(g), we can see that
| 4 =
x(D)h(t—1)dT = tdt+ (—1+2)dt
—oo t—1 1
=37+ -7+ 21
=1-B0-14-3*+2r—[-}+2
=—1*+3r—3 (3.12)
Fourth, we consider the case of 2 < ¢ < 3. From Figure 3.3(h), we can see that
| 3
x(t)h(r—1)dT = (—t+2)dt
—oo t—1
=[5+ 277,
=2—[-3?+3 -3
=12-3+3. (3.13)
Lastly, we consider the case of r = 3. From Figure 3.3(i), we can see that
1
x(T)h(t— 1) =0. (3.14)
Combining the results of (3.10), (3.11), (3.12), (3.13), and (3.14) together, we have that
C1
forr <0
= for0=sr<1
x() ) = =2+3—3 forl<r<2
—3t+35 for2=<r<3
0 forr=3.
The convolution result (i.e., x(¢) Cilt)) is plotted in Figure 3.3(j). O

Example 3.4. Compute the convolution y(¢) = x(¢) Chlr) where

x(t) =e “u(t), and

and a is a positive real constant.
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x(T)

Figure 3.3: Evaluation of the convolution integral. The (a) input signal x(7), (b) impulse response k(7), (c) time-
reversed impulse response i(—7), and (d) impulse response after time-reversal and time-shifting 4(z — t). The func-
tions associated with the product in the convolution integral for (e) t <0, () 0=t <1, (g)1<r<2,(h)2=t<3,
and (i) r = 3. (j) The convolution result x(r) [Alz).
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Solution. Since x(t) and h(r) are relatively simple functions, we will solve this problem without the aid of graphs.

Using the definition of the convolution operation, we can write:
1

(1) =x(t) CWlr) = x(T)h(t—1)dt
T
= ¢ u(t)u(t—1)dr. (3.15)
The integrand is zero for T < 0 or T >¢. Conversely, the integrand can only be nonzero for t =0 and 7 <t. So, if
t <0, the integrand will be zero, and y(¢) = 0. Now, let us consider the case of # > 0. From (3.15), we can write:

yo)= e “"dt
0

_ [_;e—ar}t
a
l p—
= E(l_e ut).
Thus, we have
1

(1) = T1—=em) fort>0
=9 otherwise

=l1—eMu@).

a

(If some steps in the above solution are unclear, it would probably be helpful to sketch the corresponding graphs. This
will yield the graphs shown in Figure 3.4.) O

3.3 Properties of Convolution

Since convolution is frequently employed in the study of LTI systems, it is important for us to know some of its basic
properties. In what follows, we examine some of these properties. We will later use these properties in the context of
LTI system.

3.3.1 Commutative Property

The convolution operation is commutative. That is, for any two signals x(z) and A(z), we have

x(t) CAlt) = h(r) Oxr). (3.16)
Thus, the result of the convolution operation is not affected by the order of the operands.
We now provide a proof of the commutative property stated above. To begin, we expand the left-hand side of (3.16)
as follows: =

X)) = x(1)h(t—1)dx.

—oo

Next, we perform a change of variable. Let v = ¢ — 7 which implies that 7 =7 —v and d7 = —dv. Using this change
of variable, we can rewrite the previous equation as
1.
x(r) Ale) = x(t=v)h(v)(=dv)
=1
= x(t—=v)h(v)dv
(n
= h(v)x(t —v)dv

—oo

= h(r) IxI2).

Thus, we have proven that convolution is commutative.
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h(z)
1 +—m—o—
— T
T 0
(b)
h(t—1)
1
1] N
I
I
T _ 7
0 t
(©) (d)
h(t—1) h(t )
N Nl
x(7) x(t) |1
| / a
! ; i 0 ! !
(®) ]

Figure 3.4: Evaluation of the convolution integral. The () input signal x(z), (b) impulse response A(zt), (c) time-
reversed impulse response #(—17), and (d) impulse response after time-reversal and time-shifting #(z — t). The func-
tions associated with the product in the convolution integral for (e) t <0 and (f) z > 0.
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3.3.2 Associative Property

The convolution operation is associative. That is, for any signals x(z), 1(¢), and h(¢), we have
[e(e) Chk (¢)] Thb(r) = x(z) TBa (1) Chb ()] (3.17)

In other words, the final convolution result does not depend on how the intermediate operations are grouped.
The proof of this property is relatively straightforward, although somewhat confusing notationally. To begin, we
use the definition of the convolution operation to expand the left-hand side of (3.17) as follows:
]
() CHL(1)] Thb(1) = [x(v) DL (v)]ho(t = v)dv
) = —1
= x(T)h(v—="1)dt ha(t—v)dv.

—oo —oo

Now, we change the order of integration to obtain

|
x(r) CAY (¢)] Cb(r) = x()hy(v=1)ha(t —v)dvdr.

—oco0 —oo

Pulling the factor of x(7) out of the inner integral yields

G |
() LR ()] B (1) = x(7)  hy(v—1)ha(t —v)dvdr.

—oo —oo

Next, we perform a change of variable. Let A = v — 7 which implies that v = A + v and dA = dv. Using this change
of variable, we can write
- Ll
[x(¢) CH (7)) Chb(2) = ~ x(7) - hi(Mha(t—A —1)dAdT
(=) =g —
= x(7) hi(Mha([t—1]—A)dA dt

—co —o0

= x(7) [lu(p) Lhb(p)]l,——cdT

—oco

= x(r) Uk (1) Chb(r)]-

Thus, we have proven that convolution is associative.

3.3.3 Distributive Property

The convolution operation is distributive. That is, for any signals x(z), k1 (¢), and hy(t), we have
x(t) Tl (1) + ha(1)] = x(r) TR (1) +x(2) Chb (7). (3.18)

The proof of this property is relatively simple. Expanding the left-hand side of (3.18), we have:
|
x(6) OB (1) +h2(0)] = x(7)[ha(r = 7) +ho(t — 7)]dT
T -
=  x(0hi(t—71)dt+  x(t)ha(t—7T)dT

—oo —oo

= x(t) TRk (t) +x(¢) Chb ().

Thus, we have shown that convolution is distributive.

Last Revised: January 11, 2012 Copyright €2012 Michael D. Adams



54 CHAPTER 3. CONTINUOUS-TIME LINEAR TIME-INVARIANT SYSTEMS

x(t) y(t)

A H L

Figure 3.5: System.

3.4 Representation of Continuous-Time Signals Using Impulses

The unit-impulse function is of fundamental importance in many aspects of system theory. For this reason, we
sometimes have the need to express an arbitrary signal in terms of impulse functions. In what follows, we develop a
means for accomplishing just this.
Suppose that we have an arbitrary signal x(z). From the equivalence property of the impulse function given
in (2.30), we can write
x()6(t—1)=x(1)8(r — 7).

Now, let us integrate both sides of the preceding equation with respect to 7 to obtain

[ Ll
x(1)6(t—1)dt=  x(1)06(t—1)dr. (3.19)
The left-hand side of this equation can be further simplified as follows:
Ll [
x(1)o(t—7)dt = x(t) S(r—r)dt
oo =
=x(1)  8(4)(—dA)
=l
= x(t) 6(A)dA
=x(t). (3.20)
(In the above simplification, we used the change of variable A =7 —t, dA = —dt.) Combining (3.19) and (3.20), we
obtain 1
x(t) = x(1)0(t —7)dt = x(¢) CAl(r). (3.21)

—oco

Thus, we can represent any signal x(¢) using an expression containing the impulse function. Furthermore, we have
also just shown that the unit impulse function is the convolutional identity. That is, we have that, for any x(z),

x(r) Col(r) = x(¢)

(i.e., convolving a function x(¢) with the unit-impulse function &(¢) simply yields x(z)).

3.5 Continuous-Time Unit-Impulse Response and Convolution Integral Rep-
resentation of LTI Systems

Suppose that we have an arbitrary system with input x(¢) and output y(). Let us represent the processing performed by
the system with the operator H , so that y(r) = H {x(¢)}. In other words, we have the system shown in Figure 3.5. As
a matter of terminology, the system response to the unit-impulse function input is referred to as the impulse response.
Let us denote the impulse response of the system as A(¢). Mathematically, we can state the definition of the impulse
response as

h(t)=H {6(1)}. (3.22)

Now, let us assume that the system is LTI (i.e., the operator H is both linear and time invariant). As we shall
demonstrate below, the behavior of a LTI system is completely characterized by its impulse response. That is, if the
impulse response of a system is known, we can determine the response of the system to any input.
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From the earlier result, we know that we can represent any signal in the form of (3.21). So, let us express the input
to the system in this form as follows: -
x(t) = x(1)0(t—1)dT. (3.23)

Now, let us consider the form of the output y(z). To begin, we know that
y(t) =H {x(1)}.

From (3.23), we can rewrite this equation as

L 1
y@®)=H x(1)6(r—1)d7

—oo

Since H s a linear operator, we can move H inside the integral, and simplify the result to obtain

1
y)=  H{x(r)é(r—1)}d
T
= x(t)H {8(t—1)}dr. (3.24)

—oo

Since the system is time invariant (by assumption), we know that

hit—7)=H {o6(t—1)}. (3.25)
Thus, we can rewrite (3.24) as
1
y(t) = ~ x(T)h(t—1)dT
= x(¢) CAly).

In other words, the output y(¢) is simply the convolution of the input x(¢) and the impulse response k(7).
Clearly, the impulse response provides a very powerful tool for the study of LTI systems. If we know the impulse
response of a system, we can determine the response of the system to any input.

Example 3.5. Suppose that we are given a LTI system with input x(¢), output y(z), and impulse response 4(¢) where

h(t) = u(r). (3.26)
Show that this system is the integrator characterized by the equation
-
y@)=  x(t)dr. (3.27)

Solution. Since the system is LTI, we have that
y(t) = x(z) LAl7).
Substituting (3.26) into the preceding equation, and simplifying we obtain
y(t) = x(¢) [Al7)

= 40 ()

x(tu(r—1)dr

] =]
=  x(Du(t—vdt+  x(T)u(—r1)dt

Therefore, the system with the impulse response /(z) given by (3.26) is, in fact, the integrator given by (3.27). O
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Example 3.6. Suppose that we have a LTI system with input x(z), output y(¢), and impulse response A(¢) where
1

1 for0<sr<1
0 otherwise.

h(t) =

Find and plot the response of the system to the particular input x(z) given by
1

1 for0<sr<1
0 otherwise.

x(t) =

Plots of x(r) and k(r) are given in Figures 3.6(a) and (b), respectively.

Solution. Since the system is LTI, we know that

(1) = x(r) LAL7).
Thus, in order to find the response of the system to the input x(¢), we simply need to compute the convolution
x(r) CAly).

We begin by plotting the signals x(t) and A(7) as shown in Figures 3.6(a) and (b), respectively. Next, we proceed
to determine the time-reversed and time-shifted version of A(t). We can accomplish this in two steps. First, we
time-reverse k() to obtain 2(—7) as shown in Figure 3.6(c). Second, we time-shift the resulting signal by  to obtain
h(t — 1) as shown in Figure 3.6(d).

At this point, we are ready to begin considering the computation of the convolution integral. For each possible
value of #, we must multiply x(z) by A(s — t) and integrate the resulting product with respect to 7. Due to the form of
x(t) and h(7), we can break this process into a small number of cases. These cases are represented by the scenarios
illustrated in Figures 3.6(e) to (h).

First, we consider the case of t < 0. From Figure 3.6(e), we can see that

~ x(T)h(t—1)dT =0. (3.28)

Second, we consider the case of 0 <¢ < 1. From Figure 3.6(f), we can see that

]
~ x(T)h(t —1)dT = . dt

=[llo
=1 (3.29)

Third, we consider the case of 1 <r < 2. From Figure 3.6(g), we can see that

= 4
x(T)h(t —1)dT = dr

—oo t—1
= [7]lie
=1—(t—1)
=2—t. (3.30)

Fourth, we consider the case of r = 2. From Figure 3.6(h), we can see that

x(t)h(t—7)dT =0. (3.31)

—oo

Combining the results of (3.28), (3.29), (3.30), and (3.31), we have that

C1

% forr <0
for0=sr<1

%t forlsr<2
fort=2.
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The convolution result x(¢) CAlr) is plotted in Figure 3.6(i). The response of the system to the specified input is simply
the result of the convolution (i.e., x(¢) [Zl?)). O

3.6 Unit-Step Response of LTI Systems

Suppose that we have a system with input x(z), output y(¢), and impulse response 4(¢). Consider the response s(z) of
the system to the unit-step function input u(r). We call s(¢) the step response of the system. This response s(z) is
given by

s(t) = u(r) Lhlr)

= hfr) Gl
= h(T)u(t—7)d7

Taking the derivative of s(¢) with respect to ¢, we obtain

ds(t) lim s(t+At) —s(1)
dt A0 ;

Thus, we have shown that

ds(1)
dt

= h(r).

That is, the impulse response k(r) of a system is equal to the derivative of its step response s(¢). Therefore, the impulse
response of a system can be determined from its step response simply through differentiation.

The step response is often of great practical interest, since it can be used to determine the impulse response of
a LTI system. From a practical point of view, the step response is more useful for characterizing a system based on
experimental measurements. Obviously, we cannot directly measure the impulse response of a system because we
cannot (in the real world) produce a unit-impulse signal. We can, however, produce a reasonably good approximation
of the unit-step function in the real world. Thus, we can measure the step response and from it determine the impulse
response.

3.7 Block Diagram Representation of Continuous-Time LTI Systems

Frequently, it is convenient to represent continuous-time LTI systems in block diagram form. Since such systems are
completely characterized by their impulse response, we often label the system with its impulse response. That is, we
represent a system with input x(¢), output y(¢), and impulse response (t), as shown in Figure 3.7.
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h(t—1) x(7)
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Figure 3.6: Evaluation of the convolution integral. The () input signal x(z), (b) impulse response A(z), (c) time-
reversed impulse response A(—1), and (d) impulse response after time-reversal and time-shifting 4(z — 7). The func-
tions associated with the product in the convolution integral for (e) 1 <0, (f)0<t<1,(g) 1<t <2,and (h)t =2,
(i) The convolution result x(¢) CAlz).
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x(t) y(r)

> h(t) ———

Figure 3.7: Block diagram representation of continuous-time LTI system.

x(L ha(t) > ha(t) —’l(t) = XQ’— ha(r) Chb(t) —’i(t)
(@
X(L hi(t) > har) —ﬂt) = X(L ho(t) > ha(t) _’L(t)
(b)

Figure 3.8: Series interconnection of continuous-time LTI systems.

3.8 Interconnection of Continuous-Time LTI Systems

Suppose that we have an LTI system with input x(¢), output y(¢), and impulse response A(r). We know that x(z) and
y(¢) are related as y(¢) = x(¢) CAlz). In other words, the system can be viewed as performing a convolution operation.
From the properties of convolution introduced earlier, we can derive a number of equivalences involving the impulse
responses of series- and parallel-interconnected systems.

Suppose that we have two LTI systems with impulse responses ki (¢) and k() that are connected in a series
configuration, as shown on the left-side of Figure 3.8(a). For convenience, let us define v(¢) = x(¢) CAl (¢). Using the
associative property of convolution, we can simplify the expression for the output y(¢) as follows:

y(t) = v(r) [hb(r)
= [x(r) TR (1)] CRb(r)
x(r) Tl (r) Chb(1)].

In other words, we have the equivalence shown in Figure 3.8(a).

Suppose that we have two LTI systems with impulse responses ks (¢) and &y () that are connected in a series
configuration, as shown on the left-side of Figure 3.8(b). Using the commutative property of convolution, we can
simplify the expression for the output y(z) as follows:

In other words, we have the equivalence shown in Figure 3.8(b).

Suppose that we have two LTI systems with impulse responses #1(¢) and &, (r) that are connected in a parallel
configuration, as shown on the left-side of Figure 3.9. Using the distributive property of convolution, we can simplify
the expression for the output y(¢) as follows:

(1)

(#) LR (1) +x(7) Chb(7)
(1) TR (1) + ha(1)].

Thus, we have the equivalence shown in Figure 3.9.

X
X

Example 3.7. Consider the system shown in Figure 3.10 with input x(¢), output y(¢). Find the impulse response A(z)
of the system. Use the properties of convolution in order to accomplish this.

Last Revised: January 11, 2012 Copyright €2012 Michael D. Adams



60 CHAPTER 3. CONTINUOUS-TIME LINEAR TIME-INVARIANT SYSTEMS

x(t) RN y(t)

= —— M) +h(t) F—>—

—  ha(t)

Figure 3.9: Parallel interconnection of continuous-time LTI systems.

— ha(r) —— h3()

]

Figure 3.10: System interconnection example.

Solution. From the diagram, we can write:

Similarly, we can write:

Substituting the expression for v(¢) into the preceding equation we obtain:

y(t) = v(t) [Ib(r)
)

= (1) T3(0) + har) + ha(0)] CEB(1)
— x(¢) CBal) + ha (1) CEB(1) + o) CEB().

Therefore, the impulse response A(¢) of the overall system is

h(t) = h3(t) + ha(t) Thb () + h(t) Lhb(7).

3.9 Properties of Continuous-Time LTI Systems

In the previous chapter, we introduced a number of properties that might be possessed by a system (e.g., memory,
causality, stability, invertibility). Since a LTI system is completely characterized by its impulse response, one might
wonder if there is a relationship between some of the properties introduced previously and the impulse response. In
what follows, we explore some of these relationships.
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3.9.1 Memory

Recall that a system is memoryless if its output y(¢) at any arbitrary time 7y depends only on the value of its input x(z)
at that same time. Suppose now that we have a LTI system with input x(z), output y(¢), and impulse response A(z).
The output y(¢) at some arbitrary time r = 19 is given by
¥(t0) = x(2) LAXE) =1,
= h(t) Tl

q,
= t—T

—oo

]
= h(T)x(tg — r)dr.

—oo

Consider the integral in the above equation. In order for the system to be memoryless, the result of the integration
must depend only on x(¢) at t = fp. This, however, is only possible if

h(r)=0 forallz ED0. (3.32)

Consequently, i(r) must be of the form
h(t) =Ka(t) (3.33)

where K is a complex constant. Thus, we have that a LTI system is memoryless if and only if its impulse response
satisfies (3.32). This, in turn, implies that the impulse response is of the form of (3.33). As a consequence of this fact,
we also have that all memoryless LTI systems must have an input-output relation of the form

(1) = x(r) CKS(1)
= Kx(t).
Example 3.8. Suppose that we have the LTI system with the impulse response k(z) given by
h(t) = e “u(t)
where a is a real constant. Determine whether this system has memory.
Solution. The system has memory since i(z) £ 0 for somet B 0 (e.g., k(1) = e * B 0). O
Example 3.9. Suppose that we have the LTI system with the impulse response k(z) given by
h(t) = 6(1).
Determine whether this system has memory.

Solution. Clearly, h(r) is only nonzero at + = 0. This follows immediately from the definition of the unit-impulse
function 6(z). Therefore, the system is memoryless (i.e., does not have memory). O

3.9.2 Causality

Recall that a system is causal if its output y(r) at any arbitrary time 7y depends only on its input x(¢) for t <. Suppose
that we have the LTI system with input x(¢), output y(¢), and impulse response &(z). The value of the output y(¢) for
t = 1y is given by
¥(to) = [x(#) LALE)]li=r
1

= x(t)h(r—1)d7
1=Ip
= x(0)h(to—r7)dT

]

= x(D)h(tg—r1)dT+ ) x(T)h(to—T)d7. (3.34)

o
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x(t) y(t)

> h(t) S

Figure 3.11: System.

In order for the expression for y(zg) in (3.34) not to depend on x(z) for ¢ > 7y, we must have that

h(r)=0 forr<0 (3.35)
(i.e., h(¢) is a causal signal). In this case, (3.34) simplifies to
L
y(ito)=  x(7)h(to—7)dT.

—oo

Clearly, the result of this integration does not depend on x(r) for r > o (since 7 varies from —eo to fp). Therefore, a
LTI system is causal if its impulse response A(r) satisfies (3.35).

Example 3.10. Suppose that we have the LTI system with impulse response %(z) given by
h(t) =e “u(t),
where a is a real constant. Determine whether this system is causal.

Solution. Clearly, h(t) = 0 for r < 0 (due to the u(r) factor in the expression for A(¢)). Therefore, the system is
causal. O

Example 3.11. Suppose that we have the LTI system with impulse response %(¢) given by
h(t)=6(t+10),
where tq is a strictly positive real constant. Determine whether this system is causal.

Solution. From the definition of §(), we can easily deduce that i(r) = 0 except at = —tg. Since —#y < 0, the system
is not causal. O

3.9.3 Invertibility

Recall that a system is invertible if we can always uniquely determine its input x(¢) from its output y(¢). An equivalent
way of stating this is that an inverse system must exist.

Suppose now that we have a LTI system with input x(¢), output y(z), and impulse response A(z). Such a system is
illustrated in Figure 3.11.

One can readily show that the inverse of a LTI system, if it exists, must also be LTI. This follows from the fact that
the inverse of a linear system must be linear, and the inverse of a time-invariant system must be time invariant. Since
the inverse system, if it exists, must be LTI, the system can be completely characterized by its impulse response. Let
us denote the impulse response of the inverse system as 4™ (z). Now, we want to find the relationship between A(t)
and 2™ (1).

If the inverse system exists, then by definition, it must be such that

x(t) CHlr) CA™ (¢) = x(¢). (3.36)

This relationship is expressed diagrammatically in Figure 3.12. Since the unit-impulse function is the convolutional
identity, we can equivalently rewrite (3.36) as

x(t) CRYr) CH™ () = x(¢) C3(r).
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0 [ 20

Binv () F>—

Figure 3.12: System in cascade with its inverse.

By comparing the left- and right-hand sides of the preceding equation, we have
h(t) CH™ (1) = 8(¢). (3.37)

Therefore, a system will have an inverse if and only if a solution for 4 (¢) exists in (3.37). Thus, a system is invertible
if and only if a solution to this equation exists.

Example 3.12. Suppose that we have the LTI system with impulse response 4(¢) given by
h(t) =Ad(r—19) (3.38)

where A is a nonzero real constant and 7o is a real constant. Determine whether this system is invertible. If it is
invertible, find the impulse response 2™ (¢) of the inverse system.

Solution. The inverse system, if it exists, is given by the solution to the equation
h(t) CE™ (1) = 8(2).

So, let us attempt to solve this equation for 4™ (¢). Substituting (3.38) into (3.37) and using straightforward algebraic

manipulation, we can write:
h&z (A" (1) = &(r)
1 ()™ (t—1)dt=8(1)
= _
L1 Ad(t—1)h"™(t—1)dTt=46(t)
! .
C1 S(t—1o)h™(—1)dt=18().

Using the sifting property of the unit-impulse function, we can simplify the integral expression in the preceding
equation to obtain

W™ (t—10) = 18(). (3.39)

Now, we perform a change of variable. Let 7 =r—1y so that r = 7+ 5. Using this change of variable, we can
rewrite (3.39) as

WV (t) = 18(t+1).

Since A 8 0, the function R™(¢) is always well defined. Therefore, the inverse system exists and has the impulse
response 2™ (¢) given by

W™ (1) = 18(t +1o).
O

Example 3.13. Consider the system shown in Figure 3.13 with the input x(z) and output y(¢). Use the notion of an
inverse system in order to express y(z) in terms of x(z).
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hi(r) -

/’lz(t)

Figure 3.13: Feedback system.

Solution. From Figure 3.13, we can write:

(1) = x(t) = () (Bb(r) and (3.40)
y(t) = v(t) AL (1), (3.41)

y(t) = [x(t) —y(r) Tb(r)] CHL (1)
A7) = x(r) CHL (1) — y(¢) Chb(¢) k(1)
L¢) +y(r) Chib(¢) Chk (r) = x(r) CHA (1)
C¢) A1) +y(¢) Chb(r) THL (1) = x(¢) [R ()
L 7) T8 (1) + ha(r) Lh (1)] = x(2) LR (2)- (3.42)
For convenience, we now define the function g(z) as
8(1) = 8(1) + ha(r) [H (). (3.43)
So, we can rewrite (3.42) as
y(r) Celr) = x(¢) LRk (). (3.44)

Thus, we have almost solved for y(¢) in terms of x(¢). To complete the solution, we need to eliminate g(z) from the
left-hand side of the equation. To do this, we use the notion of an inverse system. Consider the inverse of the system
with impulse response g(z). This inverse system has an impulse response g" () given by

g(r) Cgl™(r) = 8(r). (3.45)

This relationship follows from the definition of an inverse system (associated with (3.37)). Now, we use g™(z) in
order to simplify (3.44) as follows:

where g™ () is given by (3.45) and g(r) is given by (3.43). O
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3.9.4 Stability

Recall that a system is BIBO stable if any arbitrary bounded input produces a bounded output. Suppose that we have
a LTI system with input x(z), output y(¢), and impulse response A(¢). Further, suppose that |x(¢)| < A < « for all ¢
(i.e., x(r) is bounded). We can write

y(t) = x(r) Chlr)

_;Ig) [xlr)
h(T)x(t —7)dr.

—oo

So, we have (by taking the magnitude of both sides of the preceding equation)

(1) = Eih(r)x(t— r)drE (3.46)

One can show, for any two functions f1(¢) and f»(¢), that

F sonoalt " o
fu(t) f2(2)dt |f1(r) f(2)] dt.

Using this inequality, we can rewrite (3.46) as
Ll Ll
bl |h(0)x(t—7)ldt=" |h(7)|Ix(t—7)ld7.

—oo —oo

We know (by assumption) that |x(¢)| < A, so we can replace |x(¢)| by its bound A in the above inequality to obtain

L (- L
y@)] = [h(D)||x(z—1)|dT < Alh(T)|dt=A |h(T)|dT. (3.47)
Thus, we have 1
[y(H)| <A ~ |h(7)|dT. (3.48)
Since A is finite, we can deduce from (3.48) that y(z) is bounded if
|
[A(7)] dt < eo. (3.49)

—oo

(i.e., A(r) is absolutely integrable). Therefore, a LTI system is BIBO stable if its impulse response k(z) is absolutely
integrable (as in (3.49)). In other words, the absolute integrability of the impulse response X(¢) is a sufficient condition
for BIBO stability.

As it turns out, condition (3.49) is also necessary for BIBO stability. Suppose that (z) is not absolutely integrable.
That is, suppose that

1
| (t)|dt = oo.

—o0

If such is the case, we can show that the system is not BIBO stable. To begin, consider the particular input x(r) given
by the following:

x(t) = sgn(h(—1)),

where

—1
=3 fora<0
sgna = fora=0
for o > 0.
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The signal x(¢) can only assume the values —1, 0, and 1. So, x(z) is obviously bounded (i.e., |x(z)] < 1). The output

y(t) is given by

(1) = I%Z Chlt)
= x(0)h(t—r1)dr
(g

= (sgnh(—7))h(t —7)dT.

—oo

Now, let us consider the output y(¢) at = 0. From (3.50), we have
1

¥(0) = (sgnh(—7))h(—7T)dT.

—oo

Then, we observe that

asgno = |a| for any real c.

So (sgnh(—1))h(—7) = |h(—1)|, and we can simplify (3.51) to obtain

|

y0) = Ia(-1)ldr
=y

—  |h(o)lde

(3.50)

(3.51)

Thus, we have shown that the bounded input x(¢) will result in an unbounded output y(¢) (where y(¢) is unbounded
at + = 0). Consequently, if the impulse response A(z) is not absolutely integrable (i.e., does not satisfy (3.49)), the
system is not BIBO stable. Consequently, the condition (3.49) is not only sufficient but also necessary for a system
to be BIBO stable. In other words, we have that a LTI system is BIBO stable if and only if its impulse response &(z)

satisfies

|
(o)l dr < oo

—oo

(i.e., h(z) is absolutely integrable).

Example 3.14. Suppose that we have the LTI system with impulse response A(¢) given by

h(t) = e u(t),

where « is a real constant. Determine for what values of the constant a the system is BIBO stable.

Solution. We need to determine for what values of a the impulse response k(¢) is absolutely integrable. Suppose that

a B 0. We can write

Ll Ll
[h(2)|dt = E”u(r)at
- (-
= EL’ 5:
= eYdt
0
= (e

a
:% e —1).

Copyright €2012 Michael D. Adams

Last Revised: January 11, 2012



3.9. PROPERTIES OF CONTINUOUS-TIME LTI SYSTEMS 67

We can see that the result of the above integration is finite if « < 0 and infinite if a > 0. In particular, if a <0, we have

1
|h(t)|dt =0—1

—oo

1

a:

Let us now consider the case of a = 0. In this case, we have

Ll Ll
|a(t)ldt = |u(z)|dt
o T
= dt
0
= [ly
Thus, we have shown that
1
1 -1 fora<
holae= @ ore=9
—co oo fora=0.

In other words, the impulse response k(r) is absolutely integrable if a < 0. Consequently, the system is BIBO stable
ifa<O. O

Example 3.15. Suppose that we have the LTI system with input x(¢) and output y(¢) defined by

(i.e., an ideal integrator). Determine whether this system is BIBO stable.

Solution. First, we find the impulse response i(z) of the system.

1 ifr=>0
0 ifr<oO

Using this expression for k(z), we now check to see if A(¢) is absolutely integrable. We have

Ll L
lh(t)lde = |u(z)|dr
oo =
= dt
0
So, we have shown that 4(z) is not absolutely integrable. Therefore, the system is not BIBO stable. O
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3.10 Response of Continuous-Time LTI Systems to Complex Exponential
Signals

Suppose that we have a LTI system with input x(¢), output y(¢), and impulse response (). Consider now the response
of the system to the complex exponential x(¢) = . We can write:

(1) = x(r) Lhlr)
= }éi) d7)
= h(t)x(t —1)dt
[

= (1) dr
=

=" h(r)etdr

where H(s) is the complex function given by

H(s)=  h(1)e *"dr. (3.52)

—oo

(The function H(s) depends only on the complex quantity s.) From above, we can see that the response of a LTI
system to a complex exponential is the same complex exponential multiplied by the complex factor H(s). Thus, we
have that ¢ and H (s) satisfy an eigenvalue problem of the form

H {®(t)} = 12(t)

where ®(¢) = ¢ and A = H(s). As a matter of terminology, ®(¢) is said to be an eigenfunction and A its correspond-
ing eigenvalue. Therefore, ¢* is an eigenfunction of a LTI system and H (s) is the corresponding eigenvalue.
Suppose now that we can express some arbitrary input signal x(z) as a sum of complex exponentials as follows:

x(t) = Zake“'k'.
%

From the eigenvalue property, the response to the input aze’ is a H (s;)e®’. By using this knowledge and the super-
position property, we can write

tH)=H t
y(t) x 1

=H Zakesk’
3
=Y aH {3}
3

= Z akH(Sk)eskt.
k

Thus, if an input to a LTI system can be represented as a linear combination of complex exponentials, the output can
also be represented as linear combination of the same complex exponentials. As a matter of terminology, we refer to
H(s) as the system function.

Example 3.16. Suppose that we have the LTI system with the impulse response %(z) given by
h(t)=08(t—1). (3.53)

Find the system function H(s).

Copyright €2012 Michael D. Adams Last Revised: January 11, 2012



3.10. RESPONSE OF CONTINUOUS-TIME LTI SYSTEMS TO COMPLEX EXPONENTIAL SIGNALS 69

Solution. Substituting (3.53) into (3.52), we obtain

Therefore, the system function H(s) is given by H(s) = e™*. O

Example 3.17. Suppose that we have the LTI system from Example 3.16. Use the system function to determine the
response y(t) of the system to the particular input x(¢) given by

x(t) = ¢ cos(mr) = LeHim) L Amim)r,

Solution. The input x(¢) has already been expressed in the form
1
x(t) = Z ae’™
k=0

where ag = a1 = 3, so = 1+ jm, and sy = s§= 1— jm. In Example 3.16, we found the system function H(s) to be
H(s) = e™*. So we can calculate y(¢) by using the system function as follows:

y(t) = ZakH(sk)es"’
k

= aoH (s0)e’™ +ai1H(s1)e't

=H(1+ jm)eM 4 1H(1— jm)etmr

= Lo (tim) (im) 4 L= (1im) imy

— %et—1+j7rt—j7r + %et—l—jm-&-ﬂr

_ %et—lejn(t—l) + %et—le—jn(t—l)
]

[
:et—l 1 ejn(t—l)Jre—jn:(t—l)

2

= teosm(t—1).

In passing, we note that we should expect the above result for y(¢), since the output of the system is nothing more than
the input time-shifted by one. O
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3.11 Problems

3.1 Using graphical methods, for each pair of signals x(¢) and k(¢) given in the figures below, compute the convo-

lution y(¢) = x(¢) CAlr).

x(1) h(t)
2 2 +
1 1 i
o 13 5! o 1 2 5 !
(@)
h(r)
) ]

1
_2 4
(b)
x(1) h(t)
2 1
0 1 : -1
(©
h(t)
x(t) 2
1
\ 14
. : —
0 1 2 3
t
-1 0
(d)
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©

(f)

3.2 For each pair of signals x(¢) and &(z) given below, compute the convolution y(¢) = x(r) Calt).
(@) x(r) = e®u(r) and h(r) = e~“u(t) where a is a nonzero real constant;

(b) x(t) = e~ /®"u(t) and h(t) = e/®u(t) where wy is a strictly positive real constant;
©) x(t) =u(t—2) and h(t) = u(t + 3);
(d) x(t) = u(t) and h(t) = e ?u(t —1);
©) x(t) =u(t—1)—u(t—2) and h(t) = e'u(—t).
3.3 Lety(¢) = x(¢) CAlr). Given that
|
v(it)=  x(—t—b)h(t+ar)dr,

—oo

where a and b are constants, express v(z) in terms of y(z).

3.4 Consider the convolution y(¢) = x(¢) CAl¢). Assuming that the convolution y(r) exists, prove that each of the

following assertions is true:
(@) If x(z¢) is periodic then y(z) is periodic.
(b) If x(¢) is even and A(z) is odd, then y(¢) is odd.

3.5 From the definition of the convolution operation, show that if y(z) = x(¢) CAlz), then %y(z‘) =x(t) E%h(t)].

3.6 Letx(¢) and A(r) be signals satisfying

x(t)=0 forr<Ajorr>A,, and
h(t)=0 fort<Bjort>B

(i.e., x(¢) and h(r) are finite duration). Determine for which values of 7 the convolution y(¢) = x(¢) CAl¢) must

be zero.

3.7 Find the impulse response of the LTI system characterized by each of the equations below. In each case, the

input and (Ertput of the system are denoted as x(¢) and y(r), respectively.
1
@)= x()ds;
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3.8

3.9

3.10

-
) y()=  x(t+5)e" " tu(t—1t—2)dr;
Cr

©) y(t) = x(t)v(t—r7)d7 and
i

@)= x(c)dr.

Consider the system with input x(z) and output y(z) as shown in the figure below. Suppose that the systems Hj,
Hy, and H3 are LTI systems with impulse responses k1 (¢), ho(t), and hs(t), respectively.

x(t)> : e o H —G'—’i(t)

> Hs >

(a) Find the impulse response A(z) of the overall system in terms of a1 (¢), h2(¢), and hs(z).
(b) Determine the impulse response A(z) in the specific case that

hi(t)=08(t+1), ha(t)=06(r), and hz(r)=03(¢).

Consider a LTI system whose response to the signal xi(¢) = u(¢) —u(r — 1) is the signal y1(z). Determine the
response y,(¢) of the system to the input x,(¢) shown in the figure below in terms of y1 (¢).

xz(l)

|1
w
|
N
|1
N
N
N
W
~

Suppose that we have the system shown in the figure below with input x(z) and output y(¢). This system is
formed by the interconnection of two LTI systems with the impulse responses A1 (z) and hy(z).

x(1) y(#)

—— () P k() P

For each pair of A1 (r) and hy(¢) given below, find the output y(¢) if the input x(¢) = u(z).

(@) hi(r) = 3(¢) and ha(z) = 6(1)

(0) h1(z) = 6(r+1) and hy(r) =
)

(1) = 8(:+1);
(€) ha(t) = e u(t) and ha(t) = §

(1).
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3.11

3.12

3.13

3.14

3.15

3.16

Show that a linear system is invertible if and only if the only input x(¢) that produces the output y(¢) = 0 for all
tisx(z) =0 for all 7.

Consider the LTI systems with the impulse responses given below. Determine whether each of these systems is
causal and/or memoryless.

(@) (1) = (t + L)u(r —1);

(0) h(t) = 26(t +1);
(c) h(t) = %= sincot;
(d) h(r) = e (r—1);
(€) h(1) = e'u(—=1—1);
(f) h(t) = e~3; and
(9) h(t) =36 (¢).

Consider the LTI systems with the impulse responses given below. Determine whether each of these systems is
BIBO stable.

(@) h(r) = e™u(—r) where a is a strictly positive real constant;

(0) h(t) = (W/1)u(t —1);

(©) h(t% = u(r);

(d) A(r) = 6(r — 10);
() h(t) = rectt; and
(f) h() = 7M.

Suppose that we have two LTI systems with impulse responses
hi(t)=38(t—1) and ho(r) =28(t+1).
Determine whether these systems are inverses of one another.

Consider the system shown in the figure below, where H is a LTI system and G is known to be the inverse sys-
tem of H . Let y1(r) and y,(¢) denote the responses of the system H to the inputs x1(¢) and x»(z), respectively.

() () (1)

——— H

(a) Determine the response of the system G to the input ayy1 (¢) +a2y2(¢) where a; and a, are complex constants.
(b) Determine the response of the system G to the input y; (t —#o) where 1y is a real constant.

(c) Using the results of the previous parts of this question, determine whether the system G is linear and/or time
invariant.

Suppose that we have the systems Hy, Hy, Hz, and Hy, whose responses to a complex exponential input e/%
are given by

el =3 02
el =2 1ol
e]2t -3 e]2t+7r/3, and

o H
e/ T4 cos2t.

Indicate which of these systems cannot be LTI.
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Chapter 4

Continuous-Time Fourier Series

4.1 Introduction

One very important tool in the study of signals and systems is the Fourier series. A very large class of signals can be
represented using Fourier series, namely most practically useful periodic signals. The Fourier series represents a signal
as a linear combination of complex sinusoids. This is often desirable since complex sinusoids are easy functions with
which to work. For example, complex sinusoids are easy to integrate and differentiate. Also, complex sinusoids have
important properties in relation to LTI systems. In particular, complex sinusoids are eigenfunctions of LTI systems.
Therefore, the response of a LTI system to a complex sinusoid is the same complex sinusoid multiplied by a complex
scaling factor.

4.2 Definition of Continuous-Time Fourier Series

Suppose that we have a set of harmonically-related complex sinusoids of the form
O (1) = /KO0t = KT — 0 41 42, .

The fundamental frequency of the kth complex sinusoid ¢ (¢) is kay, an integer multiple of ay. Since the fundamental
frequency of each of the harmonically-related complex sinusoids is an integer multiple of @y, a linear combination
of these complex sinusoids must be periodic. More specifically, a linear combination of these complex sinusoids is
periodic with period T = 27/ ay.

Suppose that we can represent a periodic complex signal x(¢) as a linear combination of harmonically-related
complex sinusoids:

x(t) = Z cpelket, (4.2)
Such a representation is known as a Fourier series. More specifically, this is the complex exponential form of the
Fourier series. The terms in the summation for k = 1 and k = —1 are known as the fundamental frequency components
or first harmonic components, and have the fundamental frequency ag. More generally, the terms in the summation
for k = K and k = —K are called the Kth harmonic components, and have the fundamental frequency K ay. Since the
complex sinusoids are harmonically related, the signal x(¢) is periodic with period T = 27/ ay (and frequency ay).
Since we often work with Fourier series, it is sometimes convenient to have an abbreviated notation to indicate
that a signal is associated with particular Fourier series coefficients. If a signal x(¢) has the Fourier series coefficient
sequence c, we sometimes indicate this using the notation
X(I) Ei Ck-
Consider the Fourier series representation of the periodic signal x(¢) given by (4.1). In the most general case,
x(z) is a complex signal, but let us now suppose that x(z) is a real signal. In the case of real signals, an important
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relationship exists between the Fourier series coefficients ¢, and c—;. To show this, we proceed as follows. Suppose
that we can represent x(¢) in the form of (4.1). So, we have

x(t) = i crek ™!, (4.2)

Taking the complex conjugate of both sides of the preceding equation, we obtain

1 =

_ Y e, 43)

Since x(t) is real, we know that x(¢) = x(), and we can rewrite (4.3) as

x(n)="Y, cre koot

—=—00

Replacing k by —k in the summation, we obtain

x(t) = i cleskor, (4.4)

——o0

Comparing (4.2) and (4.4), we can see that
cr = . (4.5)

Consequently, if x(¢) is a real signal, we have that ¢, and c—; are complex conjugates of each other.
Using the relationship in (4.5), we can derive two alternative forms of the Fourier series for the case of real signals.
We begin by rewriting (4.1) in a slightly different form. In particular, we rearrange the summation to obtain

- O O
x(t) =co+ Z crelk 4o eIkt
k=1
Substituting ¢, = c5 from (4.5), we obtain
- O O
x(t) =co+ Z crelkeot 4 oLkt
k=1

Now, we observe that the two terms inside the summation are complex conjugates of each other. So, we can rewrite
the equation as

x(t)=co+ i 2Re{cre/* @'}, (4.6)
k=1

Let us now rewrite ¢ in polar form as

cx = lex] e/,
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where 6y is real (i.e., 6, = argcy). Substituting this expression for ¢, into (4.6) yields

- -
x(f)=co+ ) 2Re | ¢/ koot +6;)
k=1

=co+ Y 2Re{|ck| [cos(kaot + 6;) + jsin(kaxt + 6;)]}
k=1

=co+ Y 2Re{|ci| cos(kaot + 6;) + jlcxl sin(kwot + 6;)3 -
k=1

Finally, further simplification yields

o

x(1) =co+2 ekl cos(kaot + 6)
k=1

(where 6, = argcy). This is known as the combined trigonometric form of a Fourier series.
A second alternative form of the Fourier series can be obtained by expressing ¢, in Cartesian form as

Ci = %(ak —jbk).

where a; and by, are real. Substituting this expression for ¢, into (4.6) from earlier yields

x(t) = co+ ¥ 2Re{(}(ax — he)el '}
k=1

=co+ Y Re{(ax— jby) (coskaot + jsinkanr)}
k=1

=co+ ) Re{aycoskawot + jaysinkaxt — jby coskawot + by sinkaor} .

k=1
Further simplification yields
x(t) =co+ Y [axcoskaot + by sinkayt]
k=1
(where a; = Re2¢; and by = —1Im2¢;). This is known as the trigonometric form of a Fourier series.

By comparing the various forms of the Fourier series introduced above, we can see that the quantities c, ax, by,

and 6y, are related as follows:
2¢c; = ay, —jbk and Cy = |Ck|€j6k.

(Recall that ay, by, and 6y, are real and ¢, is complex.)

4.3 Determining the Fourier Series Representation of a Continuous-Time

Periodic Signal

Given an arbitrary periodic signal x(¢), we need some means for finding its corresponding Fourier series representa-
tion. In other words, we need a method for calculating the Fourier series coefficients c;. In what follows, we derive
a formula for the calculation of the ¢;. We begin with the definition of the Fourier series in (4.1). Multiplying both

sides of this equation by e~/ yields

x(t)e™ ot — i e kont o= inoot

——o0

= Z crel koot

——o00
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(|

As a matter of notation, we use , to denote the integral over an arbitrary interval of length T (i.e., the interval
(to,t0+ T) for arbitrary 1p). Integrating both sides of this equation over one period T of x(¢), we obtain

1 [

x(t)e /"™ dt = Z cxel M@ gy

T T

Reversing the order of integration and summation yields
- [ —1
x(t)e /"™ g = Z Ck el gy @.7)
T

——o00

T

Consider now the integral on the right-hand side of this equation. In order to evaluate this integral, we employ Euler’s
formula to write

(- -
e/kTmeot gr —  [cos ((k—n)wor) + jsin (k—n)wot)] dt
T 7 (.
= Tcos((k—n)wot)dt+j Tsin((k—n)wot)dt. (4.8)

For k 8 n, cos(k—n)mpt and sin(k — n)wot are both sinusoids of frequency (k—n)mp and period T/ |k —n|. Since
we are integrating over an interval of length 7', both sinusoids will be integrated over an integral number of periods,
resulting in a value of zero. For k = n, the integrand on the left-hand side of (4.8) is simply /% = 1, and the result of
integration is 7. To summarize, we have the following:

—1
(.
pitinan g, T fork=n (4.9)
T 0 otherwise.
Substituting (4.9) into (4.7), we obtain - |
x(t)e "™ dt = ¢, T. (4.10)
T
Rearranging, we obtain the following expression for c¢,:
1=
== x(t)e "™ dt,
T 1

Thus, we can calculate the Fourier series coefficient sequence ¢ for an arbitrary periodic signal x(r) using the formula:

1Ij

== x(r)e k™l gy, (4.11)
T r
As a matter of terminology, we refer to (4.11) as the Fourier series analysis equation and (4.1) as the Fourier series
synthesis equation.
Suppose that we have a complex periodic function x(¢) with period 7 and Fourier series coefficient sequence c;.
One can easily show that the coefficient g is the average value of x(¢) over a single period T. The proof is trivial.
Consider the Fourier series analysis equation given by (4.11). Substituting £ = 0 into this equation, we obtain

Ell (-
co= = x(r)e k™ gy
TEI =0
1
=7 x(1)e%dt
! = (t)dt
T Tx .

Thus, cg is simply the average value of x(¢) over a single period.
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Example 4.1 (Fourier series a of periodic square wave). Find the Fourier series representation of the periodic square
wave x(¢) shown in Figure 4.1.

Solution. Let us consider the single period of x(r) for 0 <t < T. For this range of 7, we have
—1
A forosr<?

—A forf<r<T.

x(t) =

We use the Fourier series analysis equation (4.11) to write (and subsequently assume that k& & 0):

1 1
%= x(t)e k! gy
1 /2 . , 1
=z Ae *™igry (—A)e ki gy
Iﬁ T/2 1
1 —A 2
= — - e_jkwot + . e_jka)Ot
T  jkog 5 Jkoy 7/2
(| 1
N e L P
j2nk 0 T/2
. 101
_ JA oIk — g2k _ ik
2nk
_JA 2e™ Ik — gmI2mk 1
27k =
JA —jmnk _ (= j2m\k
= onk (e ) = (e ) =1

Now, we observe that e=/" = —1 and ¢~/2" = 1. So, we have

_ A k_qk_
= an[z( 1) =1 —1]
JA k
—2(—1 2
521" =2
JA k
=—[(=1)"—1]
¥
-~ r=pa for k odd
'ﬁ( for keven, k B 0.
Now, we consider the case of ¢y. We have
1

Thus, the Fourier series of x(¢) is given by (4.1) where the coefficient sequence ¢y is

L1
IjQAi for k odd

for k even.

Ci =
O
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x(t)

A e

|
ﬂ
|
NN
NN
ﬂ

—A

Figure 4.1: Periodic square wave.

37 —2IT -T O T 2T 3T

Figure 4.2: Periodic impulse train.

Example 4.2 (Fourier series of periodic impulse train). Suppose that we have the periodic impulse train x(z) shown
in Figure 4.2. Find the Fourier series representation of x(z).

Solution. Let us consider the single period of x(z) for —% =t < % We use the Fourier series analysis equation (4.11)
to write:

Thus, the Fourier series for x(z) is given by (4.1) where the coefficient sequence ¢y is ¢y = %. O

Example 4.3. Consider the periodic function x(¢) with fundamental period 7 = 3 as shown in Figure 4.3. Find the
Fourier series representation of x(z).

Solution. The signal x(r) has the fundamental frequency wy = 27/T = %” Let us consider the single period of x(r)

Copyright €2012 Michael D. Adams Last Revised: January 11, 2012



4.3. DETERMINING THE FOURIER SERIES REPRESENTATION OF A CONTINUOUS-TIME
PERIODIC SIGNAL 81

x(t)

I
P —
-
W+

@éz L4y L

=1 —5(t+1)e k' dr + . 8(t—1)e /™ gy

S, (]
5
I
m&..
&
[

= L [2jsin(—kax)]

2j «;
= S sin(—kay)
27 .-
= —Z sinkay
27k
a
Thus, x(¢) has the Fourier series representation

x(t) =Y cret
k=—o0

_ Z _%(Sin%rk)eﬂxktﬂ_

——o00

— —2gj
=—3sIn

O

Example 4.4 (Fourier series of an even real function). Let x(¢) be an arbitrary periodic real function that is even. Let
cx denote the Fourier series coefficient sequence for x(¢). Show that Im{c,} =0, ¢ = c—, and co = # o x(1)d.

