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Creative Commons Legal Code
Attribution-NonCommercial-NoDerivs 3.0 Unported

CREATIVE COMMONS CORPORATION IS NOT A LAW FIRM AND DOES NOT PROVIDE
LEGAL SERVICES. DISTRIBUTION OF THIS LICENSE DOES NOT CREATE AN
ATTORNEY-CLIENT RELATIONSHIP. CREATIVE COMMONS PROVIDES THIS
INFORMATION ON AN "AS-IS" BASIS. CREATIVE COMMONS MAKES NO WARRANTIES
REGARDING THE INFORMATION PROVIDED, AND DISCLAIMS LIABILITY FOR
DAMAGES RESULTING FROM ITS USE.

License

THE WORK (AS DEFINED BELOW) IS PROVIDED UNDER THE TERMS OF THIS CREATIVE
COMMONS PUBLIC LICENSE ("CCPL" OR "LICENSE"). THE WORK IS PROTECTED BY
COPYRIGHT AND/OR OTHER APPLICABLE LAW. ANY USE OF THE WORK OTHER THAN AS
AUTHORIZED UNDER THIS LICENSE OR COPYRIGHT LAW IS PROHIBITED.

BY EXERCISING ANY RIGHTS TO THE WORK PROVIDED HERE, YOU ACCEPT AND AGREE
TO BE BOUND BY THE TERMS OF THIS LICENSE. TO THE EXTENT THIS LICENSE MAY
BE CONSIDERED TO BE A CONTRACT, THE LICENSOR GRANTS YOU THE RIGHTS
CONTAINED HERE IN CONSIDERATION OF YOUR ACCEPTANCE OF SUCH TERMS AND
CONDITIONS.

1. Definitions

a. "Adaptation" means a work based upon the Work, or upon the Work and
other pre-existing works, such as a translation, adaptation,
derivative work, arrangement of music or other alterations of a
literary or artistic work, or phonogram or performance and includes
cinematographic adaptations or any other form in which the Work may be
recast, transformed, or adapted including in any form recognizably
derived from the original, except that a work that constitutes a
Collection will not be considered an Adaptation for the purpose of
this License. For the avoidance of doubt, where the Work is a musical
work, performance or phonogram, the synchronization of the Work in
timed-relation with a moving image ("synching") will be considered an
Adaptation for the purpose of this License.

b. "Collection" means a collection of literary or artistic works, such as
encyclopedias and anthologies, or performances, phonograms or
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License |l

broadcasts, or other works or subject matter other than works listed
in Section 1(f) below, which, by reason of the selection and
arrangement of their contents, constitute intellectual creations, in
which the Work is included in its entirety in unmodified form along
with one or more other contributions, each constituting separate and
independent works in themselves, which together are assembled into a
collective whole. A work that constitutes a Collection will not be
considered an Adaptation (as defined above) for the purposes of this
License.

c. "Distribute" means to make available to the public the original and
copies of the Work through sale or other transfer of ownership.

d. "Licensor" means the individual, individuals, entity or entities that
offer(s) the Work under the terms of this License.

e. "Original Author" means, in the case of a literary or artistic work,
the individual, individuals, entity or entities who created the Work
or if no individual or entity can be identified, the publisher; and in
addition (i) in the case of a performance the actors, singers,
musicians, dancers, and other persons who act, sing, deliver, declaim,
play in, interpret or otherwise perform literary or artistic works or
expressions of folklore; (ii) in the case of a phonogram the producer
being the person or legal entity who first fixes the sounds of a
performance or other sounds; and, (iii) in the case of broadcasts, the
organization that transmits the broadcast.

f. "Work"™ means the literary and/or artistic work offered under the terms
of this License including without limitation any production in the
literary, scientific and artistic domain, whatever may be the mode or
form of its expression including digital form, such as a book,
pamphlet and other writing; a lecture, address, sermon or other work
of the same nature; a dramatic or dramatico-musical work; a
choreographic work or entertainment in dumb show; a musical
composition with or without words; a cinematographic work to which are
assimilated works expressed by a process analogous to cinematography;
a work of drawing, painting, architecture, sculpture, engraving or
lithography; a photographic work to which are assimilated works
expressed by a process analogous to photography; a work of applied
art; an illustration, map, plan, sketch or three-dimensional work
relative to geography, topography, architecture or science; a
performance; a broadcast; a phonogram; a compilation of data to the
extent it is protected as a copyrightable work; or a work performed by
a variety or circus performer to the extent it is not otherwise
considered a literary or artistic work.

Copyright (©) 2013 Michael D. Adams Lecture Slides Version: 2013-09-11




License ll|

g. "You" means an individual or entity exercising rights under this
License who has not previously violated the terms of this License with
respect to the Work, or who has received express permission from the
Licensor to exercise rights under this License despite a previous
violation.

h. "Publicly Perform" means to perform public recitations of the Work and
to communicate to the public those public recitations, by any means or
process, including by wire or wireless means or public digital
performances; to make available to the public Works in such a way that
members of the public may access these Works from a place and at a
place individually chosen by them; to perform the Work to the public
by any means or process and the communication to the public of the
performances of the Work, including by public digital performance; to
broadcast and rebroadcast the Work by any means including signs,
sounds or 1images.

i. "Reproduce" means to make copies of the Work by any means including
without limitation by sound or visual recordings and the right of
fixation and reproducing fixations of the Work, including storage of a
protected performance or phonogram in digital form or other electronic
medium.

2. Fair Dealing Rights. Nothing in this License 1s intended to reduce,
limit, or restrict any uses free from copyright or rights arising from
limitations or exceptions that are provided for in connection with the
copyright protection under copyright law or other applicable laws.

3. License Grant. Subject to the terms and conditions of this License,
Licensor hereby grants You a worldwide, royalty-free, non-exclusive,
perpetual (for the duration of the applicable copyright) license to
exercise the rights in the Work as stated below:

a. to Reproduce the Work, to incorporate the Work into one or more
Collections, and to Reproduce the Work as incorporated in the
Collections; and,

b. to Distribute and Publicly Perform the Work including as incorporated
in Collections.

The above rights may be exercised in all media and formats whether now
known or hereafter devised. The above rights include the right to make
such modifications as are technically necessary to exercise the rights in
other media and formats, but otherwise you have no rights to make

Copyright (©) 2013 Michael D. Adams Lecture Slides Version: 2013-09-11




License |V

Adaptations. Subject to 8(f), all rights not expressly granted by Licensor
are hereby reserved, including but not limited to the rights set forth in
Section 4(d).

4. Restrictions. The license granted in Section 3 above is expressly made
subject to and limited by the following restrictions:

a. You may Distribute or Publicly Perform the Work only under the terms
of this License. You must include a copy of, or the Uniform Resource
Identifier (URI) for, this License with every copy of the Work You
Distribute or Publicly Perform. You may not offer or impose any terms
on the Work that restrict the terms of this License or the ability of
the recipient of the Work to exercise the rights granted to that
recipient under the terms of the License. You may not sublicense the
Work. You must keep intact all notices that refer to this License and
to the disclaimer of warranties with every copy of the Work You
Distribute or Publicly Perform. When You Distribute or Publicly
Perform the Work, You may not impose any effective technological
measures on the Work that restrict the ability of a recipient of the
Work from You to exercise the rights granted to that recipient under
the terms of the License. This Section 4(a) applies to the Work as
incorporated in a Collection, but this does not require the Collection
apart from the Work itself to be made subject to the terms of this
License. If You create a Collection, upon notice from any Licensor You
must, to the extent practicable, remove from the Collection any credit
as required by Section 4(c), as requested.

b. You may not exercise any of the rights granted to You in Section 3
above in any manner that is primarily intended for or directed toward
commercial advantage or private monetary compensation. The exchange of
the Work for other copyrighted works by means of digital file-sharing
or otherwise shall not be considered to be intended for or directed
toward commercial advantage or private monetary compensation, provided
there is no payment of any monetary compensation in connection with
the exchange of copyrighted works.

c. If You Distribute, or Publicly Perform the Work or Collections, You
must, unless a request has been made pursuant to Section 4(a), keep
intact all copyright notices for the Work and provide, reasonable to
the medium or means You are utilizing: (i) the name of the Original
Author (or pseudonym, if applicable) if supplied, and/or if the
Original Author and/or Licensor designate another party or parties
(e.g., a sponsor institute, publishing entity, journal) for
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attribution ("Attribution Parties") in Licensor’s copyright notice,
terms of service or by other reasonable means, the name of such party
or parties; (ii) the title of the Work if supplied; (iii) to the
extent reasonably practicable, the URI, if any, that Licensor
specifies to be associated with the Work, unless such URI does not
refer to the copyright notice or licensing information for the Work.
The credit required by this Section 4(c) may be implemented in any
reasonable manner; provided, however, that in the case of a
Collection, at a minimum such credit will appear, if a credit for all
contributing authors of Collection appears, then as part of these
credits and in a manner at least as prominent as the credits for the
other contributing authors. For the avoidance of doubt, You may only
use the credit required by this Section for the purpose of attribution
in the manner set out above and, by exercising Your rights under this
License, You may not implicitly or explicitly assert or imply any
connection with, sponsorship or endorsement by the Original Author,
Licensor and/or Attribution Parties, as appropriate, of You or Your
use of the Work, without the separate, express prior written
permission of the Original Author, Licensor and/or Attribution
Parties.

d. For the avoidance of doubt:

i. Non-waivable Compulsory License Schemes. In those jurisdictions in
which the right to collect royalties through any statutory or
compulsory licensing scheme cannot be waived, the Licensor
reserves the exclusive right to collect such royalties for any
exercise by You of the rights granted under this License;

ii. Waivable Compulsory License Schemes. In those jurisdictions in
which the right to collect royalties through any statutory or
compulsory licensing scheme can be waived, the Licensor reserves
the exclusive right to collect such royalties for any exercise by
You of the rights granted under this License if Your exercise of
such rights is for a purpose or use which is otherwise than
noncommercial as permitted under Section 4 (b) and otherwise waives
the right to collect royalties through any statutory or compulsory
licensing scheme; and,

iii. Voluntary License Schemes. The Licensor reserves the right to
collect royalties, whether individually or, in the event that the
Licensor is a member of a collecting society that administers
voluntary licensing schemes, via that society, from any exercise
by You of the rights granted under this License that is for a
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purpose or use which 1is otherwise than noncommercial as permitted
under Section 4(b).

e. Except as otherwise agreed in writing by the Licensor or as may be
otherwise permitted by applicable law, if You Reproduce, Distribute or
Publicly Perform the Work either by itself or as part of any
Collections, You must not distort, mutilate, modify or take other
derogatory action in relation to the Work which would be prejudicial
to the Original Author’s honor or reputation.

5. Representations, Warranties and Disclaimer

UNLESS OTHERWISE MUTUALLY AGREED BY THE PARTIES IN WRITING, LICENSOR
OFFERS THE WORK AS-IS AND MAKES NO REPRESENTATIONS OR WARRANTIES OF ANY
KIND CONCERNING THE WORK, EXPRESS, IMPLIED, STATUTORY OR OTHERWISE,
INCLUDING, WITHOUT LIMITATION, WARRANTIES OF TITLE, MERCHANTIBILITY,
FITNESS FOR A PARTICULAR PURPOSE, NONINFRINGEMENT, OR THE ABSENCE OF
LATENT OR OTHER DEFECTS, ACCURACY, OR THE PRESENCE OF ABSENCE OF ERRORS,
WHETHER OR NOT DISCOVERABLE. SOME JURISDICTIONS DO NOT ALLOW THE EXCLUSION
OF IMPLIED WARRANTIES, SO SUCH EXCLUSION MAY NOT APPLY TO YOU.

6. Limitation on Liability. EXCEPT TO THE EXTENT REQUIRED BY APPLICABLE
LAW, IN NO EVENT WILL LICENSOR BE LIABLE TO YOU ON ANY LEGAL THEORY FOR
ANY SPECIAL, INCIDENTAL, CONSEQUENTIAL, PUNITIVE OR EXEMPLARY DAMAGES
ARISING OUT OF THIS LICENSE OR THE USE OF THE WORK, EVEN IF LICENSOR HAS
BEEN ADVISED OF THE POSSIBILITY OF SUCH DAMAGES.

7. Termination

a. This License and the rights granted hereunder will terminate
automatically upon any breach by You of the terms of this License.
Individuals or entities who have received Collections from You under
this License, however, will not have their licenses terminated
provided such individuals or entities remain in full compliance with
those licenses. Sections 1, 2, 5, 6, 7, and 8 will survive any
termination of this License.

b. Subject to the above terms and conditions, the license granted here 1is
perpetual (for the duration of the applicable copyright in the Work).
Notwithstanding the above, Licensor reserves the right to release the
Work under different license terms or to stop distributing the Work at
any time; provided, however that any such election will not serve to
withdraw this License (or any other license that has been, or is
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required to be, granted under the terms of this License), and this
License will continue in full force and effect unless terminated as
stated above.

8. Miscellaneous

a. Each time You Distribute or Publicly Perform the Work or a Collection,
the Licensor offers to the recipient a license to the Work on the same
terms and conditions as the license granted to You under this License.

b. If any provision of this License is invalid or unenforceable under
applicable law, it shall not affect the validity or enforceability of
the remainder of the terms of this License, and without further action
by the parties to this agreement, such provision shall be reformed to
the minimum extent necessary to make such provision valid and
enforceable.

c. No term or provision of this License shall be deemed waived and no
breach consented to unless such waiver or consent shall be in writing
and signed by the party to be charged with such waiver or consent.

d. This License constitutes the entire agreement between the parties with
respect to the Work licensed here. There are no understandings,
agreements or representations with respect to the Work not specified
here. Licensor shall not be bound by any additional provisions that
may appear in any communication from You. This License may not be
modified without the mutual written agreement of the Licensor and You.

e. The rights granted under, and the subject matter referenced, in this
License were drafted utilizing the terminology of the Berne Convention
for the Protection of Literary and Artistic Works (as amended on
September 28, 1979), the Rome Convention of 1961, the WIPO Copyright
Treaty of 1996, the WIPO Performances and Phonograms Treaty of 1996
and the Universal Copyright Convention (as revised on July 24, 1971).
These rights and subject matter take effect in the relevant
jurisdiction in which the License terms are sought to be enforced
according to the corresponding provisions of the implementation of
those treaty provisions in the applicable national law. If the
standard suite of rights granted under applicable copyright law
includes additional rights not granted under this License, such
additional rights are deemed to be included in the License; this
License is not intended to restrict the license of any rights under
applicable law.
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Creative Commons Notice

Creative Commons is not a party to this License, and makes no warranty
whatsoever in connection with the Work. Creative Commons will not be
liable to You or any party on any legal theory for any damages
whatsoever, including without limitation any general, special,
incidental or consequential damages arising in connection to this
license. Notwithstanding the foregoing two (2) sentences, if Creative
Commons has expressly identified itself as the Licensor hereunder, it
shall have all rights and obligations of Licensor.

Except for the limited purpose of indicating to the public that the
Work is licensed under the CCPL, Creative Commons does not authorize
the use by either party of the trademark "Creative Commons" or any
related trademark or logo of Creative Commons without the prior
written consent of Creative Commons. Any permitted use will be in
compliance with Creative Commons’ then-current trademark usage
guidelines, as may be published on its website or otherwise made
available upon request from time to time. For the avoidance of doubt,
this trademark restriction does not form part of this License.

Creative Commons may be contacted at http://creativecommons.org/.
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Part 1

Introduction
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@ signal: function of one or more variables that conveys information about
some (usually physical) phenomenon

@ for function f(t1,t2,...,t,), each of {#;} is called independent variable,
function value itself referred to as dependent variable

@ examples of signals:

@ voltage or current in electronic circuit

@ position, velocity, and acceleration of object

@ forces or torques in mechanical system

o flow rates of liquids or gases in chemical process
@ digital image, digital video, digital audio

@ stock market index
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Classification of Signals

@ number of independent variables (i.e., dimensionality)

@ one: one-dimensional (e.g., audio)
@ more than one: multi-dimensional (e.g., image)

@ continuous or discrete independent variables

@ continuous: continuous-time (e.g., voltage waveform)
@ discrete: discrete-time (e.g., stock market index)

@ continuous or discrete dependent variable

@ continuous: continuous-valued (e.g., voltage waveform)
o discrete: discrete-valued (e.g., digital image)

@ continuous-valued continuous-time: analog (e.g., voltage waveform)

@ discrete-valued discrete-time: digital (e.g., digital audio)
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Notation and Graphical Representation of Signals

@ sequence: discrete-time signal

@ independent variables enclosed in parentheses for continuous-time signal
(e.g., x(t)) and brackets for discrete-time signal (e.g., x[n])

1 NN

| |
30 -20 —10 0 10 20 30 3 -2 -1 0 1 2 3
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@ system: entity that processes one or more input signals in order to
produce one or more output signals

X0 > > Yo
X1 > > 1
X > System > 2
AM > > YN
~—~ ~—~
Input Signals Output Signals
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Classification of Systems

@ number of inputs

@ single input (SI)

@ multiple input (MI)
@ number of outputs

@ single output (SO)

@ multiple output (MO)
@ types of signals handled

@ one-dimensional, multi-dimensional
@ continuous-time, discrete-time, hybrid
@ analog, digital
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Signal Processing Systems

Continuous-to-
Discrete-Time
(C/D) Converter

Discrete-to-
Continuous-Time
(D/C) Converter

Discrete-Time
System
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(D/C) Converter
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Communication Systems

Estimate of
Message Transmitted Received Message
Signal Signal Signal Signal
> Transmitter > Channel > Receiver >

General Structure of a Communication System
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Control Systems

Reference

Input Error Output
> @ > Controller » Plant > >

< Sensor -
Feedback
Signal

General Structure of a Feedback Control System
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Why Study Signals and Systems?

@ engineers build systems that process/manipulate signals
@ need formal mathematical framework for study of such systems

@ can use framework to ensure system meets required specifications
(performance, safety)

@ in this course, focus almost exclusively on continuous-time case (except
for sampling, the bridge between continuous time and discrete time)
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Some Questions This Course Will Answer

@ What is aliasing and why does it occur? (Why do wheels of cars on
television often turn in the wrong direction?)

What is the sampling theorem? Why is CD audio sampled at 44.1 kHz?
What is a filter? How does an equalizer in stereo system work?
What is amplitude modulation (AM)? How does AM radio work?

e 6 6 ¢

How can we determine whether a system is stable? If a system is not
stable, how can the system be modified to achieve stability?
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Tacoma Narrows Bridge

@ suspension bridge linking Tacoma and Gig Harbor (WA, USA)

@ mile-long bridge with 2,800 ft. main span, third largest suspension bridge
at time of opening

construction began in Nov. 1938
about 19 months to build at cost of $6,400,000
opened to traffic on July 1, 1940

e 6 6 ¢

on Nov. 7, 1940 at approximately 11:00, bridge collapsed during moderate
(42 mph) wind storm

supposed to withstand winds of up to 120 mph
collapse due to wind-induced vibrations, unstable mechanical system
repair of bridge was not possible

e 6 6 ¢

fortunately, dog trapped in abandoned car only fatality

Copyright (©) 2013 Michael D. Adams Lecture Slides Version: 2013-09-11



Tacoma Narrows Bridge Collapse (Nov. 7, 1940)

IMAGE OMITTED FOR COPYRIGHT REASONS
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Part 2

Complex Analysis
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Complex Numbers

@ A IS @ number of the form z = x4 jy where x and y are
real numbers and j is the constant defined by j> = —1 (i.e., j = v/—1).

@ The of the complex number z expresses z in the form
Z=X+]y,
where x and y are real numbers. The quantities x and y are called the
and of z, and are denoted as Rez and Im z,
respectively.
@ The of the complex number z expresses z in the form

z=r(cos®+ jsin®) or equivalently z=re’®,

where r and 0 are real numbers and r > 0. The quantities r and 0 are
called the and of z, and are denoted as |z| and
arg 7, respectively. [Note: e/® = cos8+ jsin®6.]

Copyright (©) 2013 Michael D. Adams Lecture Slides Version: 2013-09-11



Complex Numbers (Continued)

@ Since ¢/® = ¢/(9+2m) for all real B and all integer k, the argument of a
complex number is only uniquely determined to within an additive multiple
of 2T.

@ The of a complex number z, denoted Argz, is the
particular value 0 of arg z that satisfies —m < 6 < .

@ The principal argument of a complex number (excluding zero) is unique.
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Geometric Interpretation of Cartesian and Polar Forms

Im Im
< <
e . .
z .
E )6
— Re Re
X
Cartesian form: Polar form:
Z=x+jy z=r(cos®+ jsin@) = re’®
where x =Rez and y = Imz where r = |z] and 6 = argz
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The arctan Function

@ The range of the arctan function is —7t/2 (exclusive) to /2 (exclusive).

@ Consequently, the arctan function always yields an angle in either the first

or fourth quadrant.

y y

ol (1,1) 1

—|—_

T+ arctan( =) > arctan( =)
arctan -1 > -
l n(r) l AN,

T X
—1 1 —1 1
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The atan2 Function

@ The angle 0 that a vector from the origin to the point (x,y) makes with the
positive x axis is given by 6 = atan2(y, x), where

arctan(y/x) for x > 0
n/2 forx=0andy >0
atan2(y,x) = { —m/2 forx=0andy <0

arctan(y/x)+7n forx <0Oandy>0
Larctan(y/x) —m forx <Oandy <O0.

@ The range of the atan2 function is from —7 (exclusive) to T (inclusive).
@ For the complex number z expressed in Cartesian form x + jy,
Argz = atan2(y, x).

@ Although the atan2 function is quite useful for computing the principal
argument (or argument) of a complex number, it is not advisable to
memorize the definition of this function. It is better to simply understand
what this function is doing (namely, intelligently applying the arctan
function).
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Conversion Between Cartesian and Polar Form

@ Let z be a complex number with the Cartesian and polar form
representations given respectively by

z=x+jy and z=re”.
@ To convert from polar to Cartesian form, we use the following identities:
x=rcos@ and y=rsin0.
@ To convert from Cartesian to polar form, we use the following identities:

r=+x>*+y> and 0= atan2(y,x)+ 27k,

where k is an arbitrary integer.

@ Since the atan2 function simply amounts to the intelligent application of
the arctan function, instead of memorizing the definition of the atan2
function, one should simply understand how to use the arctan function to
achieve the same result.
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Properties of Complex Numbers

@ For complex numbers, addition and multiplication are commutative. That
IS, for any two complex numbers z; and 2o,

21+22=2+2z1 and

{142 — K241 -

@ For complex numbers, addition and multiplication are associative. That is,
for any two complex numbers z; and 25,

(z1+22)+z3=21+(22+23) and

(2122)23 — Z1(ZzZ3).

@ For complex numbers, the distributive property holds. That is, for any
three complex numbers z1, z2, and z3,

21(za+23) =122+ 2123
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@ The of the complex number z = x + jy is denoted as z* and
defined as
7 =x—jy.

@ Geometrically, the conjugation operation reflects a point in the complex
plane about the real axis.

@ The geometric interpretation of the conjugate is illustrated below.

Im
SL=X+)y
Re
L =Xy
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Properties of Conjugation

@ For every complex number z, the following identities hold:

7 =z,
argz" = —argz,
2" = 7|7,

Rez=3(z+7"), and

_ 1 *
Imz =5 (z—2").
@ For all complex numbers z; and z,, the following identities hold:

(z1+22)" =2] + 25,
(z122)* = 7jz5, and

(z1/22)" = 21 /23
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@ Cartesian form: Let z1 = x1 + jy; and zp = x» + jy». Then,

21 +20 = (X1 4+ jy1) + (x2+ jy2)
= (x1+x2) + j(y1 +y2).

@ That is, to add complex numbers expressed in Cartesian form, we simply
add their real parts and add their imaginary parts.

@ Polar form: Let 71 = r1e/® and zo = re/%2. Then,

21+ 22 =rie” +rel”
= (r1cos0y + jrysinB;) + (r2cos 0 + jry sin6;)
= (r1cos01 +rpcos0,) + j(r;sinO; +r,sinH,).
@ That is, to add complex numbers expressed in polar form, we first rewrite

them in Cartesian form, and then add their real parts and add their
Imaginary parts.

@ For the purposes of addition, it is easier to work with complex numbers
expressed in Cartesian form.
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Multiplication

@ Cartesian form: Let z; = x| + jy; and 2o = x> + jy;. Then,

2122 = (x1 4 jy1) (02 + jy2)
= X1X2 + jX1Y2 + jX2y1 — Y1)2
= (x1x2 —y1y2) + j(x1y2 +x2)1).
@ That is, to multiply two complex numbers expressed in Cartesian form, we
use the distributive law along with the fact that j> = —1.

@ Polar form: Let 71 = r1e/® and zo = re/%2. Then,

217 = (,,18]91) (,,28192) — 1yl (®1162),

@ That is, to multiply two complex numbers expressed in polar form, we use
exponent rules.

@ For the purposes of multiplication, it is easier to work with complex
numbers expressed in polar form.
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Division
@ Cartesian form: Let z; = x1 + jy; and 2o = xp + jyz. Then,

21 _ % _ azy _ (At jyn) (e — )

2 2% |t X5+ 3
_Xixp — JX1y2 + jx2y1 +y1y2 _ X112 + j(x2y1 — x1)2)
X5+ y3 X5 +y3

@ That is, to compute the quotient of two complex numbers expressed in
polar form, we convert the problem into one of division by a real number.

@ Polar form: Let 71 = r1e/% and zo = re/%2. Then,

JjO1 ,
e T Ljei-6s)
%) e’ 02 I

@ That is, to compute the quotient of two complex numbers expressed in
polar form, we use exponent rules.

@ For the purposes of division, it is easier to work with complex numbers
expressed in polar form.
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Properties of the Magnitude and Argument

@ For any complex numbers z; and z, the following identities hold:

1z122] = |21 |22],
= @ for zo # 0,
|22
argzizp = argz) +argzy, and

arg (Z—1> =argz) —argzy forzp #0.
22

<1
<2

@ The above properties trivially follow from the polar representation of
complex numbers.
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Euler’s Relation, and De Moivre’s Theorem

o For all real 9,

e/% = cos®+ jsin®.

@ From Euler’s relation, we can deduce the following useful identities:

cos® = 1 (e +e%) and
Sin@ = 2i].(eje —e 9.

Q For all real 0 and all integer n,

. . n
e/ — (e]e) .

[Note: This relationship does not necessarily hold for real n.]
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Roots of Complex Numbers

@ Every complex number z = re/® (where r = |z| and 8 = argz) has n
distinct nth roots given by

Yrel O/ gork=0,1,....n—1.

@ For example, 1 has the two distinct square roots 1 and —1.

Copyright (©) 2013 Michael D. Adams Lecture Slides Version: 2013-09-11



Quadratic Formula

@ Consider the equation
az’ +bz+c =0,

where a, b, and c are real, z is complex, and a # 0.
@ The roots of this equation are given by

—b+Vb? —4dac
= .
2a

@ This formula is often useful in factoring quadratic polynomials.

@ The quadratic az” + bz + ¢ can be factored as a(z — z9)(z — z1), where

—b—/b?—4ac —b+Vb? —4ac
20 = and z7 = ,
2a 2a
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Complex Functions

@ A maps complex numbers to complex numbers. For
example, the function F(z) = z> +2z+ 1, where z is complex, is a
complex function.

@ A complex IS @ mapping of the form
F(z) =ao+a1z+axz® + -+ +an",

where z, ap,ay,...,a, are complex.
@ A complex IS @ mapping of the form

F(z) = ao+a1z+amz>+ ... +a,"
bo+bi1z+brz>+ ...+ by’
where ag,ay,...,a,,by,b1,...,b,, and z are complex.
@ Observe that a polynomial function is a special case of a rational function.

@ In the context of this course, we will mostly focus our attention on
polynomial and rational functions.
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Continuity

@ A function F(z) is said to be zo if F(zp) is defined
and given by

F(z9) = lim F(z).

Z—20

@ A function that is continuous at every point in its domain is said to be

@ Polynomial functions are continuous everywhere.

@ Rational functions are continuous everywhere except at points where the
denominator polynomial becomes zero.
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Differentiability

@ A function F(z) is said to be z = 7o if the limit
: F(z)—F
F' (ZO) = llmz—>Z() (Zi_ZO(ZO)
exists. This limit is called the of F(z) at the point z = zp.
@ A function is said to be if it is differentiable at every point in

its domain.
@ The rules for differentiating sums, products, and quotients are the same
for complex functions as for real functions. If F’(z9) and G'(zg) exist, then
Q@ (aF) (z0) = aF'(zp) for any complex constant a;
Q (F+G)(20) =F'(20) + G (20);
Q (FG)(z) = F/(ZO)(/;(ZO) ‘|‘F(Z/O)G/(ZO);
Q (F/G) (z) = C=F (Z(();)(ZOI;(ZO)G 20) . and
@ if zo0 = G(wp) and G’ (wy) exists, then the derivative of F(G(z)) at wy is
F'(z0)G'(wyp) (i-e., the chain rule).

@ A polynomial function is differentiable everywhere.

@ A rational function is differentiable everywhere except at the points where
its denominator polynomial becomes zero.
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Open Disks

@ An In the complex plane with center zg and radius r is the set of
complex numbers z satisfying

‘Z—Zo‘ < T,

where r is a strictly positive real number.
@ A plot of an open disk is shown below.

Im

Re
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Analyticity

@ A function is said to be 7o if it is differentiable at every
point in an open disk about z.

@ A function F' is said to be If it is analytic at every point in its
domain.

@ A polynomial function is analytic everywhere.

@ A rational function is analytic everywhere, except at the points where its
denominator polynomial becomes zero.
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Zeros and Singularities

@ If a function F is zero at the point zg (i.e., F(zg) = 0), F is said to have a
at zp.

@ If a function F is such that F(zp) = 0,F)(z9) =0,...,F" (7)) =0
(where F (k) denotes the kth order derivative of F), F' is said to have an
at 2.

@ A point at which a function fails to be analytic is called a

@ Polynomials do not have singularities.

@ Rational functions can have a type of singularity called a pole.

@ If a function F is such that 1/F (z) has an nth order zero at zg, F is said to

have an at 2.

@ A pole of first order is said to be , Whereas a pole of order two or
greater is said to be . A similar terminology can also be applied
to zeros (i.e., and ).
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Zeros and Poles of a Rational Function

@ Given a rational function F', we can always express I’ in factored form as

K(Z _ a1>0€1 (Z _ a2)062 - (Z _ aM)OCM

F ) = 3
where K is complex, ay,ao,...,apy,b1,bo, ..., by are distinct complex
numbers, and o, 0, ..., 0 and By, B2, ..., By are strictly positive

integers.
@ One can show that F(z) has poles at by,b,,...,by and zeros at
ay,az,...,dpy.

@ Furthermore, the kth pole (i.e., by) is of order By, and the kth zero (i.e., ay)
is of order oy.

@ When plotting zeros and poles in the complex plane, the symbols “0” and
“x” are used to denote zeros and poles, respectively.
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Part 3

Continuous-Time Signals and Systems
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Section 3.1

Independent- and Dependent-Variable Transformations
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Time Reversal (Reflection)

Q (also known as ) maps the input signal x(¢) to
the output signal y(¢) as given by

(1) = x(—1).