Proof. From the Fourier series analysis equation (4.11) and using Euler’s relation, we can write

1=
=7 x(t)e k! gy
1 - -
=7 (x(r) [cos(—kant) + jsin(—kawot)]) dt.
T
Since cos and sin are even and odd functions, respectively, we can rewrite the above equation as
1
1 .
%= x(1) (coskapt — jsinkayt)] dt
=y - 1
== x(t)coskaprdr—j x(t)sinkwotdr .
T r T
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Consider the first integral above (i.e., the one involving the cos function). Since x(z) is even and coskamyt is even, we

have that x(¢) coskaot is even. Thus, ;x(r)coskaptdt =2 / 2x(t)coska)otdt. Consider the second integral above
(i.e., the one involving the sin function). Since x(¢) is even and sinkayt is odd, we have that x(¢) sinkayt is odd. If we
integrate an odd periodic function over one period (or an integer multiple thereof), the result is zero. Therefore, the
second integral is zero. Combining these results, we can write

1 V5 =
== 2 x(t) coskayrdt
T o
2 L/
=7 x(t)coskaptdr. (4.12)
0

Since x(¢) is real, the quantity ¢, must also be real. Thus, we have that Im{c;} = 0.
Consider now the expression for c—;. We substitute —k for k in (4.12) to obtain

o L
C—k =7 x(r) cos(—kaot )dt.
0

Since cos is an even function, we can simplify this expression to obtain

2 I21/2

=7 o
= Ck-

Cc—k x(r) cos(kayt )dt

Thus, ¢, = c—.
Consider now the quantity cq. Substituting £ = 0 into (4.12), we can write

2 I:1“l/2

co x(t)cos(0)dt

e T S T
Hor[$ [
4
[

Il
ﬂ‘
o
=
—
-~
—
U
<

Thus, w&have shown that ¢p = % I?x(r)dr. Therefore, in summary, we have shown that Im{c;} =0, ¢, = c—, and
_ 1
co=7 o x(t)dt. O

Example 4.5 (Fourier series of an odd real function). Let x(¢) be a periodic real function that is odd. Let ¢; denote
the Fourier series coefficient sequence for x(r). Show that Re{c;} =0, ¢,y = —c—¢, and ¢ = 0.

Proof. From the Fourier series analysis equation (4.11) and Euler’s formula, we can write
(I
=z x(r)e Ikt gy
=y -
=7 Tx(t) [cos(—kagt ) + jsin(—kagt)]dt .

Ck

Since cos and sin are even and odd functions, respectively, we can rewrite the above equation as
Leh L1
x(t) [coskapt — jsinkmyt] dt

[eh - ]

x(t)coskaptdt —j  x(r)sinkwprdr .
T
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Consider the first integral above (i.e., the one involving the cos function). Since x(¢) is odd and coskayt is even,
we have that x(¢)coskmyt is odd. If we integrate an odd periodic function over a single period (or an integer mul-
tiple thereof), the result is zero. Therefore, the first integral is zero. Consider the second integral above (i.e., the
one involving the sin_function). Since x(¢) is odd and sinkmyt is odd, we have that x(¢)sinkawot is even. Thus,

rx(t)sinkaotdt =2 /Zx(t)sin kaptdt. Combining these results, we can write
_ . d
cy=—  x(t)sinkmyptdt
T 7
—jo B

T x(t) sinkaytds. (4.13)

Since x(r) is real, the result of the integration, and ¢, is purely imaginary. Thus, Re{c;} = 0.
Consider the quantity c¢—;. Substituting —k for k in (4.13), we obtain

—jo B
= .
_j2 I3/2
T
j2 lelIZ
T
= —Ck.

Cc—k x(t)sin(—kaot )dt
x(r)[—sin(keyt)]dt
x(t) sinkaytdt

Thus, Ck = —C—f.
Consider now the quantity cq. Substituting £ = 0 in the expression (4.13), we have

_j2 I:1'1/2
co=—— x(t)sin(0)dt
T o
=0.
Thus, ¢ = 0. Therefore, in summary, we have shown that Re{c;} =0, ¢y = —c—, and ¢o = 0. O

4.4 Convergence of Continuous-Time Fourier Series

So far we have assumed that a given periodic signal x(r) can be represented by a Fourier series. Since a Fourier series
consists of an infinite number of terms, we need to more carefully consider the issue of convergence. That is, we want
to know under what circumstances the Fourier series of x(¢) converges (in some sense) to x(z).

Suppose that we have an arbitrary periodic signal x(r). This signal has the Fourier series representation given
by (4.1) and (4.11). Let xy(¢) denote the finite series

N
xn(t) = Z cek!,
=N

(i.e., xy(¢) is a Fourier series truncated after the Nth harmonic components). The approximation error is given by

en(t) = x(t) —xn(1).

Let us also define the mean-squared error (MSE) as
1]
Ev=72 lew (1) dt.
T

Before we can proceed further, we need to more precisely specify what we mean by convergence. This is necessary
because convergence can be defined in more than one way. For example, two common types of convergence are:
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pointwise and MSE. In the case of pointwise convergence, the error goes to zero at every point. If convergence is
pointwise and the rate of convergence is the same everywhere, we call this uniform convergence. In the case of MSE
convergence, the MSE goes to zero, which does not necessarily imply that the error goes to zero at every point.

Now, we introduce a few important results regarding the convergence of Fourier series for various types of periodic
signals. The first result that we consider is for the case of continuous signals as given below.

Theorem 4.1 (Convergence of Fourier series (continuous case)). If the periodic signal x(t) is a continuous function
of t, then its Fourier series converges uniformly (i.e., converges pointwise and at the same rate everywhere).

In other words, in the above theorem, we have that if x(¢) is continuous, then as N — oo, ex(t) — 0 for all .
Often, however, we must work with signals that are not continuous. For example, many useful periodic signals are
not continuous (e.g., the square wave). Consequently, we must consider the matter of convergence for signals with
discontinuities.

Another important result regarding convergence applies to signals that have finite energy over a single period.
Mathematically, a signal x(r) has finite energy over a single period if it satisfies

—
[x(t)[ dt < oo.
T

In the case of such a signal, we have the following important result.

Theorem 4.2 (Conﬁrgence of Fourier series (finite-energy case)). If the periodic signal x(t) has finite energy in a
single period (i.e., |x(t)|2dt < =), the Fourier series converges in the MSE sense.

In other words, in the above theorem, we have that if x(¢) is of finite energy, thenas N — oo, Ey — 0.
The last important result regarding convergence that we shall consider relates to what are known as the Dirichlet
conditions. The Dirichlet* conditions for the periodic signal x(¢) are as follows:

|
1. Over asingle period, x(z) is absolutely integrable (i.e., ,|x(¢)|dt < o).

2. In any finite interval of time, x(¢) is of bounded variation. In other words, there must be a finite number of
maxima and minima in a single period of x(z).

3. Inany finite interval of time, x(r) has a finite number of discontinuities, each of which is finite.

Theorem 4.3 (Convergence of Fourier series (Dirichlet case)). If x(¢) is a periodic signal satisfying the Dirichlet
conditions, then:

1. The Fourier series converges pointwise everywhere to x(t), except at the points of discontinuity of x(t).

2. At each point t = t, of discontinuity of x(t), the Fourier series converges to 3(x(t7) +x(t])) where x(t]) and
x(t;7) denote the values of the signal on the left- and right-hand sides of the discontinuity, respectively.

In other words, if the Dirichlet conditions are satisfied, thenas N — oo, ey(¢) — O for all # except at discontinuities.
Furthermore, at each discontinuity, the Fourier series converges to the average of the signal values on the left- and
right-hand side of the discontinuity.

Example 4.6. Consider the periodic function x(z) with period 7' = 2 as shown in Figure 4.4. Let X(z) denote the
Fourier series representation of x(¢) (i.e., £(t) = X5 _.. cxe/* ™!, where wp = 7). Determine the values £(0) and £(1).

Solution. \We begin by observing that x(¢) satisfies the Dirichlet conditions. Consequently, Theorem 4.3 applies.
Thus, we have that
EEO‘)+x(o+)El 10+1)=1 and

O 4 2

x0)=3 x
F x(17)+x(1%) =3(1+0

(1)

N

\_/
Il
ol

Lpronounced Dee-ree-klay.
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~

2 3

Figure 4.4: Periodic signal x(z).

Although many signals of practical interest satisfy the Dirichlet conditions, not all signals satisfy these conditions.
For example, consider the periodic signal x(¢) defined by

x(r)=1/r for0<r<1 and x(¢t)=x(r+1).

This signal is plotted in Figure 4.5(a). This signal violates the first condition, since the signal is not absolutely
integrable over a single period.
Consider the periodic signal x(¢) defined by
I
x(t) =sin 277[ forO<r=<1 and x(¢)=x(t+1).

This signal is plotted in Figure 4.5(b). Since this signal has an infinite number of minima and maxima in a single
period, the second condition is violated.

The third condition is violated by the periodic signal shown in Figure 4.5(c), which has an infinite number of
discontinuities in a single period.

One might wonder how the Fourier series converges for periodic signals with discontinuities. Let us consider the
periodic square wave from Example 4.1. In Figure 4.6, we have plotted the truncated Fourier series xy(¢) for the
square wave (with period 7 = 1 and amplitude A = 1) for several values of N. At the discontinuities of x(¢), we can
see that the series appears to converge to the average of the signal values on either side of the discontinuity. In the
vicinity of a discontinuity, however, the truncated series xy(¢) exhibits ripples and the peak amplitude of the ripples
does not seem to decrease with increasing N. As it turns out, as N increases, the ripples get compressed towards
discontinuity, but, for any finite N, the peak amplitude of the ripples remains constant. This behavior is known as
Gibbs phenomenon.

4.5 Properties of Continuous-Time Fourier Series

Fourier series representations possess a number of important properties. In the sections that follow, we introduce a
few of these properties. For convenience, these properties are also summarized later in Table 4.1 (on page 89).

45.1 Linearity
Let x(¢) and y(¢) denote two periodic signals with period T and frequency wg = 2x/T. If
x(t) £s a; and
y(t) Ei by,
then

Ax(t) 4+ By(r) Ei Aay + Bby,
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L

(@)
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(b)

1 e I
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Figure 4.5: Examples of signals that violate the Dirichlet conditions. (a) A signal that is not absolutely integrable over
a single period. (b) A signal that has an infinite number of maxima and minima over a single period. (c) A signal that
has an infinite number of discontinuities over a single period.
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Figure 4.6: Gibbs phenomenon. The Fourier series for the periodic square wave truncated after the Nth harmonic
components for (a) N =3, (b) N =7, (c) N =11, and (d) N = 101.
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where A and B are complex constants. In other words, a linear combination of signals produces the same linear
combination of their Fourier series coefficients.

To prove the above property, we proceed as follows. First, we express x(¢) and y(z) in terms of their corresponding
Fourier series as

Now, we determine the Fourier series of Ax(¢) + By(t). We have

Ax(t)+By(t) =AY, ae™ +B Y bre/t™

——o0 ——00

oo oo

= Z Aaye’ @ 4 Z Bbyel* @t

——o00 —=—oc0

o

= Z (Aay + Bby)e/* ™!

k=—oo

Therefore, we have that Ax(¢) + By(r) £S Aay + Bby.

4.5.2 Time Shifting
Let x(r) denote a periodic signal with period T and frequency wy = 2x/T. If

x(t) FS ay,

then
FS —; —j
x(t—1g) © > e ki — g=ik2R/ oy,

where 1g is a real constant. From this, g %j see that time shifting a periodic signal does not change the magnitude
of its Fourier series coefficients (since e/ L= 1 for any real 0).
To prove the time-shifting property, we proceed as follows. The Fourier series of x(¢) is given by

x(t) = i age’* ™" (4.14)

——o0

We express x(¢ —tp) in terms of its Fourier series, and then use algebraic manipulation to obtain:

x(t—1) = Z age’kent=1)

——00

= ) geltonmikontn
j—

o O
= Z age”Jk®io - pikeot, (4.15)

——00

Comparing (4.14) and (4.15), we have that x(r —19) FS eikovog,.
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Table 4.1: Fourier Series Properties

Property Time Domain  Fourier Domain
Linearity Ax(t)+By(t) Aap+ Bby
Time-Domain Shifting  x(t —to) e~ koot gy
Time Reversal x(—1) a—y

453 Time Reversal
Let x(¢) denote a periodic signal with period T and frequency wg = 2z/T. If

x(1) FS ag,

then
Fs

In other words, the time reversal of a signal results in the time reversal of the corresponding sequence of Fourier series

coefficients. Furthermore, if x(¢) is a real signal, we have from (4.5) that a—; = a[-and obtain x(—t) £s a’
To prove the time-reversal property, we proceed in the following manner. The Fourier series of x(¢) is given by

x(t) = i age’ e’ (4.16)

——o0

Now, we consider the Fourier series expansion of x(—z). The Fourier series in this case is given by

x(=1)= Y e, (4.17)

—=—00

Now, we employ a change of variable. Let / = —k so that k = —I. Performing this change of variable, we can rewrite
(4.17) to obtain

(1) = i a_jel~Den(=1)

J—

=Y a /', (4.18)

—=—o0

Comparing (4.16) and (4.18), we have that x(—¢) Fs a—y.

4.6 Fourier Series and Frequency Spectra

The Fourier series represents a signal in terms of harmonically-related complex sinusoids. In this sense, the Fourier
series captures information about the frequency content of a signal. Each complex sinusoid is associated with a partic-
ular frequency (which is some integer multiple of the fundamental frequency). So, these coefficients indicate at which
frequencies the information/energy in a signal is concentrated. For example, if only the Fourier series coefficients for
the low order harmonics have large magnitudes, then the signal is mostly associated with low frequencies. On the
other hand, if a signal has many large magnitude coefficients for high order harmonics, then the signal has a consid-
erable amount of information/energy associated with high frequencies. In this way, the Fourier series representation
provides a means for measuring the frequency content of a signal. The distribution of the energy/information in a
signal over different frequencies is referred to as the frequency spectrum of the signal.
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To gain further insight into the role played by the Fourier series coefficients ¢, in the context of the frequency
spectrum of the signal x(z), it is helpful to write the Fourier series with the ¢, expressed in polar form as follows:

x(t) = Z crelk®!

k=—o0

_ Z |CI< | o 9k pikont

k=—00

_ Z |ck|ej(kw0t+argck)_

——o00

Clearly (from the last line of the above equation), the kth term in the summation corresponds to a complex sinusoid
with fundamental frequency kay that has had its amplitude scaled by a factor of |c;| and has been time-shifted by an
amount that depends on argc. For a given k, the larger || is, the larger the amplitude of its corresponding complex
sinusoid e/¥? and therefore the larger the contribution the kth term (which is associated with frequency kay) will
make to the overall summation. In this way, we can use |c,| as a measure of how much information a signal x(z) has
at the frequency kay.

Various ways exist to illustrate the frequency spectrum of a signal. Typically, we plot the Fourier series coefficients
as a function of frequency. Since, in general, the Fourier series coefficients are complex valued, we usually display
this information using two plots. One plot shows the magnitude of the coefficients as a function of frequency. This is
called the magnitude spectrum. The other plot shows the arguments of the coefficients as a function of frequency.
In this context, the argument is referred to as the phase, and the plot is called the phase spectrum of the signal.

Since the Fourier series only has frequency components at integer multiples of the fundamental frequency, we
only have values to plot for these particular frequencies. In other words, the frequency spectrum is discrete in the
independent variable (i.e., frequency). For this reason, we use a stem graph to plot such functions. Due to the general
appearance of the graph (i.e., a number of vertical lines at various frequencies) we refer to such spectra as line spectra.

Recall that, for a real signal x(¢), the Fourier series coefficient sequence ¢, satisfies ¢, = c5. This, however,
implies that |cx| = [c—| and argcy = —argc—. Since |cx| = |c—«|, the magnitude spectrum of a real signal is always
even. Similarly, since argc; = —argc—, the phase spectrum of a real signal is always odd.

Example 4.7. The periodic square wave x(¢) in Example 4.1 has fundamental period 7', fundamental frequency ay,
and the Fourier series coefficient sequence given by

],
= /tk for k odd
0 for k even,

where A is a positive constant. Find and plot the magnitude and phase spectra of this signal. Determine at what
frequency (or frequencies) this signal has the most information.

Solution. First, we compute the magnitude spectrum of x(¢), which is given by |c|. We have

L, ﬁ
E%/W for k odd

lex| =
0 for k even
1
% for k odd

T
0 for k even.

Next, we compute the phase spectrum of x(¢), which is given by argc;. Using the fact that arg0 = 0 and arg % =
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(b)

Figure 4.7: Frequency spectrum of the periodic square wave. (a) Magnitude spectrum and (b) phase spectrum.

— 7% sgnk, we have

—1
_arg % for k odd
argey =
arg0 for k even

1

E= forkodd k<0
forkodd, k>0
for k even

sgnk for k odd
for k even.

NS

The magnitude and phase spectra of x(¢) are plotted in Figures 4.7(a) and (b), respectively. Note that the magnitude
spectrum is an even function, while the phase spectrum is an odd function. This is what we should expect, since x()
is real. Since ¢ is largest in magnitude for k = —1 and k = 1, the signal x(¢) has the most information at frequencies

—wp and ay. O]
Example 4.8. The periodic impulse train x(¢) in Example 4.2 has fundamental period 7', fundamental frequency ay,
and the Fourier series coefficient sequence given by

Ck:T!

where A is a positive constant. Find and plot the magnitude and phase spectra of this signal.

Last Revised: January 11, 2012 Copyright €2012 Michael D. Adams



92 CHAPTER 4. CONTINUOUS-TIME FOURIER SERIES

|kl ZLeg
A
T
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(@) (b)

Figure 4.8: Frequency spectrum for the periodic impulse train. (a) Magnitude spectrum and (b) phase spectrum.

Solution. We have |ci| = % and argc; = 0. The magnitude and phase spectra of x(z) are plotted in Figures 4.8(a) and
(b), respectively. O

4.7 Fourier Series and LTI Systems

In Section 3.10, we showed that complex exponentials are eigenfunctions of LTI systems. More specifically, for a LTI
system defined by the operator H and having impulse response k(z), we showed that

o ﬂ H(s)e‘”,

where ]
H(s)=  h(1)e **dt (4.19)

(i.e., H(s) is the system function).
Often, we are interested in the case of H(s) when Re{s} = 0 (i.e., s is purely imaginary). Let s = jo where o is
real. Substituting s = jo for s in (4.19), we obtain
]

H(jo) = H(s)| h(t)e /®dt.

s=jo = _
We call H(jw) the frequency response of the system. From above, it follows that an LTI system must be such that
e H(jw)e!®. (4.20)

Suppose now that we have a periodic signal x(z) represented in terms of a Fourier series as

x(t)="Y cret.

Using (4.20) and the superposition property, we can determine the system response y(¢) to the input x(z) as follows:

t)=H {x(z
y(t) |:|
=H Z crelk !
S e I
= Z H et

k=—oo

o0 I I
= Z cH ekt

——o0

= Z cxH (jkay)e* .

k=—oo
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Therefore, we can view a LTI system as an entity that operates on the individual coefficients of a Fourier series. In
particular, the system forms its output by multiplying each Fourier series coefficient by the value of the frequency
response function at the frequency to which the Fourier series coefficient corresponds. In other words, if

x(1) Fs Ck

then

y(t) Fs H (jkayp)ck.
Example 4.9. Suppose that we have a LTI system with the frequency response
H(jo)=e /27,
Find the response y(¢) of the system to the input x(z) where
x(1) = Lcos(2mt) = 1(e/#M 4 e7I2M),

Solution. The Fourier series for x(¢) is given by

x(t) = Z crelkr

k=—oo

where co =0, ¢ = 3, c—1 = %, and @ = 27. Thus, we can write

=

yo)y="Y cxH (jka ek

k=—c0
= H(—jon)e /" 4+ c H(jop)el ™!
= 1H(—j2m)e 2™ + LH(j2m)e?™
— %ejnIZe—‘/'Zm + %e—jnIZejZn't

[e—j(2m—7r/2) +ej(2m—7r/2)]

[
2cos(2mt — %)

cos(2mt—Z
= IZIZ)IIIEI
Cos 21 t—3

1
)
1
2
1
2
1
2

In other words, the output y(¢) is just a shifted version of the input x(z), namely x(z — %). As it turns out, the frequency
response H(jw) corresponds to an ideal delay of %. O

4.8 Filtering

In some applications, we want to change the relative amplitude of the frequency components of a signal or possibly
eliminate some frequency components altogether. This process of modifying the frequency components of a signal is
referred to as filtering. Various types of filters exist. Frequency selective filters pass some frequencies with little or no
distortion, while significantly attenuating other frequencies. Several basic types of frequency-selective filters include:
lowpass, highpass, and bandpass.

An ideal lowpass filter eliminates all frequency components with a frequency greater than some cutoff frequency,
while leaving the remaining frequency components unaffected. Such a filter has a frequency response of the form
1

1 for|o| < @,

H(jo)=
(jo) 0 otherwise,
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H(jo)
1
(0]
-, ,
(@)
H(jo)
1
(0]
— (0%
(b)
H(jw)
1
(0]
—0c2 — 01 1 ()
(©

Figure 4.9: Frequency responses of (a) ideal lowpass, (b) ideal highpass, and (c) ideal bandpass filters.

where @, is the cutoff frequency. A plot of this frequency response is given in Figure 4.9(a).
The ideal highpass filter eliminates all frequency components with a frequency less than some cutoff frequency,
while leaving the remaining frequency components unaffected. Such a filter has a frequency response of the form

L1
1 for|o|= o
H(jo) = | I_ e
0 otherwise,
where o, is the cutoff frequency. A plot of this frequency response is given in Figure 4.9(b).
An ideal bandpass filter eliminates all frequency components that do not lie in its passband, while leaving the
remaining frequency components unaffected. Such a filter has a frequency response of the form

L1
1 forwg <|o| <o

H(jow) =
(jo) 0 otherwise,

where the limits of the passband are w.1 and w.,. A plot of this frequency response is given in Figure 4.9(c).

Example 4.10 (Lowpass filtering). Suppose that we have a LTI system with input x(z), output y(¢), and frequency
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response H(jw), where
1

1 for|o|<3x

H(jw)=
(jo) 0 otherwise.

Further, suppose that the input x(¢) is the periodic signal
x(t) = 1+ 2cos 2t + cos4nt + 1 cos6rr.

Find the Fourier series representation of x(¢). Use this representation in order to find the response y(z) of the system
to the input x(¢). Plot the frequency spectra of x(¢) and y(z).

Solution. \We begin by finding the Fourier series representation of x(z). Using Euler’s formula, we can re-express x(¢)
as

x(t) = 1+ 2cos 2t + cosdnt + 3 cosbre
1 ]

; N . ) 1] . .
=142 %‘(eﬂm +e—12m) T g(eﬂm +e—./4nz) _1_% %(e./Gm _~_e—./6m)
— 1+ej2m +e—j2m + %[ej4m +e—j4m] + %[eij Jre—jﬁm]

_ %e—jﬁm+%e—j4m+e—j2m+1+ej2nt+%ej4nr+%ej6nt

— % e/(732m) %ej(—Z)(Zn)t 4 /(C1@m | Lj0)2m) | ()27 % e/@2m1 % i@ @m)t

From the last line of the preceding equation, we deduce that wy = 27, since a larger value for awp would imply that
some Fourier series coefficient indices are noninteger, which clearly makes no sense. Thus, we have that the Fourier
series of x(¢) is given by

=

x()="Y age’*eo!

—=—00

where @y = 27 and

1
] fork=0
H{fork==+1
ap= 3 fork=+2
—{ for k = +3
60— otherwise.

Since the system is LTI, we know that the output y(z) has the form

where
by = ayH ( jkay).

Using the results from above, we can calculate the b, as follows:

bo = aoH(j{0)[27]) = 1(1) = 1,
b= arH(jll[27)) = 1(1) = 1,
1(1) =1,
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AN

—6nr —4x —2n O 2n 4 61

—6nr —4x —2n O 4 A 61
(b)

Figure 4.10: Frequency spectra of the input and output signals.

Thus, we have
C1
Efork=0
by = fork==1
%mherwise.
Lastly, we plot the frequency spectra of x(¢) and y(z) in Figures 4.10(a) and (b), respectively. The frequency

response H(jw) is superimposed on the plot for x(z) for illustrative purposes.
O
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4.9 Problems

4.1 Find the Fourier series representation (in complex exponential form) of each of the signals given below. In each
case, explicitly identify the fundamental period and Fourier series coefficient sequence cy.
(a) x(t) = 1+ cos mt + sin? mt;
(b) x(¢) = [cos4¢][sin¢]; and
(€) x(r) = |sin2mt|. [Hint: e™sinbxdx = W + C, where a and b are arbitrary complex and
nonzero real constants, respectively.]

4.2 For each of the signals shown in the figure below, find the corresponding Fourier series coefficient sequence.

(@
x(1)
1
: | t
-T—4 -1 -T+4 -4 0 4 T-4 T T+4
(b)
x(1)
2
1__
: : : : : : : ' t
-7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 %
()

Last Revised: January 11, 2012 Copyright €2012 Michael D. Adams



98

CHAPTER 4. CONTINUOUS-TIME FOURIER SERIES

4.3

4.4

45

4.6

4.7

4.8

4.9

x(t)

AN
A2

(d)

Let x(7) be a periodic signal with the Fourier series coefficient sequence ¢, given by
1
1 fork=0
Cr =
‘ j L—Er"i—%! otherwise.

Use the properties of the Fourier series to answer the following questions:
(a) Is x(z) real?

(b) Is x(¢) even?

©Is %x(t) even? [Hint: Try Problems 4.4 and 4.5 first.]

Show that, if a complex periodic signal x(¢) is even, then its Fourier series coefficient sequence ¢, satisfies
C = C—f-

Suppose that the periodic signal x(¢) has the Fourier series coefficient sequence c;. Determine the Fourier series
coefficient sequence d;, of the signal %x(l).

A periodic signal x(¢) with period T and Fourier series coefficient sequence ¢, is said to be odd harmonic if
¢, = 0 for all even k.

(a) Show that if x(¢) is odd harmonic, then x(¢) = —x(t — %) for all .

(b) Show that if x(z) = —x(t — %) for all #, then x(¢) is odd harmonic.

Let x(¢) be a periodic signal with fundamental period 7 and Fourier series coefficient sequence c;. Find the
Fourier series coefficient sequence of each of the following signals in terms of ¢;:

(@) Even{x(¢)}

(b) Re{x(1)}-

Find the Fourier series coefficient sequence ¢, of the periodic signal x(¢) shown in the figure below. Plot the
frequency spectrum of this signal including the first five harmonics.

Suppose that we have a LTI system with frequency response

1
1 for|w|=5

H(jow) =
(j) 0 otherwise.

Using frequency-domain methods, find the output y(¢) of the system if the input x(¢) is given by

x(t) = 1+2c0s 2t +2c0s4t + 3 COs bt

Copyright €2012 Michael D. Adams Last Revised: January 11, 2012



4.10. MATLAB PROBLEMS 99

4.10 MATLAB Problems

4.101 Consider the periodic signal x(¢) shown in Figure B of Problem 4.2 where T =1 and A = % We can show that
this signal x(¢) has the Fourier series representation

x(r) = Z crelkeot

——o0

where ¢, = %sinc%" and wp = 27. Let xy(r) denote the above infinite series truncated after the Nth harmonic
component. That is,

N
)’C\N(l‘): Z Ckejkwot.
—

(a) Use MATLAB to plot xy(z) for N = 1,5,10,50, 100. You should see that as N increases, Xy (¢) converges to
x(7). [HINT: You may find the sym, symsum, subs, and ezplot functions useful for this problem. Please note
that the MATLAB sinc function is NOT defined in the same way as in the lecture notes. The MATLAB sinc
function is defined as sincx = (sin(zx))/(7x). So, it might be wise to avoid the use of this MATLAB function
altogether.]

(b) By examining the graphs obtained in part (a), answer the following: As N — oo, does Xy(z) converge to x(r)
uniformly (i.e., equally fast) everywhere? If not, where is the rate of convergence slower?

(c) The signal x(¢) is not continuous everywhere. For example, the signal has a discontinuity at r = %. As
N - oo, to what value does xy(¢) appear to converge at this point? Again, deduce your answer from the graphs
obtained in part (a).
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Chapter 5

Continuous-Time Fourier Transform

5.1 Introduction

The Fourier series provides an extremely useful representation for periodic signals. Often, however, we need to deal
with signals that are not periodic. A more general tool than the Fourier series is needed in this case. In this chapter,
we will introduce a tool for representing arbitrary (i.e., possibly aperiodic) signals, known as the Fourier transform.

5.2 Development of the Continuous-Time Fourier Transform

As demonstrated earlier, the Fourier series is an extremely useful signal representation. Unfortunately, this signal
representation can only be used for periodic signals, since a Fourier series is inherently periodic. Many signals,
however, are not periodic. Therefore, one might wonder if we can somehow use the Fourier series to develop a
representation for aperiodic signals. As it turns out, this is possible. In order to understand why, we must make
the following key observation. An aperiodic signal can be viewed as a periodic signal with a period of infinity. By
viewing an aperiodic signal as this limiting case of a periodic signal where the period is infinite, we can use the Fourier
series to develop a more general signal representation that can be used in the aperiodic case. (In what follows, our
development of the Fourier transform is not completely rigorous, as we assume that various integrals, summations,
and limits converge. Such assumptions are not valid in all cases. Our development is mathematically sound, however,
provided that the Fourier transform of the signal being considered exists.)
Suppose that we have an arbitrary signal x(¢) that is not necessarily periodic. Let us define the signal x7(¢) as

1

x(t) for—L<r<Z

0 otherwise.

xr(r) = (5.1)

In other words, xr(¢) is identical to x(¢) over the interval —% < < % and zero otherwise. Let us now repeat the
portion of x7(t) for =% < < % to form a periodic signal %(¢) with period 7. That is, we define ¥(¢) as

t)=xr(t) for =L <r<Z and %(t)=x(t+T).

In Figures 5.1 and 5.2, we provide illustrative examples of the signals x(¢), xr (), and X(z).
Before proceeding further, we make two important observations that we will use later. First, from the definition of
xr(t), we have
Tlin!ch(t) =x(1). (5.2)

Second, from the definition of xr(z) and X(¢), we have

;ijnwi(t) = x(1). (5.3)
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Now, let us consider the signal X(r). Since () is periodic, we can represent it using a Fourier series as

1) = i ek, (5.4)

——o0

=1
—

where

1 Ij]!"llz .
a == F(r)e k! gy (5.5)
T -112

and oy = 27/T. Since xr(t) = %(t) for =L <t < I, we can rewrite (5.5) as

1 IjTf‘llz

ai = —

xr(t)e kot gy
T -112

Furthermore, since x7 (1) =0 fort < —3 andt = 2 , We can rewrite the preceding expression for a; as
1 B

= t)e Tkt gy
T _ooxT()e

aj =

Substituting this expression for a; into (5.4) and rearranging, we obtain the following Fourier series representation for
X(t):
(I | (I
xr(1)e kwTgy gkont
» L1 1
=) o xr(1)e k0T g kot
it 2T —w

1 & 4 ; ;
= E E XT(T)e_jkaTdT ejkwot(l)o.
k —oo

—=—00

N

=)

k=—o0

Substituting the above expression for %(z) into (5.3), we obtain

—
1 - @; —jkwoT Jkaot
x(t 2— Z xr(7)e dt e/ qay. (5.6)

Now, we must evaluate the above limit. As T - oo, we have that wp — 0. Thus, in the limit above, kwg becomes a
continuous variable which we denote as w, wy becomes the infinitesimal dw, and the summation becomes an integral.
This is illustrated in Figure 5.3. Also, as T — oo, we have that x7 () - x(¢). Combining these results, we can rewrite
(5.6) to obtain

1 g jot
- J
x(t) o _mX(w)e do,
where
L :
X(w)=  x(t)e™/“dt.

—oo

Thus, we have found a representation of the arbitrary signal x(¢) in terms of complex sinusoids at all frequencies. We
call this the Fourier transform representation of the signal x(z).
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x(1)
1
| I F : t
-T-1 =% 0 T nr
(@)
xr (1)
1
—— ] t
-T-nn =% 0 rnr
(b)
(1)
1
——t A t
-T -1, =% 0 T nr
(©
Figure 5.1:

Example of signals used in derivation of Fourier transform representation (where 71 > %).
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x(1)
1
-% -1 0 n & !
(a)
xT(t)
1
} 7 F — 1
-T -7 —I 0 T 7 T
(b)
(1)
1
} } t
=T =T 0 Th T
(c)

Figure 5.2: Example of signals used in derivation of Fourier transform representation (where 73 < %).

XT((D) = _wa(T)e_jde

Xr (ka)ek®or | A7 /_\

kaw — (k+1)ax

Figure 5.3: Integral obtained in the derivation of the Fourier transform representation.
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5.3 Definition of the Continuous-Time Fourier Transform

In the previous section, we derived the Fourier transform representation of an arbitrary signal. This representation
expresses a signal in terms of complex sinusoids at all frequencies. Given a signal x(z), its Fourier transform repre-
sentation is given by

1 & .
x(t) = o X(w)e!dw, (5.7a)
where
L ‘
X(w) = x(t)e ' dt. (5.7b)

—oo

We refer to (5.7b) as the Fourier transform analysis equation and (5.7a) as the Fourier transform synthesis equa-
tion.
The quantity X (o) is called the Fourier transform of x(¢). That is, the Fourier transform of the signal x(r), denoted

as F{x(r)} or X(w), is defined as ]
Fx()}=X(o)=  x(t)e /®dt. (5.8)
Similarly, the inverse Fourier transform of X (o) is given by
1 .
F X (0)}=x(r) = > X(w)e'®do. (5.9)

If a signal x(z) has the Fourier transform X () we often denote this as
x(t) o X (o).

As a matter of terminology, x(¢) and X (o) are said to be a Fourier transform pair.

Example 5.1 (Fourier transform of the unit-impulse function). Find the Fourier transform X (@) of the signal x(z) =
Ad(t —19). Then, from this result, write the Fourier transform representation of x(r).

Solution. From the definition of the Fourier transform, we can write
X(w)=F{x@)}
= 'I::iA(S (t—10)}
= AS(t—to)e /¥dr
= |
=A  S(t—1p)e/dt.

Using the sifting property of the unit-impulse function, we can simplify the above result to obtain
X(w) =Ae /@,
Thus, we have shown that
AS(t—1p) <= Ae™Io0,

From the Fourier transform analysis and synthesis equations, we have that the Fourier transform representation of x(z)
is given by
1 B

x(t) = i X(w)e'dw
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where

X (@) = Ae” /0,

O
Example 5.2 (Inverse Fourier transform of the unit-impulse function). Find the inverse Fourier transform of X (w) =
2nAS (0 — o).
Solution. From the definition of the inverse Fourier transform, we can write
1 H .
F {2748 (0—awp)} = o 2TAS (0 — ap)e’® dw
=A  S(o—w)e®do.
Using the sifting property of the unit-impulse function, we can simplify the preceding equation to obtain
F {2748 (0 — ax)} = Ae/™".
Thus, we have that
Aei T 2148 (0 — ).
O

Example 5.3 (Fourier transform of the rectangular pulse). Find the Fourier transform X () of the signal x(¢) = rectr.

Solution. From the definition of the Fourier transform, we can write

L .
X(0)=F{x(t)}=  [rectt]le /" dt.

From the definition of the rectangular pulse function, we can simplify this equation as follows:

- ,
X(0) = [rectt]e™ /' dt
—1/2

Lo
= e /dr.
—172

Evaluating the integral and simplifying, we obtain

[2jsin§]

~jo
2 .

= —sinw/2
0]

=sincw/2.

Thus, we have shown that

F .
rectt — — sincw/2.

O
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5.4 Convergence of the Continuous-Time Fourier Transform

When deriving the Fourier transform representation earlier, we implicitly made some assumptions about the conver-
gence of the integrals and other expressions involved. These assumptions are not always valid. For this reason, a more
careful examination of the convergence properties of the Fourier transform is in order.

Suppose that we have an arbitrary signal x(¢). This signal has the Fourier transform representation x(z) given by

1 = .
i) = o X(w)e! dw,
where
1 4
X(w) = x(t)e 7 dt.

—oco

Now, we need to concern ourselves with the convergence properties of this representation. In other words, we want to
know when x(z) is a valid representation of x(z). In our earlier derivation of the Fourier transform, we relied heavily
on the Fourier series. Therefore, one might expect that the convergence of the Fourier transform representation is
closely related to the convergence properties of Fourier series. This is, in fact, the case. The convergence properties of
the Fourier transform are very similar to the convergence properties of the Fourier series (as studied in Section 4.4).
The first important result concerning convergence relates to finite-energy signals as stated by the theorem below.

Theorem 5.1 (Convergence of Fourier transform (finite-energy case)). If a signal x(t) is of finite energy (i.e., ijlw [x(2) |2 dr<
o), then its Fourier transform representation converges in the MSE sense.

In other words, if x(¢) is of finite energy, then

]
E=  |80)—x(t)*dt =0.

—oo

Although x(z) and x(¢) may differ at individual points, the energy E in the difference is zero.
The other important result concerning convergence that we shall consider relates to what are known as the Dirichlet
conditions. The Dirichlet conditions for the signal x(¢) are as follows:

1. The signal x(z) is absolutely integrable (i.e., lfi [x(2)]dt < o).

2. The signal x(¢) has a finite number of maxima and minima on any finite interval.

3. The signal x(¢) has a finite number of discontinuities on any finite interval, and each discontinuity is itself finite.
For a signal satisfying the Dirichlet conditions, we have the important convergence result stated below.

Theorem 5.2 (Convergence of Fourier transform (Dirichlet case)). If a signal x(t) satisfies the Dirichlet conditions,
then its Fourier transform representation X(t) converges pointwise for all t, except at points of discontinuity. Further-
more, at each discontinuity point t = t,, we have that

K(ta) = 3x(13) +x(1)],

where x(t;) and x(t)) denote the values of the signal x(t) on the left- and right-hand sides of the discontinuity,
respectively.

In other words, if a signal x(¢) satisfies the Dirichlet conditions, then the Fourier transform representation x(¢) of
x(t) converges to x(¢) for all ¢, except at points of discontinuity where x(¢) instead converges to the average of x(¢) on
the two sides of the discontinuity.

The finite-energy and Dirichlet conditions mentioned above are only sufficient conditions for the convergence of
the Fourier transform representation. They are not necessary. In other words, a signal may violate these conditions
and still have a valid Fourier transform representation.
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x(t)
1
T
t
1 1
2 2

Figure 5.4: Signal x(z).

Example 5.4. Conside[_Djhe function x(r) shown in Figure 5.4. Let x(r) denote the Fourier transform representation
of x(¢) (i.e., X(r) = X (w)e’® dw, where X () denotes the Fourier transform of x(¢)). Determine the values

£(—3) and 2(3).

:E—oo

Solution. \We begin by observing that x(¢) satisfies the Dirichlet conditions. Consequently, Theorem 5.2 applies.
Thus, we have that

)+x(—17)

5.5 Properties of the Continuous-Time Fourier Transform

The Fourier transform has a number of important properties. In the sections that follow, we introduce several of these
properties. For convenience, these properties are also later summarized in Table 5.1 (on page 121).

55.1 Linearity

Ifx1(1) - X1(@) and x2(r) < - Xo(®), then

F
alxl(t) +axxy (Z) PR alxl(a)) + ang(a)),

where a; and a, are arbitrary complex constants. This is known as the linearity property of the Fourier transform.
To prove the above property, we proceed as follows:

g .
F {al-xl (t) + azxp (t)} = [alxl (t) + asxy (t)]e_]wldt
= axa()e?dt+  ayx(t)e/?dt
Tl _ g ‘
=a x1(t)e_]w'dt +ay xz(t)e_]“”dt

—oo —oo

= a1F {x1 (1)} + a2 F {x2()}
= a1 X1(0) + aXo (o).

Thus, we have shown that the linearity property holds.

Example 5.5 (Linearity property of the Fourier transform). Find the Fourier transform X () of the signal x(¢) =
A COS wyt.
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Solution. \We recall that cos o = 1[e/* + /%] for any real . Thus, we can write

X(0) = F{x(1)}
= F{Acoswyt}
=F {% [e/0! 4 g0},

Then, we use the linearity property of the Fourier transform to obtain

X(0)=4F{/™}+4F {7 /™}.

From Example 5.2, we know that /@0’ £ 218 (®— ax) and e~ /20! £ 2n8(w+ ap). Thus, we can further simplify
the above expression for X (w) as follows:

X(0) = 3[278(0 + wo)] + 5 [278 (0 — )]
=An[§(@+ wp) +0(w— ap)].

Thus, we have shown that
AcCOs@ot < An[é(w+ an) + 6 (w — ap)].

O

Example 5.6 (Fourier transform of the unit-step function). Suppose that sgnz o /% Find the Fourier transform
X (o) of the signal x(¢) = u(r).

Solution. First, we observe that x(r) can be expressed in terms of the signum function as
x(t) =u(r) =3+ Lsgne.
Taking the Fourier transform of both sides of this equation yields
X(w) = F{x(t)} = F{} + Lsgn}.
Using the linearity property of the Fourier transform, we can rewrite this as
X(w) = F{1}+ 3F {sanr}.

From Example 5.5 (with ay = 0), we know that 1 A 2nd (). Also, we are given that sgn¢ i ]% Using these
facts, we can rewrite the expression for X (w) as
Thus, we have shown that

O
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5.5.2 Time-Domain Shifting

If x(1) < X(w), then
x(t—1g) < eTI®0X (@),

where 1y is an arbitrary real constant. This is known as the time-shifting property of the Fourier transform.
To prove the above property, we proceed as follows. To begin, we have

L .
F{x(t—1n)}=  x(t—1t)e ’“dt.

—oo

Now, we use a change of variable. Let A =7 —1y so thatr = A + 19 and dt = dA. Performing the change of variable
and simplifying, we obtain

-l .
F{x(t—1)}=  x(A)e/oR+0lg)
T -
= x(A)e IOt emiong),
Ol .
=IO x(L)eItdA

— IE ()
= ¢ /X ().

Thus, we have proven that the time-shifting property holds.

Example 5.7 (Time-domain shifting property of the Fourier transform). Find the Fourier transform X () of the signal
x(r) = Acos(wot + 9).

Solution. Letv(r) = Acosapt so that x(z) = v(t + %). From Example 5.5, we have that

F{()}=V(w)=F{Acosmp}
=Amn[5(w+ )+ 8(»— ap)).

From the definition of v(¢) and the time-shifting property of the Fourier transform, we have

X(w) =F{x(t)}
= /2%y ()

= /Y DAR[§ (@ + wp) + S (@ — wp)].
Thus, we have shown that

Acos(wof +0) S Amel® N[5 (@ + awp) + 8 (w— ap)].

5.5.3 Frequency-Domain Shifting

If x(r) < X(w), then
™ x(t) I X (0 —w),

where @y is an arbitrary real constant. This is known as the frequency-domain shifting property of the Fourier trans-
form.
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To prove the above property, we proceed as follows. From the definition of the Fourier transform and straightfor-
ward algebraic manipulation, we can write
4 Ll .
F{/™x()} = e/ x(t)e ' dt
T _
= x(t)e_-’(w_wo>’dt

—oo

=X(w—ay).
Thus, we have shown that the frequency-domain shifting property holds.

Example 5.8 (Frequency-domain shifting property of the Fourier transform). Find the Fourier transform X () of the
signal x(¢) = (cos aor)(cos207t).

Solution. Recall that cos o = %[ef"‘ + /%] for any real a. Using this relationship and the linearity property of the
Fourier transform, we can write

= F{(cos wor)(3) [ +¢ ™2™ ]}
= F {$e/2% cos apr + e /2™ cos ot}
= 1F {2 cos wor} + L F {e /2™ cos anr}.

From Example 5.5 (where we showed cos wgt « - m[d(@w — ap) + 6(w + mp)]) and the frequency-domain shifting
property of the Fourier transform, we have

X(@) =3 [®[8(v=a0) +8(v+ @0)|ll,—p—20z + 3 [F[6(v—0) + 8(v+ @) ]|,y 208

1
2
=1 (n[8(o+ wo—207) + 80— o — 207)]) + 3 (7[5 + wp + 207) + & (w — wp + 207)))
Z16(0+ wp—20m) + §(w — o — 207) + § (@ + ao + 207) + 5 (0 — ax + 207)] .

5.5.4 Time- and Frequency-Domain Scaling

If x(r) < X(w), then ==
F
x(at) « > =X —
lal”  a
where a is an arbitrary nonzero real constant. This is known as the time/frequency-scaling property of the Fourier
transform.
To prove the above property, we proceed as follows. From the definition of the Fourier transform, we can write
td .
F{x(at)} = x(at)e /" dt.

—oo

Now, we use a change of variable. Let A = ar so thatz = A/a and dt = dA/a. Performing the change of variable (and
being mindful of the change in the limits of integration), we obtain

a=)

x()t)e—j(w/a)?L (l)d}L fora=>0

F = (w/a)h
{x(at)} Er:ox(k)eﬂ(w/a)l(%)dl fora<O0
1 _Iﬁc(l)e—j(w/a)ldl fora>0
= 1 x(A)e~H@/arg) fora<O.

a —o
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Combining the two cases (i.e., for a <0 and a > 0), we obtain

1 = .
F{x(at)} = T x(A)e I @D gy,
1 R
la” @

Thus, we have shown that the time/frequency-scaling property holds.

Example 5.9 (Time scaling property of the Fourier transform). Find the Fourier transform X (o) of the signal x(z) =
rect(at).

Solution. Let v(r) = rect(r) so that x(¢t) = v(ar). From Example 5.3, we know that
F{v()} =V (w) = F{rectt} =sincw/2. (5.10)
From the definition of v(¢) and the time-scaling property of the Fourier transform, we have

X(0) = F{x(0)}
1 [
- LT

Substituting the expression for V() in (5.10) into the preceding equation, we have

1 . o
X = —SINC —.
() la| ! 2a

Thus, we have shown that

rect(ar) « - Lsinc 2.

lal

5.5.5 Conjugation

If x(r) < X(w), then
X%) 4—F—> X'%_(l))

This is known as the conjugation property of the Fourier transform.
A proof of the above property is quite simple. From the definition of the Fourier transform, we have

-l .
F{xh} = ~ xHthe ™79 ar.

o

From the properties of conjugation, we can rewrite this equation as

EiE= L=t
F{xhy = _wx'%})e_/“”dt

i) e
= [x(t)?g—fw Uy
() L

= x(1)e/® dt

:X'%-'ia)).

Thus, we have shown that the conjugation property holds.
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Example 5.10 (Fourier transform of a real signal). Show that the Fourier transform X (®) of any real signal x(¢) must
satisfy X (o) = X "(-w), and this condition implies that |X ()| = |X (—®)| and arg X (®) = —arg X (—o) (i.e., |X ()|
and arg X (w) are even and odd functions, respectively).
Solution. From the conjugation property of the Fourier transform, we have

F{itthy=x"to).
Since x(¢) is real, x(t) = x'(}) which implies

F{0}=x"tw),

or equivalently

X(0) =X"0). (5.11)
Taking the magnitude of both sides of (5.11) and observing that |z| = |z *for any complex z, we have
IX (o) = X"~ )
= |X(-o)l.
Taking the argument of both sides of (5.11) and observing that argz™%= —argz for any complex z, we have

argX (o) = argX - w)
=—argX(—m).

5.5.6 Duality

If x(¢) e X(w), then
X(l) <—F—> 27[)(3(_(1))

This is known as the duality property of the Fourier transform. This property follows from the similarity/symmetry
in the definition of the forward and inverse Fourier transforms. That is, the forward Fourier transform equation given
by (5.8) and the inverse Fourier transform equation given by (5.9) are identical except for a factor of 2 and different
sign in the parameter for the exponential function.

To prove the above property, we proceed as follows. From the Fourier transform synthesis equation, we have

1 H o
= — J O
x(t) P _wX(a))e do.
Substituting — for ¢, we obtain
1 .
x(—t) X(w)e '“do.

:E —oo

Now, we multiply both sides of the equation by 2 to yield
2nx(—t) =  X(w)e do

= F{X(}

Thus, we have shown that the duality property holds.
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Example 5.11 (Fourier transform of the sinc function). Given that rect(z) .. sincw/2, find the Fourier transform
X () of the signal x(¢) = sinc(¢/2).

Solution. From the given Fourier transform pair and the duality property, we have that
X (o) = F{sinct/2} = 2nrect(—w).
Since rect(—m) = rect(w), we can simplify this to obtain
X(w) =2nrect().
Thus, we have shown that

. F
sinct/2 <= 2xrectw.

5.5.7 Time-Domain Convolution
Ifx1(1) < - Xi(@)and x2(1) < - Xo(), then
x(1) D) S X (0) X ().

This is known as the time-domain convolution property of the Fourier transform.
The proof of this property is as follows. From the definition of the Fourier transform and convolution, we have

Ll A
Fln@) 0= ) 03]/ ar
SEEs =
= x1(T)x2(t —71)dT e 1¥dt
- -l ,
= x1(T)x2(t —7)e  drdt.
Changing the order of integration, we obtain
L1 L '
F{a@) ()} = x1(T)x2(t — 1)/ drdr.

—oo —oo

Now, we use a change of variable. Let A =¢— 7 so thatt = A + 7 and dA = dt. Applying the change of variable and
simplifying, we obtain

(I A
F{a() )} = x1(T)x2(L)e P g de
(B gy o
= x1(T)x2(A)e IOt eI d T
- R o
= m(r)er x2(M)e 7 dA dt
=i - O
= m(re /T x2(A)e 1 an
= F {a(t)}F {x2(1)}
:Xl(w)Xg(w).

Thus, we have shown that the time-domain convolution property holds.
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Example 5.12 (Time-domain convolution property of the Fourier transform). With the aid of Table 5.2, find the
Fourier transform X (o) of the signal x(¢) = x1(¢) [x}(¢) where

x1(t) = e ?u(t) and

x2(t) = u(r).

Solution. Let X;1(®) and X2 (®) denote the Fourier transforms of x1 (¢) and xz(¢), respectively. From the time-domain
convolution property of the Fourier transform, we know that

X(0) = F {u(r) [B()} = X1(0)Xz(o). (5.12)

From Table 5.2, we know that

Xi(0) = F{a()}=F{u()} = 55 and
Xo(0) = F {2 (1)} = F{u(t)} = 78(w) +

Substituting these expressions for X; (w) and X»() into (5.12), we obtain

X(0) = [755](18(0) + 75)

= 27569(0) + 75 (7)
2+ja)5(a)) ]2601—602
O
5.5.8 Frequency-Domain Convolution
Ifx1(1) < - X1(o) and x2(r) < - Xo(@), then
F 1 1 I:L
x1(t)x2(t) - 5X1(0) Xb(w) = o X1(0)X2(e0—6)d0.

This is known as the frequency-domain convolution (or time-domain multiplication) property of the Fourier transform.

To prove the above property, we proceed as follows. From the definition of the inverse Fourier transform, we have
- [ o -
F1 X (0) X(o) fxl ) Xb(0) e/“do

2 27r . 'ﬁ‘i O

- _ jot
2ﬂ o anl(A)Xz(w A)dA e de

1 ! jot
=5 — — e/
=or __ __ X1 Xe(0— )P dAdo.

Reversing the order of integration, we obtain

1 1, 0
F1! 1X L lx M Xo(®—A)e’ dwdA
o 1(0) Xp(w) =5 __ 3 1(A)Xo(w—A)e’ dwdA.

Now, we employ a change of variable. Let v=w— A so that @ = v+ A and dv = dA. Applying the change of variable
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and simplifying yields

—1 —1
1 1 (4 2)1
Exl(w) Xb(0) =— —X1(A)X2(v)e’ dvdA

E-l
2 —o —00 2T

= — iXl(),)Xz(v)ejv’ej’hdvdl
(I 1
L - jvi
= X1(A)e! o Xo(v)e!dv dA
Ti I ] 1
Xo(v)e!'dv
o -
i ' ig

o _wxz(w)ef“”dw

=x1()x2(2).
Thus, we have shown that the frequency-domain convolution property holds.
Example 5.13 (Frequency-domain convolution property). Suppose that we have the signal

y(r) = x(¢) cos .t

where @, is a nonzero real constant. Find the Fourier transform ¥ (®) of the signal y(¢) in terms of X (w) = F {x(¢)}.
Solution. Taking the Fourier transform of both sides of the above equation for y(z), we have

Y(0) = F {x(¢) cos .t}
Using the frequency-domain convolution property of the Fourier transform, we can write

Y(w) = F{x(¢)cos w.t}

LF {x(1)} (HF {cos w1}

=

AX(0) OZ[5(0— o) +8(0+ o]

= 1X(0) 03(0— o)+ 5(0+ o))

PI%%Z) (30— @) + X (0) (o + o)]
1

N

[

N[

X(M)S(@—A—w)dA+  X(A)(0—A -+ m.)dA

—oco —oo

() ] -
XA)o(A—o+w)dr+ X(A)0(A—w—ao)dA

—oo —oo

X(o—ao)+X(o+ o)
X(0— )+ 3X (0 + ).

N

I
NI N

5.5.9 Time-Domain Differentiation

If x(r) <= X(w), then
dx(t) E .
7 - ]U)X(O))

This is known as the time-domain differentiation property of the Fourier transform.
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To prove the above property, we begin by using the definition of the inverse Fourier transform to write
1
1

=5 _OOX(a))e/"”da).

x(1)
Now, we differentiate both sides of the preceding equation with respect to ¢ and simplify to obtain

]
dx(r) _ i . jot
pra _wX(w)(]a))ef do

=F " {joX(o)}.

Thus, we have shown that the time-differentiation property holds. In passing, we also note that by repeating the above
argument, we have

Exl) - (jo)'X(0).

Example 5.14 (Time-domain differentiation property). Find the Fourier transform X () of the signal x(¢) = %5(0.

Solution. Taking the Fourier transform of both sides of the above equation for x(¢) yields

X(0) =F{£5(}.

Using the time-domain differentiation property of the Fourier transform, we can write
X(w)=F{$8(1)}
= joF{5(1)}

=jo(1)
= jo.

5.5.10 Frequency-Domain Differentiation

Ifx(r) < X(w), then
F .d
x(r) < j X ()
This is known as the frequency-domain differentiation property of the Fourier transform.

To prove the above property, we proceed as follows. From the definition of the Fourier transform, we can write

L ‘
X(w)=  x(t)e /“dt.

—oco

Now, we differentiate both sides of this equation with respect to w and simplify to obtain

d — .
%X(a)) = x(t)(—jt)e /"dt
~ |
=—j tx(t)e /®dt
= —jF{rx(n)}.
Multiplying both sides of the preceding equation by j yields
. d B
]%X(a)) =F{tx(1)}.

Thus, we have shown that the frequency-domain differentiation property holds.

Last Revised: January 11, 2012 Copyright €2012 Michael D. Adams



118 CHAPTER 5. CONTINUOUS-TIME FOURIER TRANSFORM

Example 5.15 (Frequency-domain differentiation property). Find the Fourier transform X () of the signal x(r) =
£ cos ot Where ay is a nonzero real constant.

Solution. Taking the Fourier transform of both sides of the equation for x(¢) yields
X (o) = F{tcoswy}.
From the frequency-domain differentiation property of the Fourier transform, we can write

X (o) =F{tcoswyr}

46 [T[6 (@ — ) + 8(w+ wp)]]
i 45 [6(0— o) + 8(@ + ap))]
S(w—ax)+ jn-L8(w+ ay).

[

5.5.11 Time-Domain Integration

If x(1) < X(w), then o

—oo

(2)de Fo jiwx(w) +7X(0)5(w).

This is known as the time-domain integration property of the Fourier transform.
The above property can be proven as follows. First, we observe that

Cl
x(t)dt = x(¢) Culr).

—oo

Taking the Fourier transform of both sides of the preceding equation and using the time-domain convolution property
of the Fourier transform, we have
Lo 1

F o x(ndr =F{)
= X(w)F {u(r)}. (5.13)

From Example 5.6, we know that u(z) N né(w)+ /%0 Using this fact, we can rewrite (5.13) as

@ 1
F x(1)dt =X(0)[r8(0)+ 5]

—oo

= 5 X(0)+ 72X ()8 ().

From the equivalence property of the unit-impulse function, we have

= |-
F x(1)dt = 5X(0)+7X(0)8(w).

—oo

Thus, we have shown that the time-domain integration property holds.

Example 5.16 (Time-domain integration property of the Fourier transform). Use the time-domain integration property
of the Fourier transform in order to find the Fourier transform X () of the signal x(z) = u(z).
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Solution. \We begin by observing that x(¢) can be expressed in terms of an integral as follows:

Now, we consider the Fourier transform of x(z). We have
X(0)=F{u()}

=F o(t)dr

—oo

From the time-domain integration property, we can write

X(@) = jinw(t)}m [FL8(0)}]l0 5(0)

Thus, we have shown that u(z) < — & +718(o). O

5.5.12 Parseval’s Relation

Recall that the energy of a signal f(z) is given by I%L |f(t)|2dt. If x(¢) N X(w), then
. —
x()Pdi ==  |X(0)]*do. (5.14)
o 2T -
That is, the energy of x(z) and energy of X () are equal within a scaling factor of 2. This relationship is known as
Parseval’s relation.
To prove the above relationship, we proceed as follows. Consider the left-hand side of (5.14) which we can write
as
Ll -
x()Pdt = x(t)x"(H)dr
- -y
= x()FY{F{h3Yar.

—oo

From the conjugation property of the Fourier transform, we have that x'(}) Fox Hl-w). So, we can rewrite the
above equation as

1 1
x())Pdt = x(t)F " H{X"(0)}d
0 4o O
= x(1) 5 X'tw)e/®do dr.

—oo

Now, we employ a change of variable (i.e., replace w by —w) to obtain

1 0 5o B
lx()Pdr = x(1) T XYw)e 7 dw di
B =N = ,
= x(0)XYw)e 7 daod:.
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Reversing the order of integration and simplifying, we have

S an B
|x(1)|°dt = o x(t)X Yw)e I dtdw
” 1 [ —
:E X (h)) x(t)e_]wtdt do
= A .
1

Thus, Parseval’s relation holds.

Example 5.17 (Energy of the sinc signal). Suppose that we have the signal x(z) = sincz/2 and F {x(¢)} = 2xrect ®.

Compute the energy of the signal x(7).

Solution. We could directly compute the energy of the signal x(z) as
]
E= |x(t)|dt
(-

= |sinct/2|? dt.

This integral is not so easy to compute, however. Instead, we use Parseval’s relation to write
]
1

E=—
2T —o

|X(a))|2da)

1
= — |27rrectw|2dw
27 —co

1 I:1]/2

2n —an

Lo

=2r do
—-1/2

172
|—1/2

1 1
= 277,'[2 + ﬂ
=2m.

(27)%dw
=27

Thus, we have
]
E = anggmzzn.

5.6 Continuous-Time Fourier Transform of Periodic Signals

The Fourier transform can be applied to both aperiodic and periodic signals. In what follows, we derive a method for

computing the Fourier transform of a periodic signal.

Suppose that we have a periodic signal x(¢) with period T. Since x(¢) is periodic, we can express it using a Fourier

series as

x(t)y="Y age/*™

k=—oo

Copyright €2012 Michael D. Adams Last Revised: January 11, 2012



5.6. CONTINUOUS-TIME FOURIER TRANSFORM OF PERIODIC SIGNALS 121
Table 5.1:; Fourier Transform Properties
Property Time Domain Frequency Domain
Linearity a1x1(t) +axxp(t) a1 X1(0)+axXz (o)
Time-Domain Shifting x(t—1g) e /X ()
Frequency-Domain Shifting e/ ™ x(t) X(w IEIHI%?
Time/Frequency-Domain Scaling  x(ar) ﬁx o
Conjugation xth) Xlw)
Duality X(1) 2nx(— o)
Time-Domain Convolution x1(t) Txp(2) X1(0)X2 ()
Frequency-Domain Convolution x1(t)x2(t) %Xl(a)) X (o)
Time-Domain Differentiation Lx(t) joX(w)
Frequency-Domain Differentiation  7x(¢) jﬁx(w)
Time-Domain Integration L_flwx(r)dr jin(w) +7X(0)6(w)
Property — —
Parseval’s Relation = [x(r)|*dt = £ = X (0)] de
where
1=
== Tx(r)e—lkwofdt (5.16)
Let us define the signal x7(¢) to contain a singlfi%rliod of x(¢) as follows:
wr(t) = x(t) for—L<r<? (5.17)

0 otherwise.

Let X7 (@) denote the Fourier transform of xr(z). Consider the expression for a; in (5.16). Since x7(z) = x(z) for a

single period of x(¢) and is zero otherwise, we can rewrite (5.16) as

(5.18)

1 = .
ax==  xp(t)e k™

T -

_ EX (kay)

=7Ar ).

Now, let us consider the Fourier transform of x(¢). By taking the Fourier transform of both sides of (5.15), we
obtain
—1 1
F{ix@)}=F Z agel*o!

o =

= Z age’* ™ gTio gy
e
Reversing the order of summation and integration, we have

0 .
e/ka)gte—/wtdt

—oo

F{x(0)} = i a

=)

= Z akF {ejkwot}.

k=—oo
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x(t)

1

-3 1 1 3
2 2 2 2

Figure 5.5: Periodic function x().

From Example 5.2, we know that F {e/4"} = 218(w— A). So, we can simplify (5.19) to obtain

F{x(1)}= i ar[2nd (0 —kay)]

——o00

= i 2nard (o —kay). (5.20)

k=—oo

Thus, the Fourier transform of a periodic function is a series of impulse functions located at integer multiples of
the fundamental frequency wy. The weight of each impulse is 2z times the corresponding Fourier series coefficient.
Furthermore, by substituting (5.18) into (5.20), we have

Fl}= Y 222 Xr (ken)]d(— kep)

——o0

— Y ooXp(koo)5(0— k). (5.21)

——00

This provides an alternative expression for the Fourier transform of x(¢) in terms of the Fourier transform X7 (w) of a
single period of x(7).

In summary, we have shown that the periodic signal x(z) with period T and frequency wy = 27” has the Fourier
transform X (w) given by

X(w) = i 21a;6 (o — kay). (5.22)

——o0

(as in (5.20)), or equivalently,

X(@)= ¥ @i (kan)s(©— ko) (529

——o00

(asin (5.21), where a is the Fourier series coefficient sequence of x(¢), X7 (o) is the Fourier transform of x7(¢), and
xr(¢) is a function equal to x(z) over a single period and zero elsewhere (e.g., as in (5.17)). Furthermore, we have also
shown that the Fourier series coefficients a; of x(r) are related to Xr (@) by the equation

1
ap = ?XT (k(l)o)
Thus, we have that the Fourier series coefficient sequence a; of the periodic signal x(¢) is produced by sampling the

Fourier transform of xr(¢) at integer multiples of the fundamental frequency ay and scaling the resulting sequence by
1

T

Example 5.18. Consider the periodic function x(¢) with period T = 2 as shown in Figure 5.5. Using the Fourier
transform, find the Fourier series representation of x(z).
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Table 5.2: Fourier Transform Pairs

Pair  x(r) X(w)
1 o(1) 1
2 ur) 8 (w) +
3 1 2né(w)
4 sgn(r) =
5 /%! 2718 (w— ay)
6  cosawpt m[é(w—wp) + 6(w+ ax)]
7 sin wpt %[S(w—a)o)—8(w+wo)]
8 rect(¢+/T) Tsinc(wT/2)
9 BsincBr rect 5%
10 e “u(r), Re{a} >0 Hl].w
n—1 —a (n—1)!
11 " Le™u(t), Re{a} >0 ajor
12 tri(e/7) L sinc?(Tw/4)

Solution. We have that wg = 27” = 7. Let y(r) = rectz (i.e., y(¢) corresponds to a single period of the periodic function

x(1)). Thus, we have that

x(t) = i y(t—2k).

k=—o0

Taking the Fourier transform of y(z), we obtain

Y (w) = F {rectt} = sincw/2.

Now, we seek to find the Fourier series representation of x(¢), which has the form

x(t)="Y cpeltr'.

—=—00

Using the Fourier transform, we compute ¢, as follows:

Ck

NI NI

5.7 Fourier Transforms

7Y (kax)
sinc("T“’O)

sinc(km/2).

Throughout this chapter, we have derived a number of Fourier transform pairs. Some of these and other important
transform pairs are listed in Table 5.2. Using the various Fourier transform properties listed in Table 5.1 and the
Fourier transform pairs listed in Table 5.2, we can determine (more easily) the Fourier transform of more complicated

signals.

Example 5.19. Suppose that x(¢) £ X (o), x1(t) R X1(w), and

dZ

x1(t) = ﬁx(t -2).

Express X1 (o) in terms of X ().

Last Revised: January 11, 2012
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Solution. Let vi(r) = x(t —2). From the definition of v1(¢) and the time-shifting property of the Fourier transform,
we have

Vi(0) = e 2°X (). (5.24)
From the definition of v1(¢), we have

2
xl(t) = %vl(t).

Thus, from the time-differentiation property of the Fourier transform, we can write
X1(0) = (jo)*Vi(o)
=—w?Vi(). (5.25)
Combining (5.24) and (5.25), we obtain

X1(0) = —w’e 22X (o).

Example 5.20. Suppose that x(z) e X(w), x1(t) L X1(w), and
x1(t) = x(at —b),
where a is a nonzero real constant and b is a real constant. Express X1 () in terms of X (o).
Solution. We rewrite x1(¢) as
x1(t) = vi(ar)
where
v1(t) = x(t —b).

We now take the Fourier transform of both sides of each of the preceding equations. Using the time-shifting property
of the Fourier transform, we can write

Vi(0) =e X (). (5.26)
Using the time-scaling property of the Fourier transform, we can write
1
1
X1(0)=—V I;il ) (5.27)
lal = a
Substituting the expression for V1 (w) in (5.26) into (5.27), we obtain
1
1 .
Xi(0) = —e /oy [;il :
|al a
O

Example 5.21. Suppose that we have the periodic signal x(¢) given by

x(t) = i xo(t —kT)

where a single period of x(z) is given by
xo(t) = Arect(2t/T).

Find the Fourier transform X (w) of the signal x(7).

Copyright €2012 Michael D. Adams Last Revised: January 11, 2012



5.7. FOURIER TRANSFORMS

125

Solution. From (5.23), we know that
L1 L1
FO}=F ) xo(r—kT)

o

= Y oXo(kawo)d(w— k).

k=—oo

So, we need to find Xo(®). This quantity is computed (by using the linearity property of the Fourier transform and

Table 5.2) as follows:

Xo(@) = F{xo(1)}
=F{Arect(2:/T)}
=AF{rect(2:/T)}

= 4L sinc(wT/4).

Thus, we have that

X(@)= Y oL sinc(kooT/4)8(— kay)

k=—oo

- i mAsinc(%)8(w — ka).

——o0

Example 5.22. Suppose that we have the signal x(z) given by

x(t)= e B2y (1)dr.

—oo

Find the Fourier transform X (w) of the signal x(z).

Solution. \We can rewrite x(¢) as

where
vi(t) = e 2vy(r), and
va(t) = e 3u(r).
From (5.28) and the time-domain integration property of the Fourier transform, we have
X(0) = 75Vi(@) + 7V1(0)§ ().

From (5.29) and the frequency-domain shifting property of the Fourier transform, we have

Vi(w) =V2(0+2).
From (5.30) and Table 5.2 (i.e., the entry for F{e"“u(r)}), we have

1

Va(@) = 3+jo’

(5.28)

(5.29)
(5.30)

(5.31)

(5.32)

(5.33)
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Combining (5.31), (5.32), and (5.33), we obtain

X(@) = jiwvl(w) + 7V1(0)5(w)

1
= ,—wVZ(aH—Z) +7V2(2)6(w)

Sl 11 1
L )
- jo 3+j(0+2) 3+j2 '

O

Example 5.23. Let X(w) and Y (w) denote the Fourier transforms of x(¢) and y(¢), respectively. Suppose that y(z) =
x(r) cosat, where a is a nonzero real constant. Find an expression for Y () in terms of X (w).

Solution. Essentially, we need to take the Fourier transform of both sides of the given equation. There are two obvious
ways in which to do this. One is to use the time-domain multiplication property of the Fourier transform, and another
is to use the frequency-domain shifting property. We will solve this problem using each method in turn in order to
show that the two approaches do not involve an equal amount of effort.

FIRST SOLUTION (USING AN UNENLIGHTENED APPROACH). We use the time-domain multiplication property.
Taking the Fourier transform of both sides of the given equation, we obtain

Y (o) = F{x(¢)cosar}
L [X(w) CF {cosar}]
©) Oz (6(0—a)+ (w0 +a))]]

) Ud(0—a)+d(w+a)l]
K)o —a)+X(0) (B0 +a)
| 1

= §]
=)
Jagal

T

>
g

NI NI NI N

X(t)0(w—t—a)dt+  X(1)6(w—Tt+a)dt

—oco —oo

X(w—a)+X(0w+a)
X(w—a)—!—%X(a)—&—a).

NI NI

Note that the above solution is identical to the one appearing earlier in Example 5.13 on page 116.
SECOND SOLUTION (USING AN ENLIGHTENED APPROACH). We use the frequency-domain shifting property.
Taking the Fourier transform of both sides of the given equation, we obtain
Y(w) = F{x(¢t)cosat}
=F{3(/ +e/")x(1)}
= IF{e/x(t)}+ s F {e " x(t)}
=1X(0—a)+3X(0+a).
COMMENTARY. Clearly, of the above two solution methods, the second approach is simpler and much less error

prone. Generally, the use of the time-domain multiplication property tends to lead to less clean solutions, as this forces
a convolution to be performed in the frequency domain and convolution is often best avoided if possible. O

Example 5.24 (Fourier transform of an even signal). Show that if a signal x(¢) is even, then its Fourier transform
X () is even.

Solution. From the definition of the Fourier transform, we have

= .
X(w)=  x(t)e /®dr.

—oo
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Since x(¢) is even, we can rewrite this as

1 .
X(w)=  x(—t)e /?at.

—oo

Now, we employ a change of variable. Let A = —¢ so that dA = —dt. Applying the change of variable, we obtain
X(@)=  x(A)e/®*(—1)dA

=—  x(A)e®*dr

=

= x(A)e/tdA

Therefore, X (w) is even. O

Example 5.25 (Fourier transform of an odd signal). Show that if a signal x(¢) is odd, then its Fourier transform X ()
is odd.

Solution. From the definition of the Fourier transform, we have

_— 4
X(0)= x(t)e ™/ dt.

—oco

Since x(¢) is odd, we can rewrite this as

1 .
X(0) = —x(—t)e /" dt.

—oco

Now, we employ a change of variable. Let A = —z so that dA = —dr. Applying this change of variable, we obtain
L1,
X(@)=  —x(A)e /M (=1)dA
1.,
= x(A)ed®*dn
=
=—  x(A)e T g

Therefore, X (w) is odd. O

5.8 Frequency Spectra of Signals

The Fourier transform representation expresses a signal as a function of complex sinusoids at all frequencies. In this
sense, the Fourier transform representation captures information about the frequency content of a signal. For example,
suppose that we have a signal x(¢) with Fourier transform X (). If X(w) is nonzero for some frequency ay, then the
signal x(¢) contains some information at the frequency wp. On the other hand, if X (w) is zero at the frequency @y, then
the signal has no information at that frequency. In this way, the Fourier transform representation provides a means for
measuring the frequency content of a signal. This distribution of information in a signal over different frequencies is
referred to as the frequency spectrum of the signal. That is, X () is the frequency spectrum of x(z).
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To gain further insight into the role played by the Fourier transform X () in the context of the frequency spectrum
of x(¢), it is helpful to write the Fourier transform representation of x(7) with X (@) expressed in polar form as follows:

|
x(1) = 2 Ij:’X((x))ej“”da)

X ()] /29X (@)% 4

_ % ) |X(w)|ej[“’t+argx(“’)]da).

In effect, the quantity [X(w)]| is a weight that determines how much the complex sinusoid at frequency @ contributes
to the integration result x(¢). Perhaps, this can be more easily seen if we express the above integral as the limit of
a sum, derived from an approximation of the integral using the area of rectangles. Expressing x(¢) in this way, we

obtain

x(l‘) :AICLTO% Z Aw |X(kAw)|ej[kAa)tJrargX(kAa))]

k=—oo

_ AIJ)TO % k;wAw %(wg 5][w9+argx(w§]’

where o= kAw. From the last line of the above equation, the kth term in the summation (associated with the
frequency m™= kAw) corresponds to a complex sinusoid with fundamental frequency w"that has had its amplitude
scaled by a factor of |X(@"| and has been time-shifted by an amount that depends on argX (. For a given o™=
kAw (which is associated with the kth term in the summation), the larger |X (@] is, the larger the amplitude of its
corresponding complex sinusoid 1O will be, and therefore the larger the contribution the kth term will make to the
overall summation. In this way, we can use |X (®"| as a measure of how much information a signal x(¢) has at the
frequency "

Note that, since the Fourier transform X (w) is a function of a real variable (namely, ), a signal can, in the most
general case, have information at any arbitrary real frequency. This is different from the case of frequency spectra
in the Fourier series context (which deals only with periodic signals), where a signal can only have information at
certain specific frequencies (namely, at integer multiples of the fundamental frequency). There is no inconsistency
here, however. As we saw in Section 5.6, in the case of periodic signals the Fourier transform will also be zero, except
possibly at integer multiples of the fundamental frequency.

Since the frequency spectrum is complex (in the general case), it is usually represented using two plots, one
showing the magnitude and one showing the argument of X (). We refer to |X ()| as the magnitude spectrum of
the signal x(¢). Similarly, we refer to arg X (o) as the phase spectrum of the signal x(¢). In the special case that X (o)
is a real-valued (or purely imaginary) function, we usually plot the frequency spectrum directly on a single graph.

Consider the signal x(¢) = sgn(s —1). We can show that the Fourier transform X () of this signal is X (w) =
j%e‘f“’. In this case, X () is neither purely real nor purely imaginary, so we use two separate graphs to represent
the frequency spectrum of the signal. We plot the magnitude spectrum and phase spectrum as shown in Figures 5.6(a)
and (b), respectively.

Consider the signal x(¢) = 8(¢). This signal has the Fourier transform X (@) = 1. Since, in this case, X (w) is a
real-valued function, we can plot the frequency spectrum X (w) on a single graph, as shown in Figure 5.7.

Consider the signal x(z) = sinct/2. This signal has the Fourier transform X (w) = 2z rectw. Since, in this case,
X () is a real-valued function, we can plot the frequency spectrum X () on a single graph, as shown in Figure 5.8.

Suppose that we have a signal x(¢) with Fourier transform X (). If x(z) is real, then

IX(0)| = [X(—@)| and
argX (o) = —argX (—w)

(i.e., |X ()] is an even function and arg X (w) is an odd function). (Earlier, these identities were shown to hold. See
Example 5.10 for a detailed proof.)
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Figure 5.6: Frequency spectrum of the time-shifted signum signal. (a) Magnitude spectrum and (b) Phase spectrum.
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Figure 5.7: Frequency spectrum of the unit-impulse function.
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Figure 5.8: Frequency spectrum of the sinc function.
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Example 5.26 (Frequency spectrum of thespifjed signum signal). Suppose that we have the signal x(¢) = sgn( —
1) with the Fourier transform X(w) = ,% e~/?_ Find and plot the magnitude and phase spectra of this signal.

Determine at what frequency (or frequencies) the signal x(¢) has the most information.

Solution. First, we must find the magnitude spectrum |X ()|. From the expression for X (@), we can write

Next, we find the phase spectrum arg X (). From the expression for X (), we can write
(0 [
argX (o) =arg Ze ¢
_ —j 2
=arge’? +arg -5
= —w+arg ]%
= —w+arg(— %)

—7—w foro>0

z—o foro<0
=—Zsgnow — .
Note that
1
-5 foro>0

2 _Jj2y _
arg = =arg(—£4£) =
970 9(=5) z for v <O.

Finally, using numerical calculation, we can plot the graphs of the functions |X ()| and arg X () to obtain the results
shown previously in Figures 5.6(a) and (b). Since |X ()] is largest for @ = 0, the signal x(¢) has the most information
at the frequency 0. O

Example 5.27 (Frequency spectra of images). The human visual system is more sensitive to the phase spectrum of
an image than its magnitude spectrum. This can be aptly demonstrated by separately modifying the magnitude and
phase spectra of an image, and observing the effect. Below, we consider two variations on this theme.

Consider the potatohead and hongkong images shown in Figures 5.9(a) and (b), respectively. Replacing the
magnitude spectrum of the potatohead image with the magnitude spectrum of the hongkong image (and leaving the
phase spectrum unmodified), we obtain the new image shown in Figure 5.9(c). Although changing the magnitude
spectrum has led to distortion, the basic essence of the original image has not been lost. On the other hand, replacing
the phase spectrum of the potatohead image with the phase spectrum of the hongkong image (and leaving the mag-
nitude spectrum unmodified), we obtain the image shown in Figure 5.9(d). Clearly, by changing the phase spectrum
of the image, the fundamental nature of the image has been altered, with the new image more closely resembling the
hongkong image than the original potatohead image.

A more extreme scenario is considered in Figure 5.10. In this case, we replace each of the magnitude and phase
spectra of the potatohead image with random data, with this data being taken from the image consisting of random
noise shown in Figure 5.10(b). When we completely replace the magnitude spectrum of the potatohead image with
random values, we can still recognize the resulting image in Figure 5.10(c) as a very grainy version of the original
potatohead image. On the other hand, when the phase spectrum of the potatohead image is replaced with random
values, all visible traces of the original potatohead image are lost in the resulting image in Figure 5.10(d).
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© (d)

Figure 5.9: Importance of phase information in images. The (a) potatohead and (b) hongkong images. (c) The
potatohead image after having its magnitude spectrum replaced with the magnitude spectrum of the hongkong
image. (d) The potatohead image after having its phase spectrum replaced with the phase spectrum of the hongkong
image.
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© (d

Figure 5.10: Importance of phase information in images. The (a) potatohead and (b) random images. (c) The
potatohead image after having its magnitude spectrum replaced with the magnitude spectrum of the random image.
(d) The potatohead image after having its phase spectrum replaced with the phase spectrum of the random image.
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Figure 5.11: Bandwidth of a signal.

5.9 Bandwidth of Signals

A signal x(r) with Fourier transform X () is said to be bandlimited if, for some nonnegative real constant B, X (w) =
0 for all o satisfying |@| > B. We sometimes refer to B as the bandwidth of the signal x(z). An illustrative example
is provided in Figure 5.11.

One can show that a signal cannot be both time limited and bandlimited. To help understand why this is so we
recall the time/frequency scaling property of the Fourier transform. From this property, we know that as we compress
a signal x(¢) along the ¢-axis, its Fourier transform X (@) will expand along the w-axis. Similarly, a compression of
the Fourier transform X (o) along the w-axis corresponds to an expansion of x(z) along the ¢-axis. Clearly, there is an
inverse relationship between the time-extent and bandwidth of a signal.

5.10 Frequency Response of LTI Systems

Suppose that we have a LTI system with input x(z), output y(¢), and impulse response A(¢). Such a system is depicted
in Figure 5.12. The behavior of such a system is governed by the equation

y(t) = x(¢) CAlr). (5.34)

Let X(w), Y(w), and H(w) denote the Fourier transforms of x(¢), y(z), and h(t), respectively. Taking the Fourier
transform of both sides of (5.34) yields

Y (o) = F{x(r) CAl)}.
From the time-domain convolution property of the Fourier transform, however, we can rewrite this as
Y(w)=X(0)H(0). (5.35)

This result provides an alternative way of viewing the behavior of an LTI system. That is, we can view the system as
operating in the frequency domain on the Fourier transforms of the input and output signals. In other words, we have
a system resembling that in Figure 5.13. In this case, however, the convolution operation from the time domain is
replaced by multiplication in the frequency domain. The frequency spectrum (i.e., Fourier transform) of the output is
the product of the frequency spectrum (i.e., Fourier transform) of the input and the frequency spectrum (i.e., Fourier
transform) of the impulse response. As a matter of terminology, we refer to H(w) as the frequency response of the
system. The system behavior is completely characterized by the frequency response H(w). If we know the input,
we can compute its Fourier transform X (), and then determine the Fourier transform ¥ (o) of the output. Using the
inverse Fourier transform, we can then determine the output y(z).

In the general case, H(w) is a complex-valued function. Thus, we can represent H(®) in terms of its magnitude
|H(w)| and argument arg H(w). We refer to |H(w)| as the magnitude response of the system. Similarly, we call
arg H(w) the phase response of the system.
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x(t) y(t)

> h(t) S

Figure 5.12: Time-domain view of LTI system.

X (o) Y(w)

= H(o) [~

Figure 5.13: Frequency-domain view of LTI system.
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Figure 5.14: Frequency response of example system.

From (5.35), we can write

I¥ ()] = X (0)H(0)|
— IX()[|H(0)| and (5.36)

argY (o) =arg(X (w)H(w))
=argX(w)+argH(w). (5.37)
From (5.36), we can see that the magnitude spectrum of the output equals the magnitude spectrum of the input times
the magnitude spectrum of the impulse response. From (5.37), we have that the phase spectrum of the output equals
the phase spectrum of the input plus the phase spectrum of the impulse response.

Since the frequency response H () is simply the frequency spectrum of the impulse response A(r), for the reasons
explained in Section 5.8, if A(r) is real, then

|H(0)| = |H(~o)| and

(i.e., the magnitude response |H(w)] is an even function and the phase response arg H () is an odd function).

Example 5.28. Suppose that we have a LT system with impulse response k() = sinct/2. The frequency response of
the system is H(w) = 2rrect®. In this particular case, H(w) is real. So, we can plot the frequency response H(w)
on a single graph as shown in Figure 5.14.

5.11 Frequency Response and Differential Equation Representations of LTI
Systems

Many LTI systems of practical interest can be represented using an Nth-order linear differential equation with constant
coefficients. Suppose that we have such a system with input x(¢) and output y(z). Then, the input-output behavior of
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the system is given by an equation of the form

Z kdtky Z A ark dtk

(where M < N). Let X(®) and Y (w) denote the Fourier transforms of x(¢) and y(¢), respectively. Taking the Fourier

transform of both sides of this equation yields
L1 C1 [ L1
N k M dk

d
F Y b— -F =
1;:0 k) (0) kizoak yay)

Using the linearity property of the Fourier transform, we can rewrite this as
N q —, q 1
ZbkF dtky ZakF )

Using the time-differentiation property of the Fourier transform, we can re-express this as

Zbk jo)kY (o Zak jo)X (o).

Then, factoring we have

N M
®) Y bi(jo) =X(0) Y aljo)
k=0 k=0
Rearranging this equation, we find the frequency response H(®) of the system to be

Y(o) _ Doalio) _rifajfof

X () 22]:0 bi(jo) ivzo by j*wk

Observe that, for a system of the form considered above, the frequency response is a rational function—hence, our
interest in rational functions.

H(w) =

Example 5.29 (Resistors, inductors, and capacitors). The basic building blocks of many electrical networks are
resistors, inductors, and capacitors. The resistor, shown in Figure 5.15(a), is governed by the relationship

v(t) =Ri(t) J= V(e)=RI(0)

where R, v(¢) and i(¢) denote the resistance of, voltage across, and current through the resistor, respectively. The
inductor, shown in Figure 5.15(b), is governed by the relationship
v(it)=LLi) F. V(o) = joLl(o)

or equivalently
=1 vodr <~ I(0)=V(0)

where L, v(¢), and i(¢) denote the inductance of, voltage across, and current through the inductor, respectively. The
capacitor, shown in Figure 5.15(c), is governed by the relationship

vi)=¢ i(ndt <o V(0)=gel(0)

or equivalently

it)=Ccdvt) . I(0)=jocv(o)

where C, v(¢), and i(¢) denote the capacitance of, voltage across, and current through the capacitor, respectively.
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R C

i)+ - i o+ i) -
|

v(r) V() v(t)

@) (b) ©

Figure 5.15: Basic electrical components. (a) Resistor, (b) inductor, and (c) capacitor.

Example 5.30 (Simple RL network). Suppose that we have the RL network shown in Figure 5.16 with input v1(z)
and output v,(¢). This system is LTI, since it can be characterized by a linear differential equation with constant
coefficients. (a) Find the frequency response H(®) of the system. (b) Find the response v, (z) of the system to the
input v1(7) = sgnt.

Solution. (a) From basic circuit analysis, we can write

vi(t) =Ri(t) +L%i(t) and (5.38)
va(t) = L4i(t). (5.39)

(Recall that the voltage v(r) across an inductor L is related to the current i(¢) through the inductor as v(t) = L4 i(z).)
Taking the Fourier transform of (5.38) and (5.39) yields

Vi(w) =RI(0) + joLI(w)
= (R+ jolL)I(®w) and (5.40)
Vo(w) = joLl (o). (5.41)

From (5.40) and (5.41), we have

JoLI (o)
R+ joL)(o)
- - i“;ﬁ) - (5.42)

Thus, we have found the frequency response of the system.
(b) Now, suppose that v1(z) = sgnz (as given). Taking the Fourier transform of the input v1(¢) (with the aid of
Table 5.2), we have

2
V; E—— 5.43
1(o) I (5.43)
From the definition of the system, we know
Vo(w) = H(0)V1(®). (5.44)
Substituting (5.43) and (5.42) into (5.44), we obtain
jwL 2 _—
V(o) = — 2 il
+ joL jo
2L
~ R+joL’
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i)y R
T T
Vl(t) L % Vz(t)
| |

Figure 5.16: Simple RL network.

Taking the inverse Fourier transform of both sides of this equation, we obtain

Using Table 5.2, we can simplify to obtain
vo(r) = 2¢~ R/D1 ().

Thus, we have found the response v, (z) to the input vy () = sgnt. O

5.12 Energy Spectral Density

Suppose that we have a signal x(¢) with finite energy £ and Fourier transform X (). By definition, the energy
contained in x(z) is given by
]
E=  |x(t)d:.

—oco

We can use Parseval’s relation (5.14) to express E in terms of X (w) as
1 B

ﬁ—m

= LX(o)do.

E= 1X(0)]?dw

Thus, the energy E is given by

where

Eq(0) = 5 [X (@)

2

We refer to E,(w) as the energy spectral density of the signal x(¢). The quantity E,() indicates how the energy in
the signal x(¢) is distributed as a function of frequency (in units of energy per rad/unit-time). For example, the energy
contributed by frequency components in range o1 < @ < @y is simply given by

=

E(w)do.
o
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Example 5.31. Compute the energy spectral density E,(®) of the signal x(¢) = sincz/2. Determine the amount of
energy contained in the frequency components in the range |o| < %. Also, determine the total amount of energy in
the signal.

Solution. First, we compute the Fourier transform X (w) of x(¢). We obtain X (o) = 2zrectew. Next, we find the
energy spectral density function E, (o) as follows:

E(@)

(@)

Lx
2n
L |27rect w|?

|X
2 I
2nrect? @
= 27nrectw.

Let E4 denote the energy contained in the signal for frequencies |o| < %. Then, we have

E1= E (w)do
—1/4

Ciya

= 2nrectwdw
—1/4

Ciya

= 2ndw
—1/4

= T.

Let E denote the total amount of energy in the signal. We can compute E as follows:

= 2rrectwdw

[ )
= 2ndw
—-1/2

=27.

5.13 Power Spectral Density

Suppose that we have a signal x(¢) with finite power P and Fourier transform X(w). Let us define x7(r) as the
following truncated (or “windowed”) version of x(¢):

xr(t) =x(t)rect(t/T).
Also, let X7 () denote the Fourier transform of x7 (¢). From this definition of x7(¢), we have that

TlmxT (1) = x(1).

The average power of the signal x7(¢) is given by

1A ,
P:}Iﬂ? [xr (2)]° dt.

—oco
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Using Parseval’s relation (5.14), we can rewrite this expression for P in terms of X () to obtain
[ | 1]

Cr |XT(a))|2da)

1 1

= lim X7 (0)]?do .

T-ow 28T —o
Interchanging the order of summation and integration, we obtain

1

. 1 2
P= lim — [X do].
—ooTIHoOZTCTl r(@)I"do]

Thus, we have that

where

1 )
Se(w) = lim — | Xr(@)|".
(@) T-o 20T (o)
We refer to S, (w) as the power spectral density of the signal x(¢). This quantity indicates how the power in the signal
x(z) is distributed as a function of frequency (in units of power per rad/unit-time). We can, therefore, determine the
amount of power contained in frequency components over the range w; < o < @; as
4,

Sy(w)do.

(]

5.14 Filtering

In some applications, we want to change the relative amplitude of the frequency components of a signal or possibly
eliminate some frequency components altogether. This process of modifying the frequency components of a signal
is referred to as filtering. Various types of filters exist. One type is frequency-selective filters. Frequency selective
filters pass some frequencies with little or no distortion, while significantly attenuating other frequencies. Several
basic types of frequency-selective filters include: lowpass, highpass, and bandpass.

An ideal lowpass filter eliminates all frequency components with a frequency greater than some cutoff frequency,

while leaving the remaining frequency components unaffected. Such a filter has a frequency response of the form
1
1 for|o| < o,

H(w)=
(@) 0 otherwise,

where @, is the cutoff frequency. A plot of this frequency response is given in Figure 5.17(a).

The ideal highpass filter eliminates all frequency components with a frequency less than some cutoff frequency,
while leaving the remaining frequency components unaffected. Such a filter has a frequency response of the form
1

1 for|o| = w.

H(w)=
(@) 0 otherwise,

where w, is the cutoff frequency. A plot of this frequency response is given in Figure 5.17(b).
An ideal bandpass filter eliminates all frequency components that do not lie in its passband, while leaving the

remaining frequency components unaffected. Such a filter has a frequency response of the form
1
1 forwg <|0| <o

H(w)=
() 0 otherwise,

where the limits of the passband are w.1 and w.,. A plot of this frequency response is given in Figure 5.17(c).
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H(w)
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— 0 (8 ®
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1
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1
— 2 — 1 W1 W2 ®
(©

Figure 5.17: Frequency responses of (a) ideal lowpass, (b) ideal highpass, and (c) ideal bandpass filters.
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Example 5.32 (ldeal filters). For each of the following impulse responses, find and plot the frequency response of the
corresponding system:

hp(t) = 2= sinc o,
hup(t) = 8(t) — % sincwt, and
hep(t) = 2%[Sinc yt] COS W,

where w,, @,, and ), are positive real constants. In each case, identify the type of frequency-selective filter to which
the system corresponds.

Solution. In what follows, let us denote the input and output of the system as x(¢) and y(¢), respectively. Also, let
X(w) and Y () denote the Fourier transforms of x(r) and y(¢), respectively.

First, let us consider the system with impulse response A p(¢). The frequency response H p() of the system is
simply the Fourier transform of the impulse response % p(z). Thus, we have

Hip(®) = F{hp(1)}
= F{%sinco.1}
= %lgsinc coct}lzI

— @O T 0
=7 wcreCtch

1 for|o| < w.
0 otherwise.

The frequency response Hy p() is plotted in Figure 5.18(a). Since Y (@) = H p(®)X (@) and H p(®) = 0 for |o| >
., Y (o) will contain only those frequency components in X (o) that lie in the frequency range |w| < @.. In other
words, only the lower frequency components from X (w) are kept. Thus, the system represents a lowpass filter.

Second, let us consider the system with impulse response Anp(¢). The frequency response Hup(w) of the system
is simply the Fourier transform of the impulse response Anp(#). Thus, we have

Hyp(0) = F {hp(2)}
=F{6(t) — %sincw.1}
=F{5(1)}— = F{sinca.}
=1- %[wlcrectz%c}
= 1|—:rlect2—“a’)c
1 for|w| = @,
0 otherwise.

The frequency response Hpp(®) is plotted in Figure 5.18(b). Since Y () = Hup(@)X (@) and Hyp(®w) = 0 for
|o| < ., Y (w) will contain only those frequency components in X (o) that lie in the frequency range |o| = @.. In
other words, only the higher frequency components from X () are kept. Thus, the system represents a highpass filter.

Third, let us consider the system with impulse response %gp(¢). The frequency response Hgp (@) of the system is
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simply the Fourier transform of the impulse response 4gp(¢). Thus, we have

Hep(®) = F {hep(1)}
= F{Z%[sinc Wpt] COS W, }
= 2 {[sinc wy1](2cos w,t)}
= L E{[sinc wyt] e/ 4 7/ *']}
=% F{e/“’"’sinc ot} + F{e‘f‘%sinc ot}
@

=2 rect o “’“ +Z - rect ‘“*“’“

= rect “’“ + rect “’“"“
|:|

1 for Wy — 0 < |a)| =w,+w,
0 otherwise.

The frequency response Hgp(®) is plotted in Figure 5.18(c). Since Y (®) = Hgp(®)X (w) and Hgp(®) = 0 for |@| <
W, — Wy or |®| > w, + @y, Y () will contain only those frequency components in X (o) that lie in the frequency range
W, — o < |o| < @, + ®,. In other words, only the middle frequency components of X (@) are kept. Thus, the system
represents a bandpass filter. O

Example 5.33 (Lowpass filtering). Suppose that we have a LTI system with input x(z), output y(z), and impulse
response k(z), where

h(t) =300sinc300m:.
Using frequency-domain methods, find the response y(z) of the system to the input x(z) = x1(¢), where
x1(t) = 3 + 3 052007 + % cos 40077 —  cos 6007z
Solution. To begin, we must find the frequency spectrum X; (w) of the signal x1 (). Computing X1 (®), we have

Xi(w)=F ?+ %cos 2007t + % cos400x: — % cos 6007t
=IF{1}+ %F {c0s2007¢} + 3 F {cos400m} — ; F {cos600:}
= 2[27:6( )]+ [6(w+200n)+6(co 2007)] + Z[6( +4007) + 6 (o — 4007)]
— 716(®+6007) + (e —6007)]
—15(w+6007) + 25(w+4007) + 325(w +2007) + 78 (@) + 32 5(w — 2007)
+ 56(®—400m) — £6(w—6007).

A plot of the frequency spectrum Xi(®) is shown in Figure 5.19(a). Using the results of Example 5.32, we can
determine the frequency response H(w) of the system to be
H(w) = F{SOOsinCSOOm}
= rect

lj(zoon)

1 for|w|<300x
0 otherwise.

The frequency response H(w) is shown in Figure 5.19(b). The frequency spectrum Y (®) of the output can be com-
puted as

Y(w)=H(0)X (o)
= 315(w+2007) + 78 (@) + 3£ 5(w —2007).
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Figure 5.18: Frequency responses of systems from example.
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Figure 5.19: Frequency spectra for lowpass filtering example.

The frequency spectrum Y (o) is shown in Figure 5.19(c). Taking the inverse Fourier transform of Y () yields
y(it)=F1 I;;”6(60+2007r) + 78 (o) + 3§ (w—2007) =

=7F "H8(0)}+ 3F HY{r[5(w+2007) + & (w —2007)]}

= 71(5) + 3 cos 2007t

=1+ 2020071

O
Example 5.34 (Bandpass filtering). Suppose that we have a LTI system with input x(¢), output y(r), and impulse
response k(z), where
h(r) = (200sinc 1007t ) cos4007t.

Using frequency-domain methods, find the response y(¢) of the system to the input x(¢) = x1(¢) where x1(¢) is as
defined in Example 5.33.

Solution. From Example 5.33, we already know the frequency spectrum X; (®). In particular, we previously found
that

X1(0) = —25(w+6007) + Z5(w +4007) + 32§ (w + 2007) + w8 () + 225 (o — 2007)
+28(w—4007) — 28 (w—6007).
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The frequency spectrum X; () is shown in Figure 5.20(a). Now, we compute the frequency response H(w) of the
system. Using the results of Example 5.32, we can determine H(®) to be

H(w) = F{(200sinc1007¢) cos400ms}
— rect ©0—4007 + rect @+4007

Ij(lOOn) 2(1007)
1 for300x < |w| <5007
0 otherwise.

The frequency response H() is shown in Figure 5.20(b). The frequency spectrum Y (w) of the output is given by

Y(w)=H(0)X(w)

= 26(w+400m) + % 6(w—4007).
Taking the inverse Fourier transform, we obtain

C1
y(t)=F ! T5(o+4007) + 25 (o — 4007)
= IF " {r[8(w +4007) + 8 (®— 4007)]}
= 2 cos 4007z

5.15 Sampling and Interpolation

Often, we encounter situations in which we would like to process a continuous-time signal in the discrete-time domain
or vice versa. For example, we might have a continuous-time audio signal that we would like to process using a digital
computer (which is a discrete-time system), or we might have a discrete-time audio signal that we wish to play on a
loudspeaker (which is a continuous-time system). Clearly, some means is needed to link the continuous- and discrete-
time domains. This connection is established through processes known as sampling and interpolation. Inwhat follows,
we will formally introduce these processes and study them in some detail.

Sampling allows us to create a discrete-time signal from a continuous-time signal. Although sampling can be
performed in many different ways, the most commonly used scheme is periodic sampling. With this scheme, a
sequence y[n| of samples is obtained from a continuous-time signal x(¢) according to the relation

y[n] =x(nT) for all integer n, (5.45)

where T is a positive real constant. As a matter of terminology, we refer to T as the sampling period, and @, = 27/T
as the (angular) sampling frequency. A system such as that described by (5.45) is known as an ideal continuous-to-
discrete-time (C/D) converter, and is shown diagrammatically in Figure 5.21. An example of periodic sampling is
shown in Figure 5.22. In Figure 5.22(a), we have the original continuous-time signal x(z). This signal is then sampled
with sampling period 7 = 10, yielding the sequence y[n] in Figure 5.22(b).