@ Geometrically, the output signal y(¢) is a reflection of the input signal x(z)
about the (vertical) line r = 0.
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Time Scaling (Dilation/Reflection)

o (also called ) maps the input signal x(¢) to the
output signal y(¢) as given by

y(t) = x(at),

where a is a nonzero real number.

@ Geometrically, this transformation is associated with a dilation (i.e.,
compression/expansion along the time axis) and/or reflection about the
(vertical) line t = 0.

If |a| < 1, the signal is expanded (i.e., stretched) along the time axis.
If |a| > 1, the signal is instead compressed.

a| = 1, the signal is neither expanded nor compressed.
If a < 0, the signal is also reflected about the vertical line t = 0.

Q
Q
@ |If
Q
Q
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Time Scaling (Dilation/Reflection): Example

x(1) x(2t)
/S /
5 B 0’11 ! 5 g o_\ 1 1
x(t/2) x(—1)
I |
g Ay 0 1\2 ’ a5 1/0/\1 5!

Copyright (©) 2013 Michael D. Adams Lecture Slides Version: 2013-09-11



Time Shifting (Translation)

o (also called ) maps the input signal x(¢) to the
output signal y(¢) as given by

where b is a real number.

@ Geometrically, this operation shifts the signal (to the left or right) along the
time axis.

@ If b is positive, y(t) is shifted to the right relative to x(¢) (i.e., delayed in
time).

@ If b is negative, y(¢) is shifted to the left relative to x(t) (i.e., advanced in
time).
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Time Shifting (Translation): Example

x(t—1) x(t+1)
3+ 3+
2+ 2+
1 + 1\ +
2 1 o0 1 3 5 ! B 1 o0 1 3 5!
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Combined Time Scaling and Time Shifting

@ Consider a transformation that maps the input signal x(¢) to the output
signal y(¢) as given by

y(t) :X(Clt—b),

where a and b are real numbers and a # 0.

@ The above transformation can be shown to be the combination of a
time-scaling operation and time-shifting operation.

@ Since time scaling and time shifting do not commute, we must be
particularly careful about the order in which these transformations are
applied.

@ The above transformation has two distinct but equivalent interpretations:

@ first, time shifting x(¢) by b, and then time scaling the result by a;
@ first, time scaling x(¢) by a, and then time shifting the result by b/a.

@ Note that the time shift is not by the same amount in both cases.
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Combined Time Scaling and Time Shifting: Example

Given x(¢) as shown
below, find x(2¢ — 1).

Copyright (©) 2013 Michael D. Adams

!

time shift by 1 and then time scale by 2

p(t) =x(t—1)

1 —+

p(2t) =x(2t —1)

time scale by 2 and then time shift by 1

q(t) = x(21)

1__

I |
-2 -1

Lecture Slides

Version: 2013-09-11

q(t—1/2

x(2t —

X 21(3
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Two Perspectives on Independent-Variable Transformations

@ A transformation of the independent variable can be viewed in terms of

@ the effect that the transformation has on the signal; or
Q the effect that the transformation has on the horizontal axis.

This distinction is important because such a transformation has opposite
effects on the signal and horizontal axis.
For example, the (time-shifting) transformation that replaces ¢t by t — b
(where b is a real number) in x(¢) can be viewed as a transformation that
@ shifts the signal x(¢) right by b units; or
@ shifts the horizontal axis left by b units.
In our treatment of independent-variable transformations, we are only
interested in the effect that a transformation has on the signal.

If one is not careful to consider that we are interested in the signal
perspective (as opposed to the axis perspective), many aspects of
independent-variable transformations will not make sense.
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Amplitude Scaling

o maps the input signal x(¢) to the output signal y(¢) as
given by

y(t) = ax(t),
where a is a real number.

@ Geometrically, the output signal y(¢) is expanded/compressed in
amplitude and/or reflected about the time axis.

x(t) 2x(t)

Copyright (©) 2013 Michael D. Adams Lecture Slides Version: 2013-09-11



Amplitude Shifting

o maps the input signal x(¢) to the output signal y(¢) as
given by

where b is a real number.

@ Geometrically, amplitude shifting adds a vertical displacement to x(t).

x(1) x(t) =2
2 2
/\/\/\ 1
] I I | I t
-3 -2 —1 1 2 3 -3 -2 —1 1 2 3 t
_1 - _1
) -2
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Combined Amplitude Scaling and Amplitude Shifting

We can also combine amplitude scaling and amplitude shifting
transformations.

Consider a transformation that maps the input signal x(¢) to the output
signal y(z), as given by

y(t) = ax(t) + b,

where a and b are real numbers.

Equivalently, the above transformation can be expressed as

y(t) =a [x(t) + g] :

The above transformation is equivalent to:

@ first amplitude scaling x(z) by a, and then amplitude shifting the resulting
signal by b; or

@ first amplitude shifting x(¢) by b/a, and then amplitude scaling the resulting
signal by a.
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Section 3.2

Properties of Signals
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Even Signals

@ A signal x(z) is said to be if it satisfies
x(t) =x(—t) forallz.

@ Geometrically, an even signal is symmetric about the vertical line t = 0.

@ Some common examples of even signals include the cosine, absolute
value, and square functions.

@ Another example of an even signal is shown below.

x(1)

2 -1

[
o
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Odd Signals

@ A signal x(t) is said to be if it satisfies
x(t) = —x(—t) forallt.
@ Geometrically, an odd signal is antisymmetric about t = 0.
@ An odd signal x(#) must be such that x(0) = 0.
@ Some common examples of odd signals include the sine, signum, and
cube (i.e., x(t) = t3) functions.
@ Another example of an odd signal is shown below.
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Symmetry and Addition/Multiplication

@ Sums involving even and odd signals have the following properties:

@ The sum of two even signals is even.
@ The sum of two odd signals is odd.
@ The sum of an even signal and odd signal is neither even nor odd.

@ That is, the sum of functions with the same type of symmetry also has the
same type of symmetry.

@ Products involving even and odd signals have the following properties:

@ The product of two even signals is even.
@ The product of two odd signals is even.
@ The product of an even signal and an odd signal is odd.

@ That s, the product of functions with the same type of symmetry is even,
while the product of functions with opposite types of symmetry is odd.
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Decomposition of Signal into Even and Odd Parts

@ Any signal x(¢) has a unique representation of the form

x(1) = xe(2) +x0(2),

where x,.(7) and x,(t) are even and odd, respectively.
@ In particular, x.(¢) and x,(¢) are given by

Xe(t) =4 (x(t) +x(—1)) and x,(t) =% (x(t) —x(—1)).
@ The functions x,.(¢) and x,(¢) are called the and of
x(t), respectively.

@ For convenience, the even and odd parts of x(¢) are often denoted as
Even{x(¢)} and Odd{x(z)}, respectively.
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Periodic Signals

@ A signal x(t) is said to be if it satisfies
x(t)=x(t+T), forallrandsome constantT, T > 0.

@ The quantity T is referred to as the of the signal.
@ Two quantities closely related to the period are the and
, denoted as f and m, respectively, and defined as

f=+ and ©=2xnf=2

@ A signal that is not periodic is said to be
@ Examples of periodic signals include the cosine and sine functions.
@ Another example of a periodic signal is shown below.

x(t)

N
NN
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Periodic Signals (Continued)

@ The period of a periodic signal is not unigque. That is, a signal that is
periodic with period T is also periodic with period NT, for every (strictly)
positive integer N.

x(t)

RUTAN L WANAY
R

< L
T T

@ The smallest period with which a function is periodic is called the
and its corresponding frequency is called the
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Sum of Periodic Functions

@ Sum of periodic functions. Let x| (¢) and x,(¢) be periodic signals with
fundamental periods 77 and 75, respectively. Then, the sum
y(t) = x1(t) +x2(t) is a periodic signal if and only if the ratio 7 /7> is a
rational number (i.e., the quotient of two integers). Suppose that
T /T, = q/r where g and r are integers and coprime (i.e., have no
common factors), then the fundamental period of y(¢) is 7} (or
equivalently, g7>, since rT1 = g1>). (Note that r7; is simply the least
common multiple of 77 and 73.)

@ In passing, we note that the above result can be extended to the more
general case of the sum of N periodic signals.
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Right-Sided Signals

@ A signal x(t) is said to be if, for some finite constant #(, the
following condition holds:

x(t) =0 forallt <t

(i.e., x is only nonzero to the right of ty).
@ An example of a right-sided signal is shown below.

x(t)

@ A signal x(t) is said to be if
x(t)=0 forallt<O.

@ A causal signal is a special case of a right-sided signal.
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Left-Sided Signals

@ A signal x(t) is said to be if, for some finite constant ¢y, the
following condition holds:

x(t) =0 forallt >t

(i.e., x is only nonzero to the left of ty).
@ An example of a left-sided signal is shown below.

x(t)

@ Similarly, a signal x(¢) is said to be if
x(t)=0 forallt>0.

@ An anticausal signal is a special case of a left-sided signal.
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Finite-Duration and Two-Sided Signals

@ A signal that is both left sided and right sided is said to be
(or ).
@ An example of a finite duration signal is shown below.

x(t)

4
o I

@ A signal that is neither left sided nor right sided is said to be
@ An example of a two-sided signal is shown below.

x(t)
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Bounded Signals

@ A signal x(t) is said to be if there exists some (positive) real
constant A such that

x(2)] <A <oo forallt

(i.e., x(¢) is finite for all t).
@ Examples of bounded signals include sin and cos.

@ Examples of unbounded signals include tan and any (nonconstant)
polynomial function.
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Signal Energy and Power

@ The E contained in the signal x(¢) is given by

E = /_ " x(0)Pdr.

@ A signal with finite energy is said to be an

@ The P contained in the signal x(¢) is given by
. 1 r7T/2 5
P = lim — x(2)|” dt.
T—oT J_T)2

@ A signal with (nonzero) finite average power is said to be a
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Section 3.3

Elementary Signals
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Real Sinusoid

o A IS a function of the form
x(t) = Acos(wr +0),

where A, ®, and 0 are real constants.

@ Such a function is periodic with fundamental period T = 2n

fundamental frequency ||.
@ A real sinusoid has a plot resembling that shown below.

Acos(ot +0)

Acos@/ /
t
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Complex Exponentials

o A IS a function of the form
x(t) = AeM,

where A and A are complex constants.

@ A complex exponential can exhibit one of a number of distinct modes of
behavior, depending on the values of its parameters A and A.

@ For example, complex exponentials include as special cases: real
sinusoids, real exponentials, and complex sinusoids.
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Real Exponentials

@ A IS a special case of a complex exponential
x(t) = AeM, where A and A are restricted to be real numbers.

@ A real exponential can exhibit one of three distinct modes of behavior,
depending on the value of A, as illustrated below.

@ If 7\.« > 0, .X(t) increases exponen’[ially as t increases (i.e., a growing exponential).
@ If A <0, x(¢) decreases exponentially as ¢ inCreases ie., a decaying exponential).
@ If A =0, x(¢) simply equals the constant A.

AeM AeM AeM
A A A
-——/ y t \ t
A>0 A=0 A <O
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Complex Sinusoids

@ A complex sinusoid is a special case of a complex exponential x(1) = Ae™,
where A is complex and A is purely imaginary (i.e., Re{A} = 0).

@ Thatis, a IS a function of the form
x(t) = Ae/™,

where A is complex and  is real.
@ Letting 6 = argA and using Euler’s relation, we can rewrite x(¢) as

x(t) =|A|cos(wt+0)+j|A|sin(wr +0).

VO TV

Re{x(r)} Im{x(r)}

@ Thus, Re{x(¢)} and Im{x(z)} are the same except for a time shift.

@ Also, x(¢) is periodic with fundamental period T = ‘ m’ and fundamental
frequency ||
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Complex Sinusoids (Continued)

@ The graphs of Re{x(¢)} and Im{x(¢)} have the forms shown below.

|A|cos(wr +0) |A|sin(or +6)

Ami//\ / /\
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Complex Exponentials (General Case)

In the most general case of a complex exponential x(f) = Ae*, A and A
are both complex.
Letting A = |A|e/® and A = 6 + jo (where 0, 6, and ® are real), and
using Euler’s relation, we can rewrite x(¢) as

x(t) = |Ale® cos(wt +0) +j|A| e sin(wr +0).

VO VO

Re{x(t)} Im{x(t)}
Thus, Re{x(¢)} and Im{x(¢)} are each the product of a real exponential
and real sinusoid.
One of three distinct modes of behavior is exhibited by x(¢), depending on
the value of G.
If 6 =0, Re{x(¢)} and Im{x(¢) } are real sinusoids.
If 6 > 0, Re{x(¢)} and Im{x(¢) } are each the product of a real sinusoid
and a growing real exponential.

If 6 <0, Re{x(¢)} and Im{x(¢)} are each the product of a real sinusoid
and a decaying real exponential.
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Complex Exponentials (General Case) (Continued)

@ The three modes of behavior for Re{x(¢)} and Im{x(¢)} are illustrated
below

|A|ectg'
N

c >0 c=0 c<0
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Relationship Between Complex Exponentials and Real

Sinusoids

@ From Euler’s relation, a complex sinusoid can be expressed as the sum of
two real sinusoids

Ae’® = Acos®+ jAsin®.

@ Moreover, a real sinusoid can be expressed as the sum of two complex
sinusoids using the identities

AT . |
Acos(wr+0) = 5 [ j(@r+6) +e_f(°°’+e)} and
AT . .
: _ 2| jj(er+8) _ —j(wr+6)
Asin(t + 6) 2; [ e ] .

@ Note that, above, we are simply restating results from the earlier material
on complex analysis.
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Unit-Step Function

@ The (also known as the ), denoted

u(t), is defined as
1 ifr>0
u(y=2_"'=
O otherwise.

@ Due to the manner in which u is used in practice, the actual value of u(0)
is unimportant. Sometimes values of 0 and % are also used for u(0).
@ A plot of this function is shown below.

u(t)
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Rectangular Function

@ The (also called the unit-rectangular pulse
function), denoted rect(z), is given by

() 1 if—3<t<3
rec =
0 otherwise.

@ Due to the manner in which the rect function is used in practice, the actual
value of rect(t) at t = -1 is unimportant. Sometimes different values are

used from those specified above.
@ A plot of this function is shown below.

rect(t)

-
] e
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Cardinal Sine Function

@ The function, denoted sinc(z), is given by
Int
sinc(t) = 2

@ By I'Hopital’s rule, sincO = 1.

@ A plot of this function for part of the real line is shown below.
[Note that the oscillations in sinc(z) do not die out for finite 7.]

1
0.8
0.6
0.4
0.2

0
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Unit-Impulse Function

@ The (also known as the or
), denoted o(¢), is defined by the following two properties:

=0 fort#0 and

/ 5(1

@ Technically, o is not a function in the ordinary sense. Rather, it is what is
known as a generalized function. Consequently, the o function
sometimes behaves in unusual ways.

@ Graphically, the delta function is represented as shown below.
o(t) K&(t—1p)

1 K

o
o
S
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Unit-Impulse Function as a Limit

@ Define

2u(r) {1/8 for [t| < €/2

0 otherwise.

@ The function g¢ has a plot of the form shown below.

@ Clearly, for any choice of €, [~ g¢(t)dt = 1.
@ The function 0 can be obtained as the following limit:

3(1) = lim ge(1).

@ Thatis, 0 can be viewed as a limiting case of a rectangular pulse where
the pulse width becomes infinitesimally small and the pulse height
becomes infinitely large in such a way that the integral of the resulting

function remains unity.
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Properties of the Delta Function

Q For any continuous function x(¢) and any real
constant o,

x(2)0(t —t9) = x(t0)0(t — 1p).

o For any continuous function x(¢) and any real constant

/ x(1)8(1 — to)dt = x(to).
@ The 0 function also has the following properties:

o(t) =98(—t) and

where a is a nonzero real constant.
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Representing a Rectangular Pulse Using Unit-Step

Functions

@ For real constants a and b where a < b, consider a function of the form

I ifa<t<b
x(t) = |
0 otherwise

(i.e., x(t) is a rectangular pulse of height one, with a rising edge at a and
falling edge at b).

@ The function x(¢) can be equivalently written as
x(t) =u(t—a)—u(t—Db)

(i.e., the difference of two time-shifted unit-step functions).

@ Unlike the original expression for x(t), this latter expression for x(¢) does
not involve multiple cases.

@ In effect, by using unit-step functions, we have collapsed a formula
iInvolving multiple cases into a single expression.
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Representing Functions Using Unit-Step Functions

@ The idea from the previous slide can be extended to handle any function
that is defined in a piecewise manner (i.e., via an expression involving
multiple cases).

@ That is, by using unit-step functions, we can always collapse a formula
iInvolving multiple cases into a single expression.

@ Often, simplifying a formula in this way can be quite beneficial.
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Section 3.4

Continuous-Time Systems
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Continuous-Time Systems

@ A system with input x(¢) and output y(¢) can be described by the equation

(1) =T{x(t)},
where 7 denotes an operator (i.e., transformation).

@ Alternatively, we can express the above relationship using the notation

x(1) 5 y(t).

@ If clear from the context, the operator I is often omitted, yielding the
abbreviated notation

x(1) — y(1).

@ Note that the symbols “—” and “=" have very different meanings.
@ The symbol “—” should be read as “produces” (not as “equals”).
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Block Diagram Representations

@ Often, a system defined by the operator 7 and having the input x(¢) and
output y(¢) is represented in the form of a block diagram as shown below.

Input Output
x(1) System y(?)
| N | 7
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Interconnection of Systems

@ Two basic ways in which systems can be interconnected are shown below.

x(1) System 1 y(1)
T
x(f)  [System 1 |, | System 2 y(t) :
Ty g5

System 2
Series D

Parallel

@ A (or ) connection ties the output of one system to the input

of the other.
@ The overall series-connected system is described by the equation

(1) =D Tix(@)} ;-

@ A connection ties the inputs of both systems together and sums
their outputs.
@ The overall parallel-connected system is described by the equation

(1) = Tiax(t); + Dix(r) ).
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Section 3.5

Properties of Continuous-Time Systems
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Memory and Causality

A system is said to have if its output y(¢) at any arbitrary time ¢,
depends on the value of its input x(¢) at any time other than ¢t = #.

@ A system that does not have memory is said to be

@ Although simple, a memoryless system is not very flexible, since its

current output value cannot rely on past or future values of the input.

A system is said to be if its output y(¢) at any arbitrary time
depends only on the values of its input x(¢) for t < 1.

If the independent variable ¢ represents time, a system must be causal in
order to be physically realizable.

Noncausal systems can sometimes be useful in practice, however, since
the independent variable need not always represent time. For example, in
some situations, the independent variable might represent position.
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Invertibility

@ The of a system 7 is another system 7! such that the
combined effect of 7" cascaded with 7 ! is a system where the input and
output are equal.

@ A system is said to be If it has a corresponding inverse system
(i.e., its inverse exists).

@ Equivalently, a system is invertible if its input x(¢) can always be uniquely
determined from its output y(7).

@ Note that the inverse/invertibility of a system and the inverse/invertibility of
a function are fundamentally different things (i.e., mappings between
numbers versus mappings between functions).

@ An invertible system will always produce distinct outputs from any two
distinct inputs.

@ To show that a system is invertible, we simply find the inverse system.

@ To show that a system is not invertible, we find two distinct inputs that
result in identical outputs.

@ In practical terms, invertible systems are “nice” in the sense that their
effects can be undone.
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Bounded-Input Bounded-Output (BIBO) Stability

)

o

)

A system with input x(¢) and output y(¢) is BIBO stable if, for every
bounded x(¢), y(¢) is bounded (i.e., |x(¢)| < oo for all r implies that
[y(2)| < oo for all 1).

To show that a system is BIBO stable, we must show that every bounded
input leads to a bounded output.

To show that a system is not BIBO stable, we only need to find a single
bounded input that leads to an unbounded output.

In practical terms, a BIBO stable system is well behaved in the sense that,
as long as the system input remains finite for all time, the output will also
remain finite for all time.

Usually, a system that is not BIBO stable will have serious safety issues.
For example, an iPod with a battery input of 3.7 volts and headset output
of oo volts = one vaporized Apple customer + one big lawsuit.
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Time Invariance

@ Let y(¢) denote the response of a system to the input x(z), and let 7
denote a real constant. If, for all x(z) and all 7y, the input x(¢ —#) produces
the output y(z — 1y), the system is said to be

@ That s, a system is time invariant if a time shift (i.e., advance or delay) in
the input results in an identical time shift in the output.

@ A system that is not time invariant is said to be

@ In simple terms, a time invariant system is a system whose behavior does
not change with respect to time.

@ Practically speaking, compared to time-varying systems, time-invariant
systems are much easier to design and analyze, since their behavior
does not change with respect to time.
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e 6 6 ¢

Let y;(¢) and y,(¢) denote the responses of a system to the inputs x; ()
and x;(t), respectively, and let a; and a, denote complex constants. If, for
all x1 (), x2(¢), ai, and ap, the input a;x;(t) + axx,(t) produces the
response a1y (t) + axy»(t), the system is said to possess the

property.
The homogeneity property is the special case of superposition for a, = 0.
The additivity property is the special case of superposition fora; =a, = 1.
A system for which the superposition property holds is said to be

Practically speaking, linear systems are much easier to design and
analyze than nonlinear systems. Very powerful tools have been
developed for the study of linear systems. Unfortunately, equally powerful
tools are not available for nonlinear systems.
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Part 4

Continuous-Time Linear Time-Invariant (LTIl) Systems
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Why Linear Time-Invariant (LTl) Systems?

@ In engineering, linear-time invariant (LT1) systems play a very important
role.

@ Very powerful mathematical tools have been developed for analyzing LTI
systems.

@ LTI systems are much easier to analyze than systems that are not LTI.

@ In practice, systems that are not LTI can be well approximated using LTI
models.

@ So, even when dealing with systems that are not LTI, LTI systems still play
an important role.
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Section 4.1

Convolution
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Continuous-Time Convolution

@ The of the functions x(¢) and h(t), denoted x(t) * h(z), is
defined as the function

(o)

W(1) = x(£) % (7) = / (T)h(t —T)dr.

—0Q

@ The convolution result y(t) = x(¢) x h(¢) at the point 7 is simply the
weighted average of the function x(t), where the weighting is given by
h(—7) shifted by ¢.

@ Herein, the asterisk symbol (i.e., “x”) will always be used to denote
convolution, not multiplication.

@ As we shall see, convolution is used extensively in systems theory.

@ In particular, convolution has a special significance in the context of LTI
systems.
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Practical Convolution Computation

@ To compute the convolution

we proceed as follows:

@ Plot x(t) and i(z — ) as a function of 7.

Q Initially, consider an arbitrarily large negative value for ¢. This will result in
h(t — t) being shifted very far to the left on the time axis.

@ Write the mathematical expression for y(z).

@ |Increase r gradually until the expression for y(¢) changes form. Record the
interval over which the expression for y(¢) was valid.

© Repeat steps 3 and 4 until ¢ is an arbitrarily large positive value. This
corresponds to /(¢ — 1) being shifted very far to the right on the time axis.

Q The results for the various intervals can be combined in order to obtain an
expression for y(¢) for all 7.
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Properties of Convolution

@ The convolution operation is commutative. That is, for any two functions
x(t) and h(t),

x(t)xh(t) =h(t)*x(t).

@ The convolution operation is associative. That is, for any signals x(z),
hy(t), and hy(t),

x(#) xhy(t)] xha(t) = x(2) * [hy(2) x hy(2)].

@ The convolution operation is distributive with respect to addition. That is,
for any signals x(¢), k1 (), and hy(7),

x(t)x[hy () +ha(t)] = x(2) «hy () +x(2) % ho(2).
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Representation of Signals Using Impulses

@ For any function x(z),

x(t) = /_ ix(T)S(t —)dt = x(t) # 8(¢).

@ Thus, any function x(¢) can be written in terms of an expression involving
o(1).

@ Moreover, 0(t) is the convolutional identity. That is, for any function x(z),

x(t)*0(t) = x(t).
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Section 4.2

Convolution and LTI Systems
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Impulse Response

@ The response h(t) of a system H to the input d(¢) is called the
of the system (i.e., 8(¢) A, h(t)).

@ For any LTI system with input x(¢), output y(¢), and impulse response
h(t), the following relationship holds:

y(t) = x(t) xh(t).

@ In other words, a LTI system simply computes a convolution.

@ Furthermore, a LTI system is completely characterized by its impulse
response.

@ That is, if the impulse response of a LTI system is known, we can
determine the response of the system to any input.

@ Since the impulse response of a LTl system is an extremely useful
quantity, we often want to determine this quantity in a practical setting.

@ Unfortunately, in practice, the impulse response of a system cannot be
determined directly from the definition of the impulse response.
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Step Response

@ The response s(t) of a system # to the input u(¢) is called the
of the system (i.e., u(t) X, s(1)).

@ The impulse response h(t) and step response s(t) of a system are related
as follows:

@ Therefore, the impulse response of a system can be determined from its
step response by differentiation.

@ The step response provides a practical means for determining the impulse
response of a system.
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Block Diagram Representation of LTI Systems

@ Often, it is convenient to represent a continuous-time LTI system in block
diagram form.

@ Since such systems are completely characterized by their impulse
response, we often label a system with its impulse response.

@ That is, we represent a system with input x(¢), output y(¢), and impulse
response h(t), as shown below.

x(1) y(t)

] h(t)  —
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Interconnection of LTI Systems

@ The series interconnection of the LTI systems with impulse responses
hi(t) and hy(¢) is the LTI system with impulse response
h(t) = h(t) xhy(t). That is, we have the equivalences shown below.

——  h(t) —— = —— hi(t)xhp(t) —>—

— —— Iy (l‘) —— Ny ([) I

@ The parallel interconnection of the LTI systems with impulse responses
hi(t) and hy(¢) is a LTI system with the impulse response
h(t) = hi(t) + hy(¢). That is, we have the equivalence shown below.

x(1)

L
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Section 4.3

Properties of LTI Systems
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@ A LTI system with impulse response A(¢) is memoryless if and only if
h(t) =0 forallt=#0.

@ Thatis, a LTI system is memoryless if and only if its impulse response
h(t) is of the form

h(t) = Ko(t),

where K is a complex constant.

@ Consequently, every memoryless LTI system with input x(7) and output
y(t) is characterized by an equation of the form

y(t) = x(t) *« Ko(t) = Kx(t)

(i.e., the system is an ideal amplifier).

@ For an LTI system, the memoryless constraint is extremely restrictive (as
every memoryless LTI system is an ideal amplifier).
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@ A LTI system with impulse response /(t) is causal if and only if
h(t)=0 fort <0

(i.e., h(z) is a causal signal).
@ It is due to the above relationship that we call a signal x(¢), satisfying

x(t)=0 forallt <O,

a causal signal.
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Invertibility

@ The inverse of a LTI system, if such a system exists, is a LTI system.

@ Let h(t) and ™ (¢) denote the impulse responses of a LTI system and its
(LTI) inverse, respectively. Then,

h(t) W™ (1) = §(1).

@ Consequently, a LTI system with impulse response h(t) is invertible if and
only if there exists a function A" (¢) such that

h(t)«h™ (1) = 8(¢).

@ Except in simple cases, the above condition is often quite difficult to test.
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BIBO Stability

@ A LTI system with impulse response A(¢) is BIBO stable if and only if

/_°° (1) dt < oo

(i.e., h(¢) is absolutely integrable).
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Eigenfunctions of Systems

@ Aninput x(¢) to a system # is said to be an of the system
H with the A if the corresponding output y(¢) is of the form
y(r) = Ax(1),

where A is a complex constant.

@ In other words, the system # acts as an ideal amplifier for each of its
eigenfunctions x(¢), where the amplifier gain is given by the
corresponding eigenvalue A.

@ Different systems have different eigenfunctions.
@ Of particular interest are the eigenfunctions of LTI systems.
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Eigenfunctions of LTI Systems

"

)

As it turns out, every complex exponential is an eigenfunction of all LTI
systems.

For a LTI system # with impulse response /(t),

ot 2L H(s)e",

where s is a complex constant and
H(s) = / h(r)e " dr.

That is, e is an eigenfunction of a LTI system and H () is the
corresponding eigenvalue.

We refer to H(s) as the (or ) of the
system 4.
From above, we can see that the response of a LTI system to a complex

exponential is the same complex exponential multiplied by the complex
factor H(s).
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Representations of Signals Using Eigenfunctions

Consider a LTI system with input x(¢), output y(¢), and system function
H(s).
Suppose that the input x(¢) can be expressed as the linear combination of
complex exponentials
x(t) = Zakes"t,
k

where the a; and s; are complex constants.

Using the fact that complex exponentials are eigenfunctions of LTI
systems, we can conclude

y(t) = ;akH(sk)eS"t.

Thus, if an input to a LTI system can be expressed as a linear combination
of complex exponentials, the output can also be expressed as linear
combination of the same complex exponentials.

The above formula can be used to determine the output of a LTI system
from its input in a way that does not require convolution.
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Part 5

Continuous-Time Fourier Series
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Introduction

@ The Fourier series is a representation for periodic signals.

@ With a Fourier series, a signal is represented as a linear combination of
complex sinusoids.

@ The use of complex sinusoids is desirable due to their numerous attractive
properties.

@ For example, complex sinusoids are continuous and differentiable. They
are also easy to integrate and differentiate.

@ Perhaps, most importantly, complex sinusoids are eigenfunctions of LTI
systems.
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Section 5.1

Fourier Series
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Harmonically-Related Complex Sinusoids

@ A set of complex sinusoids is said to be if there
exists some constant ®y such that the fundamental frequency of each
complex sinusoid is an integer multiple of @y.

@ Consider the set of harmonically-related complex sinusoids given by
0r (1) = X fork=0,+1,+2,....

@ The fundamental frequency of the kth complex sinusoid ¢ (¢) is k®g, an
integer multiple of my.

@ Since the fundamental frequency of each of the harmonically-related
complex sinusoids is an integer multiple of ®q, a linear combination of
these complex sinusoids must be periodic.

@ More specifically, a linear combination of these complex sinusoids is
periodic with period T = 271/ wy.
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Fourier Series

@ A periodic complex signal x(¢) with fundamental period 7" and

_2m

fundamental frequency wy = == can be represented as a linear

combination of harmonically-related complex sinusoids as follows:

x(t) =Y cpel "

k=—oo

@ Such a representation is known as (the complex exponential form of) a
, and the c; are called

@ The above formula for x(¢) is often referred to as the

@ The terms in the summation for k = K and k = —K are called the Kth
, and have the fundamental frequency K.

@ To denote that a signal x(¢) has the Fourier series coefficient sequence ¢,
we write
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Fourier Series of a Real Signal

@ If a signal x(¢) is real, then its Fourier series coefficients c; satisfy
cy =c, forallk.

@ By using the above symmetry in the Fourier series coefficients and Euler’s
relation, the Fourier series of a real signal can be rewritten in two other
forms.

)

o0

x(t) =co+2 Z |ck| cos(kwot + Oy ),
k=1

where 0, = argc;.
Q

oo

x(t) = Co+ Z [Otk cos kmot + Bk sink(x)ot] :
k=1

where o, = Re2c¢; and By = —Im2¢y.
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Determining the Fourier Series Representation of a Signal

@ The periodic signal x(¢) with fundamental period 7' and fundamental
frequency mg = 277‘ has the Fourier series coefficients ¢, given by

1 :
Ck = —/x(t)e_fkmotdt,
I Jr

where [ denotes the integral over an arbitrary interval of length T (i.e.,
one period of x(z)).