Interpolation allows us to construct a continuous-time signal from a discrete-time signal. In effect, this process is
one of assigning values to a signal between its sample points. Although there are many different ways in which to per-
form interpolation, we will focus our attention in subsequent sections on one particular scheme known as bandlimited
interpolation. Interpolation produces a continuous-time signal x(¢) from a sequence y[n] according to the relation

where f is some function of the sample values y[n]. The precise form of the function f depends on the particular
interpolation scheme employed. The interpolation process is performed by a system known as an ideal discrete-to-
continuous-time (D/C) converter, as shown in Figure 5.23.
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Figure 5.20: Frequency spectra for bandpass filtering example.
x(1) C/D y[n]
——— (with sampling ——
period T)
Figure 5.21: Ideal C/D converter.
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Figure 5.22: Periodic sampling of signal.
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y[n] D/C x(z)
——— (with sampling ——>—
period T)

Figure 5.23: Ideal D/C converter.

In the absence of any constraints, a continuous-time signal cannot usually be uniquely determined from a sequence
of its equally-spaced samples. In other words, the sampling process is not generally invertible. Consider, for example,
the continuous-time signals x1 (¢) and xz(¢) given by

x1(r)=0 and
x2(t) = sin(2mt).

If we sample each of these signals with the sampling period T = 1, we obtain the respective sequences

yi[n] =x1(nT) =x1(n) =0 and
y2[n] = x2(nT) = sin(2zn) = 0.

Thus, y1[n] = y2[n] for all n, although x;1(z) & x2(7) for all noninteger . This example trivially shows that if no
constraints are placed upon a continuous-time signal, then the signal cannot be uniquely determined from its samples.

Fortunately, under certain circumstances, a continuous-time signal can be recovered exactly from its samples. In
particular, in the case that the signal being sampled is bandlimited, we can show that a sequence of its equally-spaced
samples uniquely determines the signal if the sampling period is sufficiently small. This result, known as the sampling
theorem, is of paramount importance in the study of signals and systems.

5.15.1 Sampling

In order to gain some insight into sampling, we need a way in which to mathematically model this process. To this
end, we employ the simple model for the ideal C/D converter shown in Figure 5.24. In short, we may view the process
of sampling as impulse train modulation followed by conversion of an impulse train to a sequence of sample values.
More specifically, to sample a signal x(z) with sampling period T, we first multiply the signal x(¢) by the periodic
impulse train p(¢) to obtain

s(t) = x(t)p(1) (5.46)

where

p(t)y="Y &(t—kT).
Then, we take the weights of successive impulses in s(z) to form a sequence y[n] of samples. The sampling frequency
is given by o, = 2/T. As a matter of terminology, p(¢) is referred to as a sampling function. From the diagram, we
can see that the signals s(¢) and y[n], although very closely related, have some key differences. The impulse train s(z)
is a continuous-time signal that is zero everywhere except at integer multiples of T (i.e., at sample points), while y|n]
is a discrete-time signal, defined only on integers with its values corresponding to the weights of successive impulses
in s(z). The various signals involved in sampling are illustrated in Figure 5.25.

In passing, we note that the above model of sampling is only a mathematical convenience. That is, the model
provides us with a relatively simple way in which to study the mathematical behavior of sampling. The above model,
however, is not directly useful as a means for actually realizing sampling in a real world system. Obviously, the im-
pulse train employed in the above model poses some insurmountable problems as far as implementation is concerned.

Now, let us consider the above model of sampling in more detail. In particular, we would like to find the relation-
ship between the frequency spectra of the original signal x(z) and its impulse-train sampled version s(¢). Since p(z) is
T-periodic, it can be represented in terms of a Fourier series as

pt) =Y crel. (5.47)
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ideal C/D converter
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: =N :
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Figure 5.24: Model of ideal C/D converter.
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Figure 5.25: The various signals involved in the sampling process. (a) The original continuous-time signal x(¢). (b)
The sampling function p(¢). (c) The impulse-modulated signal s(¢). (d) The discrete-time signal y[n].
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Using the Fourier series analysis equation, we calculate the coefficients ¢, to be

=1 e (t)e ™7kt gy
KET P

L3/ ,
8(t)e 7kt gy
-1/2

1
T
o (5.48)

Taking the Fourier transform of s(z) yields

S(w) =% i X(o—kawy). (5.49)

——o00

Thus, the spectrum of the impulse-train sampled signal s(z) is a scaled sum of an infinite number of shifted copies of
the spectrum of the original signal x(z).

Now, we consider a simple example to further illustrate the behavior of the sampling process in the frequency
domain. Suppose that we have a signal x(¢) with the Fourier transform X () where |X(w)| = 0 for |o| > w,, (i.e.,
x(z) is bandlimited). To simplify the visualization process, we will assume X (@) has the particular form shown in
Figure 5.26(a). In what follows, however, we only actually rely on the bandlimited nature of x(¢) and not the particular
shape of X(w). So, the results that we derive in what follows generally apply to any bandlimited signal. Let S(w)
denote the Fourier transform of s(z). From (5.49), we know that S(®) is formed by the superposition of an infinite
number of shifted copies of X (w). Upon more careful consideration, we can see that two distinct situations can arise.
That is, the shifted copies of X (w) used to form S(w) can either: 1) overlap or, 2) not overlap. These two cases are
illustrated in Figures 5.26(b) and 5.26(c), respectively. From these graphs, we can see that the shifted copies of X (w)
will not overlap if

0, <0,—0, and —w,>—0;+ 0,
or equivalently
O5 > 20y,

Consider the case in which the copies of the original spectrum X(w) in S(w) do not overlap, as depicted in
Figure 5.26(b). In this situation, the spectrum X () of the original signal is clearly discernable in the spectrum S(®).
In fact, one can see that the original spectrum X (w) can be obtained directly from S(w) through a lowpass filtering
operation. Thus, the original signal x(z) can be exactly recovered from s(z).

Now, consider the case in which copies of the original spectrum X (®) in S(w) do overlap. In this situation,
multiple frequencies in the spectrum X (@) of the original signal are mapped to the same frequency in S(®). This phe-
nomenon is referred to as aliasing. Clearly, aliasing leads to individual periods of S(®) having a different shape than
the original spectrum X (@). When aliasing occurs, the shape of the original spectrum X (w) is no longer discernable
from S(w). Consequently, we are unable to recover the original signal x(z) from s(z) in this case.
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Figure 5.26: Effect of impulse-train sampling on frequency spectrum. (a) Spectrum of original signal x(z). (b) Spec-
trum of s(¢) in the absence of aliasing. (c) Spectrum of s(¢) in the presence of aliasing.
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ideal D/C converter

y[n] convert from | s(r) L)
———— sequence to H(w) I
: impulse train

Figure 5.27: Model of ideal D/C converter.

5.15.2 Interpolation and Reconstruction of a Signal From Its Samples

Interpolation allows us to construct a continuous-time signal from a discrete-time one. This process is essentially
responsible for determining the value of a continuous-time signal between sample points. Except in very special
circumstances, it is not generally possible to exactly reproduce a continuous-time signal from its samples. Although
many interpolation schemes exist, we shall focus our attention shortly on one particular scheme. The interpolation
process can be modeled with the simple ideal D/C converter system, shown in Figure 5.27.

Recall the ideal C/D converter of Figure 5.24. Since the process of converting an impulse train to a sequence is
invertible, we can reconstruct the original signal x(¢) from its sampled version y[n] if we can somehow recover x(r)
from s(r). Let us suppose now that x(¢) is bandlimited. As we saw in the previous section, we can recover x(¢) from
s(r) provided that x(z) is bandlimited and sampled at a sufficiently high rate so as to avoid aliasing. In the case that
aliasing does not occur, we can reconstruct the original continuous-time signal x(¢) from y[n] using the ideal D/C
converter shown in Figure 5.27. In what follows, we will derive a formula for computing the original continuous-time
signal x(r) from its samples y[n]. Consider the model of the D/C converter. We have a lowpass filter with frequency
response

1 [ - o
Tw 2 o T |ol<F
H(w)=Trect — =—rect — = ;
2 (ON 08 0 otherwise
and impulse response
e Loy
h(t) = sinc T =sinc - -

First, we convert the sequence y[n| to the impulse train s(z) to obtain

Z y[n]6(t —nT).

n=—oo

Then, we filter the resulting signal s(z) with the lowpass filter having impulse response x(z), yielding

_ﬁmt

s(D)h(t—1)d7
|fj,° o
= h(t—1) Z y[n]é(t —nT)dt
-
= Z y[n] h(t—1)0(t—nT)dT

= Z y[n]h(t —nT)

n=—oo

= Z y[n]sinc(%(t —nT)).

Nn=—oco
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If x(¢) is bandlimited and aliasing is avoided, x(z) = x(¢) and we have a formula for exactly reproducing x(¢) from its
samples yn].

5.15.3 Sampling Theorem
In the preceding sections, we have established the important result given by the theorem below.

Theorem 5.3 (Sampling Theorem). Ler x(¢) be a signal with Fourier transform X (o), and suppose that |X ()| =0
Sor all o satisfying |®| > @y (i.e., x(t) is bandlimited to the interval [—®y, @y). Then, x(t) is uniquely determined
by its samples y[n] = x(nT) forn=0,£1,+2,..., if

w; = 20y, (5.50)

where g = 2n/T. In particular, if (5.50) is satisfied, we have that

=

x(t) = Z yln]sinc(F(r—nT)),

n=—oo

or equivalently (i.e., rewritten in terms of @ instead of T),

oo

x(t) =Y yln]sinc(%1—7n).

n=—o0

As a matter of terminology, we refer to (5.50) as the Nyquist condition (or Nyquist criterion). Also, we call
,/2 the Nyquist frequency and 2wy, the Nyquist rate. It is important to note that the Nyquist condition is a strict
inequality. Therefore, to ensure aliasing does not occur in the most general case, one must choose the sampling rate
larger than the Nyquist rate. One can show, however, that if the frequency spectrum does not have impulses at the
Nyquist frequency, it is sufficient to sample at exactly the Nyquist rate.

Example 5.35. Let x(r) denote a continuous-time audio signal with Fourier transform X (). Suppose that |[X (®)] =0
for all || = 441007. Determine the largest period T with which x(¢) can be sampled that will allow x(z) to be exactly
recovered from its samples.

Solution. The signal x(¢) is bandlimited to frequencies in the range (—®,,, ®,), where @, = 44100x. From the
sampling theorem, we know that the minimum sampling rate required is given by
W5 = 20,
= 2(441007)
= 882007.
Thus, the largest permissible sampling period is given by

T=2

O

Although the sampling theorem provides an upper bound on the sampling rate that holds in the case of arbitrary
bandlimited signals, in some special cases it may be possible to employ an even smaller sampling rate. This point is
further illustrated by way of the example below.

Example 5.36. Suppose that we have a signal x(r) with the Fourier transform X (w) shown in Figure 5.28 (where
o, [a,). (a) Using the sampling theorem directly, determine the largest permissible sampling period 7 that will
allow x(¢) to be exactly reconstructed from its samples. (b) Explain how one can exploit the fact that X () = 0 for a
large portion of the interval [— o, — @,, ®. + @,] in order to reduce the rate at which x(z) must be sampled.
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Solution. (a) The signal x(z) is bandlimited to (—®,,, @), where @, = @ + ®,. Thus, the minimum sampling rate
required is given by

W, =20,
=2(o. + w,)
=20, +20,.

and the maximum sampling period is calculated as

_2n
r= Wy
_ 2n
T 20420,
_ _ =
W+ 0y, '

(b) We can modulate and lowpass filter x(¢) in order to compress all of its spectral information into the frequency
range [—2a,, 20,), yielding the signal x1 (¢). That is, we have

x1(t) = [x(t) cos([@: — @]1)] Chlr)

where

1 1

h(t) = 4;"1 sinc(2m,?) Al H(w)=2rect zo- .

This process can be inverted (by modulation and filtering) to obtain x(¢) from x3 (). In particular, we have that
x(r) = (x1(¢) cos([@e — @a]r)) Lhb(1)

where
1] 1

ha(t) = 8(1) — A2 sinc((w. — w,Jt) <  Ha(w) =2—2rect o)

Let X1 () denote the Fourier transform of x1(¢). The Fourier transform X; (o) is as shown in Figure 5.29 Applying
the sampling theorem to x; (¢) we find that the minimum sampling rate is given by

o, =2(2w,)
=4,

and the largest sampling period is given by

_ 2z
T=2
_ 2n
T oy
T
20, °

Since o, [ (by assumption), this new sampling period is larger than the one computed in the first part of this
problem. O

5.16 Amplitude Modulation

In communication systems, we often need to transmit a signal using a frequency range that is different from that of the
original signal. For example, voice/audio signals typically have information in the range of 0 to 20 kHz. Often, it is not
practical to transmit such a signal using its original frequency range. Two potential problems with such an approach
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X(o)

1l 1l
T T T
-0, —W, —0 —0+a, 0 . — O, (0% W + 0y

Figure 5.28: Frequency spectrum of signal x(z).

Xl(a))

”

—20, 0 Zwa

Figure 5.29: Frequency spectrum of signal x; (¢).

are: 1) interference and 2) constraints on antenna length. Since many signals are broadcast over the airwaves, we
need to ensure that no two transmitters use the same frequency bands in order to avoid interference. Also, in the case
of transmission via electromagnetic waves (e.g., radio waves), the length of antenna required becomes impractically
large for the transmission of relatively low frequency signals. For the preceding reasons, we often need to change the
frequency range associated with a signal before transmission. In what follows, we consider one possible scheme for
accomplishing this. This scheme is known as amplitude modulation.

Amplitude modulation (AM) is used in many communication systems. Numerous variations on amplitude modu-
lation are possible. Here, we consider two of the simplest variations: double-side-band/suppressed-carrier (DSB/SC)
and single-side-band/suppressed-carrier (SSB/SC).

5.16.1 Modulation With a Complex Sinusoid

Suppose that we have the communication system shown in Figure 5.30. First, let us consider the transmitter in
Figure 5.30(a). The transmitter is a system with input x(¢) and output y(z). Mathematically, the behavior of this
system is given by

¥(t) = x(t)e (1) (5.50)
where
c1(r) = e/,

Let X(o), Y (), and C1(®) denote the Fourier transforms of x(z), y(z), and c1(¢), respectively. Taking the Fourier
transform of both sides of (5.51), we obtain

Y(o)=F %(f)x(f)b
=F /%)
=X(0— ). (5.52)
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c1(t) = e/t co(t) = e it
x(t) /L () ) /L X
> \>.</ > > \>_</ >
(@) (b)

Figure 5.30: Simple communication system. (a) Transmitter and (b) receiver.

X() C1(o) (o)
1 2 2n
—on a @ o ® Py @
(a) (b) (©)
Y (o) X(w)
1 1

|
T T T
wp O — Wy % @+ O —p (27

(d) (e)

Figure 5.31: Frequency spectra for modulation with a complex sinusoid.

Thus, the frequency spectrum of the output is simply the frequency spectrum of the input shifted by @,.. The relation-
ship between the frequency spectra of the input and output is illustrated in Figure 5.31. Clearly, the output signal has
been shifted to a different frequency range as desired. Now, we need to determine whether the receiver can recover
the original signal x(¢) from the transmitted signal y(z).

Now, let us consider the receiver shown in Figure 5.30(b). The receiver is a system with input y(¢) and output x(z).
Mathematically, this system is given by

X(t) = y(t)ea(t) (5.53)
where
cot) = e IOt

(i.e., c2(t) = cffh)). In order for the communication system to be useful, we need for the received signal %(z) to be
equal to the original signal x(r) from the transmitter. Let Y (@), X (w), and C»(w) denote the Fourier transform of y(z),
x(r), and ¢ (¢), respectively. Taking the Fourier transform of both sides of (5.53), we obtain

X(w) = F{e2(t)y(t)}
=F{e/™y(1)}
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Substituting the expression for ¥ (w) in (5.52) into this equation, we obtain
X(O)) ZX([U)—F(OC] - wc)
=X().

Since X () = X (), we have that the received signal %(¢) is equal to the original signal x(z) from the transmitter.
Thus, the communication system has the desired behavior. The relationship between the frequency spectra of the
various signals in the AM system is illustrated in Figure 5.31.

Although the above result is quite interesting mathematically, it does not have direct practical application. The
difficulty here is that c1(¢), c2(¢), and y(¢) are complex signals, and we cannot realize complex signals in the physical
world. This communication system is not completely without value, however, as it leads to the development of the
practically useful system that we consider next.

5.16.2 DSB/SC Amplitude Modulation

Now, let us consider the communication system shown in Figure 5.32. This system is known as a double-side-
band/suppressed-carrier (DSB/SC) amplitude modulation (AM) system. This system is very similar to the one in
Figure 5.30. In the new system, however, we have replaced the complex sinusoid c1(¢) with a real sinusoid ¢(¢). The
new system also requires that the input signal x(¢) be bandlimited to frequencies in the interval [—awj, @] and that
W, < 0 < 20, — ®,. The reasons for this restriction will become clear after having studied this system in more
detail.

Consider the transmitter shown in Figure 5.32(a). The transmitter is a system with input x(¢) and output y(z).
Mathematically, we can describe the behavior of the system as

y(t) = x(t)c(t) (5.54)

where c(t) = cos .. (Note that we can rewrite c(t) as c(t) = 5 [e/%! 4 ¢~/®].) Taking the Fourier transform of both
sides of (5.54), we obtain

Y (0) = F{x(t)c(t)}

= 5 [ej(l)cl’ + e_jw"[]x(l‘)

2
=i X(0—w)+X(0+0)]. (5.55)

Thus, the frequency spectrum of the output is the average of two shifted versions of the frequency spectrum of the
input. The relationship between the frequency spectra of the input and output is illustrated in Figure 5.33(d). Observe
that we have managed to shift the frequency spectrum of the input signal into a different range of frequencies for
transmission as desired. Now, we must determine whether the receiver can recover the original signal x(7).

Consider the receiver shown in Figure 5.32(b). The receiver is a system with input y(¢) and output x(¢). Let Y (w),
V() and X (@) denote the Fourier transforms of y(r), v(r) and %(¢), respectively. Then, the input-output behavior of
the system is characterized by the equations

v(t) =c(t)y(t) and (5.56)
X(0) =H(o)V(0) (5.57)
where
1
H(w) = 2 for|o| < oy
0 otherwise
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and w, < .9 < 2w, — @,. Taking the Fourier transform of both sides of (5.56) yields

V(w) = F{c(t)y(r)} =

= l: 5 eja)ct +e_jwct y t
11

Substituting the expression for ¥ (w) in (5.55) into this equation, we obtain

by 1 L
X ([0— o] — o) +X([0— o]+ o))+ 5 [X([0+ o] — o) +X([0+ o] + )]

Viw)=3 3
X(0)+iX(0—2) + X (0 +2a,). (5.58)

I\J\I—‘ N

The relationship between V() and X () is depicted graphically in Figure 5.33(e). Substituting the above expression
for V(w) into (5.57) and simplifying, we obtain

DA
=H a))é] X(0)+iX(0—20)+ 1X(w+2wc)l:l
=1H(0)X(0)+ H(0 )X(a)—2a)c)—|—%H(a))X(a)+2wc)

(In the above simplification, since H(®) = 2rect(ﬁ) and o, < w0 < 20, — w,, We were able to deduce that
H(0)X(0) =2X (), H(®)X(©—20:.) =0, and H(®)X (® +20.) = 0.) The relationship between X () and X (o)
is depicted in Figure 5.33(f). Thus, we have that X (w) = X(w) which implies x(z) = x(¢). So, we have recovered
the original signal x(z) at the receiver. This system has managed to shift x(¢) into a different frequency range before
transmission and then recover x(¢) at the receiver. This is exactly what we wanted to accomplish.

5.16.3 SSB/SC Amplitude Modulation

By making a minor modification to the DSB/SC amplitude modulation system, we can reduce the bandwidth require-
ments of the system by half. The resulting system is referred to as a SSB/SC amplitude modulation system. This
modified system is illustrated in Figure 5.34. In this new system, G(w) and H(w) are given by

—1
1 for|o|= o,

G(w) =
(@) 0 otherwise, and
1
H(w) = 4 for|o| < oo
0 otherwise.

Let X (o), Y (o), Q(w), V(w), X (o), and C(w) denote the Fourier transforms of x(z), (1), q(¢), v(t), £(t), and ¢(z),
respectively. Figure 5.35 depicts the transformations the signal undergoes as it passes through the system. Again, the
output from the receiver is equal to the input to the transmitter.

5.17 Equalization

Often, we find ourselves faced with a situation where we have a system with a particular frequency response that is
undesirable for the application at hand. As a result, we would like to change the frequency response of the system
to be something more desirable. This process of modifying the frequency response in this way is referred to as
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c(t) = cos .t c(t) = cos ot H () = 2rect(zg-)
x(t) s —r y(t) ¥(1) (1) (@) £
@ (b)

X(w)
1 C(o) H(w)
T T 2
‘@ Py o -0 W o
= o ® (b) (c)
(@)
Y(0)
H
(d)

' | t ' | t
2w, —w, 2% —2w,+aw, 200—w, 2% 0.+,

®)
Figure 5.33: Signal spectra for DSB/SC amplitude modulation.
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c(t)=cosw.t G(w)=1—rect(5-) c(t) = cos @t H(w) = 4rect(z,-)
x(t t t t v(t x(t
) q(1) (o) (1) y(®) (1) H(a) (7)
(@) (b)
Figure 5.34: SSB/SC amplitude modulation system. (a) Transmitter and (b) receiver.
X (o)
1 C(o) G(w) H(w)
7‘[ | ” _‘ | ’( |
“oc o @ e o © oo o @
=, 5 ® (b) (©) (d)
(@)
O(w)
,,,,,,,,,,,,,,,,,,,,,,,,,,, 1 I
—Z}a:r —curr—w,, —Lur —wpbr wy —L),, a}),) cur—rw,, a}:p ijrwb 220(» @
()
Y (o)
,,,,,,,,,,,,,,,,,,,,,,,,,,,, Bl
—Z}wc —wu'—wb —‘a)t. —a)(»}+w,, —L}b a}),, wflwb 03L a)(er,, ZrL)(. o
()
—mer—a)h 20 —Za)Jer,, Za)c»}—a),, 20 Zw(-erb ®
X(o)
1
“do o —o o P 200 ®
(h)

Figure 5.35: Signal spectra for SSB/SC amplitude modulation.
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Input Output X (o) Y (o)
— Ho(a)) - — He(a)) > Ho(a)) e
(@) (b)
Figure 5.36: Equalization example. (a) Original system. (b) New system with equalization.
X(w) Y(w)
IS — G((g) > H(a)) -

Figure 5.37: Equalization system.

equalization. Essentially, equalization is just a filtering operation, where the filtering is applied with the specific goal
of obtaining a more desirable frequency response.

Let us now examine the mathematics behind equalization. Consider the LTI system with frequency response
H,(®) as shown in Figure 5.36(a). Suppose that the frequency response H,(®) is undesirable for some reason (i.e.,
the system does not behave in a way that is good for the application at hand). Consequently, we would instead like to
have a system with frequency response H,(w). In effect, we would like to somehow change the frequency response
H, () of the original system to H;(®). This can be accomplished by using another system called an equalizer.
More specifically, consider the new system shown in Figure 5.36(b) which consists of a LTI equalizer with frequency
response H,(®) connected in series with the original system having frequency response H,(®). From the block
diagram, we have

where H(w) = H,(w)H, (). In effect, we want to force H(w) to be equal to H,;(®) so that the overall (i.e., series-
interconnected) system has the frequency response desired. So, we choose the equalizer to be such that H, (0) = Zd Eg; .
Then, we have

Thus, the system in Figure 5.36(b) has the frequency response H;(®) as desired.

Equalization is used in many applications. In real-world communication systems, equalization is used to eliminate
or minimize the distortion introduced when a signal is sent over a (nonideal) communication channel. In audio
applications, equalization can be employed to emphasize or de-emphasize certain ranges of frequencies. For example,
often we like to boost the bass (i.e., emphasize the low frequencies) in the audio output of a stereo.

Example 5.37 (Communication channel equalization). Suppose that we have a LTI communication channel with
frequency response H(®) = ﬁ Unfortunately, this channel has the undesirable effect of attenuating higher fre-
quencies. Find the frequency response G(®) of an equalizer that when connected in series with the communication
channel yields an ideal (i.e., distortionless) channel. The new system with equalization is shown in Figure 5.37.

Solution. An ideal communication channel has a frequency response equal to one for all frequencies. Consequently,
we want H(w)G(w) = 1 or equivalently G(w) = 1/H(®). Thus, we conclude that

1 1 .
G(w) = m = 3+1jw —3"‘]60
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5.18 Problems

51

5.2

5.3

5.4

55

Using the Fourier transform analysis equation, find the Fourier transform of each of the following signals:
(@) x(r) = Ad(r —1g) where 9 and A are real and complex constants, respectively;

(b) x(r) = rect(t — 1p) where 7y is a constant;

(€) x(r) = e~ Hu(r —1);

(d) x(r) = 3[u(r) — u(t — 2)]; and

(e) x(r) =M.

Use a Fourier transform table and properties of the Fourier transform to find the Fourier transform of each of

the signals below.

(@) x(z) = cos(r —5);

(b) x(r) = e u(t +2);

(0) x(r) = [cost]u(r);

(d) x(r) = B[u(r) —u(r —3)];

(e) x(r) = 1/r;

(f) x(¢) = rrect(2s);

(9) x(¢r) = e 7 sin(5t — 2);
(

(h) x(¢) = cos(5¢ — 2);

(i) () = e~ gy

G) x(t) = e " tu(t—1)dr;
(k) x(r) = (+1)sm(5t—3)

(0 x0) = (sn2) (e~ )

(m) x(t) = I 3;1 o

(n) x(t) = 5’(003 2t)u(t); and

(0) x(r) = ¢/ sgn(—r — 1),

Compute the Fourier transform X (w) of the signal x(¢) given by

— Y d*8(1—kT),
k=0

where a is a constant satisfying |a| < 1. (Hint: Recall the formula for the sum of an infinite geometric series.
Thatis, b+br+br? +...= ;2 if [r| < 1)

The ideal Hilbert transformer is a LTI system with the frequency response
L1
E=] foro=0
H(w) = foro=0

j— foro<O.

This type of system is useful in a variety of signal processing applications (e.g., SSB/SC amplitude modulation).
By using the duality property of the Fourier transform, find the impulse response A(t) of this system.

Given thatx( ) R X (o) and y(¢) £ Y (w), express Y () in terms of X () for each of the following:
(@) y(¢ t —b) where a and b are constants and a & 0;
(b) y(t) = ( )dT
©¥(r) = L.¥*(v)dr;
(d) y(r) = [ () A)];
0310 (2’( by
y =
(@)5(0) = e x(n)
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OJ |:||:|_. ]
(h) ¥() @xt Le™/x(r) ;
() y(r) x@r 1d”L’

() ¥() (B«

(k) y() Ei’,P‘)C(t) Sm(t—2)

M y@) = tx(;)sin 3t; and

(M) y(r) = /™ [x(A) LA)] |2 =1

5.6 Find the Fourier transform of each of the periodic signals shown below.

x(t)
1 1
x()
1
_=4 _'3 _=2 |_1 i i i 3 ‘:1 t
—4 —=3 -2 -1 0 | 2 é 4

-1 1 (b)

(@)

5.7 Using the time-domain convolution property of the Fourier transform, compute the convolution x(z) = hy(¢) [
ha(t) where

h1(¢) =2000sinc(20007z) and /(7)) = 8(¢) — 1000sinc(10007z).

5.8 Compute the energy contained in the signal x(¢) = 200sinc(2007¢).

5.9 Compute the frequency spectrum of each of the signals specified below. In each case, also find and plot the
corresponding magnitude and phase spectra.
(@) x(¢) = e~ *u(t), where a is a positive real constant; and
(b) x() = sinc 5.

5.10 Suppose that we have the LTI systems defined by the differential/integral equations given below, where x(r) and
¥(1) denote the system input and output respectively. Find the frequency response of each of these systems.
(a) 4 d,zy d,y E&'y (1) +34x(1) —x(t) = 0; and
(b) Ly(r) +2y + L.3y(t dr+55§ (t) —x(t) = 0.
5.11 Suppose that we have the LTI systems with the frequency responses given below. Find the differential equation
that characterizes each of these systems.

@ Hio) = 1o

; and
jo+3
—jod—6w?+1ljo+6

(b) H(w) =
5.12 Suppose that we have a LTI system with input x(¢) and output y(¢), and impulse response A(t), where
h(t) = 6(¢) —300sinc3007t.
Using frequency-domain methods, find the response y(z) of the system to the input x(z) = x1(¢), where

x1(t) = 3 + 3 c0s 2007 + § cos 40077 — % cos 6007z
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5.13 Consider the LTI system with input vo(#) and output v1(¢) as shown in the figure below, where R=1and L = 1.
. R
1t
O & O
t !
vo(?) L v1(1)
o o
(2) Find the frequency response H(®) of the system.
(b) Determine the magnitude and phase responses of the system.
(c) Find the impulse response h(t) of the system.
5.14 Consider the LTI system with input vo(¢) and output v1 () as shown in the figure below, where R=1, C = Wlo
and L = 1555
. L C
i(t
(1)~ A~ I I o
t !
vo(t) R vi(t)
o o
(a) Find the frequency response H(®) of the system.
(b) Use a computer to plot the magnitude and phase responses of the system.
(c) From the plots in part (b), identify the type of ideal filter that this system approximates.
5.15 Let x(r) be a real signal with Fourier transform X (o) satisfying X (@) = 0 for |o| > w,. We use amplitude

5.16

modulation to produce the signal y(¢) = x(¢) sin @.¢. Note that . .l In order to recover the original signal
x(r), it is proposed that the system shown in the figure below be used. The frequency response H(w) is given

by

1
2 for|lo|l<o
H(w) = | I_ )
0 otherwise.
COS .t

y(t) v(r) (r)

H) [

Let Y (), V(w), and X (») denote the Fourier transforms of y(), v(z), and X(t), respectively.
(a) Find an expression for ¥ () in terms of X (). Find an expression for X (w) in terms of V(). Find a
simplified expression for X (®).

(b) Compare x(r) and x(r). Comment on the utility of the proposed system.

When discussing DSB/SC amplitude modulation, we saw that a system of the form shown below in Figure A
is often useful. In practice, however, the multiplier unit needed by this system is not always easy to implement.
For this reason, we sometimes employ a system like that shown below in Figure B. In this second system, we
sum the sinusoidal carrier and modulating signal x(¢) and then pass the result through a nonlinear squaring
device (i.e., vo(t) = [v1(t)]?).
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COS Wt COs @t

x(1) y(t) x(t) va(r) va(t) (t)

. (2 1 H)

(@) (b)

Let X(®), V1(w), and V2(w) denote the Fourier transforms of x(z), v1(r), and v,(¢), respectively. Suppose that
X (w) =0 for |o| > , (i.e., x(¢) is bandlimited).

(a) Find an expression for v1(z), v2(z) and V2(@). (Hint: If X(w) = 0 for |®| = w,, then using the time-domain
convolution property of the Fourier transform, we can deduce that the Fourier transform of x?(t) is zero for
|o| > 2a.)

(b) Determine the frequency response H () required for the system shown in Figure B to be equivalent to the
system in Figure A. State any assumptions made with regard to the relationship between w. and @,. (Hint: It
might be helpful to sketch X () and V,(w) for the case of some simple X (®). Then, compare V2(®) to X (o)
in order to deduce your answer.)

5.17 Consider the system with input x(¢) and output y(¢) as shown in Figure A below. The frequency response H(®)
is that of an ideal Hilbert transformer, which is given by

H(w)=—jsgno.

Let X(w), Y (o), Vi(®), V2(w), and V3(w) denote the Fourier transforms of x(z), y(¢), v1(¢), v2(z), and v3(z),
respectively.

COS .t

sin w,t (b)
(@)

(a) Suppose that X (w) = 0 for |o| > @, where @, [@.1Find expressions for Vi (o), V2(®), V3(®), and Y (o)
in terms of X ().

(b) Suppose that X (@) = X1 (w) where X () is as shown in Figure B. Sketch V1 (w), V2(w), Va(®), and Y (o)
in this case.

(c) Draw the block diagram of a system that could be used to recover x(¢) from y(z).

5.18 Consider the system shown below in Figure A with input x(¢) and output (), where

1
2 for|w| <1007

Glw) =
(@) 0 otherwise.

Let X (w), X(®), Y (), and O(w) denote the Fourier transforms of x(r), £(¢), y(t), and ¢(r), respectively.
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sin1000zrr  sin10007t

1
x(,)l ¥(0) i a() ()
© © Glo)

(a) —1box 0 1007

(b)

(a) Suppose that X (@) = 0 for |@| > 100x. Find expressions for ¥ (), O(®), and )2(9’) in terms of X ().
(b) If X(@) = X1(w) where X1 (@) is as shown in Figure B, sketch Y (w), O(®), and X (o).

5.19 Consider the system shown below in Figure A with input x(¢) and output y(r). Let X(®), P(w), S(®), H(®),
and Y () denote the Fourier transforms of x(¢), p(¢), s(¢), h(z), and y(¢), respectively. Suppose that

=

pt)="Y 8(t— 1) and H(o) = 55 rect(zum7)-

n=—co

(a) Derive an expression for S(w) in terms of X (). Derive an expression for Y (w) in terms of S(w) and H ().
(b) Suppose that X (o) = X1 (o), where X; () is as shown in Figure B. Using the results of part (a), plot S(®)
and Y (o). Indicate the relationship (if any) between the input x(z) and output y(¢) of the system.
(c) Suppose that X (w) = X>(w), where X, (w) is as shown in Figure C. Using the results of part (a), plot S(w)
and Y (o). Indicate the relationship (if any) between the input x(z) and output y(¢) of the system.

x(1) s(1) y(t)
h(t)
(@)
X1(o) X2 (@)
1 1
—10007 1000 2@ —20007 20007
(b) (©)
5.19 MATLAB Problems
5.101 (a) Consider a frequency response H () of the form
Yito axo*
Ho)= -1
(o) YTt

where a; and by are complex constants. Write a MATLAB function called freqw that evaluates a function of
the above form at an arbitrary number of specified points. The function should take three input arguments: 1) a
vector containing the a;, coefficients, 2) a vector containing the b, coefficients, 3) a vector containing the values
of @ at which to evaluate H (). The function should generate two return values: 1) a vector of function values,
and 2) a vector of points at which the function was evaluated. If the function is called with no output arguments
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(i.e., the nargout variable is zero), then the function should plot the magnitude and phase responses before
returning. [Hint: The polyval function may be helpful.]

(b) Use the function developed in part (a) to plot the magnitude and phase responses of the system with the
frequency response

B 16.0000
" 1.00000* — 5.22630° — 13.656902 + j20.9050c + 16.0000

H(w)

For each of the plots, use the frequency range [—5,5].
(c) What type of ideal frequency-selective filter does this system approximate?

5.102 Consider the filter associated with each of the frequency responses given below. In each case, plot the magnitude

and phase responses of the filter, and indicate what type of ideal frequency-selective filter it best approximates.

3
wj,

(@ H(w) = — : , where @, = 1;
(@) (jo)3 +2w,(jw)? + 20, (jo) + o ]
(b)H(w) = — . . L) . , :and
(]a))5 + 17.527635(](0)4 + 146.32995(](0)3 + 845.73205(]60)2 +2661.6442(jw) + 7631.0209
(©) H(w) = 13.104406(jw)®

(jo)b +3.8776228(jm)® + 34.517979(jw)* + 75.146371(jw)3 + 276.14383(jw)? + 248.16786(jw) + 512
Hint: Use the fregs function with s = j® to compute the frequency response. The abs, angle, linspace,

plot, xlabel, ylabel, and print functions may also prove useful for this problem.

5.103 (a) Use the butter and besself functions to design a tenth-order Butterworth lowpass filter and tenth-order
Bessel lowpass filter, each with a cutoff frequency of 10 rad/s.
(b) For each of the filters designed in part (a), plot the magnitude and phase responses using a linear scale for
the frequency axis. In the case of the phase response, plot the unwrapped phase (as this will be helpful later in
part (d) of this problem). (Hint: The fregs and unwrap functions may be helpful.)
(c) Consider the magnitude responses for each of the filters. Recall that an ideal lowpass filter has a magnitude
response that is constant in the passband. Which of the two filters more closely approximates this ideal behav-
ior?
(d) Consider the phase responses for each of the filters. An ideal lowpass filter has a phase response that is a
linear function. Which of the two filters has a phase response that best approximates a linear (i.e., straight line)
function in the passband?
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Chapter 6

Laplace Transform

6.1 Introduction

In this chapter, we introduce another important mathematical tool in the study of signals and systems known as the
Laplace transform. The Laplace transform can be viewed as a generalization of the Fourier transform. Due to its
more general nature, the Laplace transform has a number of advantages over the Fourier transform. First, the Laplace
transform representation exists for some signals that do not have Fourier transform representations. So, we can handle
a larger class of signals with the Laplace transform. Second, since the Laplace transform is a more general tool, it can
provide additional insights beyond those facilitated by the Fourier transform.

6.2 Motivation Behind the Laplace Transform

In Section 3.10, we showed that complex exponentials are eigenfunctions of LTI systems. Suppose that we have a LTl
system with input x(¢), output y(¢), and impulse response A(¢). This eigenfunction property leads to the result that the
response y(¢) to the input x(¢) = e is

where

H(s)=  h(t)e "dt. (6.1)

—oo

Previously, we referred to H(s) as the system function. In this chapter, we will learn that H (s) is, in fact, the Laplace
transform of A(¢). That is, the integral in (6.1) is simply the definition of the Laplace transform. In the case that s = jo
where @ is real (i.e., s is purely imaginary), (6.1) becomes the Fourier transform integral (studied in Chapter 5). From
our earlier reading, we know that H(jw) is the Fourier transform of &(z), which we refer to as the frequency response
of the LTI system. In (6.1), we consider a more general class of transform where s is an arbitrary complex value (i.e.,
s is not just purely imaginary as in the case of the Fourier transform). This generalization is known as the Laplace
transform.

6.3 Definition of the Laplace Transform

The (bilateral) Laplace transform of the function x(z) is denoted as L {x(#)} or X(s) and is defined as

1
X(s)=L{0)}= x(t)e " dt. (6.2)

—oo
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The inverse Laplace transform is then given by

x(t) =L HX(s)}= % i X(s)e'ds, (6.3)

where o = Re{s}. We refer to x(r) and X (s) as a Laplace transform pair and denote this relationship as

x(t) S X(s).

As we can see from (6.3), the calculation of the inverse Laplace transform requires a contour integration (since s is a
complex variable). In particular, we must integrate along the vertical line s = ¢ in the complex plane. Such a contour
integration is often not so easy to compute. Therefore, in practice, we do not usually compute the inverse Laplace
transform using (6.3) directly. Instead, we resort to other means (to be discussed later).

Two different versions of the Laplace transform are commonly used. The first is the bilateral version, as intro-
duced above. The second is the unilateral version. The unilateral Laplace transform is most frequently used to solve
systems of linear differential equations with nonzero initial conditions. As it turns out, the only difference between
the definitions of the bilateral and unilateral Laplace transforms is in the lower limit of integration. In the bilateral
case, the lower limit is —eo, whereas in the unilateral case, the lower limit is 0. In the remainder of this chapter, we
will focus our attention primarily on the bilateral Laplace transform. We will, however, briefly introduce the unilateral
Laplace transform as a tool for solving differential equations. Unless otherwise noted, all subsequent references to
the Laplace transform should be understood to mean bilateral Laplace transform.

6.4 Relationship Between Laplace Transform and Continuous-Time Fourier
Transform

In the previous section, we introduced the Laplace transform, and in the previous chapter, we studied the Fourier
transform. As it turns out, the Laplace transform and Fourier transform are very closely related. Recall the definition
of the Laplace transform in (6.2). Consider now the special case of (6.2) where s = jw and o is real (i.e., Re(s) = 0).

In this case, (6.2) becomes
=}
X(9)]s=jo = x(t)e " dr

Q_“ s=jo
= x(t)e /?dt

—oo

=F{x(r)}.
Thus, the Fourier transform is simply the Laplace transform evaluated at s = j®. In other words,
X(5)ls=jo = F{x(1)}. (6.4)

Incidentally, it is due to the preceding relationship that the Fourier transform of x(¢) is sometimes written as X (jo).
When this notation is used, the function X actually corresponds to the Laplace transform of x(¢) rather than its Fourier
transform (i.e., the expression X (j) corresponds to the Laplace transform evaluated at points on the imaginary axis).

Now, consider the general case of an arbitrary complex value for s in (6.2). Let us express s in Cartesian form as
s = o+ jo where ¢ and o are real. Substituting s = o + jo into (6.2), we obtain

- .
X(s)=  x(r)e (Ot gy
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Thus, the Laplace transform of x(¢) can be viewed as the Fourier transform of x(¢)e™°" (i.e., x(r) weighted by a real
exponential signal). As a consequence of multiplying by the real exponential ¢~°7, the Laplace transform of a signal
may exist when the Fourier transform of the same signal does not.

By using the above relationship, we can derive the formula for the inverse Laplace transform given in (6.3).

Suppose we have x(t) L X(s). Lets = o+ jo where o and o are real. From the relationship between the Fourier
and Laplace transforms, we have

L{x(N)}=X(s)=X(o+ jo)=F{x(1)e”°'}.
Taking the inverse Fourier transform of both sides of the preceding equation yields
FYX(c+jo)}=x(t)e .
Multiplying both sides by ¢°’, we obtain
x(1) =" FH{X (0 + jo)}.

From the definition of the inverse Fourier transform, we have
oo 2
x(t) = e o X(c+ jo)e®do
g —00
1 .
= X(0+ jw)el" 1 da,

Since s = o + j, we have that ds = jdw, and consequently,

Thus, we have just derived the inverse Laplace transform formula in (6.3).

6.5 Laplace Transform Examples

In this section, we calculate the Laplace transform of several relatively simple signals. In the process, we gain some
important insights into the Laplace transform.

Example 6.1. Find the Laplace transform X (s) of the signal x(¢) = e~ u(r).
Solution. Let s = o+ jo where ¢ and o are real. From the definition of the Laplace transform, we have
Ilj tlf
e —at ( ) Sldt
E‘I
(S+a)tdt

I% D (s+a)t Eﬁ
s+a

0
At this point, we substitute s = ¢ + jo in order to more easily determine when the above expression converges to a

finite value. This yields
T [
X(S) — (o‘+a+ja))t

6+a+{
(a+a)te—/a)z [%

= 6+a+jco ¢ 0
1 [

(0+a)
- _ -1 —(0+a)e ,—joo _
~  o+tatjo ¢ ¢ 1.
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Im{s} a=0 Im{s} a<0

)i( Re{s} )i( Re{s}

(@) (b)

Figure 6.1: Regions of convergence.

Thus, we can see that the above expression only converges for o +a > 0 (i.e., Re{s} > —a). In this case, we have that

1 . 1
X(S):EITHO [0—1]
= 4 (=1
B 1
T s+a

Thus, we have that

—at Lo 1
t) «» —— for Re{s} > —a.
e “u(r) ra {s} a

The region of convergence for X (s) is illustrated in Figures 6.1(a) and (b) for the cases of > 0 and a < 0, respectively.
O

Example 6.2. Find the Laplace transform X (s) of the signal x(¢) = —e™%u(—t).
Solution. Let s = o+ jo where ¢ and o are real. From the definition of the Laplace transform, we can write
Iﬂ_e at

—atu( ) _Stdt

—oo

cE

= —e Mt

_e—(s+a)td[

_H %'—(m)rﬁ

s+a

—oo

In order to more easily determine when the above expression converges to a finite value, we substitute s = o + jo.

This yields
mrm I ' E@
X(s)= 6+al+ja) eTotarjoN —
1 E@
_ 1 i —(o+a)t —]w
o+a+tjo _
1 EIII
_ 1 1— e(6+a) jwoc
otatjo )
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a=0 Im{s} a<0 Im{s}

Re{s}

—a

_______*_______

)i( Re{s}

(@) (b)

Figure 6.2: Regions of convergence.

Thus, we can see that the above expression only converges for o +a <0 (i.e., Re{s} < —a). In this case, we have

1 1
X)) = srame 10
_ 1
_s+a'

Thus, we have that

—at Lo 1
— —t) « > —— forRe{s} < —a.
(=) {s}<-a

The region of convergence for X () is illustrated in Figures 6.2(a) and (b) for the cases of a >0 and a < 0, respectively.
O

At this point, we compare the results of Examples 6.1 and 6.2, and make an important observation. Notice that the
same algebraic expression for X (s) was obtained in both of these examples (i.e., X (s) = h%a) The only difference is
in the convergence properties of X (s). In one case, X (s) converges for Re{s} > —a while in the other it converges for
Re{s} < —a. As it turns out, one must specify both the algebraic expression for X (s) and its region of convergence in
order to uniquely determine x(r) = L ~1{X(s)}.

Example 6.3 (Laplace transform of the unit-step function). Find the Laplace transform X () of the signal x(¢) = u(z).
Solution. Lets = o+ jw where o and @ are real. From the definition of the Laplace transform, we have
X(s) = L{u(r)}

u(t)e dt
-

At this point, we substitute s = ¢ + jw in order to more clearly see the region of convergence for this expression. This

yields
(NI 1
X(s)= —gLi eT(otjor Eﬁ

- o+ j0

[l 1 [@
_ _ 1 —ot ,—jot
- ot+jo e € 0 .
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Thus, we can see that the above expression converges only for ¢ > 0 (i.e., Re{s} > 0). In this case, we have

1 . 1
X(s)= —=== [0—1]
i
= =1 D
_1
B N
Thus, we have that
1
u(t) «— = for Re{s} =>0.
N
O
Example 6.4 (Laplace transform of the unit-impulse function). Find the Laplace transform of the signal x(r) =
AdS(r—1g) where 1o is an arbitrary real constant.
Solution. From the definition of the Laplace transform, we can write
X(s) = L{x(r)}
= IﬂAS (t—10)}
= AS(t—t)e Vdt
|
=A  S(t—tp)e Vdt.
Using the sifting property of the unit-impulse function, we can simplify this result to obtain
X(s) = Ae™ ",
Thus, we have shown that
AS(t—19) &= Ae™0 forall s.
O

6.6 Region of Convergence for the Laplace Transform

Before discussing the region of convergence (ROC) of the Laplace transform in detail, we need to introduce some
terminology involving sets in the complex plane. Let R denote a set in the complex plane. A set R comprised of all
complex numbers s such that

Re{s} <a,

for some real constant a (or a = ), is said to be a left-half plane (LHP). A set R comprised of all complex numbers
s such that

Re{s} > a,

for some real constant a (or a = —e0), is said to be a right-half plane (RHP). Examples of LHPs and RHPs are given
in Figure 6.3. Note that the set consisting of the entire complex plane is trivially both a LHP and RHP (i.e., the entire
complex plane satisfies Re{s} > — and Re{s} < o0).

Since the ROC is a set (of points in the complex plane), we often need to employ some basic set operations when
dealing with ROCs. For two sets A and B, the intersection of A and B, denoted A n B, is the set of all points that are
in both A and B. An illustrative example of set intersection is shown in Figure 6.4.
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Im{s}

Im{s}

(@)

a<O0

(©

Re{s}

Re{s}

a>0 Im{s} |
é Re{s}
(b) i
Im{s} | a>0
- E Re{s}
i (d)

Figure 6.3: Examples of LHPs and RHPs. (a) and (b) LHPs, and (c) and (d) RHPs.
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Im Im
21 )
I T e S i E A
]
(@) (b)
Im
R
R
ST Re
et
]

(©)

Figure 6.4: Intersection of sets. (a) First set R, (b) second set R», and (c) their intersection Ry N R>.
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As we saw earlier, for a signal x(¢), the complete specification of its Laplace transform X (s) requires not only
an algebraic expression for X(s), but also the ROC associated with X (s). Two very different signals can have the
same algebraic expressions for X (s). In this section, we examine some of the constraints on the ROC (of the Laplace
transform) for various classes of signals.

One can show that the ROC for the Laplace transform has the following properties:

1. The ROC of the Laplace transform X (s) consists of strips parallel to the imaginary axis in the complex plane.

Justification: The Laplace transform X (s) of the signal x(¢) is simply the Fourier transform of
x(t)e”ReU¥ . Thus, X(s) converges whenever this Fourier transform converges. Since the conver-
gence of the Fourier transform only depends on Re{s}, the convergence of the Laplace transform
only depends on Re{s}.

2. If the Laplace transform X (s) is a rational function, the ROC does not contain any poles, and the ROC is
bounded by poles or extends to infinity.

Partial justification: Since X (s) is rational, its value becomes infinite at a pole. So obviously, X (s)
does not converge at a pole. Therefore, it follows that the ROC cannot contain a pole.

3. If the signal x(¢) is finite duration and its Laplace transform X (s) converges for some value of s, then X (s)
converges for all values of s (i.e., the ROC is the entire complex plane).

4. If the signal x(¢) is right sided and the (vertical) line Re{s} = oy is in the ROC of the Laplace transform
X(s) = L {x(#)}, then all values of s for which Re{s} > op must also be in the ROC (i.e., the ROC is a right-
half plane including Re{s} = op).

5. If the signal x(z) is left sided and the (vertical) line Re{s} = oy is in the ROC of the Laplace transform X (s) =
L {x(¢)}, then all values of s for which Re{s} < op must also be in the ROC (i.e., the ROC is a left-half plane
including Re{s} = op).

6. If the signal x(z) is two sided and the (vertical) line Re{s} = oy is in the ROC of the Laplace transform X (s) =
L {x(¢)}, then the ROC will consist of a strip in the complex plane that includes the line Re{s} = oy.

7. If the Laplace transform X (s) of the signal x(z) is rational, then:

(@) Ifx(r) is right sided, the ROC of X (s) is to the right of the rightmost pole of X (s) (i.e., the right-half plane
to the right of the rightmost pole).

(b) If x(¢) is left sided, the ROC of X (s) is to the left of the leftmost pole of X(s) (i.e., the left-half plane to
the left of the leftmost pole).

Note that some of the above properties are redundant. For example, properties 1, 2, and 4 imply property 7(a).
Also, properties 1, 2, and 5 imply property 7(b). Moreover, since every function can be classified as one of left sided
(but not right sided), right sided (but not left sided), two sided, or finite duration, we can infer from properties 3, 4, 5,
and 6 that the ROC can only be of the form of a left-half plane, a right-half plane, a (single) vertical strip, the entire
complex plane, or the empty set. Thus, the ROC must be a connected region. That is, it cannot consist of multiple
(unconnected) vertical strips.

Example 6.5. The Laplace transform X (s) of the signal x(z) has the algebraic expression

s-i—%

X6 = eramtawis—2)

Identify all of the possible ROCs of X (s). For each ROC, indicate whether the corresponding signal x(¢) is left sided,
right sided, two sided, or finite duration.
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Im Im
SRS R
] 4]
bR b Re
loX -1+ L%t
L .
(@) (b)
Im Im
2t 2t
il il
N Re N Re
X-1+ X-1+
) | af
(c) (d)

Figure 6.5: ROCs for example.

Solution. The possible ROCs associated with X () are determined by the poles of this function. So, we must find the
poles of X (s). Factoring the denominator of X (), we obtain

s+%
(s+1—=(s+1+))(s+2)(s—1)

X(s) =

Thus, X (s) has poles at —1— j, —1+ j, —2, and 1. Since these poles only have three distinct real parts, there are four
possible ROCs: i) Re{s} < —2,ii) —2 <Re{s} < —1,iii) —1 <Re{s} <1, and iv) Re{s} > 1. These ROCs are plotted
in Figures 6.5(a), (b), (c), and (d), respectively. The first ROC is a left-half plane, so the corresponding x(¢) must be
a left-sided signal. The second ROC is a vertical strip (i.e., neither a left- nor right-half plane), so the corresponding
x(t) must be a two-sided signal. The third ROC is a vertical strip (i.e., neither a left- nor right-half plane), so the
corresponding x(z) must be a two-sided signal. The fourth ROC is a right-half plane, so the corresponding x(z) must
be a right-sided signal. O

6.7 Properties of the Laplace Transform

The Laplace transform has a number of important properties. In the sections that follow, we introduce several of these
properties. For the convenience of the reader, the properties described in the subsequent sections are also summarized
in Table 6.1 (on page 190).
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6.7.1 Linearity
If x1(f) <= Xi(s) with ROC Ry and x,(t) <— X,(s) with ROC R, then

axy(t) + axxp(t) <—L—> a1X1(s) +a2X>(s) with ROC R containing Ry n Ry,

where a1 and ay are arbitrary complex constants. This is known as the linearity property of the Laplace transform.
The above property is easily proven as follows. Using the definition of the Laplace transform and straightforward
algebraic manipulation, we have
|
L {a1x1(f) + apxa()} = [a1x1(2) + agxa(t)]e " dt
- -
= arxy(t)e 'dt + azxp(t)e” ' dt
T B |
=a; x(t)e dt+ay xo(t)e " dt

—oo —oo

=a1X1(s) + a2X2(s).

The ROC R can be deduced as follows. If X;(s) and X,(s) both converge for some s, say s = A4, then any linear
combination of these functions must also converge for s = A. Therefore, the ROC R must contain the intersection of
R; and R,. Thus, we have shown that the linearity property holds.

Example 6.6 (Linearity property of the Laplace transform). Find the Laplace transform of the signal x(¢) = x1(¢) +
x2(r) where

x1(t) =e'u(t) and
x2(t) = e"u(t) — e 2 u(r).
Solution. Using Table 6.2, we have
Xa(s) = L{e™"u(1)}
1
=1 for Re{s} >-1 and

Xo(s) = L {e™u(t) — e ?u(t)}
= L{e"u(t)} L {e™u(n)}
1 1
=1 512 for Re{s} > —1
1
= GCID612) for Re{s} > —1.

So, from the definition of X (s), we can write

X(s) = L {x1 () +x2(1)}
=X1(5) +Xo(s)
1 1
= +
s+1 (s+1)(s+2)
s+2+1
(s+1)(s+2)
B s+3
(5D (s+2)
Now, we must determine the ROC of X(s). We know that the ROC of X(s) must contain the intersection of the
ROCs of X;(s) and X2(s). So, the ROC must contain Re{s} > —1. Furthermore, the ROC cannot be larger than this
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Figure 6.6: ROCs for linearity example. (a) ROC of X; (), (b) ROC of X»(s), (c) ROC associated with the intersection
of the ROCs of X; (s) and X»(s), and (d) ROC of X (s).

intersection, since X (s) has a pole at —1. (The various ROCs are illustrated in Figure 6.6.) Therefore, the ROC of
X(s) is Re{s} = —1. Thus, we have

s+3

m for Re{s} > —1.

X(s)=

Example 6.7 (Linearity property of the Laplace transform and pole-zero cancellation). Find the Laplace transform
X (s) of the signal x(¢) = x1(¢) — x2(¢) where x1(¢) and xz(¢) are as defined in the previous example.

Solution. From the previous example, we know that

1
X1(s) = ] for Re{s} >—-1 and

for Re{s} > —1.
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Figure 6.7: ROCs for linearity example. (a) ROC of X;(s), (b) ROC of X»(s), (c) ROC associated with the intersection
of the ROCs of X; (s) and X»(s), and (d) ROC of X (s).

From the definition of X (s), we have

X(s) = L {x1(r) —x2(1)}
= X1(s) = Xa(s)

1 _ 1
s+l (s+1)(s+2)
s+2—1
(s+1)(s+2)

_ s+1
C (s+D)(s+2)

1

s+2°

Now, we must determine the ROC of X (s). We know that the ROC of X (s) must at least contain the intersection of
the ROCs of X1 (s) and X»(s). Therefore, the ROC must contain Re{s} > —1. Since X(s) is rational, we also know
that the ROC must be bounded by poles or extend to infinity. Since X (s) has only one pole and this pole is at —2, the
ROC must also include —2 < Re{s} < —1. Therefore, the ROC of X (s) is Re{s} > —2. In effect, the pole at —1 has
been cancelled by a zero at the same location. As a result, the ROC of X (s) is larger than the intersection of the ROCs
of X; (s) and X»(s). The various ROCs are illustrated in Figure 6.7. O
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6.7.2 Time-Domain Shifting
If x(r) <= X(s) with ROC R, then
x(t—1to) <= e~0X(s) with ROC R,

where g is an arbitrary real constant. This is known as the time-domain shifting property of the Laplace transform.
To prove the above property, we proceed as follows. From the definition of the Laplace transform, we have

J
L{x(t—10)}=  x(t—19)e "dt.

Now, we perform a change of variable. Let 7 =t —1 so that t = t+ 19 and dt = dt. Applying this change of variable,
we obtain
1
Y($)=L{x(r—10)}=  x(z)e*(FH0lgz
—~'

=e " x(1)edr

—oo

=e 0X(s).

The ROC of Y (s) is the same as the ROC of X(s), since Y (s) and X (s) differ only by a finite constant factor (i.e.,
e %), Thus, we have proven that the time-domain shifting property holds.

Example 6.8 (Time-domain shifting property). Find the Laplace transform of
x(t) =u(t—1).
Solution. From a Laplace transform table, we can write

u(?) L1/ for Re{s} > 0.
Using the time-domain shifting property, we can deduce
u(t—1) e ?D for Re{s} > 0.
Therefore, we have

-s
x(t) L eT for Re{s} > 0.

6.7.3 Laplace-Domain Shifting
If x(t) <= X(s) with ROC R, then

' x(1) <= X(s—so) with ROC R+ Re{so},

where sg is an arbitrary complex constant. This is known as the Laplace-domain shifting property of the Laplace
transform. The ROCs are illustrated in Figure 6.8.
To prove the above property, we proceed as follows. Using the definition of the Laplace transform and straight-

forward manipulation, we obtain
|
Y(s)=L{x(t)}=  &Vx(t)e Vdt
(-
= x(t)e” 550 gy

=X(s—s0).
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Figure 6.8: Regions of convergence for Laplace-domain shifting. (a) Before shift. (b) After shift.

Since Y (s+s0) = X (s), Y(s) converges at s = A + so if and only if X(s) converges at s = A. Since the convergence
properties of a Laplace transform only depend on the real part of the s parameter, Y (s) converges at s = A + Re{so}
if and only if X (s) converges at s = 4. Consequently, the ROC of Y (s) is simply the ROC of X (s) shifted by Re{so}.

Thus, we have shown that the Laplace-domain shifting property holds.

Example 6.9 (Laplace-domain shifting property). Using only the properties of the Laplace transform and the trans-

form pair
PR % for —1 <Re{s} <1,
find the Laplace transform of
x(t) = e M,
Solution. \We are given
L 2

e . = for—1<Re{s}<l.
1—s2
Using the Laplace-domain shifting property, we can deduce

Sl M, 2 for—1+5<Re{s}<1+5
eve 1= (s—5)2 or—1+ e{s} +5.

Simplifying, we have
2 2 2 -2 -2

1—(s—5)2 1—(s2—105+25) —s2+10s—24 s2—105+24 (s—6)(s—4)

Therefore, we have

2
~ G=26=0) for 4 < Re{s} <6.

6.7.4 Time-Domain/Laplace-Domain Scaling
If x(¢) L X (s) with ROC R, then
. 1

1 .
a a
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where a is a nonzero real constant. This is known as the (time-domain/Laplace-domain) scaling property of the
Laplace transform. The ROCs associated with scaling are illustrated in Figure 6.9.
To prove the above property, we proceed as below. From the definition of the Laplace transform, we have

]
Y(s)=L{x(at)}= x(at)e™dt.
Now, we perform a change of variable. Let T = ar so that t = 7/a and dt = adt. Performing the change of variable
(and being mindful of the change in the limits of integration), we obtain

% x(,L.)e—sr/a lE“:I

fora=>0

Y =
(s) Ijix(‘c)e_”/“ 2 dt fora<o
L
T)e Y%t fora>0
) 17:( )

Lx(1)e™74dtr fora<O.

Combining the two cases for a (i.e., a > 0 and a < 0), we obtain

(=

x(T)e ™t
X(s/a).

Since |a|Y (as) = X (s), Y (s) converges at s = aA if and only if X (s) converges at s = A. Thus, the ROC of Y (s) is aR.
Thus, we have proven that the scaling property holds.

Example 6.10 (Time-domain scaling property). Using only properties of the Laplace transform and the transform
pair

_ 2
e L = for—1<Re{s}<1,
1—s2

find the Laplace transform of
x(t) = e P,
Solution. \We are given

2
e = = for—1<Re{s}<l.
1—s2

Using the time-domain scaling property, we can deduce
—131| 1 2
——— for3(—1) <Re{s} <3(1).
Simplifying, we have

12 2 2 209 6 —6
31—(3)? 3(1_%) 3(%%%)  3(9—s?)  9-s2  (s+3)(s—3)

I he e|0|e, we ha.Ve
- — I()r—3<Re{ }<3
(S 3)(‘5 3) ’
D
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Figure 6.9: Regions of convergence for time-domain/Laplace-domain scaling. (a) Before scaling. After scaling for
(b)a=>0and (c) a<O.
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6.7.5 Conjugation
If x(t) <= X(s) with ROC R, then

This is known as the conjugation property of the Laplace transform.
To prove the above property, we proceed as follows. Let s = o + jw. From the definition of the Laplace transform
and the properties of conjugation, we can write

(|
Y(s)=L{h)}y= xHhe ™ dr
Oy [
dy

xHhe ™ dr
L

Now, we observe that (e™*) "= ™. Thus, we can write

=l =
L {"h} = _x(e™
= X0,

We determine the ROC of Y (s) as follows. First, we observe that X (s) = ¥ 555! Since Y 5(5'= X (s), Y (s) converges
at s = A if and only if X (s) converges at s = 2 "JWe know, however, that convergence only depends on the real part
of A. So, Y (s) converges at s = A if and only if X (s) converges at s = A. From these results, we have that the ROC of
Y (s) must be identical to the ROC of X (s). Thus, we have shown that the conjugation property holds.

Example 6.11 (Conjugation property). Using only properties of the Laplace transform and the transform pair

. 1
(=D ) L for Re{s} > —1

find the Laplace transform of

Solution. \WWe have

We are given

e(_l_j)lu(t) ——

for Re > —1.
st1+) (s}

Using the conjugation property, we can deduce
1 1 =

X(r) o ———
sEH1 4+

for Re{s} > —1.
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Simplifying, we have

|
1@1‘3_1

s+ Y1+ Y s+1-j°

Therefore, we can conclude

X([) —— ﬁ for Re{S} > —1.

6.7.6 Time-Domain Convolution
If x1(f) <= X1 (s) with ROC Ry and x,(¢) <= X, (s) with ROC R, then

x1(t) O (1) L X1(s)X>2(s) with ROC containing Ry n R.

This is known as the time-domain convolution property of the Laplace transform.
To prove the above property, we proceed as below. From the definition of the Laplace transform and convolution,

we have
= —1
Y(s)=L{x(r) 3()}=L ~ x1(T)x2(t —1)d7
1 (5] -
= x1(T)x2(t —7)dT e "dt
-y
= x1(T)x2(t —1)e” " ddt.
Changing the order of integration, we have
N
Y(s)= x1(T)x2(t —7)e” Y dtdt
S| =
= x2(t—71)e”"dt x1(7)dT.
Now, we perform a change of variable. Let v=1r— 1 so thatz = v+ t and dv = dr. Applying the change of variable
and simplifying, we obtain
) tEy -

x2(V)e™* Uy xi(t)dt
) L) -
= x2(v)edv e T xi(1)d7
& -

= x2(v)e™dv e "x1(1)dT

—oo —oo

=X (S)Xg (s) .

Now, we consider the ROC of Y (s). If X1(s) and X»(s) both converge for some s = A, then Y (s) = Xy (s)X2(s) must
also converge for s = A. Therefore, the ROC of Y (s) must contain the intersection of the ROCs of X3 (s) and Xa(s).
Thus, we have shown that the time-domain convolution property holds.

Y(s)

Example 6.12 (Time-domain convolution property). Find the Laplace transform of

x(t) = ([sin3i]u(t)) Cu(z)).
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Solution. From a Laplace transform table, we have

[sin3t]u(r) L % for Re{s} >0 and
1
fu(t) L 2 for Re{s} > 0.

Using the time-domain convolution property, we have

I:I3 I I |

([sin3fu(r)) Cu(t)) < 77e siz for Re{s} > 0 n Re{s} > 0.

Simplifying, we have
1 [T
28 13
249 s2 s2(s2+9)°
Therefore, we can conclude

for Re{s} > 0.

6.7.7 Time-Domain Differentiation
If x(t) <= X(s) with ROC R, then

dx(t . -
Z(t ) X sX(s) with ROC containing R.

This is known as the time-domain differentiation property of the Laplace transform.
To prove the above property, we proceed as follows. From the definition of the inverse Laplace transform, we have

Differentiating both sides of this equation with respect to ¢, we have

d 1 D

Ex(t) sX (s)e" ds.

a Tm o'—joo

Observing that the right-hand side of the above equation is simply the inverse Laplace transform of sX(s), we can
write

d —
Ex(t) =L HsX(s)}

Taking the Laplace transform of both sides yields

Now, we consider the ROC of Y (s) = sX(s). Clearly, Y (s) must converge for s = A if X (s) converges for s = 4. Since
multiplication by s has the potential to cancel a pole in X (s), it is possible that the ROC of ¥ (s) may be larger than
the ROC of X (). Consequently, the ROC of ¥ (s) must at least contain R. Thus, we have shown that the time-domain
differentiation property holds.
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Example 6.13 (Time-domain differentiation property). Find the Laplace transform of
x(1)=48().
Solution. From a Laplace transform table, we can write
o(t) L1 foralls.

Using the time-domain differentiation property, we can deduce

45(r) L s(1) foralls

dt '
Therefore, we have

x(t) L. s foralls.

6.7.8 Laplace-Domain Differentiation
If x(r) <= X(s) with ROC R, then

L dX(s)
— - B

—tx(t) with ROC R.
This is known as the Laplace-domain differentiation property of the Laplace transform.
To prove the above property, we proceed as follows. From the definition of the Laplace transform, we have

-
X(s)=  x(t)e "dt.

—oo

Differentiating both sides of the above equation with respect to s and simplifying, we obtain

[
d —st
%X(s) = _ —tx(t)e™ " dt
=L {—x(t)}.

Thus, we have shown that the Laplace-domain differentiation property holds.

Example 6.14 (Laplace-domain differentiation property). Using only the properties of the Laplace transform and the
transform pair

-2t L 1
e “u(r) 12 or Re{s}

find the Laplace transform of
x(t) =te % u(t).
Solution. \We are given

—2t Lo 1
e “u(r) 12 or Re{s}

Using the Laplace-domain differentiation and linearity properties, we can deduce
1

e u(r) L —% P for Re{s} > —2.
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Simplifying, we have

Ell [ 1
—4 =—d(s4+2)7 = (=1)(-1)(s+2) 2 =
& 1o 5(s+2) (=D(=1)(s+2) 5127
Therefore, we can conclude
L 1
x(t) <> G127 for Re{s} > —2.

6.7.9 Time-Domain Integration

If x(¢) L X () with ROC R, then
1

—oo

x(t)dt L }X(s) with ROC containing R n {Re{s} > 0}.
N

This is known as the time-domain integration property of the Laplace transform.
To prove the above property, we proceed as below. First, we observe that

(I
x(t)dt = x(t) Cul?).

—oo

Taking the Laplace transform of both sides of this equation, we have
L—QI 1
Y(s)=L x(t)dt =L {x(¢) Qdr)}.

—oo

From the time-domain convolution property of the Laplace transform, we have

Y(s) = L {x(r) 3 {u(t)}
= X(s)L {u(t)}.

From Example 6.3, we know that L {u(z)} =U(s) = % for Re{s} > 0. So,

Now, we need to consider the ROC of Y (s). Clearly, Y (s) must converge at s = A if X(s) and U (s) both converge
at s = A. Consequently, the ROC of Y (s) must contain the intersection of the ROCs of X(s) and U(s). Since U (s)
converges for Re{s} > 0, the ROC of Y (s) must contain R n {Re{s} > 0}. Thus, we have shown that the time-domain
integration property holds.

Example 6.15 (Time-domain integration property). Find the Laplace transform of

]
x(t)= e ¥[sintlu(t)dT.

—oo

Solution. From a Laplace transform table, we can write

— 2tz L 1 -
e “sintlu(r) «— Gr2Pal for Re{s} 2.
Using the time-domain integration property, we can deduce
] 1 1
e~ 2*[sint]u(t)dt L 1 for Re{s} > —2nRe{s} >0.
—oo s (s+2)2+1
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Simplifying, we have

s (542241 s 24454441 5 244545

Therefore, we have

x(t) «— for Re{s} > 0.

1
s(s2+4s+5)

[Note: 52 +4s+5=(s+2—j)(s+2+j).] =

6.7.10 Initial Value Theorem

If x(r) =0 forall r <0 and x(¢) contains no impulses or higher order singularities at the origin, then

x(07) = limsX(s),
§ > 00
where x(0™) denotes the limit of x(¢) as r approaches zero from positive values of . This result is known as the initial
value theorem.
To prove the above property, we proceed as below. First, we expand x(¢) as a Taylor series at t = 0.
(| [

n

x(1) = x(0+)+x(l>(0+)t+...+x()(0+)—' -u().

where x")(0) denotes the nth derivative of x( ) evaluated at r = 0. Taking the Laplace transform of the above
equation, and using the fact that L {#"u(7)} = W’ we can write

L {x(1)}=X(s) :x(0+)% +x(l)(0+)s£2 +...+xm(0") +...

sntl
Taking the limit, we have

lim sX (s) = x(0T).

NEes]

Thus, the initial value theorem holds.

6.7.11 Final Value Theorem

If x(r) =0 forall t <0 and x(¢) has a finite limitas # — oo, then

limx(z) = limsX(s).

t oo S

This result is known as the final value theorem.
The above property can be proven by using a partial fraction expansion of X (s). This proof, however, is left as an
exercise for the reader.

Example 6.16 (Initial and final value theorems). Consider the signal x() given by
x(t) =[1+e " cost]u(t).
This signal can be shown to have the Laplace transform X (s) given by

252 +3s+2

X(s) = s34+ 252+ 25

Use the initial and final value theorems in order to determine the quantities x(0™) and lim; _ . x(¢).
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Table 6.1: Laplace Transform Properties

Property Time Domain Laplace Domain ROC

Linearity arx1(t) +axx(t)  a1Xi(s)+axXo(s) Atleast Ry nRy
Time-Domain Shifting x(t—1tp) e X (s) R
Laplace-Domain Shifting e*'x(r) X(s _Iisﬁ%l R+ Re{so}
Time/Frequency-Domain Scaling  x(at) |1/%|X B aR
Conjugation xtH XY R
Time-Domain Convolution x1(t) (1) X1(5)X2(s) At least Ry n Ry
Time-Domain Differentiation %x(z‘) sX(s) At least R
Laplace-Domain Differentiation —th(t) %X (s) R

Time-Domain Integration x(t)dt %X(s) At least R n {Re{s} > 0}

Property
Initial Value Theorem  x(07) = lim sX (s)
§ — 00

Final Value Theorem tlim x(t) = limsX(s)

s-0

Solution. Since x(t) is causal (i.e., x(r) = 0 for all + < 0) and does not have any singularities at the origin, the initial
value theorem can be applied. From this theorem, we have

x(07) = lim sX(s)

S 00

O, -
_lims S 3542
T oo S3+2S2+2S
25243542
= lim ——
sooo §2 42542
=2.

We can easily verify that this result is correct from the expression given for x(¢) in the original problem statement.

Since x(¢) is causal and has a finite limit at infinity, we can apply the final value theorem. From this theorem, we
have

lim x(r) = lim s (5)

{0
_lims 252 +3s+2
5.0 §34+ 252425
B 25> +3s5+2
2 +25+2
=1.

Again, we can easily verify that this result is correct from the expression given for x(¢) in the original problem
statement.

Sometimes the initial and final value theorems are useful for checking for errors in Laplace transform calculations.
For example, if we had made a mistake in computing X (s), the values obtained from the initial and final value theorems
would most likely disagree with the values obtained directly from the original expression for x(z). O
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Table 6.2: Laplace Transform Pairs

Pair x(t) X(s) ROC
1 o(1) 1 All s
2 u(?) % Re{s} >0
3 —u(—t) 1 Re{s} <0
4 "u(t) ot Re{s} >0
5 —t"u(—1) r  Re{s}<0
6 e u(t) YJ%Z Re{s} > —a
7 —e Yu(—t) Hia Re{s} < —a
8 e u(r) W Re{s} > —a
9 —t"e” " u(—t) W Re{s} <—a
10 [cos ot |u(?) ﬁ Re{s} >0
11 [sin aot]u(t) 727 Re{s}>0
12 [e™cos wot]u(r) m;jiz‘img Re{s} > —a
13 [e_at Sln a)()t]l/i(t) m Re{S} > —qa

6.8 More Laplace Transform Examples

Earlier in this chapter, we derived a number of Laplace transform pairs. Some of these and other important transform
pairs are listed in Table 6.2. Using the various Laplace transform properties listed in Table 6.1 and the Laplace
transform pairs listed in Table 6.2, we can more easily determine the Laplace transform of more complicated signals.

Example 6.17. Using properties of the Laplace transform and the Laplace transform pair el .- Wz(’j_a) for

—a < Re{s} < q, find the Laplace transform X (s) of the signal x(z) = ¢~>I%~71,
Solution. e begin by re-expressing x(r) in terms of the following equations:
vi(t) = e,
vo(t) =v1(t—7), and
x(t) = v (3t).
In what follows, let Ry, Ry,, and Ry denote the ROCs of Vi (s), Va(s), and X (s), respectively. Taking the Laplace
transform of the above three equations, we obtain:
—10
(s+5)(s—5)’
Va(s) =€ "Va(s), Ry, =Ry
X(s) = $Va(s/3), Rx = 3Ry,.

Vi(s) = Ry, = (=5 <Re{s} <5)

Combining the above equations, we have

—7s/3 —10

(/3+5)(s/3—5)"
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Rx = 3Ry,
= 3Ry,
=3(-5<Re{s}<5)
= —15 <Re{s} < 15.

Thus, we have shown that

—sfa—7] L 1,-75/3 —10 for —15 < Refst < 1
¢ 3¢ 73 +5)(s/a—5) Or T =Re{s}<I5.
O
Example 6.18. Find the Laplace transform X (s) of the signal x(r) = [e™ + e 2u(r).
Solution. We can calculate X (s) as
X(s) = L{x(n)} = L{le™ +e ¥]u(t)}
=L{eu()}+ L {e%u(r)}
1 1
o +S+2 for Re{s} 1nRe{s} 2
s+ 2+s+1
C (s+1)(s+2)
2543
= ————— forRe{s}>—-L1
s+ 1)(5+2) (s}
Thus, we have that
-, =2t L 2543
s ——+«+—— forR >—1.
e +e “ur) GiD612) or Re{s}
O

Example 6.19. Find the Laplace transform X (s) of the signal x(t) = [e™% +e™*u(t — 1).
Solution. To begin, we rewrite x(r) as
x(t) =l +e ¥ (r)
where
vi(t) = u(t—1).
Taking the Laplace transform of the preceding equations, we have

Vi(s) =L {n()}=L {blillztuil)}
=e* for Re{s} > 0.

and
X(s) = L)} = L{le ¥ +e ¥ a(1)}
=L{ 2O} +L {0}
Now, we focus on simplifying the preceding expression for X (s). Let Ry, denote the ROC of Vy(s). Then, we have

L{evi(t)}=Vi(s+2) fors CR},—2 and
L{e¥vi(r)}=Vi(s+3) fors CR}, —3.
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Thus, we have
X(s) = LLe ()} + L {0}
=Vi(s+2)+Vi(s+3) for (Ry, —2)n (Ry, —3).
Substituting the earlier expression for Vi (s) into the above equation yields
1
_,(s+2) & —(s+3) _~ = _ - _
X(s)=e 2 +e 13 for (Re{s} 2) n (Re{s} 3)
1 1
— ,+2) = —(s+3)_~ - _
e S+2—|—€ 13 for Re{s} 2.
Thus, we have that
2+ e ¥u(r—1) e_<”2)i + ¢ (5+3) L for Re{s} > —2.
s+2 s+3
O
Example 6.20. Find the Laplace transform X () of the signal x(¢) = 6 () 4 u(z).
Solution. Taking the Laplace transform of x(¢), we have
X(s) =L {x(0)}=L{6(r)+ul)}
=L {5()}+ L {u()}.
From Table 6.2, we have
o(1) L1 foralls and
u(t) £ 1 for Re{s}>0.
Substituting the above results, we obtain
X(s)=1+1 forRe{s}>0
s+l
a S
Thus, we have that
5()+u(t) = 2 1 forRefs}>o0.
O

Example 6.21. Find the Laplace transform X (s) of the signal x(z) = re=3.
Solution. To begin, we rewrite x(¢) as
x(t) =t u(—t) +te 3 u(r).
Taking the Laplace transform, we have
X(s) = L{x(1)} = L {re¥ u(—1) +te > u(t)}
=L {te®u(—1)}+ L {re”¥u(r)}
= %+ ;Y forRefs}>—3nRe{s}<3

—(5+3)%+(s—3)?
(s+3)2(s—3)2
_ —(s*+65+9)+5°—65+9
(5+3)2(s—3)2
_ —12s
T (s+3)2(s—3)2"
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Figure 6.10: Signal for Laplace transform example.

Thus, we have that

—12s
te 3 =, ——  __ for—3<R <3.
5132(s=3)2 or —3 e{s} <3

O

Example 6.22. Suppose that we have the signal y(r) = ¢™"[x(z) [xd¢)]. Let X(s) and Y (s) denote the Laplace trans-
forms of x(r) and y(z), respectively. Find an expression for ¥ (s) in terms of X (s).

Solution. To begin, we rewrite y(¢) as

-t

y(t) =e"vi(r)

where

v1(t) = x(r) Ix¢).
Taking the Laplace transform of the above equations yields
Vi(s) = L {vi(2)}
=L {x(r) x{2)}
=L {x(6) L {x(t)}
:Xz(s) fors CR); and
Y(s) = L{evi(0)}
=Vi(s+1) fors [R},—1

where Ry and Ry, denote the ROCs of X(s) and Vi (s), respectively. Substituting the expression for Vi (s) into the
above equation, we have

Y(s)=Vi(s+1)
=X%(s4+1) fors CRk—1.

Example 6.23. Let x(¢) be as shown in Figure 6.10. Find the Laplace transform X (s) of x(z).

Solution. First, we express x() using step functions. We have

x(t) = (t+2)[u(t+1)—u(t)] + (—t +2)[u(t) —u(r—1)]
=tu(t+1)—ru(t)+2u(t +1) —2u(t) —tu(t) + tu(t — 1) + 2u(t) — 2u(t —1)
=tu(t+1)+2u(t+1)—2tu(t) +tu(t —1) — 2u(r — 1).
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Taking the Laplace transform of both sides of the preceding equation, we obtain

7_L{I:I I(:I+1Il7}|+2L{ug:":)|}+2L{—tu Py Lﬂ—ruz— )}—2L {u(t—1)}

d +2 — _‘_27 - - =2 —
s s
|:| |:| |:| |:| _ I |:| 1
se’ —é* s(—e™)—e”*
= 42 = 42 -5 - 2% 2 T
52 s s2 52 s

—sef+e’+se  +e —2+425¢—2e¢F
2

s
s +ef—2—se S +e "’
52 ’

Since x(z) is a (bounded) finite-duration signal, the ROC of X (s) must be the entire complex plane. Thus, we have
that

L se+ef—2—se S +e

t) —— for all s.
x(1) 2 s
O
Alternate solution. Alternatively, we can rearrange our above expression for x(¢) to obtain
x(t)=[tu@+1)+u@+1)—u@+1)]+2u(t +1) —2tu(t) + [tu(t —1) —u(t —1) +u(t —1)] — 2u(r — 1)
=(+Du(t+1)+u(t+1)—2tu(t)+ (t —Lu(t —1) —u(r —1).
Taking the Laplace transform of both sides of the preceding equation, we have
1 1 1 1
X(s)=L Au(A)l;_1 +L {u(t+ Dy —2L{ru(r)}+L Au(A)|;_,_; —L{u(r—1)}
=¢ 2—|—e‘l—2 t+e L -1
e tset—2+e” S—se §
= 2 .
In the case of this alternate solution, the expression for X () is considerably easier to simplify. O

6.9 Determination of the Inverse Laplace Transform

As suggested earlier, in practice, we rarely use (6.3) directly in order to compute the inverse Laplace transform. This
formula requires a contour integration, which is not usually very easy to compute. Instead, we employ a partial
fraction expansion of the function. In so doing, we obtain a number of simpler functions for which we can usually
find the inverse Laplace transform in a table (e.g., such as Table 6.2). In what follows, we assume that the reader is
already familiar with partial fraction expansions. A tutorial on partial fraction expansions provided in Appendix B for
those who might not be acquainted with such expansions.

Example 6.24. Find the inverse Laplace transform of

X(s)= for —1 < Re{s} <2.

s2—5—2
Solution. We begin by rewriting X (s) in the factored form

2

S
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Then, we find a partial fraction expansion of X (s). We know that X (s) has an expansion of the form

Aq Ar

X(s) = s+1+s—2'

Calculating the coefficients of the expansion, we obtain

Ay = (s+1)X(s)l,=—y

A= (s— 25( ()=

S0, X (s) has the expansion
I:ZIL 1 I:ZIL 1

s+1

Taking the inverse Laplace transform of both sides of this equation, we have

2 1 H
O B T Ll (6.5)
Using Table 6.2 and the given ROC, we have
2t L 1

for Re{s} <2 and

,_
175

|
)

for Re{s} > —1.

©“
+
[EY

Substituting these results into (6.5), we obtain

x(1) = §l=eu(=1)] = e u(r)]

=—2e%u(—t)— 37 u(r).

Example 6.25 (Rational function with a repeated pole). Find the inverse Laplace transform of

2s+1

X0 = 5612

for Re{s} > —1.

Solution. To begin, we find a partial fraction expansion of X (s). We know that X (s) has an expansion of the form

_ An A1z An
TSl L2 stz

X(s)
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Calculating the coefficients of the expansion, we obtain

- (s+2)2 —
B 3
(s+2)2 L

App =

=-1, and

Az = (s+2)X(s)];——
B 25+1

B (S+l)2 s=—2

Thus, X (s) has the expansion

3 1 3
s+l (s+1)2 s+2°

X(s)

Taking the inverse Laplace transform of both sides of this equation yields

x(t) =3L 71 -L —3L !

s+1 (s+1)2 s+2 (66)

From Table 6.2 and the given ROC, we have

e ult) L Hil for Re{s} > —1,

te " u(t) ﬁ for Re{s}>—1, and
— L
e ?u(t) «— Ly for Re{s}>—2.
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Substituting these results into (6.6), we obtain

O
Example 6.26 (Inverse Laplace transform of improper rational function). Find the inverse Laplace transform x(z) of

252 +4s+5
(s+1)(s+2)
Solution. We begin by noting that X (s) is not a strictly proper rational function. So, we need to perform polynomial

long division in order to express X (s) as the sum of a polynomial and a strictly proper rational function. By long
division, we have

X(s)= for Re{s} > —1.

2

s2 43542 ’ 2s° + 45 + 5
252 + 65 + 4

— 2s + 1.

In other words, we have
—25+1
X(s)=2+—5——"—.
(s) + §s2+35+2
For convenience, we define

—2s+1
R o)
5o that
X(s)=2+V(s).

Observe that V(s) is a strictly proper rational function. So, we can find a partial fraction expansion of V(s). Now, we
find this expansion. We know that such an expansion is of the form

A1 Az

V(s)= .
(s) s+1 s+2

Calculating the expansion coefficients, we have

Ar= (s+1)V(s)|,__4
_ —2s+1

s+2 Sy
=3 and
A= (s+2)V(s)l,_,
—2s—|—lE>
T s+l P
=-5

So, we have
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Taking the inverse Laplace transform, we obtain

x(1) = L 74X ()}

:{ —1 :{ 1
=211y +3Lt — -5t
{1+ s+1 s+2

Considering the ROC of X (), we can obtain the following from Table 6.2:

s(t) 4o 1,
eu(r) 2; forRe{s}>—1, and

e_2[u(t) <—L—> H—% for RE{S} > —2.
Finally, we can write

x(t) = 28(t) + 3¢ u(t) —5e % u(r)
=28(1) + [3¢™" —5¢ 2 u(r).

O
Example 6.27. Find all of the possible inverse Laplace transforms of
X(s) = 1 (6.7)
A A, '
Solution. We begin by rewriting X (s) in factored form as
1
X(s) = ——nr.
=612
Then, we find the partial fraction expansion of X (s). We know that such an expansion has the form
A Ar
X(s)= s+1 + s+2°
Calculating the coefficients of the expansion, we have
A1 = (s+1)X(s)] _ 1 E =1 and
1= (s N=m1= 70 =
Ao = (s42)X(s)],__p = — E _ 1
2 = (s SS:_Z_S+1S:_2_ .
So, we have
1 1
X(s) = — .
(s) s+1 542
Taking the inverse Laplace transform of both sides of this equation yields
Iil1 1 Iill 1
=L -1 : 6.8
x(1) s+1 512 (6.8)

For the Laplace transform X (s), three possible ROCs exist: i) Re{s} < —2, ii) —2 <Re{s} < —1, and iii) Re{s} > —1.
Thus, three possible inverse Laplace transforms exist for X (), depending on the choice of ROC.
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First, let us consider the case of the ROC Re{s} < —2. From Table 6.2, we have

—eu(—1) o 2; forRe{s}<-1 and

_E_ZIM(_t) <—L—> H% for RE{S} < -—-2.
Substituting these results into (6.8), we have
x(t) = —e " u(—t) + e 2u(—t
(1) ¢ (=1) 4 (=1)

= —¢ e u(—).
Thus, we have that

L

|:l—e_’ e |:ul(—t) e —— forRe{s}<-2
s24+3s+2 '

Second, let us consider the case of the ROC —2 < Re{s} < —1. From Table 6.2, we have

—e 'u(—t) L 3%1 for Re{s} <—1 and

-2 L 1
e ult) «— 5

for Re{s} > —2.
Substituting these results into (6.8), we have

x(t) = —e'u(—1) — e % u(r).
Thus, we have that

—e " u(—1) — e % u(r) L for —2 < Re{s} < -—1.

s2+3s+2
Third, let us consider the case of the ROC Re{s} > —1. From Table 6.2, we have

eu(t) ; forRe{s}>-1 and

r

e_ZIM(l‘) —— S-‘r% fOI‘ Re{s} > —2.
Substituting these results into (6.8), we have

—e¢u _e—ZtM
x(1) = ¢ (t) O (z)

=t —2t
Thus, we have that

> —— forRe >—1.
! 243542 {s}

6.10 Characterizing LTI Systems Using the Laplace Transform

Suppose that we have a LTI system with input x(z), output y(¢), and impulse response A(¢). Such a system is charac-
terized by the equation

y(t) = x(t) LAlr).
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Let X(s), Y(s), and H(s) denote the Laplace transforms of x(¢), y(r), and h(z), respectively. Taking the Laplace
transform of both sides of the above equation, we obtain

Y(s) = L {x(r) [Al1)}.

From the time-domain convolution property of the Laplace transform, we have

The quantity H(s) is known as the system function or transfer function of the system. If the ROC of H(s) includes
the imaginary axis, then H(s)|,— je is the frequency response of the LTI system.

6.11 System Function and System Properties

Many properties of a system can be readily determined from the characteristics of its system function, as we shall
elaborate upon in the sections that follow.

6.11.1 Causality

If a LTI system is causal, its impulse response is zero for all # < 0. Such an impulse response is inherently right sided.
Consequently, from the results of Section 6.6, we have the theorem below.

Theorem 6.1. The ROC associated with the system function of a causal system is a right-half plane.

In general, the converse of the above theorem is not necessarily true. That is, it is not always true that a right-hand
plane ROC is associated with a causal system function. If H(s) is rational, however, we have that the converse does
hold, as indicated by the theorem below.

Theorem 6.2. For a system with a rational system function H(s), causality of the system is equivalent to the ROC of
H(s) being the right-half plane to the right of the rightmost pole.

Example 6.28. For each of the following system functions, determine whether the corresponding system is causal:
(@) H(s) = -&; for Re{s} > —1,

s+l
(b) H(s) = 21 for —1<Refs} <1,
(© H(s)= % forRe{s}<-1, and
(@) H(s)= % for Re{s}>—L1.

Solution. (a) The poles of H(s) are plotted in Figure 6.11(a) and the ROC is indicated by the shaded area. The system
function H(s) is rational and the ROC is the right-half plane to the right of the rightmost pole. Therefore, the system
is causal.

(b) The poles of H(s) are plotted in Figure 6.11(b) and the ROC is indicated by the shaded area. The system
function is rational but the ROC is not a right-half plane. Therefore, the system is not causal.

(c) The system function H (s) has a left-half plane ROC. Therefore, A() is a left-sided signal. Thus, the system is
not causal.

(d) The system function H (s) has a right-half plane ROC but is not rational. Thus, we cannot make any conclusion
directly from the system function. Instead, by taking the inverse Laplace transform, we can show that

L L {H ()} = h(t) = Ve +1),

The impulse response A(t) is clearly not that of a causal system. Therefore, the system is not causal. O
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Figure 6.11: Pole diagrams for causality example.
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Figure 6.12: ROC for example.

6.11.2 Stability

In this section, we consider the relationship between the system function and stability. The first important result is
given by the theorem below.

Theorem 6.3. A LTI system is BIBO stable if and only if the ROC of its system function H(s) includes the entire
imaginary axis (i.e., Re{s} =0).

Example 6.29. A LTI system has the system function H(s) given by

1
(s+1)(s+2)

Given that the system is stable, determine the ROC of H(s).

H(s)=

Solution. Clearly, the system function H(s) is rational with poles at s = —1 and s = —2. Therefore, only three
possibilities exist for the ROC: i) Re{s} < —2, ii) —2 < Re{s} < —1, and iii) Re{s} > —1. In order for the system to
be stable, however, the ROC of H (s) must include the entire imaginary axis. Therefore, the ROC must be Re{s} > —1.
This ROC is illustrated in Figure 6.12. O

In the case that the system is causal, a more specific result can be derived. This result is given by the theorem
below.

Theorem 6.4. A causal system with a rational system function H(s) is BIBO stable if and only if all of the poles of
H(s) lie in the left half of the plane (i.e., all of the poles have negative real parts).

Copyright €2012 Michael D. Adams Last Revised: January 11, 2012



6.11. SYSTEM FUNCTION AND SYSTEM PROPERTIES 203
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Figure 6.13: Poles of system function.

Example 6.30. A LTI system is causal and has the system function H(s) given by

1
H(s)= .
(s) (s+2)(s2+25+2)
Determine whether this system is stable.
Solution. \We begin by factoring H (s) to obtain
1

H(s)=

(s+2)(s+1—=j)(s+1+j)

(Using the quadratic formula, one can confirm that s* + 2s 42 = 0 has roots at s = —1= j.) Thus, H(s) has poles at
—2,—1+4j,and —1—j. The poles are plotted in Figure 6.13. Since the system is causal and all of the poles of H(s)
are in the left half of the plane, the system is stable. O

Example 6.31. For each of the following system functions, sketch its pole diagram, and indicate the ROC that
corresponds to a stable system:

B s(s—1)
B = e 1 )61 1—))"
) = =D 6= 1= )61 ))
B (s+7)(s—J)
Hs(s) = (S+2—j)(s+2+j)’ and
s—1
Hy(s) = :

N

Solution. The function Hi(s) has poles at —2, —1+ j, and —1 — j. The pole diagram is shown in Figure 6.14(a).
Since Hi(s) is rational, the ROC must be bounded by poles or extend to infinity. Consequently, only three distinct
ROCs are possible: i) Re{s} < —2, ii) —2 < Re{s} < —1, and iii) Re{s} > —1. Since we want a stable system, the
ROC must include the entire imaginary axis. Therefore, the ROC must be Re{s} > —1. This is the shaded region on
the pole diagram.

The function H;(s) has poles at —1, 1, 1+ j, and 1 — j. The pole plot is shown in Figure 6.14(b). Since Ha(s) is
rational, the ROC must be bounded by poles or extend to infinity. Consequently, only three distinct ROCs are possible:
i) Re{s} < —1,ii) —1 < Re{s} <1, and iii) Re{s} > 1. Since we want a stable system, the ROC must include the
entire imaginary axis. Therefore, the ROC must be —1 < Re{s} < 1. This is the shaded region in the pole diagram.

The function H3(s) has poles at —2 + j and —2 — j. The pole diagram is shown in Figure 6.14(c). Since H3(s) is
rational, the ROC must be bounded by poles or extend to infinity. Consequently, only two distinct ROCs are possible:
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Figure 6.14: Pole diagrams for example.

i) Re{s} < —2, and ii) Re{s} > —2. Since we want a stable system, the ROC must include the entire imaginary axis.
Therefore, the ROC must be Re{s} > —2. This is the shaded region in the pole diagram.

The function Ha(s) has a pole at 0. The pole plot is shown in Figure 6.14(d). Since Ha(s) is rational, it cannot
converge at s = 0 (which is a pole of Hy(s)). Consequently, the ROC can never include the entire imaginary axis.
Therefore, the system function Hy(s) can never be associated with a stable system. O

6.11.3 Invertibility

Suppose that we have an LTI system H with impulse response A(z). As discussed in Section 3.9.3, such a system is
invertible if and only if there exists another system with impulse response 2" (¢) satisfying

h(t) CE™ (1) = 8(2).

Let H(s) and H'™(s) denote the Laplace transforms of 4(r) and 2™ (¢), respectively. Taking the Laplace transform of
both sides of the above equation, we have

L {n(e) TR™ (1)} = L{8(1)}-
From the time-domain convolution property of the Laplace transform and Table 6.2 (i.e., L {6(¢)} = 1), we have
H(s)H™(5) = 1. (6.9)
Alternatively, we can express this relationship as

1
H(s)

HinV(S) _
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From the above results, we have that a LTI system H with system function H(s) has an inverse if and only if a
solution for H'™ (s) exists in (6.9). Furthermore, if an inverse system exists, its system function is 1/H (s).

Since distinct systems can have identical system functions (but with differing ROCs), the inverse of a LTI system
is not necessarily unique. In practice, however, we often desire a stable and/or causal system. So, although multiple
inverse systems may exist, we are frequently only interested in one specific choice of inverse system (due to these
additional constraints of stability and/or causality).

Example 6.32. Suppose that we have the LTI system with system function H(s) given by

H(s) = ii; for Re{s} > —2.

Determine all possible inverses of this system. Comment on the stability of each of these inverse systems.

Solution. The system function H'™ (s) of the inverse system is given by

1 s+2
H(s) s+1°

Hinv (S) —

Two ROCs are possible for H'™ (s): i) Re{s} < —1, and ii) Re{s} > —1. Each ROC is associated with a distinct
inverse system. The first ROC is associated with an unstable system since this ROC does not include the imaginary
axis. The second ROC is associated with a stable system, since this ROC includes the entire imaginary axis. O

6.12 LTI Systems and Differential Equations

Many LTI systems of practical interest can be described by Nth-order linear differential equations with constant
coefficients. Such a system with input x(z), output y(¢), and impulse response A(¢) can be characterized by an equation
of the form

N dk
Zbkdtky Zakdtk (610)

where M < N. Let X(s), Y(s), and H(s) denote the Laplace transforms of x(¢), y(¢), and h(z), respectively. Taking the
Laplace transform of both sides of the above equation, we obtain

1 1 1 1
N k M dk

d
L br—y() =L —x(t
kgo kdlky( ) k;Oakdth()

Using the linearity property of the Laplace transform, we can rewrite this equation as

L = JYR e R
ZbkL dtky ZakL ﬁ()

Using the time differentiation property of the Laplace transform, we have

Z bkskY Z aks

Factoring, we have
1

] [
N M
s) Z best =X(s) Z arsk
k=0 k=0

1
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R C
i o+ - i o+ k- i(1) |-

W(t) V() w(t)

(@ ®) ©

Figure 6.15: Basic electrical components. (a) Resistor, (b) inductor, and (c) capacitor.

Rearranging this equation, we obtain

_ @ _ 224:0 as*
HO = 30 = 2V bt

Observe that, for a system of the form considered above (i.e., a system characterized by an equation of the form
of (6.10)), the system function is always rational. It is for this reason that rational functions are of particular interest
to us.