@ The above equation for ¢y is often referred to as the
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Section 5.2

Convergence of Fourier Series
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Convergence of Fourier Series

@ Since a Fourier series can have an infinite number of terms, and an
infinite sum may or may not converge, we need to consider the issue of
convergence.

@ That is, when we claim that a periodic signal x(¢) is equal to the Fourier
series Y5 .. cre/*™! is this claim actually correct?

@ Consider a periodic signal x(¢) that we wish to represent with the Fourier
series

Z Cke]k(x)()t .
k= —o0

@ Let xy(¢) denote the Fourier series truncated after the Nth harmonic
components as given by

N
MOEEY cre/ !
k=—N

@ Here, we are interested in whether limy_...xy(?) is equal (in some sense)
to x (7).

Copyright (©) 2013 Michael D. Adams Lecture Slides Version: 2013-09-11



Convergence of Fourier Series (Continued)

@ The error in approximating x(¢) by xx(t) is given by

en(t) =x(t) —xn(1),

and the corresponding mean-squared error (MSE) (i.e., energy of the
error) is given by

1
Ey — T/ e ()2 dt.
T

@ If limy_en(t) =0 forall ¢ (i.e., the error goes to zero at every point), the
Fourier series is said to converge to x(1).

@ If convergence is pointwise and the rate of convergence is the same
everywhere, the convergence is said to be

@ If imy_...Ey =0 (i.e., the energy of the error goes to zero), the Fourier
series is said to converge to x(¢) in the sense.

@ Pointwise convergence implies MSE convergence, but the converse is not
true. Thus, pointwise convergence is a much stronger condition than MSE
convergence.
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Convergence of Fourier Series: Continuous and

Finite-Energy Cases

@ Continuous case. If the periodic signal x(¢) is a continuous function of
t, then its Fourier series converges uniformly (i.e., converges pointwise
and at the same rate everywhere).

@ Since, in practice, we often encounter signals with discontinuities (e.g., a
square wave), the above result is of limited value.

@ Finite-energy case. If the periodic signal x(¢) has finite energy in a
single period (i.e., [, |x(¢)|*dt < o0, the Fourier series converges in the
MSE sense.

@ Although, in practice, most signals tend to have finite energy, MSE
convergence is a somewhat weak condition. Consequently, the preceding
result is not always so helpful.
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Convergence of Fourier Series: Dirichlet Case

@ The Dirichlet conditions for the periodic signal x(¢) are as follows:
@ Over a single period, x(t) is absolutely integrable (i.e., [ |x(¢)|dt < o).
@ In any finite interval of time, x(¢) is of bounded variation. In other words,
there must be a finite number of maxima and minima in a single period of
x(t).
@ In any finite interval of time, x(¢) has a finite number of discontinuities, each
of which is finite.

@ Dirichlet case. If x(¢) is a periodic signal satisfying the Dirichlet
conditions, then:
@ The Fourier series converges pointwise everywhere to x(z), except at the
points of discontinuity of x(z).
@ At each point = ¢, of discontinuity of x(¢), the Fourier series converges to
Lx() +x(£)) where x(t;7) and x(¢;") denote the values of the signal on

2
the left- and right-hand sides of the discontinuity, respectively.

@ Since most signals tend to satisfy the Dirichlet conditions and the above
convergence result specifies the value of the Fourier series at every point,
this result is often very useful in practice.
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Examples of Functions Violating the Dirichlet Conditions
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Gibbs Phenomenon

@ In practice, we frequently encounter signals with discontinuities.

@ When a signal x(¢) has discontinuities, the Fourier series representation
of x(¢) does not converge uniformly (i.e., at the same rate everywhere).

@ The rate of convergence is much slower at points in the vicinity of a
discontinuity.

@ Furthermore, in the vicinity of a discontinuity, the truncated Fourier series
xn(t) exhibits ripples, where the peak amplitude of the ripples does not
seem to decrease with increasing V.

@ As it turns out, as N increases, the ripples get compressed towards
discontinuity, but, for any finite N, the peak amplitude of the ripples
remains constant.

@ This behavior is known as

@ The above behavior is one of the weaknesses of Fourier series (i.e.,
Fourier series converge very slowly near discontinuities).
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Gibbs Phenomenon: Periodic Square Wave Example

N

VARAAY VANAAAY
Fourier series truncated after the Fourier series truncated after the
3rd harmonic components 7th harmonic components

1.5 1.5
A / JLM%W
V
05 054
o f
05 -1 -0.5 q 0{5

wﬂs —

i 0
Fourier series t-r'uncated after the Fourier series t_r'uncated after the
11th harmonic components 101th harmonic components
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Section 5.3

Properties of Fourier Series
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Properties of Fourier Series

@ Let x(7) TN
@ We can show that

@ (o is the average value of x(¢) over a single period
o x(t)isreal & ¢ =c* forall k

@ x(1) is even < ¢y is even (i.e., cx = c_ for all k)

@ x(¢)is odd < ¢y is odd (i.e., cx = —c_ for all k)

@ Using some of the preceding properties, we can infer:

@ x(¢) is real and even < ¢y is real and even
@ x(¢) is real and odd <> ¢y is purely imaginary and odd

@ Linearity. Let x(¢) and y(¢) be two periodic signals with the same period.

It x(¢) <= ag and y(t) <=5 by, then

Ax(t) + By(t) <> Aay + Bby,

where A and B are complex constants.

@ That s, a linear combination of signals produces the same linear
combination of their Fourier series coefficients.
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Properties of Fourier Series (Continued)

@ Time shifting. Let x(¢) denote a periodic signal with period T and
frequency wg =21t/ T. If x(¢) ELR Cx, then

S I I
x(t — 1) IS, g ikonno . — o jk(2m/T)io .,

where 1y is a real constant.

@ In other words, time shifting a periodic signal changes the argument (but
not magnitude) of its Fourier series coefficients.

@ Time reversal. Let x(¢) denote a periodic signal with period 7" and
frequency wo = 21t/ T. If x(¢) 2, ¢, then

x(—t) LN

@ That is, time reversal of a signal results in a time reversal of its Fourier
series coefficients.
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Section 5.4

Fourier Series and Frequency Spectra
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A New Perspective on Signals: The Frequency Domain

@ The Fourier series provides us with an entirely new way to view signals.

@ Instead of viewing a signal as having information distributed with respect

to rime (i.e., a function whose domain is time), we view a signal as having
information distributed with respect to frequency (i.e., a function whose
domain is frequency).

This so called frequency-domain perspective is of fundamental
Importance in engineering.

Many engineering problems can be solved much more easily using the
frequency domain than the time domain.

The Fourier series coefficients ¢ of a signal x(¢) provide a means to
quantify how much information x(z) has at different frequencies.

The distribution of information in a signal over different frequencies is
referred to as the frequency spectrum of the signal.
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Fourier Series and Frequency Spectra

@ To gain further insight into the role played by the Fourier series coefficients
cx in the context of the frequency spectrum of the signal x(¢), it is helpful
to write the Fourier series with the ¢, expressed in polar form as follows:

Z Cr e]k(x)ot Z |C ‘e] k(x)ot+argck)
= — oo = — oo

@ Clearly, the kth term in the summation corresponds to a complex sinusoid
with fundamental frequency kg that has been amplitude scaled by a
factor of |cx| and time-shifted by an amount that depends on arg cy.

@ For a given k, the larger |c/| is, the larger is the amplitude of its
corresponding complex sinusoid /™’ and therefore the larger the
contribution the kth term (which is associated with frequency k®g) will
make to the overall summation.

@ In this way, we can use |ci| as a measure of how much information a
signal x(z) has at the frequency k.
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Fourier Series and Frequency Spectra (Continued)

)

The Fourier series coefficients ¢, are referred to as the

of x(z).
The magnitudes |cy| of the Fourier series coefficients are referred to as
the of x(7).

The arguments arg ¢, of the Fourier series coefficients are referred to as
the of x(t).

Normally, the spectrum of a signal is plotted against frequency kg
instead of k.

Since the Fourier series only has frequency components at integer
multiples of the fundamental frequency, the frequency spectrum is
discrete in the independent variable (i.e., frequency).

Due to the general appearance of frequency-spectrum plot (i.e., a number
of vertical lines at various frequencies), we refer to such spectra as
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Frequency Spectra of Real Signals

@ Recall that, for a real signal x(t), the Fourier series coefficient sequence
c; satisfies

Ck = C_y.
@ Trivially, from properties of complex numbers, this implies that

lck| = |c_x| and argcy = —argc_y.

@ Since |cx| = |c_k|, the magnitude spectrum of a real signal is always even.

@ Similarly, since argcy = —argc_y, the phase spectrum of a real signal is
always odd.

@ Due to the symmetry in the frequency spectra of real signals, we typically
ignore negative frequencies when dealing with such signals.

@ In the case of signals that are complex but not real, frequency spectra do
not possess the above symmetry, and negative frequencies become
important.
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Section 5.5

Fourier Series and LTI Systems
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Frequency Response

@ Recall that a LTI system #H with impulse response /(t) is such that

e L H(s)e", where H(s) = [=_h(t)e~*dt. (That is, complex

exponentials are eigenfunctions of LTl systems.)

@ Since a complex sinusoid is a special case of a complex exponential, we
can reuse the above result for the special case of complex sinusoids.

@ For a LTI system H with impulse response A(t),
LN H(jo)e™,
where ® is a real constant and

H(jo) = /_ Zh(t)e—fwfdt.

@ Thatis, e/™ is an eigenfunction of a LTI system and H(jm) is the
corresponding eigenvalue.

@ We refer to H(jm) as the of the system #.
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Fourier Series and LTI Systems

)

Consider a LTI system with input x(¢), output y(¢), and frequency
response H(j®).
Suppose that the input x(z) is expressed as the Fourier series

x(t) =Y cre™™.

k:—oo

Using our knowledge about the eigenfunctions of LTI systems, we can
conclude

y(t) =Y cxH(jkog)e ™"
= —oo
Thus, if the input x(z) to a LTI system is a Fourier series, the output y(¢) is
also a Fourier series. More specifically, if x(z) LN ¢ then
FS :
y(t) <= H(jko)ck.

The above formula can be used to determine the output of a LTI system
from its input in a way that does not require convolution.
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Filtering

@ In many applications, we want to modify the spectrum of a signal by
either amplifying or attenuating certain frequency components.

@ This process of modifying the frequency spectrum of a signal is called

@ A system that performs a filtering operation is called a
@ Many types of filters exist.

pass some frequencies with little or no
distortion, while significantly attenuating other frequencies.

@ Several basic types of frequency-selective filters include: lowpass,
highpass, and bandpass.
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ldeal Lowpass Filter

@ An eliminates all frequency components with a
frequency whose magnitude is greater than some cutoff frequency, while
leaving the remaining frequency components unaffected.

@ Such afilter has a frequency response of the form

1 for |0 < o,

-

0 otherwise,

where ®, is the
@ A plot of this frequency response is given below.

H(jow)

Stopband Passband Stopband
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ldeal Highpass Filter

@ An eliminates all frequency components with a
frequency whose magnitude is less than some cutoff frequency, while
leaving the remaining frequency components unaffected.

Such a filter has a frequency response of the form

1 for ol > o,

0 otherwise,

where ®, is the .
A plot of this frequency response is given below.

H(jow)

Passband Stopband Passband
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ldeal Bandpass Filter

@ An eliminates all frequency components with a
frequency whose magnitude does not lie in a particular range, while
leaving the remaining frequency components unaffected.

@ Such afilter has a frequency response of the form

1 forow.1 <o <®

H(jo) = o = 0] o
0 otherwise,

where the limits of the passband are ®w.; and ®,».

@ A plot of this frequency response is given below.

H(jo)
1 ——
®
— 2 —®¢1 Oc1 Oc2
D S RECIIIEE > SOTTTRRRERPRTTPRRREPRRPRRRE P - -eennne e > e SOSSIRRRD
Stopband  Passband Stopband Passband  Stopband
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Part 6

Continuous-Time (CT) Fourier Transform
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Motivation for Fourier Transform

@ Fourier series provide an extremely useful representation for periodic
signals.

@ Often, however, we need to deal with signals that are not periodic.

@ A more general tool than the Fourier series is needed in this case.

@ The Fourier transform can be used to represent both periodic and
aperiodic signals.

@ Since the Fourier transform is essentially derived from Fourier series
through a limiting process, the Fourier transform has many similarities
with Fourier series.
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Section 6.1

Fourier Transform
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Development of the Fourier Transform

@ The Fourier series is an extremely useful signal representation.

@ Unfortunately, this signal representation can only be used for periodic

signals, since a Fourier series is inherently periodic.

@ Many signals are not periodic, however.

@ Rather than abandoning Fourier series, one might wonder if we can

somehow use Fourier series to develop a representation that can be
applied to aperiodic signals.

By viewing an aperiodic signal as the limiting case of a periodic signal with
period 7" where T — oo, we can use the Fourier series to develop a more
general signal representation that can be used for both aperiodic and
periodic signals.

This more general signal representation is called the Fourier transform.
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Fourier Transform

@ The Fourier transform X () of the signal x(z), denoted ¥ {x(¢)}, is
given by

ﬂ@:ﬁym%%.

@ The preceding equation is sometimes referred to as Fourier transform
analysis equation (or forward Fourier transform equation).

@ Let X(w) denote the Fourier transform of x(¢). Then, the inverse Fourier
transform x(¢) of X (), denoted F ~'{X(w)}, is given by

| o .
x@:ﬁﬁX@MWm

@ The preceding equation is sometimes referred to as the Fourier
transform synthesis equation (or inverse Fourier transform equation).

@ As a matter of notation, to denote that a signal x(z) has the Fourier
transform X (), we write x(¢) NEN X(w).

@ A signal x(¢) and its Fourier transform X (®) constitute what is called a
Fourier transform pair.
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Section 6.2

Convergence Properties of Fourier Transform
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Convergence Properties of Fourier Transform

@ Consider an arbitrary signal x(z).
@ The signal x(¢) has the Fourier transform representation () given by

1 - = -
(1) = o /_ X(0)e®do, where X(o) = /_ x(1)e .

@ Now, we need to concern ourselves with the convergence properties of
this representation.

@ In other words, we want to know when £(¢) is a valid representation of
x(1).
@ Since the Fourier transform is essentially derived from Fourier series, the

convergence properties of the Fourier transform are closely related to the
convergence properties of Fourier series.
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Convergence: Finite-Energy Case

If a signal x(¢) is of finite energy (i.e., [~ |x(r)|*dr < o), then its Fourier
transform representation converges in the MSE sense.

In other words, if x(¢) is of finite energy, then the energy E in the
difference signal x(¢) — x(¢) is zero; that is,

—/ (1)|Pdt =

It is important to note that the condition E = 0 does not necessarily imply
x(¢) = x(¢) for all z.

Thus, the above convergence result does not provide much useful
information regarding the value of X(¢) at specific values of z.

Consequently, the above convergence result tends to be somewhat less
useful in practice.
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Convergence: Dirichlet Case

@ Another important result concerning the convergence of the Fourier
transform relates to what are known as the Dirichlet conditions.
@ The for the signal x(¢) are as follows:

@ The signal x(¢) is absolutely integrable (i.e., [~ |x(t)|dt < o).
@ The signal x(¢) has a finite number of maxima and minima on any finite

interval.
@ The signal x(¢) has a finite number of discontinuities on any finite interval,

and each discontinuity is itself finite.