Example 6.33 (Resistors, inductors, and capacitors). The basic building blocks of many electrical networks are
resistors, inductors, and capacitors. The resistor, shown in Figure 6.15(a), is governed by the relationship

v(t) =Ri(t) <= V(s)=RI(s)

where R, v(r) and i(¢) denote the resistance of, voltage across, and current through the resistor, respectively. The
inductor, shown in Figure 6.15(b), is governed by the relationship

v(t)=LLi(t) <= V(s)=sLI(s)

or equivalently

where L, v(t), and i(¢) denote the inductance of, voltage across, and current through the inductor, respectively. The
capacitor, shown in Figure 6.15(c), is governed by the relationship

v(t):% i(t)dt - V(s)z%l(s)
or equivalently

i) =Clv(t)y . I(s)=s5CV(s)

where C, v(¢), and i(z) denote the capacitance of, voltage across, and current through the capacitor, respectively. Note
that resistance, inductance, and capacitance are nonnegative quantities (i.e., R=0, L=0, and C = 0).

Example 6.34 (Simple RC network). Suppose that we have the RC network shown in Figure 6.16 with input v1 (¢) and
output vy (¢). This system is LTI and can be characterized by a linear differential equation with constant coefficients.
(a) Find the system function H(s) of this system. (b) Determine whether the system is stable. (c) Determine the step
response of the system.

Solution. (a) From basic circuit analysis, we have

v1(t) =Ri(t) +v2(t) and (6.11a)
i(r) = C%vz(t). (6.11b)
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Taking the Laplace transform of (6.11) yields
Vi(s) =RI(s)+Vo(s) and (6.12a)
I(s) = CsVa(s). (6.12b)
Using these equations, we can write:
Vi(s) = R[CsVa(s)] + Va(s)
W (s) = RCsVy(s) + Vo (s)
W (s) = [14+ RCs]Va(s).

Thus, we have that the system function H(s) is given by

1 1
H(s) = Vas) 1 e _ R
V]_(S) 1+ RCs s—|—% s—(—

Sl

)
Since the system can be physically realized, it must be causal. Therefore, H(s) must have the ROC Re{s} > —%.
So, we have

1 1
= R > -,
H(s) 1 S for e«{s}» RC

(b) Since resistance and capacitance are positive quantities, —%
always includes the entire imaginary axis, and the system is stable.

(c) Now, let us calculate the step response of the system. We know that the system input-output behavior is

characterized by the equation
V =H(s)V
Z(S) Iﬂ ]iL(S) 1

= I7res 0

is a negative value. Consequently, the ROC

To compute the step response, we need to consider an input equal to the unit-step function. So, v1(¢) = u(z), implying
that Vi (s) = % Substituting this expression for V4 (s) into the above expression for V»(s), we have
1 CIT T 1

B = e <
1+RCs s
1
— __RC
s(s+ %)

Now, we need to compute the inverse Laplace transform of V»(s) in order to determine v (¢). To simplify this task,
we find the partial fraction expansion for V»(s). We know that this expansion is of the form
A Az

Va(s) B S_"_%'

Solving for the coefficients of the expansion, we obtain

A1 = sVo(s)]s=0

=1 and

Ay = (S+ %)Vz(s)l 1
$=TRC

1

_ _RC

1

RC

=-1.
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iy K
N K
Vl(t) CcC —— Vz(t)
I |
O O

Figure 6.16: Simple RC network.

Thus, we have that V,(s) has the partial fraction expansion given by

1 1
VZ(S):E_HL'
RC

Taking the inverse Laplace transform of both sides of the equation, we obtain
cr b1 0

4 1 _ 1
@)=Lt = -t -
N s—|—F

Using Table 6.2 and the fact that the system is causal (which implies the necessary ROC), we obtain

va(t) = ult) = ")

= 1—¢"ROD 1),

Example 6.35. A LTI system with input x(¢) and output y(¢) has the system function H(s) given by
H(s)

where L and R are positive real constants. Find the differential equation that characterizes this system.

s
© s+R/L

Solution. Let X(s) and Y (s) denote the Laplace transforms of x(r) and y(z), respectively. To begin, we have
Y(s)=H(s)X
(5) = H()X ()
N

= sTriL XU

Rearranging this equation, we obtain
(s+ 7)Y (s) = sX(s)
sV (s) + 2y (s) = sX(s).

Taking the inverse Laplace transform of both sides of this equation (by using the linearity and time-differentiation
properties of the Laplace transform), we have

L 7Y ()} + L THY ()} = L 7H{sX ()}

4 ay ) - B0

dad dt
Therefore, the system is characterized by the differential equation
dy(t) g _ dx(1)
T TP= g

O
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x(1) | Hi(s) +-HM)—1@ = XQF-M@M@ |0
(@)
x(i’_ Hi(s) || Ha(s) _,L(t) = x(i’_ Hy(s) (> Hi(s) _,L(f)
(b)
Figure 6.17: System function and series-interconnection of LTI systems.
SO ()
x(t) ()

= —— Hi(s)+Ha(s) ——

» Ho(s)

Figure 6.18: System function and parallel-interconnection of LTI systems.

6.13 Interconnection of LTI Systems

From the properties of the Laplace transform and the definition of the system function, we can derive a number of
equivalences involving the system function and series- and parallel-interconnected systems.

Suppose that we have two LTI systems H; and Ho with system functions Hi(s) and Hy(s), respectively, that are
connected in a series configuration as shown in the left-hand side of Figure 6.17(a). Let 1(¢) and h»(¢) denote the
impulse responses of Hy and Ho, respectively. The impulse response k(¢) of the overall system is given by

h(t) = hi(r) CHb(2).
Taking the Laplace transform of both sides of this equation yields

H(s) = L {ha(z) Chb(1)}
=L{mn (l‘)}L {hz(l‘)}
= Hi(s)H(s).
Thus, we have the equivalence shown in Figure 6.17(a). Also, since multiplication commutes, we also have the
equivalence shown in Figure 6.17(b).
Suppose that we have two LTI systems H; and Hy with system functions Hj (s) and Ha(s) that are connected in a

parallel configuration as shown on the left-hand side of Figure 6.18. Let 4 (r) and h2(¢) denote the impulse responses
of H; and H», respectively. The impulse response A(t) of the overall system is given by

h(t) = ha(r) + ha(1).
Taking the Laplace transform of both sides of the equation yields

H(s) = L {hy(r) +ha(1)}
= L{hl(l‘)}+ I—{hZ(t)}
= Hi(s) + Ha(s).

Thus, we have the equivalence shown in Figure 6.18.
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volr)_| P(s) | ) VOD(L)._ P(s) | W(s) _.v_lm(t)
@ (b)
x0) i(t) ) ] p
0(s) -

(©
Figure 6.19: Feedback control system example. (a) Plant; (b) Modified system; (c) Feedback control system.

Example 6.36 (Feedback control system). In this problem, we introduce a very commonly occurring system config-
uration in control system applications. The particular configuration of interest is what is called a feedback control
system. A feedback control system consists of three interconnected subsystems: 1) a plant, which corresponds to
the entity/quantity being controlled; 2) a sensor, which is used to measure the actual value of the quantity being con-
trolled; and 3) a compensator, which is used to ensure that the overall system has certain desirable properties (e.g.,
stable). In what follows, we assume that the plant, sensor, and compensator are all causal LTI systems. We denote
the system functions of these systems as P(s), Q(s), and C(s), respectively. The feedback configuration is shown in
Figure 6.19(c). The input x(¢) corresponds to the desired value for the quantity being controlled. The output y(r)
corresponds to the actual value of the quantity being controlled (which is measured by a sensor). The adder output
r(r) corresponds to the difference between the desired and actual values of the controlled quantity (i.e., the error).

() UNSTABLE PLANT. Consider the causal LTI system with input vo(z), output v1 (), and system function P(s) =
ﬁ, as depicted in Figure 6.19(a). Show that this system is not BIBO stable.

(b) STABILIZATION OF UNSTABLE PLANT VIA POLE-ZERO CANCELLATION. Suppose that the system in Fig-
ure 6.19(a) is connected in series with another causal LTI system with system function W (s) = s—1, in order to yield
a new system with input vE(t) and output vllj(t), as shown in Figure 6.19(b). Show that this new system is BIBO stable.

(c) STABILIZATION OF UNSTABLE PLANT VIA FEEDBACK. Suppose now that the system in Figure 6.19(a) is
interconnected with two other causal LTI systems (with system functions C(s) and Q(s)), as shown in Figure 6.19(c),
in order to yield a new system with input x(¢), output y(¢), and system function H(s). Suppose that C(s) = Bs and
O(s) = 3, where 3 is a real constant. Show that, with an appropriate choice of j3, the resulting system is BIBO stable.

(d) PRACTICAL ISSUES. In effect, we have proposed two different schemes for stabilizing the unstable system
from Figure 6.19(a). As it turns out, a scheme like that shown in Figure 6.19(b) is rarely ever used in practice. Identify
the practical issue associated with this approach to stabilizing the system. Indicate whether the second scheme shown
in Figure 6.19(c) suffers from the same shortcoming.

Solution. (a) The system function P(s) is rational and has a pole at 1. Since the system is causal, the ROC of P(s)
is the RHP given by Re{s} > 1. Clearly, the ROC does not include the imaginary axis. Therefore, the system is not
stable.

(b) The system function of the overall system is P(s)W (s) = 1. The system function is rational and has no poles.
Thus, the corresponding ROC is the entire complex plane. Since the ROC includes the imaginary axis, the system is
BIBO stable.

(c) From the block diagram in Figure 6.19(c), we can write

Combining these equations (by substituting the expression for R(s) in the first equation into the second equation), we
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obtain

o B
1+ (Bs)(:21)(3)
Bs
s—1+3Bs
B
- (1+3B)s—1

Bs

The system function H (s) is rational and has a single pole at ﬁ Since the system is causal, the ROC must be the
1

RHP given by Re{s} > T7ap- For the system to be stable, we require that the ROC includes the imaginary axis. Thus,

the system is stable if ﬁ < 0 which implies 1+ 3B < 0, or equivalently § < —1.

(d) The first scheme for stabilizing the unstable plant, shown in Figure 6.19(b), relies on pole-zero cancellation.
Unfortunately, in practice, it is not usually possible to achieve exact pole-zero cancellation. This is due to the fact that
we cannot usually build a system with such precision that it will have exactly some given system function. The system
function will only be close to the desired one. Also, the system function of most systems will vary at least slightly with
changes in the physical environment (e.g., changes in temperature and pressure, or changes in gravitational forces due
to changes in the phase of the moon, etc.). For this reason, the pole-zero cancellation required for a stable system will
not occur in practice.

The second scheme for stabilizing the unstable plant, shown in Figure 6.19(c), is based on feedback. With the
feedback approach, the poles of the system function are not cancelled with zeros, instead the poles are completely
changed/relocated. For this reason, we can place the poles such that, even if the poles are displaced slightly (due to
the real-world system having a system function that differs slightly from the truly desired one), the stability of the
system will not be compromised. Therefore, this second scheme does not suffer from the same practical problem that
the first one does. O

Example 6.37 (Feedback system). Suppose that we have the causal system with input x(¢) and output y(¢) formed by
the interconnection of two causal LTI systems as shown in Figure 6.20. Let the system functions Hj (s) and Hz(s) be

1
~ s24as+(a—2)
Hy(s) = —1.

Hi(s) and

where a is a real constant. (a) Find the system function H (s) of the (overall) system. (b) Determine the values of the
parameter a for which the system is stable.

Solution. (a) From the system diagram, we can write
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Combining these two equations and simplifying, we obtain

Y(s) = Hu(s)[X(s) + Hz(s)Y (s)]

L A(s) = Hi(s)X () + Hi(s)Ha(s)Y (s)

[ W(s)[1— Hy(s)Hz(s)] = Hi(s)X (s)
Y(s) Hi(s)

HO=X6) T T me)

Substituting the given expressions for Hy(s) and Ha(s), and simplifying, we can write
%
(a—2)
(S) _ se+as+ -
1+ (o)
1
s2+as+(a—2)+1
B 1
- s24as+(a—1)

(b) In order to consider stability, we need to know the poles of the system function H(s). So, we use the quadratic
formula in order to factor the denominator of H(s).

—ax da?—4(a—1)

—ax(a—2)
2
—{-1,1-a}.

S0, s? +as+(a—1) = (s+1)(s+a—1). Thus, we have

1

B

Since the system is causal, the system is stable if and only if all of the poles are strictly to the left of the imaginary
axis. The system has two poles, one at —1 and one at 1 — a. Thus, we know that

l—a<0 CaF1.

Therefore, the system is stable if and only if a > 1. O

6.14 Unilateral Laplace Transform

As mentioned earlier, two different versions of the Laplace transform are commonly employed, namely, the bilateral
and unilateral versions. So far, we have considered only the bilateral Laplace transform. Now, we turn our attention
to the unilateral Laplace transform. The unilateral Laplace transform of the signal x(z) is denoted as U L {x(¢)} or
X (s) and is defined as 1

UL} =X(s)=  x(t)e Vdr. (6.13)
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Figure 6.20: Feedback system.

The inverse unilateral Laplace transform has the same definition as in the case of the bilateral transform, namely (6.3).

Comparing the definitions of the unilateral and bilateral Laplace transforms given by (6.13) and (6.2), respectively,
we can see that these definitions only differ in the lower limit of integration. Due to the similarity in these definitions,
an important relationship exists between these two transforms, as we shall now demonstrate. Consider the bilateral
Laplace transform of the signal x(7)u(z) for an arbitrary signal x(z). We have

.|
L {x(t)u(t)}= x(t)u(t)e ™ dt
-y
= . x(t)e dt

— UL {x(r)}

In other words, the unilateral Laplace transform of the signal x(z) is simply the bilateral Laplace transform of the
signal x(r)u(t). Since U L {x(¢)} = L {x(¢)u(z)} and x(#)u(z) is always a right-sided signal, the ROC associated with
U L {x(¢)} is always a right-half plane. For this reason, we often do not explicitly indicate the ROC when working
with the unilateral Laplace transform.

From earlier in this chapter, we know that the bilateral Laplace transform is invertible. That is, if the signal x(¢) has
the bilateral Laplace transform X (s) = L {x(¢)}, then L ~1{X (s)} = x(¢). Now, let us consider the invertibility of the
unilateral Laplace transform. To do this, we must consider the quantity U L "3{U L {x(r)}}. Since U L {x(1)} =
L {x(¢)u(z)} and the inverse equations for the unilateral and bilateral Laplace transforms are identical, we can write

UL UL {&(0)3}=UL L {x(0)ul)}}
=L 7L {x(t)u(1)}}
:xgtl(t)
x(t) fort=0
0 fort <O0.

Thus, we have that U L “3{U L {x(r)}} = x(¢) only if x(¢) is causal. In other words, the unilateral Laplace transform
is invertible only for causal signals. For noncausal signals, we can only recover x(¢) for ¢ > 0. In essence, the unilateral
Laplace transform discards all information about a signal x(z) for r < 0. Since this information is discarded, it cannot
be recovered by an inverse unilateral Laplace transform operation.

Due to the close relationship between the unilateral and bilateral Laplace transforms, these two transforms have
some similarities in their properties. Since these two transforms are not identical, however, their properties differ in
some cases, often in subtle ways. The properties of the unilateral Laplace transform are summarized in Table 6.3.

By comparing the properties of the unilateral and bilateral Laplace transform listed in Tables 6.3 and 6.1, re-
spectively, we can see that the unilateral Laplace transform has some of the same properties as its bilateral counter-
part, namely, the linearity, Laplace-domain shifting, conjugation, and Laplace-domain differentiation properties. The
initial-value and final-value theorems also apply in the case of the unilateral Laplace transform.

Since the unilateral and bilateral Laplace transforms are defined differently, their properties also differ in some
cases. These differences can be seen by comparing the bilateral Laplace transform properties listed in Table 6.1 with
the unilateral Laplace transform properties listed in Table 6.3. In the unilateral case, we can see that
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Table 6.3: Unilateral Laplace Transform Properties
Property Time Domain Laplace Domain
Linearity ax1(t) +axxa(t) a1X1(s) + axXo(s)
Laplace-Domain Shifting o x(t) X (SIEISI&)I
Time/Frequency-Domain Scaling  x(at), a >0 %X s
Conjugation xth x
Time-Domain Convolution x1(t) [xd(¢), x1(7) and x2(z) are causal X1 (s)X2(s)
Time-Domain Differentiation Lx(t) sX(s)—x(07)
Laplace-Domain Differentiation ~ —tx(r) %X (s)
Time-Domain Integration o-x(7)dt %X(s)
Property
Initial Value Theorem  x(07) = lim sX (s)
Final Value Theorem ,“ﬂl x(1) :!irrcl) sX(s)
Table 6.4: Unilateral Laplace Transform Pairs
Pair x(r),t=0 X(s)
1 o(1) 1
2 1 1
3 " o
4 e 4t H%
5 the~al ﬁ
6 COS wyt W
7 sin wot P
8 e “cosapt mgizia%
9 e “sinawpt m
1. the time-domain convolution property has the additional requirement that the signals being convolved must be
causal;
2. the time/frequency-domain scaling property has the additional constraint that the scaling factor must be positive;
3. the time-domain differentiation property has an extra term in the expression for U L {<x(¢)}; and
4. the time-domain integration property has a different lower limit in the time-domain integral (namely, 0~ instead

of —o0).

Also, in the unilateral case, the time-domain shifting property does not hold (except in special circumstances).

Since U L {x(#)} = L {x(¢)u(z)}, we can easily generate a table of unilateral Laplace transform pairs from a table

of bilateral transform pairs. Using the bilateral Laplace transform pairs from Table 6.2, and the preceding relationship
between the unilateral and bilateral Laplace transforms, we can trivially deduce the unilateral Laplace transform pairs
in Table 6.4. Since, in the unilateral case, the ROC is always a right-half plane, we do not explicitly indicate the ROC
in the table. That is, the ROC is implicitly assumed to be a right-half plane.

The inverse unilateral Laplace transform is computed through the same means used in the bilateral case (e.g.,

partial fraction expansions). The only difference is that the ROC is always assumed to be a right-half plane.
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6.15 Solving Differential Equations Using the Unilateral Laplace Trans-
form

Many systems of interest in engineering applications can be characterized by constant-coefficient linear differential
equations. As it turns out, a system that is described by such an equation need not be linear. In particular, the
system will be linear only if the initial conditions for the differential equation are all zero. If one or more of the
initial conditions is nonzero, then the system is what we refer to as incrementally linear. For our purposes here,
incrementally linear systems can be thought of as a generalization of linear systems. The unilateral Laplace transform
is sometimes quite useful due to its ability to easily handle nonzero initial conditions. For example, one common use
of the unilateral Laplace transform is in solving constant-coefficient linear differential equations with nonzero initial
conditions. In what follows, we consider some examples that exploit the unilateral Laplace transform to this end.

Example 6.38. Suppose that we have a causal incrementally-linear T1 system with input x(z) and output y(¢) charac-
terized by the differential equation

(0 +3y(0) = ().

If x(t) = e "u(r) and y(07) = 1, find y(z).

Solution. \We begin by taking the unilateral Laplace transform of both sides of the given differential equation. This
yields

C1
UL () +3UL {0} =UL &0}

s (s)—y(07)4+3Y(s) =X (s)
C_+3)Y(s) =X(s)+y(07)
CH(s) = Xi(s);y;o ),
Since x(r) = e "u(r), we have

1
— )

X(s)=UL{e"}= R

Substituting this expression for X (s) and the given initial conditions (i.e., y(0™) = 1) into the above equation for ¥ (s),

we obtain

SH=P=N
Y(S): s+1 +1: ;»71 = S+2
s+3 s+3  (s+1)(s+3)

Now, we find a partial fraction expansion for ¥ (s). Such an expansion has the form
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Calculating the expansion coefficients, we obtain

Ar= (s+ 1Y (s)=—

_s+2
a s+3 s=—1
1
== and
2
Az = (s+3)0(5)],g
s +2
- s+1 s=—3
_1
=5
So, we can rewrite Y (s) as
172 172
Y(s) = — .
(s) s+1+s+3

Taking the inverse unilateral Laplace transform of Y (), we obtain

UL Yr(s

) = {lgi 1 1 1
1 1 -1
—lyLt — UL
2 i1 T2 513
=1+ 17 fore>0".

O

Example 6.39 (Unilateral Laplace transform of second-order derivative). Find the unilateral Laplace transform of
(4)2(0).

Solution. We need to apply the time-domain differentiation property of the unilateral Laplace transform twice. We
have

L1 _
UL T 2 s7(5)—5(07).
Now, we differentiate in the time domain a second time to obtain

—
UL %%(I) “uL 7' z)mj

ar diY
1] 1]
=5 S¥(9)=y(07) =y{07)
_ 2 —
= 5°Y(s) —sy(07) —y{07).
Thus, we have that U L {Q = sY (s) —sy(07) —yH{07). Clearly, the above process can be repeated to find
the unilateral Laplace transform of hlgher order derlvatlves of y( ) O

Example 6.40. Suppose that we have a causal incrementally-linear T1 system with input x(¢) and output y(¢) charac-
terized by the differential equation

2
VO35 3(0)+25(0) = x().

If x(t) = 5u(r), y(07) = 1, and y{0~) = —1, find y(¢).
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Solution. \We begin by taking the unilateral Laplace transform of both sides of the given differential equation. This

yields
7 d !
UL oy +3 250 +2(1) =UL {0}
1 1 L1

COL a0 +3uL Sy +auL B} =UL L)

| O O

LY (s)—sy(07)—y{07) +3 s¥(s)— (0)+2Y() X(s)
IjY()—syD y%o )+3sY (s) —3y(07) +2Y (s) = X(s)
[ °+35+2 Y(s) =X(s) +sy(07) +y{07) +3y(07)

() — X(s)+sy(os‘2)++3y5:)2 +3y(07)

Since x(¢) = 5u(t), we have

X(s)=U L {5u(r)}=2.
Substituting this expression for X (s) and the given initial conditions into the above equation yields
l%“:-l#s—l-l-3 B s2+25+5
s2435+2 s(s+1)(s+2)
Now, we must find a partial fraction expansion of Y (s). Such an expansion is of the form

A1 Ar Asz
Y(s)=— .
(s) s +s—|—l+s—|—2

Y(s)=

Calculating the expansion coefficients, we obtain

A= SY(S)|S=0
B 52 +25+5 H
D6 +2) 5,
—3
=3,
Ay = (s+1)Y(s)]_4
s2+25+5 3
B S(S+2) s=—1
=—4, and
Az = (s+2)Y (s)]——
_ 52 +25+5 3
os(s+1) S,
-5
=3
So, we can rewrite Y (s) as
2 4 2
v(s) =22 - >

s s+1 + s+2°
Taking the inverse unilateral Laplace transform of Y (s) yields

=UL Yr(s
{I%j :{ 1 1 [

=3uL™t - —auL!
N

+
[N

N

=3—de7" 3% fort>0",

O
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Example 6.41 (RC Network). Consider the RC network shown in Figure 6.21 with input vo(z) and output vy (z). If

R =100, C = &, vo(t) = 3¢ %u(r), and v (07) = 1, find vy (¢).

Solution. From basic circuit analysis, we have

vo(t) =Ri(t) +v1(t) and
i(1) =Clvy(1).
Combining the preceding two equations, we obtain -

vo(t) = R C%vl(t) F(t)

d
:Rcavl(t) +vi(2).

Taking the unilateral Laplace transform of both sides of tfgquation yields

UL{o@3=UL RCLui(t)+m(r)
1
UL f1(}

O L{w#)}=RCUL %vl(t)

(I (I
C—W(s) =RC sVi(s)—v1(07) +Vi(s)
[ W(s) = RCsVi(s) —RCv1(07) + Va(s)
[ W(s) + RCv1(07) = RCsVy(s) + Vi(s)
Vo(s) +RCv1(07)

() = = Rest1
Since vo(t) = 3¢~ u(t), we have
3
Vo(s) =U L{w()}= i2
Substituting this expression for Vy(s) into the above equatiI:(IJn for V1 (s), we obtain
3 1
- (s+1)(s+2) * s+1
- s+5
(s +D)(s+2)°
Now, we find a partial fraction expansion of V4 (s). Such an expansion is of the form
Ax Az
Vils) = s+1 s+2
Calculating the expansion coefficients yields
A= (s+1 V1(5)|s=—1
_s+5 g
Cos+25
=4 and
Ay = (s+2 V1(5)|s=—2
_s+5 g
s+l
=-3.
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i)y R
N K
Vo(t) cC —— V1 t)
I |
O O

Figure 6.21: RC network.

Thus, we can rewrite Vi (s) as

4 3

\% = - .
1(s) s+1 s+2

Taking the inverse unilateral Laplace transform of V1 (s), we obtain

vi(t) =U L "H{vi(s)}

—de'—3¢7% fort>0".

O

Example 6.42 (RLC Network). Consider the RLC network shown in Figure 6.22 with input vo(¢) and output vy (¢).
IfR=2,L=1,C=1,vo(t) =u(t),v1(07) =0, and vi{0~) = 1, find vy (¢).

Solution. From basic circuit analysis, we can write

vo(t) = Rilt) +L%i(t) +(r) and

nwn =21 i(t)dr I:Il(t):C%vl(t).

Combining the above equations, we obtain
(I 1 1 1
o) =k ¢ +1L o) +nl)
o= dar't dt dr* !
2

d d
Cdtvl(t)—F Cdt2vl(t)+vl(t)

Taking the unilateral Laplace transform of both sides of the preceding equation yields
1 1 LJ 1
d d
UL{w()}=RCUL Evl(t) +LCU L ﬁvl(t) +UL {m@)}
O N B O
[ W(s) = RC sVi(s)—v1(07) +LC s°Vi(s)—sv1(07) —vH07) +Va(s)
s) = RCsVy (s)l:l— RCv(07) + LCs?Vy (s) — LCsv1(07) — LCVI{0™) + Vi (s)
[ UCs? +RCs+1 Vi(s) = Vo(s) +RCv(07) + LCsv1(07) + LCVE(0™)

_ Vo(s)+ [RC+ LCs]v1(07) + LCvi{07)
(s) = LCs?2 +RCs+1 '
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0
! !
vo(t) c —— va(t)
I |
O O

Figure 6.22: RLC network.

Since vo (1) = u(t), we have Vp(s) = % Substituting this expression for Vo (s) into the preceding equation for V1 (s), we

obtain

Now, we find a partial fraction expansion of V4 (s). Such an expansion is of the form

AL A
Vi(s) = — .
1(s) s + s+1
Solving for the expansion coefficients, we obtain
Ap = sVi(s 0
1
s+1%.,
=1 and
Az = (st D)Va(s)l,——
_1
S =—1
=-1
Thus, we can rewrite Vi (s) as
1 1
Vi(s)==— :
1(s) s s+1

Taking the inverse unilateral Laplace transform of Vi (s), we obtain

:1:| |:1 1
H=uL !t = —uyLt —
vl() K) s+1

=1—¢"! forr>0".

Copyright €2012 Michael D. Adams

Last Revised: January 11, 2012



6.16.

PROBLEMS 221

6.16 Problems

6.1

6.2

6.3

6.4

6.5

6.6

6.7

Using the definition of the Laplace transform, find the Laplace transform of each of the following signals
(including the corresponding ROC):

(@) x(¢) = e™u(t);

(b) x(t) = e~; and

]
(c) x(¢) = [cos axt|u(z). [Note: e* cosbxdx = aZin (e™[acosbx+ bsinbx]).]

Find the Laplace transform (including the ROC) of the following signals:
(@) x(t) = e~ u1);
(

(b) x(r) = 3e 2 u(t) + 2> u(—t);

(®x0)={3’<+4>

(A 2(1) = e Fu(n)d;

(€) x(tr) = —e™u(—t + b) where a is a positive real constant and b is a real constant;
() x(z) = —3f u(t+1); and

(@) +(0) —1u1-+.2).

Suppose that x(¢) L X (s) with ROC Rx and y() L Y (s) with ROC Ry. Then, express Y (s) in terms of
X (), and express Ry in terms of Ry, in each of the cases below.

(@) y(t) = x(at — b) where a and b are real constants and a £ 0;

(0) ¥(r) = ™ [x(A) TxA)] 513
© (1) = IX(3f— );
(d) y(2) % 3)]

@) y()=e 3t+7) and

B y(t) =e” o x(1+3).

The Laplace transform X (s) of a signal x(z) is given by
I Ct)
X(s)= SGEDe=1)"

Determine whether x(¢) is left sided, right sided, two sided, or finite duration for each of the following ROCs of
X(s): (@) Re{s} < —1; (b) =1 < Re{s} < 0; (c) 0 < Re{s} < 1; and (d) Re{s} > 1.

Let X(s) denote the Laplace transform of x(r). Suppose that X (s) is given by

s—l—%
(s+1=j)(s+14+,)(s+2)

X(s) =
Plot the ROC of X (s) if x(¢) is (a) left sided; (b) right sided; (c) two sided; (d) causal.
The Laplace transform X (s) of a signal x(¢) is given by

s—l—%

R VI FE ) [ e I

Determine how many distinct possibilities exist for the signal x(z).

Using properties of the Laplace transform and a Laplace transform table, find the Laplace transform X (s) of the
signal x(¢) ferepch of the cases below.

B foro=r<1
@x(t)= =2 forl=st<2
otherwise
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6.8

6.9

6.10

6.11

6.12

6.13

6.14

The Laplace transform X (s) of the causal signal x(z) is given by
—2s
X(s)=5—F7—=.
(5) 243542

(a) Assuming that x(¢) has no singularities at r = 0, find x(0™).
(b) Assuming that x(¢) has a finite limit as ¢ — oo, find this limit.

Find the inverse Laplace transform of each of the following:
(@) X (s) = 2_51 for —1 < Re{s} < 1;

2 —

252 +45+5
b) X(s) = ——————— for Re{s} > —1;
O X = DG+2) {s}

3s+1
= — —_ < —

(€) X(s) 713512 for —2 < Re{s} 1.
Find the causal inverse Laplace transform of each of the following:

2 +4s+5

—35c—6s5s—2

X($)= ————.

®)X6) = 2612
Find all possible inverse Laplace transforms of

_Ts=1_ 43
T 2=1 s+1 s—1°

H(s)

Suppose that we have a LTI system with input x(z), output y(¢), and system function H (s), where

s+1

H(s)= -2
(s) s2 42542

Find the differential equation that characterizes the behavior of the system.
Suppose that we have a causal LTI system characterized by the differential equation
2
Gay(t) 45 y() +3y(1) = 25x(1) +x(1),
where x(¢) and y(¢) denote the input and output of the system, respectively. Find the system function H (s).

Consider the LTI system with input x(z), output y(z), and system function H(s), as shown in the figure below.
Suppose that Hy and H; are causal LTI systems with system functions H1 (s) and Ha(s), respectively, given by

Hi(s) = 1 and H(s) =A,
where A is a real constant.
x(r) V) ()
Hl(s) > >
Ha(s)

(a) Find an expression for H(s) in terms of Hy(s) and Hy(s).
(b) Determine for what values of A the system is BIBO stable.
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6.15 Suppose that we have the RL network with input v1(¢z) and output v, (¢) as shown in the figure below. This
system is LTI and can be characterized by a linear differential equation with constant coefficients.

- i(t) Nﬁﬁ o
P "
Vl(t) R Vz(t)
- 2

(a) Find the system function H(s) of the system.
(b) Determine whether the system is stable.
(c) Find the step response s(¢) of the system.

6.16 Suppose that we have a causal (incrementally-linear T1) system with input x(¢) and output y(¢) characterized by

the differential equation
2

SO T 1)+ 125(0) = x(0).
If y(07) = —1,y{07) = 0, and x(¢) = u(z), find y(t).

6.17 Consider the RC network shown in the figure below, where R = 1000 and C = 13-

iy R
N 3
vo(t) (ol — vi(r)
I _
O O

(a) Find the differential equation that characterizes the relationship between the input vo(z) and output vy (z).
(b) If v1(07) =2, and vo(z) = 2¢™%, find vy (1).

6.18 Using properties of the Laplace transform and a Laplace transform table, find the Laplace transform X (s) of the
signal x(¢) shown in the figure below.

6.19 Suppose that we have a LTI system with system function H (s) given by
_ s2 475412

H(s) = s2+3s+12°
Find all possible inverses of this system. For each inverse, identify its system function and the corresponding
ROC. Also, indicate whether the inverse is causal and/or stable. (Note: You do not need to find the impulse
responses of these inverse systems.)

6.20 Consider the causal LTI system characterized by the differential equation
L]
2250 ~5(0) = () +ax()

where a is a real constant. Determine for what values of a the system is BIBO stable.
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6.17 MATLAB Problems

6.101 Suppose that we have a causal LTI system with the system function

1

H(s) = .
(s) —257T—s®—3s5 4253 4+5—3

(a) Use MATLAB to find and plot the poles of H(s).
(b) Is this system stable?

6.102 Suppose that we have a LTI system with the system function

1
H = .
(8) = 1000057 1 2.613L5% 1 3.414252 1 2.613L5 1 1.0000

(This corresponds to a fourth-order Butterworth lowpass filter with a cutoff frequency of 1 rad/s.) Plot the
responses of the system to each of the inputs given below. In each case, plot the response over the interval
[0,20].

(a) Dirac delta function;

(b) unit-step function.

(Hint: The tf, impulse, and step functions may be helpful.)
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Appendix A

Complex Analysis

A.1 Introduction

Complex analysis is an essential tool in the study of signals and systems. For this reason, a brief review of complex
analysis is provided in this appendix.

A.2 Complex Numbers

A complex number is a number of the form
T=X+jy

where x and y are real and j is the constant defined by
f=-1

v__
(i.e.,, j= —1). The real part, imaginary part, magnitude, and argument of the complex number z are denoted as
Rezand Imz, |z, and arg z, respectively, and defined as

1
ReZ:)C, |mZ:y, |Z|: x2+y2, and
argz = atan2(y, x) + 27k,

where k is an arbitrary integer, and

1
Farclan(y/x) forx>0
forx=0andy=>0
atan2(y,x) £ _=m/2 forx=0andy<0 (A1)
arejan(y/x)+n forx<Oandy=0

arctan(y/x)—n  forx<Oandy<0.

(The notation £z is sometimes also used to denote the quantity argz.) The complex number z can be represented by a
point (x,y) in the complex plane, as illustrated in Figure A.1. This figure also shows the relationship between the real
part, imaginary part, magnitude, and argument of a complex number.

For any given complex number z, the quantity argz is not unique. This follows from the fact that, for any integer
k, the quantities 6 and 0 + 2tk physically represent the same overall angular displacement. The value 0 of argz that
lies in the range —n < 6 < x is called the principal argument of z and is denoted as Argz. For a particular z, this
quantity is uniquely specified. In particular, Argz = atan2(y, x).

As an aside, we note that the function atan2(y,x) computes the angle that the directed line segment from (0,0) to
(x,y) forms with the real axis, and is defined such that —z < atan2(y,x) < .
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Imzf---oooeeeieo

Re

Rez

Figure A.1: Graphical representation of a complex number.

Example A.1. Cpmpute the real part, imaginary part, magnitude, and principal argument of the following complex
quantities: z; = —* + j3 and 2 = 1—j.

Solution. First, let us consider z;. We have:
Rez; = 75, Imz; = %,
|Zl|: 73 —|—(%)2:l, and
C1v_ [ 1]
Argz =atan2 %, =arctan £ =1,

Second, let us consider zo. We can write:

— V_
lz2] = 1?+(-1)2= 2and

[
Argz, = atan2(—1,1) = arctan - = —n/4.

A.3 Representations of Complex Numbers

Two different representations are commonly used for complex numbers: the Cartesian and polar forms. The Cartesian
form is also sometimes referred to as rectangular form. Depending on the particular situation, one form may be more
convenient to use than the other.

In the case of the Cartesian form, a complex number z is represented as

z=x+Jjy

where x and y are real. That is, z is expressed directly in terms of its real and imaginary parts. The quantity z can also
be treated as a point (x,y) in a Cartesian coordinate system as shown in Figure A.2(a).
In the case of the polar form, a complex number z is represented as

z=r(cos0 + jsin0)

where r and 0 are real and »r = 0. One can show through simple geometry that » = |z| and 6 = argz. Thus, in
the polar case, a complex number is expressed directly in terms of its magnitude and argument. In this way, we
can treat the quantity z as a point (r, 0) in a polar coordinate system, as shown in Figure A.2(b). As we note later,
cos 6 + jsin® = e/?. Therefore, the polar form can equivalently be expressed as

z=rel?.

This exponential notation is often used, due to its relative compactness.
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Re

o

(a) (b)

Re

Figure A.2: Representations of complex humbers. The (a) Cartesian and (b) polar forms.

A.4  Arithmetic Operations

In what follows, we consider a few basic arithmetic operations on complex numbers.

A.4.1 Conjugation

The conjugate of the complex number z = x + jy is denoted as z"-and defined as

dx—jy.

Geometrically, the conjugation operation reflects a point in the complex plane about the real axis, as illustrated in
Figure A.3. One can easily verify that for any complex numbers z, z1, and z», the following identities hold:

L |7,
Rez=3(z+z")
Imz= Zij(z—z"_ﬂ

(z14+22) L 2+ 25
(z122) "L 2125, 'and
(z1/22) " 27

Trivially, we also have that

lzH=1z] and
argz+ —argz.

A.4.2 Addition

Suppose that we have two complex numbers z; = x1 + jy; = r1e/% and zo = x2 + jy, = r2¢/%. Then, the sum of these

numbers is given by

2 +z2 = (x1+ jy1) + (x2 + jy2)
= (x1+x2) +j(y1+y2),

or

422 = r1e/® 4 rpel®
= (r1C08 61 +12€0562) + j(r1Sin 61 +r28iN 67).
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Im
SL=XH]y
Re
1 s
L =Xy

Figure A.3: Conjugate of complex number.

Example A.2 (Addition with Cartesian form). Compute z1 +z» where z; = 3+ j4 and zp = —2 — ;3.
Solution. This is simply computed as follows:
u+z2=084+j4)+(—2—j3)=1+.
U

V_ |
Example A.3 (Addition involving the polar form). Given that zy =3+ j4and zo = 2¢/5™4, compute the quantity
71+ 22.

Solution. In order to compute this sum, we must first convert z, to Cartesian form:

V_
Rezp = 2\(}035%/4 =-1 and

Imz; = 2sin5x/4 = —1.
Then, we have

u+z22=08+j4)+(-1—j)=2+ ;3.

A.4.3 Multiplication

Suppose that we have two complex numbers z; = x1 + jy1 = r1e/® and zo = xo + jy» = r2e/%. Then, the product of
these numbers is given by

2122 = (x1+ jy1) (x2 + jy2)
= x1x2 + jx1y2 + jx2y1 —yiy2
= (xax2 —y1y2) + j(x1y2 +x2y1).

In the case of the polar form, we have
I I I I I Ry N
azm= ne/®  rel®
_ rlrzej(91+9z)_

Example A.4 (Multiplication with the Cartesian form). Given that z; = 2+ j3 and zo = 3 — j4, compute the quantity
2122-
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Solution. Using straightforward algebraic manipulation, we can write:
2122=(2+3)(3—j4) =6—j8+j9+12=18+.
O

V_ | .
Example A.5 (Multiplication with the polar form). Given that z; = 2¢/™* and z, = 3¢/™6, compute the quantity
2122.

Solution. Using straightforward algebraic manipulation, we obtain:

Vo . v_
2120 = ( 26177:/4)(3817”6) -3 26]57:/12_

A.4.4 Division

Suppose that we have two complex numbers z1 = x1 + jy1 = r1e/% and zo = xo + jy» = r2¢/%. In the case of Cartesian
form, the quotient of these numbers is given by

a azy
2 g
_ uz’
|22
~(xa+jy) (2 — jiyz)
B x5+ 5
_X1x2 = jx1yz + jx2y1+y1y2
N x% er%
_x1xp 4 y1y2 + j(x2y1 — x1y2)
- X5 +3 '
In the case of polar form, we have
2 rlejel
2 rael®
— Lle./'(91—92)_
2

Example A.6 (Division with the Cartesian form). Given that z; = 1+ j and zp = 2— j, compute the quantity z1/z5.

Solution. Using straightforward algebraic manipulation, we have

14 2+j  2+42j+j—1 1+43j

. 2—j 24+j 2412 5
O
Example A.7 (Division with the polar form). Given that z; = 2¢/7/3 and z; = 3¢/7/4, compute the quantity z1/z>.
Solution. Using straightforward algebraic manipulation, we have
a _ 2, 71 i 2 ,in/12
72 3ein/d 3 8 '
O
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A.45 Miscellany

For arbitrary complex numbers z; and z», the following identities hold:
122| = |zal |zl
AN,
2 |zl

I%IQ_LI: argz; +argzy, and

Z
arg X =argz—argz, forz B 0.
22

A.5 Arithmetic Properties of Complex Numbers

In what follows, we consider some of the properties of arithmetic over the complex numbers.

A.5.1 Commutative Property

For complex numbers, addition and multiplication are commutative operations. That is, for any two complex numbers
z1 and z, we have

u+z=z2+zu and

132 = 2221+

A.5.2 Associative Property

For complex numbers, addition and multiplication are associative operations. That is, for any two complex numbers
71 and z, we have

(1+z2)+zms=z+(z2+2z3) and

(z122)z3 = z1(2223).

A.5.3 Distributive Property

The distributive property also holds for complex numbers. That is, for any three complex numbers z1, z», and z3, the
following identity holds:

21(z2 +23) = 2122 + 2123-

A.6 Roots of Complex Numbers

Every complex number z has # distinct nth roots in the complex plane. In particular, the nth roots of z = re/® (where
r =z and 6 = argz) are given by

Vo
el 02T for k =0,1,...,n—1. (A.2)
Example A.8. Find the four fourth roots of 2.

Solution. Let z; for k = 0,1, 2,3 denote each of the four fourth roots of 2. From (A.2), we have

= YE ) (0+27k) /4 YE pknl2.
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Thus, we obtain

Ys o0 Y5

0 = 210 = %
Z17 20772 — 13
= "2¢F=-="2 and
= 22 =—j"2
So, we conclude that the four fourth roots of 2 are
YE, jYZ —Yﬁ, and — jyi.
O
A.7 Euler’s Relation and De Moivre’s Theorem
Recall that the Maclaurin series expansions of ¢*, cosx, and sinx are given by:
N ¥ xS
=ldat bt (A-3)
xz X4 xe
COSx=l—E+H—a+"', and (A4)
. XS )C5 )C7
smx:x—§+§—ﬂ+---. (A.5)
Using (A.3), we can write /9 as the following series:
0_ 1. 9. UO? (OP (O (j6)°
eV =1+j0+ o1 + 30 + a0 + 5I 4
By regrouping terms and using (A.4) and (A.5), we obtain
. 3 2 g [ -
J9 — —_ [ / _ - -
e TR R TR
=C0s6 + jsiné.
Thus, we have shown that the following identity holds:
¢/® = cos@ + jsiné. (A.6)
This identity is known as Euler’s relation. From Euler’s relation, we can deduce the following useful identities:
cosf = 1(e/® +¢77%) and (A.7a)
Sin@ = 55(e/? —e™7°). (A.7b)
We can also show that the following useful result holds:
1
e% = /% forinteger n (and real ).

This result is known as De Moivre’s theorem. Note that » must be an integer. The above result does not necessarily
hold if » is not an integer. For example, consider 6 = —m and n = % (where n is clearly not an integer). We have that

) [
Clearly, in this case ¢/*® & ¢/? m
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A.8 Conversion Between Cartesian and Polar Form

Suppose that we have a complex number z = x + jy = re/?. Using Euler’s relation, we can derive the following
expressions for converting from polar to Cartesian form:

x=rcos® and (A.83)
y=rsiné. (A.8h)
Similarly, we can deduce the following expressions for converting from Cartesian to polar form:
—1
r= x*4+y2 and (A.9a)
0 = atan2(y, x), (A.9b)

where the atan2 function is as defined in (A.1).

If we choose to use the arctan function directly in order to compute 6 (instead of using the atan2 function), we
must be careful to consider the quadrant in which the point (x,y) lies. This complication is due to the fact that the
principal value of arctan 6 is defined such that —r/2 < 6 < n/2. Consequently, if the point does not lie in the first or
fourth quadrant of the complex plane, the arctan function will not yield the desired angle.

Example A.9. Express the quantities zz =1+ j 2and zz = —1— j in polar form.
Solution. First, we express z; in polar form. The real and imaginary parts of z; are given by

i V_
n= 124+ 2 = 3 and

V_ V_
61 =atan2( 2,1) =arctan( 2/1).
Thus, we have
0= rlejel _ \/gej(arctan 5)_

The result is plotted in Figure A.4(a).
Second, we express z; in polar form. The real and imaginary parts of z are given by

—
V_
= (-12%+(-1?= 2 and
6, = atan2(—1,—1) = arctan(=}) —r = -3,
Thus, we have
22 =rpel% = \/Ee_je’”/ 4.
The result is plotted in Figure A.4(b). 0

A.9 Complex Functions
A complex function maps complex numbers to complex numbers. For example, the function
F(z) =7>+2z+1 where z is complex

is a complex function.
A complex polynomial function is mapping of the form

F(z) = ag+aiz+az® + -+ ap?"
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Im Im
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1
(a) (b)

Figure A.4: Examples of converting complex numbers from Cartesian to polar forms.

where z, ag, a1, ..., a, are complex. A complex rational function is a mapping of the form

F(Z) _ ao—l—alz—l—agzz—i—...—i—anz”
" bo+biz+ b2+ ...+ byt

where ag, a1, ...,a,,bo,b1,...,b, and z are complex. In the context of this course, we will mostly focus our attention
on polynomial and rational functions.

Given any complex function F(z), we can always write F(z) = Re{F(z)} + jIm{F(z)}. If z=x+ jy, then we
have that F(z) = Re{F (x+ jy)} + jIm{F (x+ jy)}. Now, we can express Re{F(x+ jy)} as a real-valued function,
say U(x,y), of the two real variables x and y. Similarly, we can express Im{F (x+ jy)} as a real-valued function, say
V(x,y), of the two real variables x and y. Thus, we can always express a complex function F(z) in the form

F(z) =F(x,y) =U(x,y) + jV(x,y), (A.10)

where U (x,y) and V (x,y) and both real-valued functions of the two real variables x and y, and z = x + jy.

A.10 Circles, Disks, and Annuli

A circle in the complex plane with center zo and radius r is given by the equation
|z—zo| ="

A plot of a circle is shown in Figure A.5.

A disk is the set of points inside of a circle, possibly including the points on the circle itself. If the points on the
circle are not included in the set, the disk is said to be open. Otherwise, the disk is said to be closed. An open disk
with center z and radius r is defined by the inequality

lz—z0] <n
A plot of an open disk is shown in Figure A.6. Similarly, a closed disk is defined by the inequality
lz—z0l=r

A plot of a closed disk is shown in Figure A.7.

An annulus (i.e., a ring) is the set of points between the concentric circles, possibly including the points on one
or both circles. If an annulus does not include the points on its two defining circles, it is said to be open. An open
annulus with center zg, inner radius 1, and outer radius r, is defined by the inequality

rn<lz—zl| <r.

A plot of an annulus is shown in Figure A.8.
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Figure A.5: Circle about zo with radius r. Figure A.6: Open disk of radius r about zg.
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Figure A.7: Closed disk of radius r about zp.

Figure A.8: Open annulus about zy with inner
radius r; and outer radius r».

A1l Limit

Let F(z) be a complex function and zo a complex number. We want to define the limit of F(z) as z approaches zo.
Unlike in the case of real functions, the value zo can be approached from infinitely many directions in the complex
plane. In order for the limit to be useful, however, we want it to be defined in such a way that it is independent of the
direction from which z is approached. With this in mind, we define the notion of a limit below.

A function F(z) is said to have the limit L as z approaches z if

1. F(z) is defined in some open disk about zg, except possibly at the point zo; and

2. for every positive real number ¢, there exists a positive real number & such that |F(z) — L| < € for all values of
z inthe disk |z —zo| < & except z = zo.
This limit can be expressed as
limF(z) =L.

z-20

A.12 Continuity
A function F(z) is said to be continuous at the point zq if F(zo) is defined and given by
F(z0) = lim F(z).
7-20

A continuous function is one that is continuous at every point where it is defined. Polynomial functions are con-
tinuous everywhere. For example, the function F(z) = 3z% 4z —z+ 1 is continuous for all z. Rational functions (i.e.,
quotients of polynomials) are continuous everywhere except at points where the denominator polynomial becomes

zero. For example, F(z) = % is continuous everywhere exceptat z =1 and z = —1.
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A.13 Differentiability
A function F(z) is said to be differentiable at a point z = zp if the limit

FHz0) = Zlirpo Fe) (ZZ : Z(ZO)

exists. This limit is called the derivative of F(z) at the point z = zo.
In general, the rules for differentiating sums, products, and quotients are the same for complex functions as for
real functions. If F{zg) and GY{zo) exist, then

=

(aF)Yz0) = aFYzo) for any complex constant a;

2. (F+G)Rz0) = Fz0) + GHz0);

w

(FG)Hz0) = F420)G(z0) + F (20)GHz0);

b

(F/G)'{z0) = G(ZO)FQ%)(;JI)Z(ZO)GQZO) ; and

5. if 20 = G(wo) and G{wp) exists, then the derivative of F(G(z)) at wo is F{z0)G{wo) (i.e., the chain rule).