@ If a signal x(¢) satisfies the Dirichlet conditions, then its Fourier transform
representation £(¢) converges pointwise for all 7, except at points of
discontinuity. Furthermore, at each discontinuity point ¢t = ¢,, we have that

R(ta) = 3 x(13) +x(t7)],

where x(¢, ) and x(z,”) denote the values of the signal x() on the left- and
right-hand sides of the discontinuity, respectively.
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Section 6.3

Properties of Fourier Transform
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Properties of Fourier Transform

Property Time Domain Frequency Domain
Linearity aixi(t) +axxa(t) a1 X1 (o) +axXo ()
Time-Domain Shifting x(t —1o) e /X ()
Frequency-Domain Shifting e/ P07 x(t) X(m— )
Time/Frequency-Domain Scaling  x(at) ﬁX (2)
Conjugation x* (1) X" (—o)
Duality X (1) 21tx(— )
Time-Domain Convolution x1 (1) *x2(1) X1 (0)X;(w)
Frequency-Domain Convolution x1(t)x2 (1) X1 (@) * X2 (w)
Time-Domain Differentiation %x(t) joX (o)
Frequency-Domain Differentiation  £x(¢) j%X(w)
Time-Domain Integration ' _x(t)dt 5X(0) +7X(0)3(w)
Property

Parseval's Relation [ |x(r)|"dt = L [ |X(0)|" dw
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Fourier Transform Pairs

1 o(1) 1

2 u(t) no(®) + Jim

3 1 210 ()

4 sgn(z) ]%)

5 eJ ot 270 (m — M)

6 COs Wt T[O(® — p) + (W~ )]
7 sin Wt %[5(00—000) — O(w+ )]
8 rect(t/T) T |sinc(Tw/2)

9 % sinc Bt rect 5

10 e “u(t), Re{a} >0 aJrljm

11 " leu(r), Re{a} >0 =UC

12 ti(e/T) I sinc(Tw/4)
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o Ifx1 (1) <= X;(®) and x2 (1) <2 X»(®), then

aixi (t) -+ azxz(t) <i> a1 X1 (O)) -+ ClzXz(O)),

where a; and a, are arbitrary complex constants.
@ This is known as the of the Fourier transform.

Copyright (©) 2013 Michael D. Adams Lecture Slides Version: 2013-09-11



Translation (Time-Domain Shifting)

o If x(t) <= X (), then

x(t —tg) <2 e~ X (@),

where f( is an arbitrary real constant.

@ This is known as the of
the Fourier transform.
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Modulation (Frequency-Domain Shifting)

@ If x(¢) LX((D) then
JWot F
e’ x(t) «— X (0 — o),

where g is an arbitrary real constant.

@ This is known as the modulation (or frequency-domain shifting)
property of the Fourier transform.
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Dilation (Time- and Frequency-Domain Scaling)

@ If x(1) «<— X(w), then

s 1 ®
xlat) <= \a\X (5) ’

where a is an arbitrary nonzero real constant.

@ This is known as the of
the Fourier transform.
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o If x(t) <2 X (), then
X (1) <= X* ().

@ This is known as the of the Fourier transform.
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BIVEVINY

@ If x() NN X (), then
X (1) < 21x(—o)

@ This is known as the of the Fourier transform.

@ This property follows from the high degree of symmetry in the forward and
iInverse Fourier transform equations, which are respectively given by

X(\) = / " x(8)e a0 and x(A)= L / " X(0)e®ap.

@ That s, the forward and inverse Fourier transform equations are identical
except for a factor of 21 and different sign in the parameter for the
exponential function.

@ Although the relationship x(z) NEAN X () only directly provides us with the
Fourier transform of x(¢), the duality property allows us to indirectly infer
the Fourier transform of X (7). Consequently, the duality property can be
used to effectively double the number of Fourier transform pairs that we
Know.
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Convolution

o If x(f) <= X; (®) and x2(¢) <2 X»(®), then
X1 () % x2(t) <2 X1 (0)Xo ().

@ This is known as the
of the Fourier transform.

@ In other words, a convolution in the time domain becomes a multiplication
in the frequency domain.

@ This suggests that the Fourier transform can be used to avoid having to
deal with convolution operations.
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Multiplication (Frequency-Domain Convolution)

o If x1 (1) <= X;(®) and x2(r) <2 X»(®), then
x1(D)x2(1) = £ X1 (0) x X (0) = — [ X1(8)Xz(— 6)d6.

@ This is known as the
of the Fourier transform.

@ In other words, multiplication in the time domain becomes convolution in
the frequency domain (up to a scale factor of 2m).

@ Do not forget the factor of % in the above formula!

@ This property of the Fourier transform is often tedious to apply (in the
forward direction) as it turns a multiplication into a convolution.
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Differentiation

dx(t) 7
dr

@ This is known as the of the Fourier transform.

> JOX (o).

@ Differentiation in the time domain becomes multiplication by j® in the
frequency domain.

@ Of course, by repeated application of the above property, we have that
d\" F .
() x(1) = (jo)"X ().
@ This suggests that the Fourier transform might be a useful tool when
working with differential equations.
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Frequency-Domain Differentiation

@ If x(z) AN X (), then

@ This is known as the of the
Fourier transform.
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Integration

@ If x(¢) LX((;)) then

/_toox(r)dﬂ: R ji)X(m)JrnX(O)S(m).

@ This is known as the of the Fourier transform.

@ Whereas differentiation in the time domain corresponds to multiplication
by j in the frequency domain, integration in the time domain is
associated with division by j in the frequency domain.

@ Since integration in the time domain becomes division by j® in the
frequency domain, integration can be easier to handle in the frequency
domain.
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Parseval’s Relation

@ Recall that the energy of a signal x(¢) is given by [_|x(¢)|* dt.

o If x(t) <2 X (), then

/_o; ()P dr = %/_i X (o) do,

@ This relationship is known as

@ That is, the energy of x(7) and energy of X (®) are equal within a scaling
factor of 21.

@ Since energy is often a quantity of great significance in engineering
applications, it is extremely helpful to know that the Fourier transform
preserves energy (up to a scale factor).
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Fourier Transform of Periodic Signals

@ Consider a periodic signal x(¢) with period T' and frequency wy = ==.
@ Define the signal x7(t) as

(0 x(t) for—L <<%
X —
! 0 otherwise.

(i.e., xr(t) is equal to x(¢) over a single period and zero elsewhere).
@ Let q; denote the Fourier series coefficient sequence of x(z).

@ Let X(m) and X7 () denote the Fourier transforms of x(¢) and x7(¢),
respectively.

@ The following relationships can be shown to hold:

1 o0
aj — TXT(k(D()), X(O)) = Z 27tak8((x)—k(x)0), and

k:—oo

X(w) = i W X7 (kwg)0(w — k).
= — oo
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Fourier Transform of Periodic Signals (Continued)

@ The Fourier series coefficient sequence ay is produced by sampling x7 ()
at integer multiples of the fundamental frequency ®g and scaling the
resulting sequence by 7.

@ The Fourier transform of a periodic signal can only be nonzero at integer
multiples of the fundamental frequency.
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Fourier Transform and Symmetry

o Letx(r) <2 X(®).
@ We can show that:

@ x(t)is even & X (m) is even
@ x(t)is odd < X () is odd
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Frequency Spectra of Signals

@ Like Fourier series, the Fourier transform also provides us with a
frequency-domain perspective on signals.

@ That is, instead of viewing a signal as having information distributed with
respect to fime (i.e., a function whose domain is time), we view a signal as
having information distributed with respect to frequency (i.e., a function
whose domain is frequency).

@ The Fourier transform X (®) of a signal x(¢) provides a means to quantify
how much information x(¢) has at different frequencies.

@ The distribution of information in a signal over different frequencies is
referred to as the frequency spectrum of the signal.

Copyright (©) 2013 Michael D. Adams Lecture Slides Version: 2013-09-11




Fourier Transform and Frequency Spectra

@ To gain further insight into the role played by the Fourier transform X ()
in the context of the frequency spectrum of x(¢), it is helpful to write the
Fourier transform representation of x(z) with X (®) expressed in polar
Jform as follows:

(o0)

x(t) = / X(0)e™®do= L / X ()] /102X (©)] gy
@ In effect, the quantity | X ()| is a weight that determines how much the
complex sinusoid at frequency ® contributes to the integration result x(z).

@ Perhaps, this can be more easily seen if we express the above integral as
the limit of a sum, derived from an approximation of the integral using the
area of rectangles, as shown on the next slide. [Recall that

Jou F(x)dx = limay—o Yo Axf (kAx).]
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Fourier Transform and Frequency Spectra (Continued 1)

@ Expressing the integral (from the previous slide) as the limit of a sum, we
obtain

— 1 1 olX (o jlo't+arg X ()]
x(t) ~ Moo 2% Z_’ o|X(w)]e ’

where ®' = kAm.

@ From the last line of the above equation, the kth term in the summation
(associated with the frequency @' = kA®) corresponds to a complex
sinusoid with fundamental frequency ' that has had its amplitude scaled
by a factor of | X (w')| and has been time shifted by an amount that
depends on arg X (®').

@ For a given ® = kA (which is associated with the kth term in the
summation), the larger | X (@')| is, the larger the amplitude of its
corresponding complex sinusoid e will be, and therefore the larger the
contribution the kth term will make to the overall summation.

@ In this way, we can use |X ()| as a measure of how much information a
signal x(¢) has at the frequency @'.
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Fourier Transform and Frequency Spectra (Continued 2)

@ The Fourier transform X () is referred to as the of
x(t).
@ The magnitude |X ()| of the Fourier transform is referred to as the
of x(1).
@ The argument arg X (o) of the Fourier transform is referred to as the
of x(1).
@ Since the Fourier transform is a function of a real variable, a signal can
potentially have information at any real frequency.

@ Earlier, we saw that for periodic signals, the Fourier transform can only be
nonzero at integer multiples of the fundamental frequency.

@ So, the Fourier transform and Fourier series give a consistent picture in
terms of frequency spectra.

@ Since the frequency spectrum is complex (in the general case), it is
usually represented using two plots, one showing the magnitude
spectrum and one showing the phase spectrum.
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Fourier Transform of Real Signals

@ For areal signal x(z), the Fourier transform can be shown to satisfy

Trivially, from properties of complex numbers, this implies that
X(0)| =|X(—w)| and argX(w)= —argX(—m).

Since |X(0)| = |X(—m)
always even.

, the magnitude spectrum of a real signal is

Similarly, since arg X (w) = —arg X (—m), the phase spectrum of a real
signal is always odd.

Due to the symmetry in the frequency spectra of real signals, we typically
ignore negative frequencies when dealing with such signals.

In the case of signals that are complex but not real, frequency spectra do
not possess the above symmetry, and negative frequencies become
important.
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Bandwidth

@ A signal x(¢) with Fourier transform X (®) is said to be if, for
some nonnegative real constant B, X (®) = 0 for all o satisfying |®| > B.

@ In the context of real signals, we usually refer to B as the of
the signal x(z).

@ The signal with the Fourier transform X (®) shown below has bandwidth B.
X (@)

/1N

—B B
@ One can show that a signal cannot be both time limited and bandlimited.
(This follows from the time/frequency scaling property of the Fourier
transform.)

Copyright (©) 2013 Michael D. Adams Lecture Slides Version: 2013-09-11



Section 6.4

Fourier Transform and LTI Systems
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Frequency Response of LTI Systems

o

"

)

Consider a LTI system with input x(¢), output y(¢), and impulse response
h(t). Let X (), Y(w), and H(®) denote the Fourier transforms of x(z),
y(t), and h(t), respectively.

Since y(t) = x(t) x h(t), we have that

Y(0)=X(0)H(m).

The preceding equation provides an alternative way of viewing the
behavior of an LTI system. That is, we can view the system as operating
in the frequency domain on the Fourier transforms of the input and output
signals.

The frequency spectrum of the output is the product of the frequency
spectrum of the input and the frequency spectrum of the impulse
response.

As a matter of terminology, we refer to H(®) as the

of the system.

A LTI system is completely characterized by its frequency response H ().
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Frequency Response of LTI Systems (Continued 1)

@ In the general case, the frequency response H(®) is a complex-valued
function.

@ Often, we represent H(®) in terms of its magnitude |H(®)| and argument
arg H(®).

@ We call |[H(®)| the of the system.

@ We call argH(®) the of the system.

@ Since Y(w) = X (w)H (), we trivially have that
Y(0)|=|X(0)||H(®)] and argY(w)=argX(w)+argH(w).

@ The magnitude spectrum of the output equals the magnitude spectrum of
the input times the magnitude spectrum of the impulse response.

@ The phase spectrum of the output equals the phase spectrum of the input
plus the phase spectrum of the impulse response.
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Frequency Response of LTI Systems (Continued 2)

@ Since the frequency response H(®) is simply the frequency spectrum of
the impulse response h(t), if h(t) is real, then

H(w)|=|H(—®)| and argH(®)= —argH(—o)

(i.e., the magnitude response |H ()| is even and the phase response
arg H(®) is odd).
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Block Diagram Representations of LTI Systems

@ Consider a LTI system with input x(¢), output y(¢), and impulse response

h(t).

@ Let X(w), Y(w), and H(®) denote the Fourier transforms of x(z), y(¢),

and h(t), respectively.

@ Often, it is convenient to represent such a system in block diagram form in
the frequency domain as shown below.

X(o)

_>_

Y (o)

H(Q)) L

@ Since a LTI system is completely characterized by its frequency response,
we typically label the system with this quantity.
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Frequency Response and Differential Equation

Representations of LTI Systems

@ Many LTI systems of practical interest can be represented using an
Nth-order linear differential equation with constant coefficients.

@ Consider a system with input x(¢) and output y(¢) that is characterized by
an equation of the form

M dk
Zbkdtky kgz)akﬁx(t) where M < N.

@ Let A(t) denote the impulse response of the system, and let X (®), Y (®),
and H () denote the Fourier transforms of x(z), y(¢), and h(z),
respectively.

@ One can show that H() is given by

M k ok
H(w) = )@ - chv:() ak].kﬂ)k.
((D) k=0 bij*®

@ Observe that, for a system of the form considered above, the frequency

response is a rational function.
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Section 6.5

Application: Circuit Analysis
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Resistors

@A IS a circuit element that opposes the flow of electric current.
@ A resistor is governed by the relationship

v(t) =Ri(t) <= V(o)=RI(0)

where R, v(t) and i(¢) denote the resistance of, voltage across, and
current through the resistor, respectively.

@ In circuit diagrams, a resistor is denoted by the symbol shown below.
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Inductors

@ An IS a circuit element that converts an electric current into a
magnetic field and vice versa.

@ The inductor is governed by the relationship
v(t)=LZi(t) < V(0)=joLl(o)
or equivalently
[ F
i(r) = 1 / vodt L 1) = V(o)

where L, v(¢), and i(¢) denote the inductance of, voltage across, and
current through the inductor, respectively.

@ In circuit diagrams, a inductor is denoted by the symbol shown below.
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@ A IS a circuit element that stores electric charge.
@ The capacitor is governed by the relationship

=2 [ e L Vo) = o)

—O0Q

or equivalently

i(t)=CLy(r) 5 I(0) = joCV (o)
where C, v(¢), and i(¢) denote the capacitance of, voltage across, and

current through the capacitor, respectively.

@ In circuit diagrams, a capacitor is denoted by the symbol shown below.
C
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Circuit Analysis

@ The Fourier transform is very useful tool for circuit analysis.

@ The utility of the Fourier transform is partly due to the fact that the
differential/integral equations that describe inductors and capacitors are
much simpler to express in the Fourier domain than in the time domain.
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Section 6.6

Application: Filtering
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Filtering

@ In many applications, we want to modify the spectrum of a signal by
either amplifying or attenuating certain frequency components.

@ This process of modifying the frequency spectrum of a signal is called

@ A system that performs a filtering operation is called a
@ Many types of filters exist.

pass some frequencies with little or no
distortion, while significantly attenuating other frequencies.