Polynomial functions are differentiable everywhere. Rational functions are differentiable everywhere except at
points where the denominator polynomial becomes zero.

A.14 Analyticity

A function F(z) is said to be analytic at a point zg if it is differentiable at every point in some open disk about zo. A
function F(z) is said to be analytic in a domain D if it is analytic at every point in D.
One extremely useful test for the analyticity of a function is given by the theorem below.

Theorem A.1 (Cauchy-Riemann Equations). Let F(z) be a complex function expressed in the form of (A.10). So, we
have

F(z) =U(x,y)+jV(xy).
If F(2) is analytic in the domain D, then U (x,y) and V (x,y) satisfy the following equations at all points in D:

U v U v

These equations are known as the Cauchy-Riemann equations.
If U(x,y) and V(x,y) are continuous with continuous first partial derivatives satisfying the Cauchy-Riemann
equations at all points in the domain D, then F(z) is analytic in D.

Polynomial functions are both continuous and differentiable everywhere. Therefore, such functions are analytic
everywhere. Rational functions are both continuous and differentiable everywhere, except at points where the denom-
inator polynomial becomes zero. Consequently, rational functions are analytic at all but these points.

Example A.10. Determine for what values of z the function F(z) = z? is analytic.

Solution. First, we observe that F(z) is a polynomial function. Then, we recall that polynomial functions are analytic
everywhere. Therefore, F(z) is analytic everywhere. O
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Alternate Solution. We can demonstrate the analyticity of F(z) using Theorem A.1. We express z in Cartesian form
as z=x+ jy. We rewrite F(z) in the form of F(x,y) = U(x,y) + jV(x,y) as follows:

F(2) =2 = F(x,y) = (x+ jy)? =2 + j2y =) = (¥ —y%) + j(2xy).
Thus, we have that F(z) = U(x,y) + jV (x,y) where

U(x,y) =x*—y*> and

V(x,y) = 2xy.
Now, we compute the partial derivatives:
U A% U Vv
— =2, —=2x, —=-2y, and — =2y.
ox * dy * dy Y ox

From this, we can see that dU/dx = dV/dy and dU/dy = —dV/dx. Therefore, the Cauchy-Riemann equations are
satisfied. Since U (x,y) and V (x,y) are also continuous with continuous first partial derivatives, F(z) is analytic. O

Example A.11. Determine for what values of z the function F(z) = 1/z is analytic.

Solution. We can deduce the analyticity properties of F(z) as follows. First, we observe that F(z) is a rational
function. Then, we recall that a rational function is analytic everywhere except at points where its denominator
polynomial becomes zero. Since the denominator polynomial of F(z) only becomes zero at z = 0, F(z) is analytic
everywhere except at z = 0. O

Alternate Solution. To study of the analyticity of F(z), we use Theorem A.1. We express z in Cartesian form as
z=x+ jy. We rewrite F(z) in the form F(x,y) = U(x,y) + jV(x,y) as follows:

O o i Y s
1 1 xX—jy xX—jy

Txtjy xtjy  x—jy 24y

Thus, we have that F(x,y) = U(x,y) + jV (x,y) where

X

U(x,y) = e :x(x2 —|—yz)_1 and
-y 2 2\—1
V(x,y) = 22 =—y(x"+y7) .

Now, we compute the partial derivatives:

a£ _ ()C2 +y2)_l+(—l)(x2+y2)_2(2x2) _ _2x2+(x2+y2) _ y2_x2

Jx (2432 ()
S — (DA @) () - 2y2(x§ izy;y ) - <xyzz+_yf>2'
= (D6 A D= gy, and
= (D6 )22 = e

So, we have that, for z £ 0 (i.e., x and y not both zero), dU/dx = dV/dy and dU/dy = —dV/dx (i.e., the Cauchy-
Riemann equations are satisfied). Also, we know that for z £ 0, U(x,y) and V (x,y) are continuous with continuous
first partial derivatives. Therefore, F(z) is analytic everywhere except at z = 0. O

Copyright €2012 Michael D. Adams Last Revised: January 11, 2012



A.15. ZEROS AND SINGULARITIES 237

A.15 Zeros and Singularities

If a function F(z) is analytic in a domain D and is zero at a point zg in D, the function is said to have a zero at zo. If,
in addition, the derivatives F(1) (z), F)(z), F"=1)(z) are also zero, the function is said to have a zero of order n at z.
An analytic function F(z) is said to have an nth order zero at infinity if 7(1/z) has an nth order zero at z = 0.

A point at which a function F(z) fails to be analytic is called a singularity. A singularity may be isolated or
nonisolated. If F(z) is analytic in an annulus 0 < |z —zo| < r but not at zg, F(z) is said to have an isolated singularity
at zo. There are three types of isolated singularities: a removable singularity, essential singularity, and pole.

In this course, we are primarily interested in polynomial and rational functions. Polynomial functions do not have
singularities, since such functions are analytic everywhere. In contrast, rational functions can have singularities. In
the case of rational functions, we are normally interested in poles.

Suppose that we have a rational function F(z). We can always express such a function in factored form as

K(z—a1)™(z—a2)* - (z—am)™
(Z—bl)ﬁl (Z—bz)ﬁz . (Z_bN)BN )

F(z) =

where K is complex, ai,az,...,ap,b1,b2,...,by are distinct complex values, and oy, o, ...,on and B1, o, ..., By
are positive integers. One can show that F(z) has poles at b1,by,...,by and zeros at ai,ay, ..., ay. Furthermore, the
kth pole (i.e., by) is of order B, and the kth zero (i.e., a;) is of order ay. A pole of first order is said to be simple,
whereas a pole of order two or greater is said to be repeated. A similar terminology can also be applied to zeros (i.e.,
simple zero and repeated zero).

Example A.12 (Poles and zeros of a rational function). Find and plot the poles and (finite) zeros of the function

B 2(+1)(z—1)
Fz) = (z+1)(z2+3z+2)(2+2z+2)°

Solution. \We observe that F(z) is a rational function, so we can easily determine the poles and zeros of F(z) from

its factored form. We now proceed to factor F(z). First, we factor z? 4+ 3z+2. To do this, we solve for the roots of
22+ 3z+2 =0 as follows:

z= =-3+1={-1-2}

(For additional information on how to find the roots of a quadratic equation, see Section A.16.) So, we have z2 + 3z +
2 = (z41)(z+2). Second, we factor z2 4 2z + 2. To do this, we solve for the roots of z? 42z +2 = 0 as follows:

— 1) ={-1+j~1-}

So, we have 72 42z +2 = (z+1—j)(z+1+ j). Next, we observe that z2 + 1 = (z+ j)(z— ). Using the above results,
we can rewrite F(z) as

P2+ j)(z—j)(z—1)

F(z) = (z4+1)2(z+2)(z+1=j)(z+1+)

From this expression, we can trivially deduce that F(z) has first order zeros at 1, j, and —j, a second order zero at 0,
first order poles at —1+ j, —1— j, —2, and a second order pole at —1. The zeros and poles of this function are plotted
in Figure A.9. In such plots, the poles and zeros are typically denoted by the symbols “x” and “0”, respectively. [

)
o447

Example A.13. Find the zeros and poles of the function F(s) =
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Figure A.9: Plot of poles and zeros for F(z).

Solution. The zeros of F(s) are given by the roots of s* —2 = 0, which is equivalent to s* = 2 = 2¢/%, This equation
has three distinct solutions (i.e., the three third roots of 2), namely,

Yo, Yot ag Yoo
The poles of F(s) are given by the roots of s° +4 = 0, which is equivalent to s° = —4 = 4¢~/7, This equation has five

distinct solutions (i.e., the five fifth roots of —4), namely,
Yzej(—nJrO)/S — Yze—jn/S
Yzej(—nJan)/S -\J/Zejn/5

\o/zej(—yr+47r)/5 _ \J/Zeﬁn/S
Yaeiemons _Ya,m_ Y g

Zej(—n+87r)/5 Zej77r/5_

A.16 Quadratic Formula

Consider the equation az? + bz + ¢ = 0 where a, b, and c are real, z is complex, and a & 0. The roots of this equation
are given by

v
—bx b2—Adac

o (A11)

Z =
This formula is often useful in factoring quadratic polynomials with complex ¢gnjugate roots. For eyample, the

—b—  b2—4ac _ —b+ b?’—dac
— 2 ada=——7p— |

general quadratic az? + bz + ¢ has the factors z —zp and z —z3 where zg = n

particular, az? 4+ bz + ¢ = a(z—z0) (z—z1).
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A.17 Problems

A.1 Express each of the following complex numbers in Cartesian form: (a) 2¢/2%/3; (b) \/Ee-f”/“; (c) 2¢/78; and
(d) 3¢/7/2,
V_ V3 Vo WV
A.2 Express vach of the folvowmg complex numbers in polar form: (a) — 3+ j; (b) —3 5o S (c) 2—j 2
(d)1+; 3;(e)—1—; 3;and(f) —3+4,. Ineach case, plot the value in the complex plane, clearly indicating
its magnitude and argument. State the principal value for the argument (i.e., the value 6 of the argument that
liesin the range —n < 0 < 7).

A.3 Evaluate each of the expressions below, stating the final result in the specified form. When giving a final result
in pol@rzform, statg thefrincipal vatag of the argument (i.e., choose the argument 6 such that —z < 6 < 7).
)2 S—jl 4 - J(=387/4) " (in Cartesian form);
@ |_\_L%2 i;tl:jii/ e/ )l:l ( )
by 2—ji J(=37/4) " (in polar form);
(b) 2 %3¢ (inp )
(© —2—ji /(1+ ) (inpolar form);
)¢5 ”J”/ 4 (in Cﬁ%ﬁn form);
e -3 —|—] (in polar form);
) (11+J)10 (in Cartesian form); and
(g) — (|n polar form).

A.4 Show that the following identities hold, where z, z1, and z» are arbitrary complex numbers:
(@) lz1/z2] = |z1]/ |z2| for z2 B 0;
(b) arg(z1/z2) = argz1 —argzp for 2, B 0;
() z+z"=2Re{z};
(d) 2™ |2/%; and

(e) (z122) = 725

A5 Use Euler’s rq@mn to preve the following identities:
(@) cosh =3 elf e/
(b) sin6 = 2% e/® — =79 “and
(c) cos? 6 = 3[1+cos20].

A.6 Consider the rational functions given below, where z is a complex variable. For each function, find the value
and order of its poles and zeros. Also, plot the poles and zeros in the complex plane.
(@) F(z) =%+ jz+3;
(b) F(z) =z+3+2z7h

(P4 2+5)(2+1)
OFQ= 2 o @2
@ F@ =5

24 L
Z+5 .
(E) F(Z) = (Z2+2Z+2§(Z2_1)|and
() F(o) = -

(P +az+ )22 +2:+2)

A.7 Determine the values of z for which each of the functions given below is: i) continuous, ii) differentiable, and
iii) analytic. Use your knowledge about polynomial and rational functions to deduce the answer. Simply state
the final answer along with a short justification (i.e., two or three sentences). (This problem does not require a
rigorous proof. In other words, do not use the Cauchy-Riemann equations for this problem.)
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(@) F(z) =33 — j?+z—n and

z—1
(b) F(z) = (2+3)(Z2+z+1)

A.8 Use the Cauchy-Riemann equations to show that the function F(z) = ¢* is analytic for all z, where a is a real
constant and z is complex.

A9 Let H(w) be a complex-valued function of the real variable @. For each of the cases below, find |H(w)| and

argH (o).
_ —2—jo

A.18 MATLAB Problems

A.101 Use the sym and factor functions of the Symbolic Math Toolbox in order to find the poles and zeros of the
rational function

647 —487° — 3622 + 27z

&) = G4 =128 — 1127 + 3203 —842 =722 1 27

A.102 Use the roots function to find the poles and zeros of the rational function

Fl) = A +622+1022+8
29+ 2178 + 19977 + 111176 + 400775 + 963974 + 1540173 + 1568972 + 91927 + 2340

Plot these poles and zeros using the plot function.
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Appendix B

Partial Fraction Expansions

Sometimes we find it beneficial to be able to express a rational function as a sum of lower-order rational functions.
This type of decomposition is known as a partial fraction expansion. Partial fraction expansions are often useful in
the calculation of inverse Laplace and inverse Fourier transforms.

Suppose that we have a rational function

"+ OV L o+ o
a B+ Bo—1v" .+ Bv+Bo

F(v)

Such a function is said to be strictly proper if m <n (i.e., the order of the numerator polynomial is strictly less
than the order of the denominator polynomial). We can always write a rational function as the sum of a polynomial
function and a strictly proper rational function. This can be accomplished through polynomial long division. In what
follows, we consider partial fraction expansions of strictly proper rational functions.

Suppose that we have a rational function of the form

_apV" + Am—1V" 1+ ..+ av+ag
VI by by by

F(v)

and m <n (i.e., F(v) is strictly proper). Let us denote the polynomial in the denominator of the above expression for
F(v) as D(v). We can always factor D(v) as

D)= (v=p1)(v=p2)- (v=pa),

where the p; are the roots of D(v).
First, let us suppose that the roots of D(v) are distinct (i.e., the p; are distinct). In this case, F(v) can be expanded

as
A A Ay A
Fv)=—"— 4 22 42t O
v—p1r vVTp2 V=Pn—-1 V™ Pn
where
A= (V—pk)F(v)lv:pk.
To see why the preceding formula for A is correct, we simply evaluate (v— py)F(v)],_,, . We have that
Tlv=p) | Aav=p) | Aeat=p)
1V Pk 2V~ Pk =1V~ Pk
= P)E W)=, = P+ A/ s
vV—p1 v—p2 V= Di—1
A - A, (v—
/M+___+MEEU
V= Dk+1 V= PDn —
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Now, let us suppose that the roots of D(v) are not distinct. In this case, we can factor D(v) as
D(v) = (v=p))"(v=p2)®?---(v—pp)".

One can show that, in this case, F(v) has a partial fraction expansion of the form

_— A A -
11 12 1q1
Fv) v—p (V—pl)z+ (v—plgl‘“
]13A A
T +(v_2q2)q2
P p ]
Ap1 Apgp
v—pp (v—pp)ir '

where

Note that the g,th-order pole py contributes ¢, terms to the partial fraction expansion.
Example B.1 (Simple pole). Find the partial fraction expansion of the function H(s) given by

3

H(s)= §s243s5+2°

Solution. First, we rewrite H (s) with the denominator polynomial factored to obtain

3

H(s) = ——+——.
W= 5rD6+2
From this, we know that H (s) has a partial fraction expansion of the form

Ay Az
H =
(s) s+1+s+2’

where A; and A, are constants to be determined. Now, we calculate A; and A, as follows:

A= (s+ ]EH(S)ls__l

_ 3
s+25. 4
=3 and
A2 = (S+2 H(s)ls:—Z
N
s+15. .,
=—-3.

Thus, the partial fraction expansion of H(s) is given by

Example B.2 (Repeated pole). Find the partial fraction expansion of the function H(s) given by

45+ 8

HS) = 619
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Solution. Since H(s) has a repeated pole, we know that H (s) has a partial fraction expansion of the form

_An A1 Ax
Tsrit (s+1)2 s

H(s)

where A11, A12, and A,q are constants to be determined. To calculate these constants, we proceed as follows:

Leg
Ap = L % I%SI +1)%H(s) Dta

-1t 4 1,
] =
0 %
:% % (s+1)°H(s)

s=—1
)~ +(—1)(s+3)-2(4s+8)EH

= 4 s+ s=—1
_ e B
B (S+3)2 s=—1
_4
4
= 1,
A ! @'+t 1)%H DEE
——
1L 2
= % (S+1) H(S) E@:_l
~ 4s5+8
5+3 s=—1
_4
2
=2, and
Az1 = (s+3)H(s)|,——5
_ 4s5+38
(S+1)2 s=—3
i
4
=—1.

Thus, the partial fraction expansion of H(s) is given by

1 2 1

H(s) = -
)= 1t 5ro? 73

Example B.3 (Improper rational function). Find the partial fraction expansion of

X(s) = 253 +952 —5+2
5= §24+3s54+2

Solution. Since X (s) is not strictly proper, we must rewrite X (s) as the sum of a polynomial function and a strictly
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proper rational function. Using polynomial long division, we have

2s + 3

s+3s+2’2s +9% —5s +2
253 + 652 + 4s

32 — 55 +2

32 + 95 + 6

— 145 — 4.

Thus, we have
X(s)=2s+3+V(s),

where
(5) = —14s—4  —14s—4
243542 (s+2)(s+1)

Now, we find a partial fraction expansion of V (s). Such an expansion is of the form

Ay Aj
s—|—1+s+2'

V(s)=

Solving for the expansion coefficients, we have

AL = S—l—l V(S ——1
—14v—4§
s+2

=10 and
Ay = S—I—Z (S =
—14v—4§
- s+1

Thus, V(s) has the expansion

10 24
s+1 s+2°

Vis) =

Thus, we can decompose X (s) using a partial fraction expansion as

10 24
=2 34+ — .
X() =243+ 9= 75
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B.1 Problems

B.1 Find the partial fraction expansion of the function F(v) in each of the following cases:

2T

@ F(v) = 4131&%;0:41 24

(b) F(v) = W; and

() F(v)= 710"

B.2 Find the partial fracgion expansion of the function F(v) in each of the following cases:

—2v°+5

O e’

s 4v‘§2—:_ BAES‘;;F—E 10’31”1 95

© F(v) = (v+1)(v+3)3
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Appendix C

Solution of Constant-Coefficient Linear
Differential Equations

C.1 Overview

Many systems of practical interest can be represented using linear differential equations with constant coefficients. For
this reason, we are interested in solution techniques for such equations. This appendix briefly introduces time-domain
methods for solving constant-coefficient linear differential equations.

C.2 Constant-Coefficient Linear Differential Equations
An Nth-order linear differential equation with constant coefficients has the general form

LT

/;)bk 7 y(f):k;)ak o x(t),

where the @, and by, are constants. If the right-hand side of the above equation is identically equal to zero, the equation
is said to be homogeneous. Otherwise, the equation is said to be nonhomogeneous. Depending on whether the above
equation is homogeneous or nonhomogeneous, the solution method differs slightly.

C.3 Solution of Homogeneous Equations

First, we consider the solution of homogeneous equations. In this case, we have an equation of the form
v
by — t)=0. Cl
Yoo g oW (C.1)

Let us define the quantity

N
#(s) = Z bys*.
k=0
Then, we refer to

¢(s) =0

as the characteristic (or auxiliary) equation of (C.1). The solution of (C.1) depends on the roots of the characteristic
equation, as specified by the theorem below.
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Theorem C.1. Suppose that ¢ (s) = 0 is the characteristic equation associated with the homogeneous linear differen-
tial equation

N
Y b % m)’(f) =0.
=0

If ¢(s) = 0 has a real root p of multiplicity k, then a solution of the differential equation is
(ap+azt + ...+ ag—1/"1)e?.

If §(s) = 0 has a pair of complex conjugate roots ¢ % jo, each root being of multiplicity k, then a solution of the

differential equation is
1

e (ap+ait+...+ar—1""Y) cosor + (bo + b1t + ...+ by—1t V) sinor .

A general solution of the differential equation is obtained by taking a linear combination of the solutions obtained by
considering all roots of ¢(s) = 0.

From the above theorem, we can see that, in order to solve an equation of the form (C.1), we begin by finding
the roots of the corresponding characteristic equation. Then, we find a solution associated with each distinct root (or
pair of complex conjugate roots). Finally, the general solution is formed by taking a linear combination of all of these
individual solutions.

Example C.1. Find the general solution to the differential equation
Y1) +4ye) +5y(r) = 0.
Solution. The given differential equation has the characteristic equation
s> +45+5=0.
Solving for the roots of the characteristic equation yields

1
_ —4x #2—4(5)

s =
s

——2+1 =4

=2+

Thus, we have one pair of complex conjugate roots (i.e., —2 % j), each root being of multiplicity 1. Therefore, the
general solution to the given equation is of the form

y(t) = ™ [ay cost + by sint].

Example C.2. Find the general solution to the differential equation
y™r) +5yr) + 6y(r) = 0.
Solution. The given differential equation has the characteristic equation
s> +55+6=0

which can be factored as

(s+2)(s+3) =0.

Clearly, the characteristic equation has the roots —2 and —3, each of multiplicity 1. Therefore, the general solution of
the given equation is of the form

y(t) = ate™> +aze”?.

O
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Example C.3. Find the general solution to the differential equation

Vo) +2)10) + (1) = 0.
Solution. The given differential equation has the characteristic equation

s +25+1=0
which can be factored as
(s+1)%=0.

Clearly, the characteristic equation has the root —1 of multiplicity 2. Therefore, the general solution to the given
equation is of the form

y(t) = (ap +axt)e™.

C.4 Particular Solution of Nonhomogeneous Equations

So far, we have only considered the solution of homogeneous equations. Now, we consider the nonhomogeneous
case. In the nonhomogeneous case, we have an equation of the form
=
Yoo o ¥ =10 (€2)
k=0
As it turns out, in order to find a general solution to the above equation, we must first find a particular solution.

To find a particular solution, we must consider the form of the function f(r). Suppose that a particular solution
to (C.2) is given by y,(r). Since y,(z) is a solution to (C.2), when we substitute y, () into (C.2), the left-hand side of
(C.2) must equal f(z). Therefore, y,(¢) and its derivatives must be comprised of terms that resemble the terms of f(z).
Thus, by examining f(¢), we can deduce a general expression for y,(z) containing one or more unknown coefficients.
We, then, solve for these unknown coefficients. This solution technique is sometimes referred to as the method of
undetermined coefficients.

Table C.1 shows the general form of y,(¢) that should be nominally used in the case of several frequently encoun-
tered forms for f(¢). There is, however, one caveat. The general expression chosen for y,(r) must not include any
terms that are linearly dependent on terms in the solution to the corresponding complementary equation. If linearly
dependent terms exist in our preliminary choice of y,(¢), we must replace each term v(¢) with "'v(r) where m is the
smallest positive integer eliminating this linear dependence. To illustrate how this solution process works in more
detail, we will now consider a few example problems.

Example C.4. Find a particular solution of the differential equation
yTe) +4ye) +5y(r) = 512+ 31+ 8,

Solution. \We begin by considering the form of the function on the right-hand side of the given differential equation.
Since terms in r2, 1, and ¢° yield terms in #2, 11, and t° when substituted into the left-hand side of the given equation,
we deduce that a particular solution is of the form

yp(t) = apt? +ast +ao. (C.3)
Differentiating v, (¢), we obtain

yp(t) =2ast +ay and
yEﬁt) = 2ay.

Last Revised: January 11, 2012 Copyright €2012 Michael D. Adams



250 APPENDIX C. SOLUTION OF CONSTANT-COEFFICIENT LINEAR DIFFERENTIAL EQUATIONS

f) Yp(t)
cotcit+...+cpt" po+pit+...+ put"
Ceat peat

csinbt or

ccosbt psinbt + qcos bt

(cotcit+...+cut™)e™ (po+pit+...+ pnt")e™

(cotcat+...+cpt")cosbt or

(cotcit+...+cut")sinbt (po+ pit+ ...+ pat")cosbt + (qo + qit + ... + gut™) Sinbt
(co+c1t+...+cut™)e™ cosbr or

(co+c1t+...+cut")e™ sinbt (po+pit+ ...+ put™)e® cosbr + (qo + qit + . . . + qut™ ) e sinbt

Table C.1: Forms for particular solution.

Substituting y,(r) and its derivatives into the given differential equation yields

L 2 . 2
2ap +4[2ast +a1]+5 axt®+ait+ag =5t°+3t+8
[ 2k + 8aat + 4ay + 5apt® + 5axt + 5ag = 51 43¢ + 8
[_[Bas]t? + [8az + 5ai)t + [2ap + 4ay + 5ag) = 5t2 + 31 + 8.
Comparing the left- and right-hand sides of the above equation, we see that
Bap; =5,
8ay +5a1 =3, and
2as +4aq + 5ag = 8.

Solving this system of equations yields ag = 2, a; = —1, and a; = 1. Therefore, from (C.3), the given differential
equation has the particular solution

yp(t) =12 —1+42.

Example C.5. Find a particular solution of the differential equation

YRe) +4yHr) +5y(1) = €72

Solution. \We begin by considering the form of the function on the right-hand side of the given differential equation.
Since terms in ¢~ yield terms in e=% when substituted into the left-hand side of the equation, we deduce that the
particular solution y,() is of the form

yp(t) = ae™.

Differentiating y, (), we obtain
yp(t) =—2ae™® and
yID,JEt) =4ae™ 2.

Substituting y,(¢) and its derivatives into the given differential equation yields

| [ [ R
bae™® +4 —2ae™® 15 ae ¥ =%

4 e—Zz _ 8ae—2t + 5ae—2t _ e—2t
=2

Copyright €2012 Michael D. Adams Last Revised: January 11, 2012



C.5. GENERAL SOLUTION OF NONHOMOGENEOUS EQUATIONS 251

Comparing the left- and right-hand sides of the above equation, we have that a = 1. Therefore, the given differential
equation has the particular solution

yp(t) = e,

Example C.6. Find a particular solution of the differential equation

y™e) +4yHr) +5y(r) = sinz.

Solution. To begin, we examine the form of the function of the right-hand side of the given differential equation.
Since terms in sin¢ yield terms in sinz and cost when substituted into the left-hand side of the given equation, we
deduce that the particular solution y,(z) is of the form

yp(t) = a1cost+azsint.
Differentiating y, (), we obtain
yp(t) = —aysint +azcost  and
yplt) = —aycost —apsint.
Substituting y, () and its derivatives into the given differential equation yields
[—aj1 cost —aysint] 4+ 4[—aj sint + a c0st| + 5[aj €OSt + ap sint] = sint

[+a1 + 4ay + 5ai] cost + [—ay — 4ay + 5ap]sint = sint

[da; +4ap]cost + [4ay — 4aj]sint = sint.
Comparing the left- and right-hand sides of the above equation, we have that

4ay +4a, =0 and
dar —4a1 = 1.

Solving this system of equations yields a; = —% and a; = % Therefore, the given differential equation has the

particular solution

yp(t) = —§cost + Esins.

C.5 General Solution of Nonhomogeneous Equations

With every honhomogeneous constant-coefficient linear differential equation
al L u L
Yo 250 =Y a 20,
k=0 k=0
we can associate a homogeneous equation
N L]
Z by % y(t)=0
k=0
called the complementary equation. The complementary equation is formed by simply setting the function x(¢) (and
its derivatives) to zero in the original equation.
As it turns out, in order to find the solution of a nonhomogeneous equation, we must find a particular solution to

the given equation and also a general solution to its complementary equation. This process is more precisely specified
by the theorem below.
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Theorem C.2. A general solution of the linear differential equation
N . M .
Y b 250 = Y a2
k=0 k=0

has the form

() = ye(t) +yp(0),

where y.(t) is a general solution of the associated complementary equation and y,(t) is any particular solution of the
given equation.

Example C.7. Suppose that we have the differential equation
yRe) 4 2y51) + 2y(t) = —21 + 4.

(a) Find the general solution of this equation.
(b) Find the solution if y(0) = 1 and y{0) = 0.

Solution. (a) First, we need to find the general solution y.(r) of the corresponding complementary equation
Y +2y10) +2y(1) = 0.

This equation has the characteristic equation

s?2+25+2=0.
Solving for the roots of this equation, we have
2% 22-4(2)
o 2
=—1%]j.

Therefore, the characteristic equation has a pair of complex conjugate roots —1 =+ j, each root being of multiplicity 1.
From this, we know that the complementary equation has a general solution of the form

ye(t) = e”'[ay cost + by sint]. (C.4)

Now, we must find a particular solution y,(r) of the given differential equation. We consider the form of the
function on the right-hand side of the given equation. Since terms in ¢! and ¢° yield terms in #* and 7° when substituted
into the left-hand side of the equation, we deduce that y,(z) is of the form

yp(t) = c1t +co.
Differentiating y, (), we obtain
yp(t)=c1 and
y%'ﬁt) =0.
Substituting y,(¢) and its derivatives into the given differential equation yields

2c1+ 2[6‘12‘ + Co] =—=2t+4
|:[IC1]I + [261 + 260] =—=2t+4.

Comparing the left- and right-hand sides of the above equation, we have

2c1 =—2 and
2c1+ 2¢co = 4.
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Solving this system of equations yields c¢o = 3 and ¢; = —1. Therefore, the particular solution is given by
yp(t) =—1+3. (C.5)
Combining the results of (C.4) and (C.5), we conclude that the given equation has the general solution

y(1) = ye(t) +yp(t)
=e¢ " |ajcost +bysint] —t + 3.

(b) We compute the derivative of y() as
y{t) = —e'[ay cost + by sint] 4 e ' [—ay sint + by cost] — 1.
From the given initial conditions, we have

O=—a1+b1—1 and
l=a;+3.

Solving for a; and by yields a1 = —2 and b1 = —1. Therefore, we have

y(t) = e '[—2cost —sint] —t +3
= —e '[2cost +sint] — 1+ 3.

Example C.8. Suppose that we have the differential equation

yHe) +3yHe) +2y(r) = 7.

(a) Find the general solution of this equation.
(b) Determine the solution if y(0) = —1 and yX{0) = 1.

Solution. First, we need to find the general solution y.(r) of the corresponding complementary equation
Y1) +3y"e) +2y(1) =0,
This equation has the characteristic equation
s°+35+2=0
which can be factored as
(s+2)(s+1)=0.
Thus, the characteristic equation has roots at —2 and —1, each of multiplicity 1. From this, we can deduce that
ye(t) = are™ +aze” 2. (C.6)

Now, we need to find a particular solution y, () of the given differential equation. Since y.(r) contains a term with
e”', we deduce that y,(¢) is of the form

yp(t) =cte™.

Differentiating y, (), we obtain
Yo(t) =ce™ —cte™ and

yg%t) =—ce ' —cleT" —te”| = —2ce”" +cte™".
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Substituting y,(r) and its derivatives into the given differential equation yields

[—2ce™ +cte™ | +3[ce! —cte | +2cte ="
[ [F2c+3cle”" +[c—3c+2cte " =¢'
C & '=¢".

Comparing the left- and right-hand sides of this equation, we conclude ¢ = 1. Therefore, we have
yp(t) =te™". (C7

Combining the results from (C.6) and (C.7), we have

y(t) = ye(t) +yp(t)
=are” +aze ¥ +te.

(b) We compute the derivative of y(¢) as
Y1) = —are™ —2ae™% + e —te”!
From the given initial conditions, we have

l=—a1—2a,+1 and
—1l=a1+ay.

Solving for a; and a; yields

a1:—2
agil.

Therefore, we have that

y(t)=—2¢"+e ¥ fre.

Copyright €2012 Michael D. Adams Last Revised: January 11, 2012



C.6. PROBLEMS 255

C.6 Problems

C.1 Find the general solution to each of the following differential equations:
(a) 8y™r) +6y'{r) +y(r) = 0;
(b) y™1) 4+ 5y™r) + 17yr) + 13y(¢) = 0; [Hint: One root of the characteristic equation is —1.]; and
(c) yHr) +9yHr) 4 20y(¢) = 0;
(d) y™r) +2ye) +y(t) = 0.

C.2 Find a particular solution to each of the differential equations below. In each case, the solution y.(r) of the
corresponding complementary equation is given.
(@) y™r) +3yHr) 4 2y(¢) = 12 with y.(r) = cre™% + cpe™%;
(b) yHr) 4+ 3yHe) +2y(t) = e + 1 with y.(t) = cre™ +cpe™%;
(c) y™r) +4yHr) + Sy ) = e~ with y.(¢) = cre™ +cp¢™%; and
(d) yHe) +2yt) +y(¢) = sinz with y.(t) = coe™ +cyte™.

C.3 Suppose that we have the differential equation

dZ

d
= = 2y(1) =t +1.
dtzy(t) +3dty(t) +2y(t) =1+

(a) Find the general solution to this equation.
(b) Determine the solution in the case that y(0) = —1 and y{0) = —3

C.4 Suppose that we have the differential equation

L 15L 0 L6y(r) = 2073
a2’ dar’ =

(a) Find the general solution of this equation.
(b) Determine the solution in the case that y(0) = 0 and y{0) = 1.

C.5 Find the general solution to each of the following differential equations:
(@) yHr) +7y%r) +12y(r) = 6t2 5t +18;
(b) y™r) +7yr) +12y(1) =
() yHe) +4yHr) +8y(r) = 7, and
(d) y™r) +2yy) +5y(r) = 1+

C.7 MATLAB Problems

C.101 Use the dsolve function in MATLAB to solve each of the differential equations in Problem C.1.

C.102 Use the dsolve function in MATLAB to solve Problem C.4.
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Appendix D

Miscellaneous Information

D.1 Integrals

e C fornB -1
Injx|+C forn=-1

xX"'dx =

cosxdx = sinx+C
(|

sinxdx = —cosx+C
]

xe'dx=e"(x—1)+C
1
xe*dx = aize"x(ax -1)+C
1
x2e™dx = a%e“x(azxz —2ax+2)+C
1

¢ cosbxdx = & [acosbx + bsinbx]

a? 4 b2
- e*[asinbx —bcosbx|
P
e sinbxdx = 752
. a“+
xXC0Sxdx = cosx+xsinx+C
]

xSinxdx = sinx—xcosx+C
I ]
udv=uv— vdu

+C

+C

D.2 Derivatives

1 . du d
d I%I _ VI UL
dx v V2
i(uv) = u@ v@
d d dx
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d cos sin
— X = —SINx
dx

d sin cos
—_— X = X
dx

D.3 Arithmetic and Geometric Series

The sum of an arithmetic series is given by

nl _ n(2a+d(n—1))
kga(a—i—kd) =

The sum of a geometric series is given by

forr B 1.

n—1 n
P —

Z ark =a

k=0 r=

The sum of an infinite geometric series is given by

Zark:L for [r] < 1.
1—r
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Appendix E

MATLAB

E.1 Introduction

MATLAB is a software tool that is useful for solving a wide variety of problems arising in engineering appli-
cations. The MATLAB software is a product of a company called The MathWorks. Extensive information on
this software (including detailed guides and manuals) is available, free of charge, from the company’s web site
(http://www.mathworks.com). A number of helpful books on MATLAB are also available [1, 2]. In this appendix,
a reasonably detailed introduction to MATLAB is also provided.

E.2 Octave

Although MATLAB is very powerful, it is a commercial software product. Therefore, MATLAB is not free. Fortu-
nately, an open-source MATLAB-like software package is available called Octave. Octave is available for download
from its official web site http://www.octave.org. This software is included in several major Linux distributions
(e.g., Fedora Core and Red Hat). As well, Octave is also available for the Cygwin environment under Microsoft
Windows. (For more details about Cygwin, see http://www.cygwin.org.)

E.3 Invoking MATLAB

On most UNIX systems, the MATLAB software is started by invoking the matlab command.

E.3.1 UNIX
The MATLAB software is invoked using a command line of the form:
matlab [ options |

The matlab command supports a number of options including the following:

-helpor -h
Display information on MATLAB options.

-nodisplay
Disable all graphical output. The MATLAB desktop will not be started.

-nojvm

Disable all Java support by not starting the Java virtual machine. In particular, the MATLAB desktop will not
be started.

Last Revised: January 11, 2012 Copyright €2012 Michael D. Adams


http://www.mathworks.com
http://www.octave.org
http://www.cygwin.org

260 APPENDIX E. MATLAB

Table E.1: Keys for Command Line Editing
Key Action
Up arrow Recall previous line
Down arrow | Recall next line
Left arrow Move left one character
Right arrow | Move right one character

Home Move to beginning of line
End Move to end of line
Ctrl-C Cancel current line

-nodesktop
Disable the MATLAB desktop. Use the current terminal for commands.

-display displayname
Specify the X display to use for graphics output.

Like most UNIX programs, MATLAB uses the X Windows System for rendering graphics output. The DISPLAY
environment variable provides the default display setting for graphics output. If necessary, one can override the default
display setting by explicitly specifying the display to use via the -display option.

When running MATLAB remotely, it may be necessary to disable the desktop (with the -nodesktop option).
When the desktop is enabled, MATLAB tends to require an obscene amount of network bandwidth (much more than
what a standard DSL link can provide). With the desktop disabled, one should be able to use graphics functionality
when running MATLAB remotely without too much trouble with a standard high-speed Internet connection. (Forget
about using graphics functionality over a dialup link, however. The X Windows protocol requires far too much
bandwidth for that.)

E.3.2 Microsoft Windows

Unfortunately, the author has not used MATLAB under Microsoft Windows. So, he cannot comment on the specifics
of running MATLAB under this operating system.

E.4 Command Line Editor

In MATLAB, several keys are quite useful for editing purposes, as listed in Table E.1. For example, the arrow keys
can be used to perform editing in the usual way.

E.5 MATLAB Basics

Arguably, one of the most helpful commands in MATLAB is the help command. This command can be used to
obtain information on many of the operators, functions, and commands available in MATLAB. For example, to find
information on the help command, one can type:

help help

In a similar vein, the doc command can be used to obtain detailed documentation on many of the functions and
commands in MATLAB. For example, to display documentation on the doc command, one can type:

doc doc
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Table E.2: Predefined Variables
Variable | Description

pi b__

: V=i

i -1

nan not-a-number (NaN)

inf infinity

ans last expression evaluated that was
not assigned to variable

date date

clock wall clock

realmin | smallest usable positive real number
realmax | largest usable positive real number
bitmax | largest usable positive integer

Table E.3: Operators
Symbol | Description

+ addition

- subtraction

* multiplication
/ right division
\ left division

exponentiation

conjugate transpose
element-wise multiplication
S element-wise division

- element-wise exponentiation
transpose

%

E.5.1 Ildentifiers

Identifiers (i.e., variable/function names) are case sensitive and may consist of uppercase and lowercase letters, un-
derscores, and digits, but the first character cannot be a digit. Although an identifier can be arbitrarily long, only the
first n characters are significant, where n depends on the particular version of MATLAB being used. Any characters
after the first n are simply ignored. (The namelengthmax function can be used to find the precise value of n.) Several
variables are automatically predefined by MATLARB as listed in Table E.2. You can assign a new value to a predefined
variable, but its original value will be lost.

E.5.2 Basic Functionality

In MATLAB, comments begin with a percent sign character and continue to the end of line. Some of the operators
supported by MATLAB are listed in Table E.3. Some math functions provided by MATLAB are listed in Tables E.4,
E.5 E.6,E.7,and E.8. ,

Beware of the sinc function in MATLAB. In MATLAB, the sinc function is defined as sincx = % This is
different from the definition of the sinc function employed in this document.

Example E.1. Below are some examples of some very basic calculations done using MATLAB.

a=1[123;456;789] %3 x 3 array
b=1p[123
456
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Table E.4: Elementary Math Functions

Name

Description

abs
angle
imag
real
conj
round
fix
floor
ceil
sign
rem
mod

magnitude of complex humber
principal argument of complex number
imaginary part of complex number

real part of complex number

conjugate of complex number

round to nearest integer

round towards zero

round towards —eo

round towards oo

signum function

remainder (with same sign as dividend)
remainder (with same sign as divisor)

Table E.5: Other Math-Related Functions

Name

Description

min

max
mean

std
median
sum

prod
cumsum
cumprod
polyval
cart2pol
pol2cart

minimum value

maximum value

mean value

standard deviation

median value

sum of elements

product of elements

cumulative sum of elements

cumulative product of elements

evaluate polynomial

Cartesian-to-polar coordinate conversion
polar-to-Cartesian coordinate conversion

Table E.6: Exponential and Logarithmic Functions

Name | Description

exp exponential function

log natural logarithmic function
log10 | base-10 logarithmic function
sgrt | square root function

Table E.7: Trigonometric Functions

Name

Description

sin
cos
tan
asin
acos
atan
atan2

sine function

cosine function

tangent function

arcsine function

arccosine function

arctangent function

two-argument form of arctangent function
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Table E.8: Radix Conversion Functions
Name Description

dec2bin | convert decimal to binary
bin2dec | convert binary to decimal
dec2hex | convert decimal to hexadecimal
hex2dec | convert hexadecimal to decimal
dec2base | convert decimal to arbitrary radix
base2dec | convert arbitrary radix to decimal

78 9] ¢ 3 x 3 array

a b

x = [1; 3; -1] % 3-dimensional column vector
y =X .*x+3*x+ 2

y = a*Xx

t = 5;

s=t " 2+3*t-7;

3+ 4 * j; % complex number in Cartesian form
20 * exp(J * 10); % complex number in polar form

N N

O

The disp function prints a single string. For example, the following code fragment prints “Hello, world” (followed
by a newline character):

disp(’Hello, world”);

The sprintf function provides very sophisticated string formatting capabilities, and is often useful in conjunction
with the disp function. The use of the sprintf function is illustrated by the following code fragment:

name = ”Jane Doe’;

id = 7060209977 ;

mark = 91.345678912;

disp(sprintf(’The student %s (ID %s) received a grade of %4.2f%%.~,
name, id, mark));

The sprintf function is very similar in spirit to the function of the same name used in the C programming language.

E.6 Arrays

Frequently, it is necessary to determine the dimensions of an array (i.e., matrix or vector). For this purpose, MATLAB
provides two very useful functions as listed in Table E.9. The function size can be used to determine the number of
rows and/or columns in an array:

» size(a) returns a row vector with the number of rows and columns in a as elements (in that order);
e size(a, 1) returns the number of rows in a; and
« size(a, 2) returnsthe number of columns in a.

The function Iength is used to find the maximum of the two array dimensions. That is, length(@) is equivalent to
max(size(a)). Usually, the length function is used in conjunction with arrays that are known to be row/column
vectors.

Example E.2. Suppose thata = [1 2 3 4; 5 6 7 8]. Then, size(a) returns [2 4], size(a, 1) returns 2,
size(a, 2) returns 4, and length(a) returns 4. O
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Table E.9: Array Size Functions
Name Description
size query array dimensions
length | query vector/array dimension

E.6.1 Arrays with Equally-Spaced Elements

Often, it is necessary to specify a vector with equally-spaced elements. As a result, MATLAB provides a compact
means for specifying such a vector. In particular, an expression of the following form is employed:

start . step : end

The above expression is equivalent to a row vector with its first element equal to start and each of the subsequent
elements increasing in value by step until the value would exceed end. Note that step may be negative.

Example E.3. Here, we give some examples of abbreviated forms of vectors.

Abbreviated Form | Long Form

1:4 [1234]
0:02:1 [0 0.2 0.4 0.6 0.8 1]
1:-1:-2 [10-1-2]
0:10:25 [0 10 20]
-15:-1: -4 | [-1.5-2.5 -3.5]

E.6.2 Array Subscripting

Suppose that we have an array a. We can access elements of the array by specifying the rows and columns in which
the elements are contained. In particular, a(rowspec, colspec) is the array consisting of the elements of a that are
in the rows specified by rowspec and columns specified by colspec. Here, rowspec is either a vector containing row
indices or the special value “:” which means “all rows”. Similarly, colspec is either a vector containing column
indices or the special value “:” which means “all columns”. We can also access elements of the array a by specifying
a 1-dimensional element index, where elements in the array are numbered in column-major order. That is, a(indspec)
is the vector of elements of a that have the indices specified by indspec. Here, indspec is either a vector containing

element indices or the special value “:” which means “all elements”.

Example E.4. Suppose that a is a 10 < 10 matrix and x is 10 x< 1 vector. Then, we have the results listed in the table
below.

Expression Meaning

a(1, :) first row of a

a(:, 1) first column of a

a(l : 50) first 50 elements of a arranged in a row vector

a(l : 10) first 10 elements of a arranged in a row vector (i.e., the

first column of a)

a(l - 2 - 10, :) | odd-indexed rows of a

a(:, 2 : 2 : 10) | even-indexed columns of a

a(l : 5, 1) rows 1to5ofa

a(:, 6 : 10) columns 6to 10 of a

a(l : 2, 9 : 10) | submatrix consisting of elements that are in rows 1,2
and also in columns 9,10

x(1 : 3) first three elements of x (arranged as a row or column
vector to match x)

O
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Table E.10: Special Matrix/Vector Functions

Name Description

eye identity matrix

ones matrix of ones

zeros matrix of zeros

diag diagonal matrix

rand random matrix

linspace | vector with linearly spaced elements
logspace | vector with logarithmically spaced elements

Table E.11: Basic Array Manipulation Functions
Name Description

rot90 rotate array by 90 degrees
fliplr | flip array horizontally
flipud | flip array vertically
reshape | change array dimensions

E.6.3 Other Array Functions

Certain types of matrices tend to be used frequently in code. For this reason, MATLAB provides functions for
generating some common forms of matrices. These functions are listed in Table E.10.
MATLAB provides functions for performing some common operations to matrices. These are listed in Table E.11.

E.7 Scripts

Instead of interactively entering MATLAB code for immediate execution, code can be placed in a file and then ex-
ecuted. Normally, MATLAB code is placed in what are called M-files. The term “M file” originates from the fact
that these files use a name ending in the suffix “.m”. To create an M-file script, one simply creates a file with a name
ending in the suffix “.m”. Then, the code in the M-file can be invoked by using a command with the same name as
the M-file but without the “.m” extension. For reasons that will become apparent shortly, the base name of the M-file
(i.e., the name without the “.m” extension) must be a valid MATLAB identifier. For example, 2foobar.m is not a
valid M-file name since “2foobar” is not a valid MATLAB identifier. (Recall that MATLAB identifiers cannot start
with a digit such as “2”.) Also, in order for MATLAB to find an M-file, the file must be in one of the directories listed
in the MATLAB search path. We will explain how to query and change the MATLAB search path later in this section.
Before doing so, however, we provide a few examples of M-file scripts below.

Example E.5. Suppose that we have an M-file script called hello.m with the following contents:

o)

% Print a greeting.
disp(’Hello, World.”);

Then, the code in this file can be executed by simply typing the following in MATLAB:
hello

That is, we invoke the code in the M-file by using the base name of the file. (It is tacitly assumed that the file hello.m
has been placed in one of the directories listed in the MATLAB search path.) O

Example E.6. In order to save some typing, we can create a file called main.m containing the following:

a=1
0.9501 0.8913 0.8214 0.9218;
0.2311 0.7621 0.4447 0.7382;
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0.6068 0.4565 0.6154 0.1763;
0.4860 0.0185 0.7919 0.4057;

1;

y0o = a * [1 23 4]."
yl = a * [-1 2.5 3 4]."
y3 = a * [41 -22 3 4].°

Then, to invoke the code in the above file, we simply type the following in our MATLAB session:
main

(Again, it is tacitly assumed that the file main.m has been placed in one of the directories listed in the MATLAB
search path.) O

Generally, one should avoid giving a script file a name that is associated with a previously defined variable or
function, as this leads to the potential for naming conflicts. For example, it would be a bad idea to name a script file
as sin.m, since the sin function is already builtin to MATLAB.

Clearly, MATLAB needs a means to locate M-file scripts, since there are usually many directories in which a user
might choose to place a script. For this purpose, the MATLAB search path is used. The MATLAB search path is a list
of directories in which MATLAB looks for M-files. In order for the code in an M-file to be successfully located by
MATLAB and executed, the M-file must be stored in a directory listed in the MATLAB search path. The MATLAB
search path can be queried with the path command:

path

This command will output all of the directories in the MATLAB search path (i.e., all of the directories in which
MATLAB will look for M-file scripts).
A new directory can be added to the MATLAB search path with the addpath command:

addpath dirname

This adds the directory dirname to the MATLAB search path.

A few other commands are also sometimes useful in the context of M-file scripts. These commands are described
below.

The working directory for MATLAB can be changed using the cd command:

cd dirname

The working directory is changed to the directory named dirname.
The current working directory can be queried with the pwd command:

pwd
This command will display the current working directory.

E.8 Relational and Logical Operators

The relational and logical operators provided by MATLAB are listed in Tables E.12 and E.13, respectively. Some
functions that are also quite useful in relational and logical expressions are listed in Table E.14. As far as boolean
expressions are concerned, MATLAB considers any nonzero number to be true and zero to be false.

Example E.7. Supposethata = [1 2 3 4 5]andb = [5 4 3 2 1]. Then, we have that

Expression Value

a>b [00011]
a == [00100]
a<hb [11000]
a>2¢&a<=3|[01100]
a<2]a>4 [1000 1]
"a [000O0O0]

Copyright €2012 Michael D. Adams Last Revised: January 11, 2012



E.8. RELATIONAL AND LOGICAL OPERATORS 267

Table E.12: Relational Operators

Symbol | Description

< less than

<= less than or equal

> greater than

>= greater than or equal
== equal

= not equal

Table E.13: Logical Operators

Symbol | Description
& and

| or

- not

Table E.14: Relational and Logical Functions

Name Description

any any element nonzero
all all elements nonzero
find find nonzero elements
exist check if variables exist
isnan detect NaNs

finite | detect infinities
isempty | detect empty matrices
isstr detect strings

strcmp | compare strings

O

Example E.8. The following code fragment illustrates how one might use some of the relational/logical functions
such as all, any, and find.

a=1]J123; 456; 78 9];
if all(a > 0)

disp(’All matrix elements are positive.”);
end
if all(a < 0)

disp(’All matrix elements are negative.’);
end
if Tany(a == 0)

disp(’All matrix elements are nonzero.”);
end
if all(real(a) == a)

disp(’All matrix elements are real.”);
end
i = find(a >= 8);
disp(’The following matrix elements are greater than or equal to 8:7);
disp(a(i));

O
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Table E.15: Operator Precedence
Operators Precedence Level
O highest

| lowest
Unary + and - have higher precedence than the binary forms.
In older versions of MATLAB, & and | have the same precedence.

E.9 Operator Precedence

The operator precedence is shown in Table E.15.

E.10 Control Flow

In the sections that follow, we introduce the conditional execution and looping constructs available in MATLAB.

E.10.1 If-Elseif-Else

The i F-elseif-else construct allows groups of statements to be conditionally executed, and has a nhumber of
variants. The simplest variant (i.e., the i f variant) has the form:

if expression
statements
end

If the expression expression is true, then the statements statements are executed. The next simplest variant (i.e., the
i F-else variant) has the form:

if expression;
Statementsy
else
statementsy
end

If the expression expressiony is true, then the statements statements; are executed. Otherwise, the statements statementss
are executed. Finally, the most general variant has the form:

if expression
statements

elseif expression
Statementsy

elseifT expression,—1
statements,—1
else
statements,,
end
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Note that the elsei T and el se clauses are optional.

Example E.9. The code fragment below provides a simple example of the use of an i F-elseif-else construct.
The code tests the sign of the variable x and prints an appropriate message.

if x>0
disp(’x is positive’);
elseif x <0
disp(’x is negative’);
else
disp(’x is neither positive nor negative’);
end

E.10.2 Switch

The switch construct provides another means to conditionally execute groups of statements. The general form of
this construct is as follows:

switch expression

case fest_expressiony
Statements

case fest_expressiony
statements;

case fest_expression,—1
statements,—1

otherwise
statementsy,

end

The switch expression expression is compared to each of the test expressions fest_expressiony, test_expressiony, ...,
test_expression,—1 in order. The first test expression, say test_expressiony, matching the expression expression has its
corresponding statements statements;, executed. If none of the test expressions match the switch expression and an
otherwise clause is present, the statements statements,, in this clause are executed. The switch expression must be
either a scalar or string.

Example E.10. The code fragment below examines the real variable n and prints some information concerning its
value.

n =>5;
switch mod(n, 2)
case 0

disp(’number is even integer’);
case 1

disp(’number is odd integer’”);
case {0.5, 1.5}

disp(’number is half integer’);
otherwise

disp(’number is not an integer’);
end

Example E.11. The code fragment below converts a mass specified in a variety of units to kilograms.
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X = 100; % input mass

units = ’lb’; % units for input mass
switch units
case {’Q9’}

y = 0.001 * x;
case {’kg’}
y = X5
case {’Ib’}
y = 0.4536 * x;
otherwise
error (Cunknown units”);
end
disp(sprintf("%f %s converts to %f kg”’, X, units, y));

E.10.3 For

The For construct allows a group of statements to be repeated a fixed number of times. This construct has the general
form:

for variable = array
statements
end

The statements statements are executed once for each value in the array array, where the variable variable is set to
the corresponding array value each time.

Example E.12 (Degree to radian conversion). The following code fragment outputs a table for converting angles from
units of degrees to radians.

disp(’Degrees Radians’);
for theta_degrees = -5 : 0.5 : 5

theta_radians = theta_degrees * pi / 180;

disp(sprintf("%7.1f %7.4f, theta_degrees, theta_radians));
end

O

Example E.13. The code fragment below applies a linear transformation (represented by the matrix a) to each column
of the matrix [0 2 4 6; 1 3 5 7].

a=1]10;1 -1];

for v = [0 2 46; 1357]
disp(a * v);

end

E.10.4 While

The whi e construct allows a group of statements to be executed an indefinite number of times. This construct has
the form:

while expression
statements
end
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The statements sratements are executed repeatedly as long as the condition expression is true.

Example E.14. In the code fragment below, we compute the smallest machine-representable positive real number
that, when added to one, is still greater than one. (Due to finite-precision effects, there is a lower bound on this
quantity.) This quantity is essentially the builtin eps variable in MATLAB.

epsilon = 1;

while (1 + epsilon /7 2) > 1
epsilon = epsilon / 2;

end

disp(epsilon);

E.10.5 Break and Continue

Sometimes, it may necessary to prematurely break out of a loop or prematurely continue with its next iteration. This
is accomplished via break and continue.

Example E.15. The two code fragments given below are equivalent. The first one employs a break statement, while
the other does not.

% Code fragment 1
done = 0;

break % Terminate (i.e., break out of) loop.
end
Do something here.
If we are finished, set done to one.

% Code fragment 2

done = 0;

whille “done

% Do something here.

% If we are finished, set done to one.

Example E.16. The code fragment below gives an example of the use of the continue statement.

a=1]10320];
for i = a
ifi==
% Skip over the processing of a zero element in the array.
continue
end

)

% Process the nonzero array element.
disp(i);
end

The above code will print only the nonzero elements of the array a. O
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E.11 Functions

MATLAB supports user-defined functions. To create a user-defined function, the code for the function is placed in an
M-file. In this sense, user-defined functions are very similar to script files. For this reason, most of the material on
script files in Section E.7 is also applicable here. There is, however, one key difference between a script and function
file. A function file must include a function directive (whereas a script file must not). This directive is primarily
used to indicate the number of input and output arguments for a function.

The first (non-comment) line in function file must contain the Function directive. This directive has the form:

function [ argouty, argouts, ..., argout, | = funcname(arginy, arginy, ..., arging,)

This indicates that the function has the name funcname, the m input arguments argini, arging, ..., argin,, and n
output arguments argouty, argouty, ..., argout,. The function name funcname should always be the same as the base
name of the file in which the function is stored (i.e., the file name without the “.m” suffix). Immediately following the
line containing the Function directive, one should provide comments to be printed in response to a help inquiry
for the function. The code in a function file executes until either the end of file is reached or a return statement is
encountered.

In MATLARB all input arguments to a function are passed by value. For this reason, changes to the input arguments
made inside of a function will not propagate to the caller. Also, any variables accessed/manipulated inside of a function
are local in scope to that function.

Example E.17 (Sinc function). Unfortunately, the sinc function provided by MATLARB is not quite the same as the
sinc function as defined in these notes. Here, we define a function mysinc that is compatible with the definition herein.

function y = mysinc(x)

mysinc - Compute the sinc function (as defined in these notes)
mysinc(x) returns a matrix whose elements are the sinc of the
elements of x

oo oo oo

oo

Initialize the output array to all ones.

= ones(size(x));

Determine the indices of all nonzero elements in the input array.
= find(x);

Compute the sinc function for all nonzero elements.

The zero elements are already covered, since the output

array was initialized to all ones above.

y(i) = sin(x(i)) ./ (x(i));

return

oo oo oo i oo ‘<

The command help mysinc will result in MATLAB printing the first block of comments from the above function
file. O

Example E.18 (Factorial function). The contents of the file named myfactorial .m is as follows:

function y = myfactorial (x)
% myfactorial - compute factorial

y = 1;
forn =2 : x

y =y *n;
end

return

The above code is invoked by calling the myfactorial function. For example, myfactorial (4) returns the value
24, O
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Table E.16: Special Predefined Function Variables
Name Description

nargin number of input arguments
nargout number of output arguments
varargin | variable-length input argument
varargout | variable-length output argument

In MATLAB, functions may take a variable number of input arguments and may return a variable number of output
arguments. In order for a function to determine the number of input and output arguments and access these arguments,
several variables are automatically defined upon entry to a function. These variables are listed in Table E.16. In what
follows, we give some examples of functions that take a variable number of input arguments.

Example E.19 (Function with variable number of input arguments). The contents of the file named mysum.m is as
follows:

function y = mysum(a, b, ¢)

% mysum - calculate the sum (of one to three quantities)
if nargin ==

% function called with one argument

y = a;

elseif nargin ==
% function called with two arguments

= a + b;

elseif nargin ==
% function called with three arguments
y =a+b+c;

<

error(’invalid number of arguments?);
end
return

The above code is invoked by calling the mysum function. For example, mysum(1) returns the value 1, mysum(1, 2)
returns the value 3, and mysum(1, 2, 3) returns the value 6. O

Perhaps, we would like to write a function similar to the one in the previous example, except we would like to be
able to handle an arbitrary number of input arguments (possibly many more than three). This can be accomplished by
using the special predefined varargin variable.

Example E.20 (Variable number of input arguments). Suppose that we would like to write a function that returns the
sum of its input arguments, but allows the number of input arguments to be arbitrary. We can achieve this functionality
with the following code:

function y = mysum2(varargin)

o

% mysum2 - Compute the sum of the input arguments

if nargin ==
y = [1;
return
end

y varargin{l};
for 1 = 2 : nargin

y =y + varargin{i};
end
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Table E.17: Basic Plotting Functions
Name Description
plot linear x-y plot
loglog log log x-y plot
semilogx | semi-log x-y plot (x-axis logarithmic)
semilogy | semi-log x-y plot (y-axis logarithmic)

polar polar plot
bar bar chart
stem stem plot

pcolor pseudocolor (checkerboard) plot

Table E.18: Other Graphing Functions/Commands

Name Description
axis control axis scaling and appearance
hold hold current plot

subplot | multiple axes in single figure
figure | create figure

Table E.21: Marker Styles

Symbol | Marker Style
Table E.20: Line Colors ) p_omt
Symbol | Line Color 0 circle
Table E.19: Line Styles b blue X cross
Symbol | Line Style g green : plus sign
- solid r red asterisk
: dotted c cyan S square
-. dash dot m magenta d diamond
- dashed y yellow Y tr!angle (down)
k black triangle (up)
W white < triangle (left)
> triangle (right)
p pentagram
h hexagram
return

The above code is invoked by calling the mysum2 function. For example, mysum2 (1) returns the value 1, mysum2(1, 2, 3)
returns the value 6, and mysum2(1, 1, 1, 1, 1, 1, 1, 1) returns the value 8. O

E.12 Graphing

MATLAB has a very rich set of graphing capabilities. Herein, we will try to illustrate some of these capabilities by
way of examples.

Some of the basic plotting functions are listed in Table E.17 and several other graphing-related functions/com-
mands are given in Table E.18.

When generating plots, it is sometimes desirable to be able to specify line styles, line colors, and marker styles.
The supported line styles, line colors, and marker styles are listed in Tables E.19, E.20, and E.21, respectively.

Example E.21 (Simple plot). Suppose that we want to plot the function sinz for z in the interval [—4x,4x]. This can
be accomplished with the following code:
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Figure E.1: Plot from example.

Table E.22: Graph Annotation Functions
Name Description

title | graph title

xlabel | x-axis label

ylabel | y-axis label

grid grid lines

text arbitrarily-positioned text
gtext | mouse-positioned text

t = linspace(-4 * pi, 4 * pi, 500);
y = sin(t);
plot(t, y);

The resulting plot is shown in Figure E.1. O

Often, we need to add annotations to plots (e.g., a title, axis labels, etc.). This is accomplished using the functions
listed in Table E.22. Sometimes, we wish to use special symbols (such as Greek letters) in annotations. Fortunately,
numerous symbols are available in MATLAB as listed in Table E.23.

Example E.22 (Annotated plot). Here, we plot the function a(w) = ||?sin . Special symbols are used in the axis
labels (in order to display Greek letters).

w = linspace(-10 * pi, 10 * pi, 500);

a = abs(w) .7 2 _.* sin(w);

plot(w, a);

xlabel (*\omega’);

ylabel (’\alpha?);

title(CPlot of \alpha versus \omega’);

The resulting plot is shown in Figure E.2. O

Example E.23 (Multiple plots on single axes). Suppose that we want to plot both sins and cost on the same axes for
¢ in the interval [—2m, 2x]. This can be accomplished with the following code:
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Table E.23: Special Symbols for Annotation Text

String

Symbol

\alpha
\beta

\delta
\gamma
\omega
\theta
\Delta
\Omega

DD>DER OI®R

Plot of o versus o

-30 -20 -10

Figure E.2: Plot from example.
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Figure E.3: Plot from example.

t = linspace(-2 * pi, 2 * pi, 500);

plot(t, sin(t), ’:7); % plot using dotted line

hold on & cause the second plot not to erase the first
plot(t, cos(t), ’-’); % plot using solid line

hold off % allow the next plot to erase previous plots

The resulting plot is shown in Figure E.3. O

Example E.24 (Multiple axes on same figure). We would like to plot the functions cos¢, sint, arccost, and arcsin¢
using four separate plots on the same figure. This can be done as follows:

t = linspace(-pi, pi, 500);

subplot(2, 2, 1); % select first subplot in 2-by-2 layout
plot(t, cos(t));

title(Ccos(t)?)

subplot(2, 2, 2); % select second subplot in 2-by-2 layout
plot(t, sin(t));

title(’sin(t)’);

t = linspace(-1, 1, 500);

subplot(2, 2, 3); % select third subplot in 2-by-2 layout
plot(t, acos(t));

title("acos(t)”’)

subplot(2, 2, 4); % select fourth subplot in 2-by-2 layout
plot(t, asin(t));

title(CCasin(t)’)

The resulting graphs are shown in Figure E.4. O

E.13 Printing

To print copies of figures, the print command is employed. This command has various forms, but one of the simplest
is as follows:
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cos(t) sin(t)
1 1
0.5 0.5
0 0
-0.5 -0.5
- -1
i 2 0 2 4 —4 2 0 2 4
acosi(t) asin(t)
3.5 2
3
25 !
2
0
1.5
1 -
0.5
0 -2
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Figure E.4: Plot from example.

print -ddevice filename

Here, device specifies the output format and filename is the name of the file in which to save the output. For example,
for a PostScript printer, the ps format should be used. For more details on additional options, type help print.

E.14 Symbolic Math Toolbox

Symbolic computation is sometimes quite helpful in solving engineering problems. For example, a very complicated
formula or equation involving several variables might need to be simplified without assuming specific values for the
variables in the formula/equation. The Symbolic Math Toolbox provides MATLAB with such symbolic computation
capabilities.

E.14.1 Symbolic Objects

The Symbolic Math Toolbox defines a new data type called a symbolic object. The toolbox uses symbolic objects to
represent symbolic variables and expressions. In essence, a symbolic object can have as its value any valid mathemat-
ical expression.

Symbolic objects can be used in many of the same ways as non-symbolic objects. One must, however, keep in
mind that performing a computation symbolically is quite different than performing it non-symbolically. Generally
speaking, symbolic computation is much slower than non-symbolic computation.

E.14.2 Creating Symbolic Objects

A symbolic object is created using either the sym function or syms directive. For example, a symbolic object f with
the value ax? 4 bx + ¢ is created as follows:

f=sym(Ca*x "~ 2+ b*x+c’);
Sometimes, it is necessary to create one or more symbolic objects, each with its value equal to its name. Obviously,
this can be accomplished with the sym function. For example, we can write:
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x = sym(’x7);
y = sym(C’y’);
z =sym(’z’);

This common construct, however, has an abbreviated form. Instead of writing the above lines of code, we can simply
say:

syms X y z;

E.14.3 Manipulating Symbolic Objects
Symbolic objects can often be used in the same way as non-symbolic objects. For example, we can do things like:

f=sym(Ct + 17);
go f~3-2*f - 21;
gl cos(f) * sin(f / 3);

Symbolic objects are quite distinctive from other types of objects in MATLAB. For example, the following two
lines of code have very different effects:

X
X

pi;
sym(’pi’);

It is important to understand the difference in what these two lines of code do.
To substitute some expression/variable for another variable, use the subs function. For example, to substitute 41
for ¢ in the expression 72, we can use the following code:

L
9

sym(’t T 27);
subs(f, "t’, "t + 17)

To factor a symbolic expression, use the factor function. For example, suppose that we want to factor the
polynomial 12 + 3¢ 4 2. This could be accomplished with the following code:

f
9

After executing the preceding code, g is associated with the expression (r —1)(r —2). Note that the factor function
will only produce factors with real roots.

To simplify a symbolic expression, use the simplify function. For example, suppose that we want to substitute
2t 4 1 for 1 in the expression > — 1 and simplify the result. This can be accomplished with the following code:

L
9

sym(’t T 2 + 3 *t+ 27);
factor (f)

sym(’t T 2 - 17);
simplify(subs(f, "t’, 72 * t + 17))

To expand an expression, use the expand function. For example, to compute (r 4 1)*°, we can use the following
code:

f
g

sym(”(t+1)7107);
expand (f)

To display an expression in a human-friendly format, use the pretty function. For example, to compute %tz +
%(z‘ + 1)~ in an expanded and beautified format, type:

f = sym(C’((1/2) * t72 + (1/3) * (t+1))"(-4)7);
pretty(expand(f))
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Table E.24: Functions related to signal processing
Name Description
besself | Bessel analog filter design
bode bode plot
butter | Butterworth analog/digital filter design
fregs frequency response of analog filter
impulse | compute impulse response

Isim simulate system
step compute step response
tf generate system model from transfer function coefficients

Example E.25 (Sum of arithmetic series). Consider a sum of the form

S(a,d,n) = Zi::(a—i—kd)

(i.e., the sum of an arithmetic series). Suppose that we did not happen to know that this sum can be calculated as
S(a,d,n) = 3n(2a+d(n—1)).
We could determine a general formula for the sum using the following code:

f =sym(Ca + k *d”);
simple(symsum(f, ’k’, ’0”, ’n - 17))

The code yields the result 1/2*n*(2*a+d*n-d). Clearly, this result is equivalent to the known expression for S(a, d, n)
given above. O

E.14.4 Plotting Symbolic Expressions

To plot a symbolic expression in one variable, use the ezplot function. For example, to plot the function f(r) =
3% — 4t + 2, we can use the following code:

F=sym(’3 *t "~ 2 -4*1t+2%);
ezplot(f);

The range of the independent variable may optionally be specified. For example, to plot the expression with z in the
interval [—1,1], type:

ezplot(f, [-1 1]);

E.15 Signal Processing

MATLAB provides many functions that are helpful in the analysis of signals and systems. Some of the more useful
functions are listed in Table E.24. In what follows, we provide several examples of how some of these functions can
be used.

E.15.1 Frequency Responses

In signal processing, we often need to evaluate the frequency responses of LTI systems. Usually such systems have a
frequency response that is rational. That is, the frequency response Hr () is of the form

M=1 ., ok
k=0 %@

Hp(0) = =5
ivzol Brw*
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where o and B are complex constants. Fortunately, a function of this form can be evaluated quite easily in MATLAB
using the polyval function.

Often, it is more convenient to characterize a LTI system by its transfer function rather than its frequency response.
Most systems of interest have a transfer function that is rational. That is, the transfer function Hyr(s) is of the form

Lo arst
HTF (S) = — ’

22\7:01 bksk
where a; and b, are complex constants. Although we could compute the frequency response by using polyval to
evaluate the transfer function at points on the imaginary axis, there is an easier way to accomplish this task. In
particular, we can simply use the freqs function provided by MATLAB.

Example E.26 (Computing and plotting frequency responses with fregs). Consider the LTI system with transfer
function H(s), where

H(s) = — .
(5) 24+ 2s+1

(This system is a second-order Butterworth lowpass filter with a cutoff frequency of 1 rad/s.) Suppose that we would

like to evaluate the frequency response at various values of . This is equivalent to evaluating the transfer function

H(s) at points on the imaginary axis. To this end, we can employ the fregs function in MATLAB. More specifically,

we can calculate and plot the magnitude and phase responses of the above system with the code given below.

Initialize the numerator and denominator coefficients of the transfer

oo o

function.
tfnum = [0 0 17;
tfdenom = [1 sqrt(2) 1];

% Plot the magnitude and phase responses.

freqs(tfnum, tfdenom, linspace(0, 2, 500));
O

Example E.27 (Plotting frequency responses). Suppose that we would like to have a function that behaves in a similar
way to the MATLAB fregs function, but with a few differences in how plotting is performed. In particular, we would
like the plots generated with the magnitude response as a unitless quantity and the phase response in unwrapped form.
This can be accomplished with the code given below.

function [freqresp, omega] = myfreqs(tfnum, tfdenom, omega)

The myfreqs function has essentially the same interface as the MATLAB fregs
function, but performs plotting slightly differently.

The magnitude response 1is plotted as a unitless quantity (not in decibels).
The phase response is plotted with the phase unwrapped.

oo oo oo oo

If the frequencies have been specified as an input argument, then simply
pass them through to the real fregs function.
f nargin >= 3
[freqresp, omega]

=i oo oo

fregs(tfnum, tfdenom, omega);
else

[freqresp, omega] = freqs(tfnum, tfdenom);
end

% If no output arguments were specified, plot the frequency response.
if nargout ==
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% Compute the magnitude response as a unitless quantity.
magresp = abs(freqresp);

% Compute the phase response with the phase unwrapped.
phaseresp = unwrap(angle(freqresp));

% On the first of two graphs, plot the magnitude response.
subplot(2, 1, 1);

plot(omega, magresp);

title("Magnitude Response’);

xlabel (’Frequency (rad/s)’);

ylabel (’Magnitude (unitless)’);

% On the second of two graphs, plot the phase response.
subplot(2, 1, 2);

plot(omega, phaseresp);

title(’Phase Response?”);

xlabel (’Frequency (rad/s)’);

ylabel (’Angle (rad)’);

end

E.15.2 Impulse and Step Responses

Sometimes, we need to determine the response of a LTI system to a specific input. Two inputs of particular interest
are the Dirac delta function 6(¢) and unit-step function u(¢). Fortunately, it is quite easy to compute impulse and step
responses, as illustrated by the example below.

Example E.28 (Computing impulse and step responses). Consider the LTI system with the transfer function

H(s) = — .

) 2+ 2541

Suppose that we wish to calculate and plot the impulse and step responses of this system. This can be accomplished
with the code given below.

Initialize the numerator and denominator coefficients of the transfer
function.

tfnum = [0 0 1];

tfdenom = [1 sqrt(2) 1];

oo ol

% Determine the system model associated with the given transfer function.

sys = tf(tfnum, tfdenom);

Q

% Plot the impulse response.
subplot(2, 1, 1);
impulse(sys);

o)

% Plot the step response.
subplot(2, 1, 2);
step(sys);
Executing the above code produces the plots shown in Figure E.5. O
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Figure E.5: Plot from example.

E.15.3 Filter Design

Example E.29 (Butterworth filter design). Suppose that we want to design a tenth-order Butterworth lowpass filter
with a cutoff frequency of 100 rad/s. We can accomplish this using the code below.

% Calculate the transfer function coefficients for a tenth-order Butterworth
% lowpass filter with a cutoff frequency of 100 rad/s.
[tfnum, tfdenom] = butter (10, 100, ’s’);

[}

% Plot the frequency response of the filter.
freqs(tfnum, tfdenom);

This generates a filter with the frequency response shown in Figure E.6. O

Example E.30 (Bessel filter design). Suppose that we want to design a tenth-order Bessel lowpass filter with a cutoff
frequency of 100 rad/s. We can achieve this with the code given below.

% Calculate the transfer function coefficients for a tenth-order Bessel
% lowpass filter with a cutoff frequency of 100 rad/s.
[tfnum, tfdenom] = besself (10, 100);

Q

% Plot the frequency response of the filter.
freqs(tfnum, tfdenom);

This generates a filter with the frequency response shown in Figure E.7. O

E.16 Miscellany

Some other functions that might be useful are listed in Table E.25.

Last Revised: January 11, 2012 Copyright €2012 Michael D. Adams



284

APPENDIX E. MATLAB

Magnitude
35
T

10° 10
Frequency (rad/s)

Phase (degrees)
o

-100

-200

10

102 3

Frequency (rad/s)

Figure E.6: Frequency response of the Butterworth lowpass filter.
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Figure E.7: Frequency response of the Bessel lowpass filter.
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Table E.25: Miscellaneous Functions/Commands

Name

Description

roots
clear
diary
echo
quit
format

find roots of polynomial

clear a variable

log MATLAB session

echo commands on execution (for debugging)
quit MATLAB

output format for numbers

Copyright €2012 Michael D. Adams
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E.17 Problems

E.101

E.102

E.103

E.104

Indicate whether each of the following is a valid MATLAB identifier (i.e., variable/function name):
(a) 4ever

(b) $rich$

(c) foobar

(d) foo_bar

(e) _foobar

Let T¢, Tr, and Tx denote the temperature measured in units of Celsius, Fahrenheit, and Kelvin, respectively.
Then, these quantities are related by

Tr = 2Tc+32 and
Ty = Te + 273.15.

Write a program that generates a temperature conversion table. The first column of the table should contain the
temperature in Celsius. The second and third columns should contain the corresponding temperatures in units
of Fahrenheit and Kelvin, respectively. The table should have entries for temperatures in Celsius from —50 to
50 in steps of 10.

Let F(w) denote the complex-valued function of the real variable @ given by

1
Cjo+1

F(o)

Write a program to plot |F(®)| and arg F (w) for e in the interval [—10,10]. Use subplot to place both plots
on the same figure.

In what follows, we consider a simple algorithm for generating a set of 2 points in the complex plane (where
d is a positive integer). For n =0,1,...,2¢ — 1, this algorithm computes the nth point p, as

d—1

Pn= Z akﬁk+l.

k=0

where B = J—ie—f”/“, ar 30,1}, and n = Y9~7 a;2¢. Note that the binary sequence ay—1, ..., a1, ag is simply
the d-bit binary representation of the integer n, where ag corresponds to the least-significant bit. For example,
if d = 3, then the relationship between n and az, a1, ag is as shown in the following table:

Q
N
N
=
)
S

~NoO ok WNE OS

P RPPRPPOOOO

P RPOORFRPPEFOO
P OPFRPOPFPORFrO

(a) Write a function called twindragon that calculates and plots the point set obtained by using the above
algorithm for a specified value of the parameter d. The value of d should be passed as an input argument to
the function. [Hint: It is possible to implement this function in about 15 to 20 lines of code. The polyval and
dec2bin functions should be quite helpful.]

(b) Using the function developed in part (2), plot the set of points obtained with the parameter d equal to 12. In
the limit as d approaches infinity, the resulting set of points converges to the well-known twin-dragon fractal set.

Last Revised: January 11, 2012 Copyright €2012 Michael D. Adams



286 APPENDIX E. MATLAB

Although choosing d = 12 should be sufficient to see the approximate shape of the point set in the limiting case,
larger values of 4 will yield better approximations, albeit at the expense of significantly more computation. You
should obtain a plot resembling that shown below.

E.105 In what follows, let min(a,b) denote the minimum of ¢ and 5. For a complex number z, we define an iterative
process that generates the complex-number sequence (vo,v1,v2,...), where

1
) v2a_ +z forn=1
"0 forn=0.

Let g(z) denote the smallest value of »n for which |v,| > 10, where the sequence (vo,v1,v2,...) is defined in
terms of z as given above. In the case that |v,| never exceeds 10, g(z) is simply defined to be . Let f(z) =
min(g(z),10). For example, we have the following:

Forz=0: (vo,v1,v2,...)=(0,0,0,...), g(z)=o0, and f(z) =min(e,10) = 10.
Forz=2: (vo,v1,v2,v3) =(0,2,6,38), g(z)=3, and f(z)=3.

Forz=2j: (vo,v1,v2,v3) =(0,2/,—4+2j,12—14j), g(z)=3, and f(z)=
Forz=j: (vo,v1,v2,v3,v4,vs,...) = (0,j,—1+ j,—j, =14 j,—j,...),

g(z) =, and f(z) =min(e,10) = 10.

Write a function called mande Ibrotfunc to compute the function f(z) for any (complex) value of z. Using the
function mandelbrotfunc, evaluate f(z) on an evenly-spaced rectangular grid (in the complex plane) having
width 128, height 128, and with the bottom-left and top-right corners of the grid corresponding to the points
—2.25—1.5j and 1+ 1.5j, respectively. Store these computed values into a 128 x 128 matrix. Then, using
the pcolor function in MATLAB, plot the contents of this matrix. After the call to pcolor, use the command
“shading interp” to eliminate the grid lines from the plot (which causes the plot to look somewhat less
attractive).

A complete solution to this problem requires less than 25 lines of code (excluding comments). A correct
solution should yield a plot resembling the one shown below. Incidentally, the innermost region in the plot is
an approximation to the famous Mandelbrot (fractal) set.
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E.106

E.107

E.108

Suppose that the vector v is defined by the following line of code:
v =1]012 34 5]
Write an expression in terms of v that yields a new vector of the same dimensions as v, where each element ¢

of the original vector v has been replaced by the given quantity below. In each case, the expression should be
as short as possible.

(@) 2t—3;
(b) 1/(t +1);
(c) > —3; and
(d) [¢] +2*.
(a) Write a function called unitstep that takes a single real argument ¢ and returns u(z), where
1
1 iftr=0
u(t) = i
0 otherwise.

(b) Modify the function from part (a) so that it takes a single vector argument ¢ = [ 2 .. tn]T (where n =1 and
f1,1,...,1, are real) and returns the vector [u(t1) u(z) ... u(tn)]T. Your solution must employ a looping construct
(e.g., a for loop).

(c) With some ingenuity, part (b) of this problem can be solved using only two lines of code, without the need
for any looping construct. Find such a solution. [Hint: In MATLAB, to what value does an expression like
“[-2 -1 0 1 2] >= 0” evaluate?]

In this problem, we consider an algorithm for generating an ordered list of » points in the plane {po, p1,. .., pr—1}-
The first point pg is chosen as the origin (i.e., po = [0 o}T), with the remaining points being given by the formula

11
= ooyt coso sineli—_|1 i
Pi=Pi=1T _sing cos@ 0"

(a) Using MATLAB, write a function called drawpattern that takes » and 0 as input arguments (in that order)
with 6 being specified in degrees, and then computes and plots the points {po, p1,...,ps—1} connected by
straight lines (i.e., draw a line from pg to p1, p1 to p2, p2 to p3, and so on). When performing the plotting, be
sure to use axis(“equal ™) in order to maintain the correct aspect ratio for the plot. For illustrative purposes,
the plots produced for two sets of 6 and » values are shown in Figure E.8.

(b) Generate the plots obtained by invoking drawpattern with » = 100 and 6 set to each of the following
values: 89°, 144°, and 154°. [Note: In MATLAB, the sin and cos functions take values in radians, not
degrees.]
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Figure E.8: Sample plots obtained from drawpattern. (a) 6 = 90° and n = 100; (b) 6 = 166° and n = 100.
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Appendix F

Review Problems

F1

F.2

F.3

F4

F.5

F.6

A communication channel heavily distorts high frequencies but does not significantly affect very low frequen-
cies. Determine which of the following signals would be least distorted by the communication channel:

(@) x1() = 8(1)

(b) xa(r) =5

(€) x3(t) = 1072000

(d) x4(z) =1/t

Answer:

xz(t)

Consider a system consisting of a communication channel with input x(¢) and output y(¢). Since the channel is
not ideal, y(z) is typically a distorted version of x(z). Suppose that the channel can be modelled as a causal LTI
system with impulse response A(¢) = e "u(t) + 8(¢). Determine whether we can devise a physically-realizable
stable system that recovers x(¢) from y(¢). If such a system exists, find its impulse response g(z).

Answer:
g(t) =8(t) — e ur)

A signal x(¢) has magnitude spectrum M(w) = 1 and phase spectrum P(®w) = w. Find x(¢).

Answer:

x(1)=68(t+1)

Let x(z) = sinc(5¢ — 3). By direct application of the Nyquist sampling theorem, determine the lowest sampling
rate @, at which x(¢) can be sampled such that it can be exactly reconstructed from its samples.

Answer:

10 rad/s

A causal LTI system has impulse response x(z), system function H(s), and the following characteristics: 1) H(s)
is rational with one pole at —2 and no zeros; and 2) 4(0") = 4. Find A(z).

Answer:

h(t) = 4e™u(r)

A causal LTI system with input x(¢) and output y(¢) is characterized by the differential equation %y(t) +3y(r) =
2x(t). Find the impulse response A(t) of the system.

Answer:

h(t) = 2¢™3u(r)
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F.7 A causal LTI system has input x(¢) and output y(z). If the input xy(¢) = e~?u() produces the output y; () =
e u(t), find the unit-step response s(¢) of the system.

Answer:

s(t) = %u(t) + %e_3tu(t)

F.8 A causal stable LTI system H has impulse response h(z) and system function H(s). The function H(s) is
rational, contains a pole at —2 and does not have a zero at the origin. The other poles and zeros of H(s)
are unknown. Determine whether each of the statements below is true, false, or uncertain (i.e., insufficient
information to determine).

(a) El{e3‘h(t)} converges;

(b) Z.h(t)dt=0;

() th(r) is the impulse response of a causal and stable system;

(d) %h(r) has at least one pole in its Laplace transform expression.

Answer:

(a) false; (b) false; (c) true; (d) true
F.9 Find the inverse Laplace transform x(r) of X (s) = e ™" 25133+ for Re{s} > —2.
Answer:

x(t) = 6_2(’_7)14(1‘ -7+ 56_3(’_7>u(t =7)

F.10 Let X(s) denote the Laplace transform of x(z). Suppose that x(¢) is absolutely integrable and X (s) is rational
with a pole at 1 and the other poles unknown. Determine if x(¢) can be each of the following:
(@) left sided;
(b) right sided;
(c) two sided;
(d) finite duration.

Answer:

(@) yes; (b) no; (c) yes; (d) no

F.11 For each of the cgses given below, determine whether x(¢) is periodic, and if it is, find its fundamental period 7.
(@) x(¢) = 3cos( 2t)+ 7cos2t
(b) x(r) = (3cos2r)®
() x(¢) = 7cos(35¢ + 3) + 5sin(15r — 2)

Answer:
(a) not periodic; (b) m-periodic; (c) (2n/5)-periodic

F.12 A communication channel can be well approximated by a LTI system with impulse response A(¢) = @ sinc(1000¢).
Determine which of the following signals would be least distorted by this channel:
(@) x1(1) = 8(1)
(b) xa(t) = u(r)
() x3(r) = cos100¢

Answer:
x3(t)
. _ F . .
F.13 Given that eIl .-, 4 find the Fourier transform X (@) of x(r) = 2%;.

Answer:
X (@) = 2melel
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F.14 Simplify each of the following expressions:
®2+9

inkw)é
(b) (sin cz)) (o)

Answer:
(@) §6(w—1); (b) k&(w)

F.15 Let E{x(¢)} denote the energy of the signal x(r). Show that:
(@) E{ax(t)} = a®E{x(¢)} where «a is a real constant;
(b) E{x(r —10)} = E{x(¢)} where 1y is a real constant;
() E{x(at)} = X E{x(r)} where a is a nonzero real constant

T
F.16 Eva&ate each of the following:
(@) e tcos[Z(t—5)]8(t—3)dt
(b) Z.0(2t—3)sinmds
Answer:
(@) —€?; (b) —3
F.17 Letx.(¢) and x,(¢) denote the even and odd parts of x(¢), respectively. Show that:
(@) Xe(1)x,(2)dt,=0;
(b) I?:x(t)dt = Z_x.(t)dt
F.18 Consider a system with input x(¢) and output y(z). For each of the equations given below, determine whether
the corresponding system is linear.
(@) 3y(r) +2 =x(r)
() ¥(t) = ()
() y(r) = tu(r)x(r)
Answer:
(a) nonlinear; (b) linear; (c) linear

F.19 Consider a system with input x(¢) and output y(¢). For each of the equations given below, determine whether
the corresqﬂding system is time invariant.
@ y(t) = Z4x(t)dt
(b) y(1) = [gx(1))?
(©) y(t) =tu(t)x(z)
Answer:
(a) not time invariant; (b) time invariant; (c) not time invariant

F.20 Consider a system with input x(¢) and output y(¢). For each of the equations given below, determine whether
the corresponding system is additive and/or homogeneous.

()
a)ylt) =

Answer:
(a) homogeneous, not additive
F.21 Consider a system with input x(¢) and output y(z). For each of the equations given below, determine whether

the corresponding system is causal.
(@) y(t) = x(ar) where a is a nonzero real constant;

(0) y(r) = tu(r)x(r);

(c) y(r) = x(t — a) where a is a strictly negative real constant
Answer:
(a) causal if and only if a = 1; (b) causal; (c) noncausal
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F.22

F.23

F.24

F.25

F.26

F.27

F.28

F.29

F.30

Consider a system with input x(z) and output y(¢). For each of the equations given below, determine whether
the corresponding system is invertible.

(@) y(r) = gx(1)

(b) y(r) = cosx(r)

(c) y(r) = e*), where x(z) is real

Answer:

(a) not invertible; (b) not invertible; (c) invertible (x(r) = Iny(z))

Consider a system with input x(z) and output y(z). For each of the equations given below, determine whether
the corresponding system is BIBO stable.

(@) y(t) = u(r)x(r)

Answer:
(a) stable
Show that x(¢) Cl(t — 7o) = x(¢ —tg), where 1y is an arbitrary real constant.

Consider a LTI system with impulse response 4(t). For each of the cases below, determine whether the system
is BIBO stable.

@ h(t)=u(t—1)—u(t—2)

Answer:

(a) stable

Consider a LTI system with impulse response A(t). For each of the cases below, determine whether the system
is causal.

(@h(t)=u(t+1)—u(r—1)

(b) h(t) = e u(r—1)

Answer:

(@) not causal (b) causal

Use the Laplace transform to compute the convolution y(t) = e~%u(t) Cel ™ u(t), where a,b > 0. [Note that
there are two cases to consider, namely a = b and a £ b.]

Answer:
ifaBb,y(t) =31 (e —e P u(r); ifa=b, y(t) =te™u(t)

Find the inverse Laplace transform x(1) of X (s) = r75;3=; if the ROC is
(@) —2<Re{s}<1;

(b) Re{s} > L;

(c)Re{s}<-2

Answer:

(@) x(t) = e 2u(t) + 'u(—1); (B) x(r) = [ = u(t); () x(t) = [—¢ % +&Ju(—1)
A rational function F (s) has a first-order pole at —1, a second-order pole at —2, and a first-order zero at 0. The
function is known not to have any other poles or zeros. If F(1) =1, find F(s).

Answer:

— 18s
B9 = momp

Let X (o) denote the Fourier transform Ef,]x<t)' Show that (a) if x(z) is even, then X (o) =2 I?x(r) cos wrdt;
and (b) if x() is odd, then X (@) = —2j 4 x(t)sin wtdt.
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F.31 Let x(r) be a real function with even part x.(¢) and odd part x,(z). Let X(w), X,(®), and X,(®) denote the
Fourier transforms of x(r), x.(¢), and x,(z), respectively. Show that (a) X.(®) = Re{X(®)} and (b) X, (@) =
Im{X(®)}.

F.32 For each of the cases betgw, find the Fourier transform X (w) of the signal x(z).
@x(1)=3 8()+4 ;
) x(t)=0(+a)+6(t—a);
Answer:
(@) X(w) = u(w); (b) X(0) =2cosaw;

F.33 Show that if x(7) el X(w) then x(t +a) +x(t —a) L 2X (w)cosaw.
F.34 Show that, if a signal x(¢) has bandwidth B, then x"(¢) has bandwidth nB.

F.35 Using Parseval’s relation, evaluate the integral I:_"Lsincz(kx)dx, where £ is a real constant.
Answer:
nlk

F.36 In wireless communication channels, the transmitted signal is propagated simultaneously along multiple paths
of varying lengths. Consequently, the signal received from the channel is the sum of numerous delayed and
amplified/attenuated versions of the original transmitted signal. In this way, the channel distorts the transmitted
signal. This is commonly referred to as the multipath problem. In what follows, we examine a simple instance
of this problem.

Consider a LTI communication channel with input x(¢) and output y(¢). Suppose that the transmitted signal x(¢)
propagates along two paths. Along the intended direct path, the channel has a delay of 7 and gain of one. Along
a second (unintended indirect) path, the signal experiences a delay of T+ t and gain of a. Thus, the received
signal y(z) is given by y(¢) = x(t —T) 4+ ax(t — T — 7). Find the transfer function H(s) of a system that can
be connected in series with the output of the communication channel in order to recover the (delayed) signal
x(r — T) without any distortion.

Answer:
H(s)

_ 1

1+ae™s7?

F.37 Asignal x(¢) is bandlimited to 22 kHz (i.e., only has spectral content for frequencies f in the range [—22000, 22000]).
Due to excessive noise, the portion of the spectrum that corresponds to frequencies f satisfying | f| > 20000 has
been badly corrupted and rendered useless. (a) Determine the minimum sampling rate for x(z) that would allow
the uncorrupted part of the spectrum to be recovered. (b) Suppose now that the corrupted part of the spectrum
were eliminated by filtering prior to sampling. In this case, determine the minimum sampling rate for x(z).

ANnswer:
(a) 42 kHz; (b) 40 kHz

F.38 Suppose that we want to transmit a binary sequence y[n] (where y[n] is either zero or one) over a continuous-time
communication channel. To do this, we choose to represent each binary sample of y[n] with a continuous-time
pulse. Using the sampling theorem, show that it is possible to transmit the bits of y[x] at a rate of 2B bits per
second over an ideal (i.e., noise-free) channel of bandwidth B. As it turns out, this is the theoretical upper
bound on the data transmission rate, assuming that each pulse is used to represent only a single bit of data.
(Hint: According to the sampling theorem, a continuous-time signal of bandwidth B can be constructed from
2B pieces of information.)

F.39 An audio signal x(r) consists of two perfect sinusoidal tones at 440 Hz and 880 Hz. The signal x(¢) is sampled
at a rate of f; Hz and then played back on a loudspeaker. Determine how many tones will be heard on the

Last Revised: January 11, 2012 Copyright €2012 Michael D. Adams



294

APPENDIX F. REVIEW PROBLEMS

F.40

F.41

F.42

F.43

F.44

F.45

F.46

loudspeaker and their frequencies, if f; equals (a) 500 Hz and (b) 2000 Hz. (You can safely assume that a
human can hear frequencies from 20 Hz to 20 kHz.)

Answer:
(a) Two tones are heard with frequencies 60 Hz and 120 Hz; (b) Two tones are heard at 440 Hz and 880 Hz

Prove that a signal cannot be both timelimited and bandlimited. [Hint: Let X (®) denote the Fourier transform
of x(r). Suppose that x(¢) is timelimited and also bandllmltqipu@ that X(w) = 0 for |o| = B. Due to the
bandlimited nature of x(), we have that X (@) = X(w)rect 52, for BY > B. Then, show that the inverse
Fourier transform of the preceding equation leads to a contradiction. To do this, you will need to show that the
convolution of a timelimited signal with a non-timelimited signal must be a non-timelimited signal.]

The bandwidth of a LTI system is most simply defined as the bandwidth of the system’s frequency response
H(w). Explain why a (LTI) communication channel with (finite) bandwidth B cannot be used to (reliably)
transmit a signal with bandwidth greater than B.

For each of theepges below, usipg;the graphical method, compute the convolution y(z) = x(¢) [Alz).
(@) x(r) = rect —h(t) = rect—g— and
(b) x(r) =rect L, h(r)=rect L .

Answer:

(@) y(¢) = 2atri % I,:I(b) y(t) = atri % [

A common problem in real-world instrumentation systems is electromagnetic interference caused by 60 Hz
power lines. In particular, 60 Hz power lines can often introduce a significant amount of interference (i.e.,
noise) at 60 Hz and its higher harmonics (i.e., 120 Hz, 180 Hz, 240 Hz, and so on). Consider a causal system
with an impulse response of the form A(¢) = a[u(t) — u(r — b)], where a and b are nonzero real constants. With
an appropriate choice of a and b, such a system can be made to reject interference at 60 Hz and all of its higher
harmonics. Find a and b.

Answer:
1
aB0and b= g

Find the impulse response A(t) of the causal LTI system with input x(¢) and output y(¢) characterized by the
given equation, for each of the cases below.

(@) 4y™r) = 2x(t) —xH1).

Answer:

() 31— §lu(o)

For each of the cases below, find the zeros and poles of F(s) and their orders.

(@) F(s) = #73;-

Answer:

(a) first-order zero at 3; first-order poles at 0, Y?e/'”/ 4 Y?eﬁ”/ 4 Y?e_/e”/ 4 and Y?e_f”/ 4,

Given that x(r) £ X(o) and y(t) «- Y( ), use a Fourier transform table and properties of the Fourier
transform to express Y () in terms of X () for each of the cases below.

(@) y(t) = t(0053t) (1);
(b) y(r) = (1 — 1) %" -

Answer:
@ Y(0) = iX%w —3) + 4X{w + 3) (where the prime symbol denotes the first derivative); (b) ¥ (w) =
e ()X ).
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F.47 Let x1(r) = sinc(at — b1) and x»(¢) = sinc(at — by), where a, b1, and b, are real constants with a B 0. Using
properties of the Fourier transform and a Fourier transform table, compute the convolution y(¢) = x1(z) T} ().

Answer:
y(t) = I%I sinc(ar — b1 —b)

F.48 Lety;(r) and y,(¢) be signals bandlimited to frequencies in the range [—j, @,]. Suppose that these signals are
sampled at a frequency w; satisfying the Nyquist condition to produce the sequences

xi[n]=y1(nT) and xz[n] =y2(nT),

where T = ﬁ)—” Now, consider the signal y(¢) = y1(¢) 0 (¢). Suppose that y(¢) is also sampled with period T to

produce the sequence

x[n] = y(nT).

(a) Show that y(r) is bandlimited to frequencies in the range [—w,, ®,], meaning that it must be possible to
recover y(z) exactly from its samples.
(b) Show that the samples of y(¢) can be computed as follows:

x[n] = %’f i x1[k]xz[n — k].

k=—oo

(c) Explain how we might use the above results to compute the (continuous-time) convolution of bandlimited
signals using a (discrete-time) computer.

F.49 Consider a bandlimited signal x(¢) that has been sampled at a frequency w (in radians) satisfying the Nyquist
condition to produce the sequence y[n]. Find an expression for the Fourier transform X () of the signal x(z) in
terms of its samples y[r] and ;. [Hint: Recall that, from the sampling theorem, x(r) = ¥7__.. y[n]sinc(%:r —
7n).]

Answer:
X(w) = %X;’;’:_my[n}e_jz’m“’/“’f rect(ew/ wy)

F.50 Find the system function H(s) of the system with input X (s) and output Y (s) as shown in the figure. Determine
whether the system is BIBO stable. (Note that all subsystems are causal.)

X(s) Y(s)

—>—® i > > @—b—

Answer:

s4as+2. ;
H(s)= :213214 system is BIBO stable
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F.51 Find the system function H(s) of the system with input X (s) and output Y (s) as shown in the figure. Determine
for what values of the parameter a the system is BIBO stable.

X(s) V(s) Y(s)
+ > > +

Answer:

H(s) = ££19; system is BIBO stable if a < 0
F.52 Find the system function H (s) of the system with input X (s) and output ¥ (s) as shown in the figure. Determine
whether the system is BIBO stable. All subsystems in the figure are causal.

X(s) V(s) Y(s)

—>—® > » (.B-»-

20— 1—=

Answer:

2 -
H(s) = i aera—a: BIBO stable if a <0

F.53 Consider the system with input X (s) and output Y (s) as shown in the figure, where P(s) = 1/s, C(s) = as + 3,
O(s) =1, and a is a real constant. All subsystems in the figure are causal. (a) Find the system function H(s).
(b) Determine for what values of the parameter « the system is BIBO stable.

s V(s) s
e RO == U —

Answer:

(8) H(s) = 55 () a>—1

F.54 Let X(w) denote the Fourier transform of x(z). For each case below, indicate whether x(¢) is: real, even/odd,
periodic, finite duration, finite energy (if this can be determined).
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X() X ()| X ()]
-1 0 1 -1 0 1 @ ¢ 1 3 ®
(a) (b) (©)
X(w) X (o)
1 1 1 11 1 101 1
RS P S
(d) (e)

Answer:

(a) real, even, aperiodic, not finite duration, finite energy; (b) aperiodic, finite energy, not finite duration; (c)
not real, aperiodic, not finite duration, finite energy, not even/odd; (d) real, even, periodic (fundamental period
ZT” = 2m), not finite duration, not finite energy; (e) real, even, aperiodic, not finite duration, not finite energy

Last Revised: January 11, 2012
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