@ Several basic types of frequency-selective filters include: lowpass,
highpass, and bandpass.
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ldeal Lowpass Filter

@ An eliminates all frequency components with a
frequency whose magnitude is greater than some cutoff frequency, while
leaving the remaining frequency components unaffected.

@ Such afilter has a frequency response of the form
I forjo <o
H(®) = o -
0 otherwise,

where ®, is the
@ A plot of this frequency response is given below.

H(w)

Stopband Passband Stopband
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ldeal Highpass Filter

@ An eliminates all frequency components with a
frequency whose magnitude is less than some cutoff frequency, while
leaving the remaining frequency components unaffected.

Such a filter has a frequency response of the form

H(w) - 1 for o > o,
o otherwise,

where ®, is the .
A plot of this frequency response is given below.

H()

Passband Stopband Passband
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ldeal Bandpass Filter

@ An eliminates all frequency components with a
frequency whose magnitude does not lie in a particular range, while
leaving the remaining frequency components unaffected.

@ Such afilter has a frequency response of the form

1 forow.1 < | <®
O otherwise,
where the limits of the passband are ®.; and ®,».

@ A plot of this frequency response is given below.

H(o)
1 ——
®
— W2 —®¢1 M1 Oc2
D S RECIIIEE > SOTTTRRRERPRTTPRRREPRRPRRRE P - -eennne e > e SOSSIRRRD
Stopband  Passband Stopband Passband  Stopband
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Section 6.7

Application: Sampling and Interpolation
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Sampling and Interpolation

@ Often, we want to be able to convert between continuous-time and
discrete-time representations of a signal.

@ This is accomplished through processes known as sampling and
interpolation.

@ The sampling process, which is performed by an

shown below, transforms a
continuous-time signal x(¢) to a discrete-time signal (i.e., sequence) y|n]|.
x(t) C/D y|n]

> (with sampling >
period T')

@ The interpolation process, which is performed by an
shown below, transforms a
discrete-time signal y|n] to a continuous-time signal x(z).
y|n] D/C x(1)

> (with sampling >
period T')

@ Note that, unless very special conditions are met, the sampling process

loses information (i.e., is not invertible).
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Periodic Sampling

@ Although sampling can be performed in many different ways, the most
commonly used scheme is :

@ With this scheme, a sequence y|n| of samples is obtained from a
continuous-time signal x(¢) according to the relation

yln] =x(nT) for all integer n,

where T is a positive real constant.

@ As a matter of terminology, we refer to T as the , and
s = 21t/ T as the (angular) .

@ An example of periodic sampling is shown below, where the original
continuous-time signal x(¢) has been sampled with sampling period

T = 10, yielding the sequence y|n|.
x(1) y[n]

4l 4t

3+ 3“..".“-

0 10 20 30 40 50 60 70 0o 1 2 8 4 5 6 7
Original Signal Sampled Signal
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Periodic Sampling (Continued)

@ The sampling process is not generally invertible.

@ In the absence of any constraints, a continuous-time signal cannot usually
be uniquely determined from a sequence of its equally-spaced samples.

@ Consider, for example, the continuous-time signals x; (¢) and x,(¢) given
by

X1 (Z) =0 and XQ(Z) = sin(27cz‘).

If we sample each of these signals with the sampling period T' =1, we
obtain the respective sequences

)’1[71] — X1 (”T) = X1 (n) =0 and
y2n] = xp(nT) = sin(2wn) = 0.

Thus, yi|n] = yz|n] for all n, although x;(¢) #£ x;(¢) for all noninteger ¢.

@ Fortunately, under certain circumstances, a continuous-time signal can be
recovered exactly from its samples.

Copyright (©) 2013 Michael D. Adams Lecture Slides Version: 2013-09-11



Model of Sampling

@ For the purposes of analysis, sampling with sampling period 7" and

frequency ®; = 2% can be modelled as shown below.

@ An is a signal of the form v(¢) = Y;>_ axd(t — kT ), where
ar and T are real constants (i.e., v(¢) consists of weighted impulses

spaced apart by T').
ideal C/D converter

. k )
x(t) /t s(t) | convertfrom - y|n]
(X —> impulse train -
to sequence '

@ The sampling of a continuous-time signal x(¢) to produce a sequence y|n]
consists of the following two steps (in order):
@ Multiply the signal x(z) to be sampled by a periodic impulse train p(z),
yielding the impulse train s(z).
@ Convert the impulse train s(¢) to a sequence y|[n] (by forming a sequence
from the weights of successive impulses in the impulse train).

Copyright (©) 2013 Michael D. Adams Lecture Slides Version: 2013-09-11



Model of Sampling: Various Signals

x(1)
p(t)
4__
3 Al 1 1 1
2_
1 T T T t
0 T 2T 3T
0 7 o1 AT f Periodic Impulse Train
Input Signal (Continuous-Time)
s(7)
y[n]
x(T)
4+ 1 x(T)
4+ R
34 . x(37)
. ‘icFZT) U al . <(2T) )
2% x(()) ) [ ™
29 x(O)
1__
1__
t
0 T 2T 3T n
0 1 2 3

Impulse-Sampled Signal

(Continuous-Time) Output Sequence (Discrete-Time)
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Model of Sampling: Characterization

ideal C/D converter

. k=—o0
x(t) /t s(t) | convert from - y|n]
X} impulse train -
to sequence '

@ In the time domain, the impulse-sampled signal s(z) is given by

s(t) =x(t)p(t) where p(t)= i o(t —kT).
k=—o0

@ In the Fourier domain, the preceding equation becomes

S(w) =52 i X (0 — kay).
k=—o0

@ Thus, the spectrum of the impulse-sampled signal s(¢) is a scaled sum of
an infinite number of shifted copies of the spectrum of the original signal

x(t).
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Model of Sampling: Aliasing

@ Consider frequency spectrum of the impulse-sampled signal s(¢) given by

@ The function S(®) is a scaled sum of an infinite number of shifted copies
of X ().
@ Two distinct behaviors can result in this summation, depending on @, and

the bandwidth of x(z).
@ In particular, the nonzero portions of the different shifted copies of X ()
can either:
@ overlap; or
@ not overlap.

@ In the case where overlap occurs, the various shifted copies of X (®) add
together in such a way that the original shape of X () is lost. This
phenomenon is known as

@ When aliasing occurs, the original signal x(z) cannot be recovered from its
samples y|n|.
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Model of Sampling: Aliasing (Continued)

| Spectrum of Input
Signal
(Bandwidth ®,,;)

. . o

Spectrum of Impulse-

Sampled Signal:
No Aliasing Case
(5 > 20y,)
I I O)

_(Ds (l)m _ws _(Ds + O)m - (l)m O*)S (l)m (DS (Ds + (l)m

Spectrum of Impulse-

T Sampled Signal:
ANANANAN

(05 <20,)
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Model of Interpolation

@ For the purposes of analysis, interpolation can be modelled as shown

below.
ideal D/C converter

yin] convert from | s(¢) R0
> segquence to > ;
' impulse train

@ The inverse Fourier transform of H(w) is h(t) = sinc(nt/T).

@ The reconstruction of a continuous-time signal x(¢) from its samples y|n]
(i.e., bandlimited interpolation) consists of the following two steps (in
order):

@ Convert the sequence y[n] to the impulse train s(z) (by using the elements
In the sequence as the weights of successive impulses in the impulse train).
@ Apply a lowpass filter to s(¢) to produce £(z).

@ The lowpass filter is used to eliminate the extra copies of the original
signal’s spectrum present in the spectrum of the impulse-sampled signal

s(t).
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Model of Interpolation: Characterization

@ In more detail, the reconstruction process proceeds as follows.
@ First, we convert the sequence y|n] to the impulse train s(¢) to obtain

Z y|n]d(t —nT).

Nn——oo

@ Then, we filter the resulting signal s(¢) with the lowpass filter having
impulse response h(t), yielding

£(t) = i y[n] sinc(Z(t —nT)).

Nn——oo
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Sampling Theorem

@ Sampling Theorem. Let x(¢) be a signal with Fourier transform X (o),
and suppose that |X ()| = 0 for all o satisfying |®| > wyy (i.e., x(¢) is
bandlimited to the interval [—ys, wy]). Then, x(¢) is uniquely determined
by its samples y|n| = x(nT) for all integer n, if

O‘)S > 20)M7

where @y = 21t/ T. The preceding inequality is known as the
. If this condition is satisfied, we have that

x(t)= Y ylnlsine(%(t —nT)).

NnN=—o00

or equivalently (i.e., rewritten in terms of ®, instead of 7'),

x(1) = i y[n] sinc(Ft — n).

Jl——00

@ We call ,/2 the and 2m,, the
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Section 6.8

Application: Amplitude Modulation (AM)
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Motivation for Amplitude Modulation (AM)

)

"

In communication systems, we often need to transmit a signal using a
frequency range that is different from that of the original signal.

For example, voice/audio signals typically have information in the range of
0 to 22 kHz.

Often, it is not practical to transmit such a signal using its original

frequency range.

Two potential problems with such an approach are:
@ interference; and
@ constraints on antenna length.

Since many signals are broadcast over the airwaves, we need to ensure
that no two transmitters use the same frequency bands in order to avoid
interference.

Also, in the case of transmission via electromagnetic waves (e.g., radio
waves), the length of antenna required becomes impractically large for the
transmission of relatively low frequency signals.

For the preceding reasons, we often need to change the frequency range
associated with a signal before transmission.

Copyright (©) 2013 Michael D. Adams Lecture Slides Version: 2013-09-11



Trivial Amplitude Modulation (AM) System

c1(t) = /9! cr(t) = e 1Ot
x(1) /L y(1) y(?) /L £(1)

> @ > > \>_</ >

Transmitter Receiver

@ The transmitter is characterized by

y(t) =e/%x(t) —= Y(0)=X(0-.).
@ The receiver is characterized by

R(r)=e (1) = X(0)=Y(0+o).

@ Clearly, £(1) = e/Ple /% x(t) = x(t).
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Trivial Amplitude Modulation (AM) System:

X(w)
Ci () G (w)
1
/\ 2m 2m
| T O~)
—®p @ o
. O — ¢
Transmitter Input
Y (o) X ()
1 1
I /\ ® /\
Wp We =@, O  Oc+ 0 —0p Wp

Transmitter Output
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Double-Sideband Suppressed-Carrier (DSB-SC) AM

c(t) = cos .t c(t) =cosw;t  H(w)=2rect (2(310)
x(t /L t t /L V(1 X(t
I S (T (0 R N7 G e IO
Transmitter Receiver

@ Suppose that X (®w) = 0 for all ® not in [—wp, ®p].
@ The transmitter is characterized by

Y(o)=5X(o0+0,)+X(0—o)].

D[ —

@ The receiver is characterized by

R(®)=[Y(o+o,)+Y(o— (Dc)]rect( o ) .

cho

@ If y < 0, < 2m. — ®y, we have X () = X (o).
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DSB-SC AM: Example

H(o)
2

—0c0 0%

W — () (J)Ic oc + Wy, 20=)c

—2=(0C —(I‘DC —(Db Ojb 0~)=C 2('&‘)6'
Receiver Output
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Single-Sideband Suppressed-Carrier (SSB-SC) AM

c(t) =coswt  G(w)=1—rect(55-) c(t) = cos .1 H(®) = 4rect(2(g)co)
x(1) é 90 [ () y(1) y(t) v () £(1)
Transmitter Receiver

@ The basic analysis the SSB-SC AM system is similar to the DSB-SC AM
system.

@ SSB-SC AM requires half as much bandwidth for the transmitted signal as
DSB-SC AM.
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SSB-SC AM: Example

X1 (@) C(w) G(o) H(o)
T T _‘ 1 ... 4
=0y, o}, ® —0¢ ®¢c ® —W¢ ¢ © —We0 O%0) ®
()
1
—20¢ —0c = O (c0Oc T 0 — 0, @) Oc ~ 0y BcOc T 0 20 ®
Y (o)
1
2o —0¢ = Oy 0O T 0p,— 0 @) O T 0, 0c0c T 0y 20 ‘”

—20¢ — cogmécoc} + oy 200 — 0pD2me +wy, ®

—Zj(l)c —mc —Cl)b (!Jb (dc Zd)c
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Section 6.9

Application: Equalization
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Equalization

@ Often, we find ourselves faced with a situation where we have a system
with a particular frequency response that is undesirable for the application
at hand.

@ As a result, we would like to change the frequency response of the system
to be something more desirable.

@ This process of modifying the frequency response in this way is referred to
as . [Essentially, equalization is just a filtering operation.]

@ Equalization is used in many applications.

@ In real-world communication systems, equalization is used to eliminate or
minimize the distortion introduced when a signal is sent over a (nonideal)
communication channel.

@ In audio applications, equalization can be employed to emphasize or
de-emphasize certain ranges of frequencies. For example, often we like to
boost the bass (i.e., emphasize the low frequencies) in the audio output of
a stereo.
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Equalization (Continued)

Input Output X (o) Y ()

——— Hy(0) —— —— H,(®) H——— H,(®0) ——

Original System New System with Equalization

@ Let H,(m) denote the frequency response of original system (i.e., without
equalization).

@ Let Hy(®) denote the desired frequency response.

@ Let He(®) denote the frequency response of the equalizer.

@ The new system with equalization has frequency response

Hpew(®) = Ho (0)Hy (®).

@ By choosing He(®) = Hy(®)/H,(®), the new system with equalization
will have the frequency response

Hpew(©) = [Hy(0)/Ho(®)] Ho(®) = Hy(®).

@ In effect, by using an equalizer, we can obtain a new system with the
frequency response that we desire.
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Part 7

Partial Fraction Expansions (PFESs)
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@ Sometimes it is beneficial to be able to express a rational function as a
sum of lower-order rational functions.

@ This can be accomplished using a type of decomposition known as a
partial fraction expansion.

@ Partial fraction expansions are often useful in the calculation of inverse
Laplace and inverse Fourier transforms.
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Strictly-Proper Rational Functions

Consider a rational function

OV Oy VT Lo v+ Ol

)= BV + BV I+ Biv+Bo

The function F(v) is said to be if m < n (i.e., the order of
the numerator polynomial is strictly less than the order of the denominator
polynomial).

Through polynomial long division, any rational function can be written as
the sum of a polynomial and a strictly-proper rational function.

A strictly-proper rational function can be expressed as a sum of
lower-order rational functions, with such an expression being called a
partial fraction expansion.
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Partial Fraction Expansions (PFES)

@ Any rational function can be expressed in the form of

a,V" +a, V7 4+ +ag
F(v)=
( ) V”—|—bm_1vm_1—|—...—|—bo

@ Furthermore, the denominator polynomial
D(v) =Vv'+b,,_ v 1+ ...+ by in the above expression for F(v) can be
factored to obtain

D)= v—p1)"©V—p2)"-(v—pn)T,

where the p; are distinct and the g; are integers.
@ If F(v) has only simple poles, g1 =g, =--- =g, = 1.
@ Suppose that F'(v) is strictly proper (i.e., m < n).

@ In the determination of a partial fraction expansion of F'(v), there are two
cases to consider:
@ F(v) has only simple poles; and
@ F(v) has at least one repeated pole.
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Simple-Pole Case

@ Suppose that F(v) has only simple poles.
@ Then, D(v) is of the form

D(v)=v—p1)(v—p2)-(v—pn),

where the p; are distinct.
@ In this case, F'(v) has a partial fraction expansion of the form

Aj A An—1 A,
F(v) = + — ..+ + :
v—p1 V—pP2 V=Pn-1 V—Pn

where

Ax = (v_pk)F(v)’v:pk .

@ Note that the (simple) pole p; contributes a single term to the partial
fraction expansion.
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Repeated-Pole Case

@ Suppose that F(v) has at least one repeated pole.
@ One can show that, in this case, F'(v) has a partial fraction expansion of

the form
A A A
F(v):[ L 12 s+t L9 ]
v—p1  (v—p1) (v—p1)2
A A
+ [ L R L2 ]
v—p2 (v—p2)®
A
+ ..+[ Py Tl ],
V—Ppp (v—pp)?r
where
1 d!
A = = pnF )]
(g —1)! [dvik v=pi
@ Note that the g;th-order pole p; contributes g; terms to the partial fraction
expansion.

@ Notethatn!= (n)(n—1)(n—2)---(1) and 0! = 1.
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Part 8

Laplace Transform
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Section 8.1

Introduction
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Introduction

@ Another important mathematical tool in the study of signals and systems
Is known as the Laplace transform.

@ The Laplace transform can be viewed as a generalization of the Fourier
transform.

@ Due to its more general nature, the Laplace transform has a number of
advantages over the Fourier transform.

@ First, the Laplace transform representation exists for some signals that do
not have Fourier transform representations. So, we can handle a larger
class of signals with the Laplace transform.

@ Second, since the Laplace transform is a more general tool, it can provide
additional insights beyond those facilitated by the Fourier transform.
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Motivation Behind Laplace Transform

@ Earlier, we saw that complex exponentials are eigenfunctions of LTI
systems.

@ In particular, for a LTI system # with impulse response /(t), we have that
ot 2 H(s)e™ where H(s)= / h(t)e *dt.

@ Previously, we referred to H(s) as the system function.
@ As it turns out, H(s) is the Laplace transform of A(z).

@ Since the Laplace transform has already appeared earlier in the context of
LTI systems, it is clearly a useful tool.

@ Furthermore, as we will see, the Laplace transform has many additional
uses.
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(Bilateral) Laplace Transform

@ The (bilateral) of the function x(¢) is denoted as
L{x(t)} or X(s) and is defined as

X(s) = £{x(t)} = /_ :x(t)e_“dt.

@ The is then given by
0= LX) =5 [ X(s)end
X\1) = S)y— . s)e das,
where 6 = Re{s}. [Note: This is a contour integration, since s is

complex.]

@ We refer to x(¢) and X (s) as a and denote this
relationship as

x(f) <= X (s).

@ In practice, we do not usually compute the inverse Laplace transform by
directly using the formula from above. Instead, we resort to other means
(to be discussed later).

Copyright (©) 2013 Michael D. Adams Lecture Slides Version: 2013-09-11



Bilateral and Unilateral Laplace Transforms

@ Two different versions of the Laplace transform are commonly used:

@ the bilateral (or two-sided) Laplace transform; and
Q the unilateral (or one-sided) Laplace transform.

The unilateral Laplace transform is most frequently used to solve systems
of linear differential equations with nonzero initial conditions.

As it turns out, the only difference between the definitions of the bilateral
and unilateral Laplace transforms is in the lower limit of integration.

In the bilateral case, the lower limit is —oo, whereas in the unilateral case,
the lower limit is O.

In this course, we will focus our attention primarily on the bilateral Laplace
transform.

We will, however, briefly introduce the unilateral Laplace transform as a
tool for solving differential equations.

Unless otherwise noted, all subsequent references to the Laplace
transform should be understood to mean bilateral Laplace transform.
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Relationship Between Laplace and Fourier Transforms

@ Let X(s) and Xr(w) denote the Laplace and Fourier transforms of x(z),
respectively.

@ The function X (s) evaluated at s = jo (where  is real) yields Xr ().
That is,

X (8)ls=jo = Xr(®).
@ Due to the preceding relationship, the Fourier transform of x(¢) is
sometimes written as X (jo).
@ The function X (s) evaluated at an arbitrary complex value s = 6 + j®

(where 6 = Re{s} and ® = Im{s}) can also be expressed in terms of a
Fourier transform involving x(z). In particular, we have

X(5)]s=0+jo = Xp (),
where X7 (®) is the Fourier transform of e~ x(¢).
@ So, in general, the Laplace transform of x(z) is the Fourier transform of an
exponentially-weighted version of x(z).

@ Due to this weighting, the Laplace transform of a signal may exist when
the Fourier transform of the same signal does not.
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Laplace Transform Examples
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Section 8.2

Region of Convergence (ROC)

Copyright (©) 2013 Michael D. Adams Lecture Slides Version: 2013-09-11



Left-Half Plane (LHP)

@ The set R of all complex numbers s satisfying
Re{s} <a

for some real constant a (or a = o) is said to be a

@ Some examples of LHPs are shown below.

a<0 Im{s} a>0 Im{s}

Re{s}

Re{s)
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Right-Half Plane (RHP)

@ The set R of all complex numbers s satisfying
Re{s} > a

for some real constant a (or a = —o0) Is said to be a

@ Some examples of RHPs are shown below.

Im{s} a<0 Im{s} a>0

Re{s} Re{s}
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Intersection of Sets

@ For two sets A and B, the of A and B, denoted A M B, is the
set of all points that are in both A and B.

@ An illustrative example of set intersection is shown below.

Im Im Im

2 L2 A 2
1 . 1
3 %4 Re B —3 3 Re B 34 Re
1 1 1
_2 ol _2
R R> RiNR,
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Region of Convergence (ROC)

@ As we saw earlier, for a signal x(z), the complete specification of its
Laplace transform X () requires not only an algebraic expression for
X (s), but also the ROC associated with X (s).

@ Two very different signals can have the same algebraic expressions for
X(s).

@ Now, we examine some of the constraints on the ROC (of the Laplace
transform) for various classes of signals.
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Properties of ROC

@ The ROC of the Laplace transform X (i) consists of strips parallel to the
imaginary axis in the complex plane.

@ If the Laplace transform X (s) is a rational function, the ROC does not
contain any poles, and the ROC is bounded by poles or extends to
infinity.

@ If the signal x(¢) is finite duration and its Laplace transform X (s)
converges for some value of s, then X (s) converges for all values of s
(i.e., the ROC is the entire complex plane).

@ |f the signal x(t) is right sided and the (vertical) line Re{s} = oy is in the
ROC of the Laplace transform X (s) = L{x(¢)}, then all values of s for
which Re{s} > 6y must also be in the ROC (i.e., the ROC is a right-half
plane including Re{s} = o).

@ If the signal x(¢) is left sided and the (vertical) line Re{s} = oy is in the
ROC of the Laplace transform X (s) = L{x(¢)}, then all values of s for
which Re{s} < 6y must also be in the ROC (i.e., the ROC is a left-half
plane including Re{s} = o).
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Properties of ROC (Continued)

@ If the signal x(¢) is two sided and the (vertical) line Re{s} = oy is in the
ROC of the Laplace transform X (s) = L{x(¢)}, then the ROC will consist
of a strip in the complex plane that includes the line Re{s} = o.

@ If the Laplace transform X (s) of the signal x(¢) is rational, then:

Q If x(¢) is right sided, the ROC of X (s) is to the right of the rightmost pole of
X (s) (i.e., the right-half plane to the right of the rightmost pole).

Q |If x(¢) is left sided, the ROC of X (s) is to the left of the leftmost pole of X (s)
(i.e., the left-half plane to the left of the leftmost pole).

@ Some of the preceding properties are redundant (e.g., properties 1, 2, 4,
and 5 imply property 7).

@ Since every function can be classified as one of finite duration, left sided,
right sided, or two sided, we can infer from properties 3, 4, 5, and 6 that
the ROC can only be of the form of a LHP, RHP, vertical strip, the entire
complex plane, or an empty set. Thus, the ROC must be a connected
region.
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Section 8.3

Properties of Laplace Transform
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Properties of Laplace Transform

Property Time Domain Laplace Domain ROC
Linearity ayxq(t) +arxo (t) a1 X1 (s) +axXo(s) At least Ry "Ry
Time-Domain Shifting x(t—19) e S0 X (s) R
Laplace-Domain Shifting 0 x (1) X(s—s0) R+Re{so}
Time/Frequency-Domain Scaling x(at) ’611—’X (2) aR
Conjugation x* (1) X*(s%) R
Time-Domain Convolution x1(t) *xp (1) X1 (5)X>(s) Atleast R NR,
Time-Domain Differentiation %x(t) sX(s) At least R
Laplace-Domain Differentiation —tx(t) %X(s) R
Time-Domain Integration [t x(t)dr %X(s) Atleast RN {Re{s} > 0}
Property
Initial Value Theorem x(07) = Sli_)n(}o sX (s)
Final Value Theorem tli_)rgox(t) = 3iirg)sX(s)
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Laplace Transform Pairs

Pair x(t) X(s) ROC
i 3(1) 1 All's
2 u(t) 1 Re{s} >0
3 —u(—t) 1 Re{s} <0
4 t"u(t) prm Re{s} >0
5 —t"u(—t) Sﬂl Re{s} <0
6 e “u(t) Hia Re{s} > —a
7 e u(—t) Hia Re{s} < —a
8 t"e Y u(t) (HZ;"H Re{s} > —a
9 t"e " u(—t) (s+Z;”+1 Re{s} < —a
10 [cos ot |u(t) Szjm% Re{s} >0
11 [sin ot |u(t) Szoi%% Re{s} >0
12 e~ cosmot]u(t) (HZ;E‘;(D% Re{s} > —a
13 [e=% sinwot]u(r) (s+a°;§+m% Re{s} > —a
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o If x;(f) <= X; (s) with ROC R and x,(f) <= X>(s) with ROC R», then

aixy (t) + azxz(t) & a1 X1 (S) + a2X2(S) with ROC R containing R; NR»,

where a; and a, are arbitrary complex constants.
@ This is known as the of the Laplace transform.

@ The ROC always contains the intersection but could be larger (in the case
that pole-zero cancellation occurs).
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Time-Domain Shifting

o If x(¢) <= X(s) with ROC R, then
x(t —to) <= e X (s) with ROC R,

where fq Iis an arbitrary real constant.

@ This is known as the of the Laplace
transform.
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Laplace-Domain Shifting

o If x(t) <= X (s) with ROC R, then

' x(t) <= X (s — s9) with ROC R+ Re{so},

where s is an arbitrary complex constant.
@ This is known as the

of the Laplace

Omin |

| R
Omax + Fe{SO} ©

transform.
@ The ROCs are illustrated below. (The ROC is shifted right by Re{so}.)
Im Im
; iGmax Re Omin +iRe{SO
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Time-Domain/Laplace-Domain Scaling

® If x(t) <= X (s) with ROC R, then

x(at) «

a

1
L, ’X(i) with ROC R, = aR,

a

where a is a nonzero real constant.

@ This is known as the

of the Laplace transform.

@ The ROCs associated with scaling are illustrated below. (The ROC is

scaled and possibly flips left to right.)

Re

| |
Gmin: ‘lﬁmax
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o If x(¢) <= X (5) with ROC R, then

X (t) <= X*(s*) with ROC R.

@ This is known as the of the Laplace transform.
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Time-Domain Convolution

o If x;(f) <= X; (s) with ROC R and x,(f) <= X»(s) with ROC R», then

x1(t) *x2(t) <= Xi (5)Xa(s) with ROC containing R; N R..

@ This is known as the of the Laplace
transform.

@ The ROC always contains the intersection but can be larger than the
intersection (if pole-zero cancellation occurs).

@ Convolution in the time domain becomes multiplication in the Laplace
domain. (This can make dealing with LTI systems much easier in the
Laplace domain.)
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Time-Domain Differentiation

@ If x(t) <+ X(s) with ROC R, then

dx(t) L
dr

@ This is known as the of the
Laplace transform.

» sX (s) with ROC containing R.

@ The ROC always contains R but can be larger than R (if pole-zero
cancellation occurs).

@ Differentiation in the time domain becomes multiplication by s in the
Laplace domain. (This makes dealing with differential equations much
easier in the Laplace domain.)
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Laplace-Domain Differentiation

o If x(¢) <= X(s) with ROC R, then

L dX(S)

ds

—1x(t) < with ROC R.

@ This is known as the of the
Laplace transform.
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Time-Domain Integration

o If x(¢) <= X(s) with ROC R, then

t 1
/ x(t)dt <£ ZX(s) with ROC containing RN {Re{s} > 0}.
PN \)
@ This is known as the of the Laplace
transform.

@ The ROC always contains at least RN {Re{s} > 0} but can be larger (if
pole-zero cancellation occurs).

@ Integration in the time domain becomes division by s in the Laplace
domain. (This makes dealing with integral equations much easier to
handle in the Laplace domain.)
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Initial Value Theorem

@ If x(r) =0 forall t < 0 and x(¢) contains no impulses or higher order
singularities at the origin, then

x(07) = lim sX (s),

§—>00

where x(0") denotes the limit of x(7) as 7 approaches zero from positive
values of 7.

@ This result is known as the initial value theorem.
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Final Value Theorem

@ If x(t) =0 forall t <0 and x(t) has afinite limit as t — oo, then

limx(t) = limsX (s).

t—>oo S_>O

@ This result is known as the

@ Sometimes the initial and final value theorems are useful for checking for
errors in Laplace transform calculations. For example, if we had made a
mistake in computing X (s), the values obtained from the initial and final
value theorems would most likely disagree with the values obtained
directly from the original expression for x(z).
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More Laplace Transform Examples
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Section 8.4

Determination of Inverse Laplace Transform
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Finding Inverse Laplace Transform

@ Recall that the inverse Laplace transform x(z) of X (s) is given by
)= LX) = 5 [ X (et
21j Jo— jeo
where 6 = Re{s}.

@ Unfortunately, the above contour integration can often be quite tedious to
compute.

@ Consequently, we do not usually compute the inverse Laplace transform
directly using the above equation.

@ For rational functions, the inverse Laplace transform can be more easily
computed using partial fraction expansions.

@ Using a partial fraction expansion, we can express a rational function as a
sum of lower-order rational functions whose inverse Laplace transforms
can typically be found in a table.

Copyright (©) 2013 Michael D. Adams Lecture Slides Version: 2013-09-11



Section 8.5

Laplace Transform and LTI Systems
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System Function of LTI Systems

"

"

)

Consider a LTI system with input x(¢), output y(¢), and impulse response
h(t). Let X(s), Y (s), and H(s) denote the Laplace transforms of x(z), y(z),
and h(t), respectively.

Since y(t) = x(¢) x h(t), the system is characterized in the Laplace
domain by

Y(s)=X(s)H(s).

As a matter of terminology, we refer to H(s) as the (or
) of the system (i.e., the system function is the Laplace
transform of the impulse response).

When viewed in the Laplace domain, a LTI system forms its output by
multiplying its input with its system function.

A LTI system is completely characterized by its system function H ().

If the ROC of H(s) includes the imaginary axis, then H(s)|s= i is the
frequency response of the LTI system.
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Block Diagram Representations of LTI Systems

@ Consider a LTI system with input x(¢), output y(¢), and impulse response

h(t).

@ Let X(s), Y(s), and H(s) denote the Laplace transforms of x(¢), y(¢), and

h(t), respectively.

@ Often, it is convenient to represent such a system in block diagram form in
the Laplace domain as shown below.

X(s)

_>_

Y(s)

H(S) L

@ Since a LTI system is completely characterized by its system function, we
typically label the system with this quantity.
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Interconnection of LTI Systems

@ The series interconnection of the LTI systems with system functions H; (s)
and H;(s) is the LTI system with system function H(s) = H;(s)Ha(s).

That is, we have the equivalences shown below.

\

F
I

@ The parallel interconnection of the LTI systems with impulse responses
H,(s) and H,(s) is a LTI system with the system function
H(s) = Hi(s)+ Hy(s). That is, we have the equivalence shown below.

x(t)

[

\
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@ If a LTl system is causal, its impulse response is causal, and therefore
right sided. From this, we have the result below.

@ Theorem. The ROC associated with the system function of a causal
system is a right-half plane.

@ In general, the converse of the above theorem is not necessarily true.
That is, it is not always true that a right-half plane ROC is associated with
a causal system function.

@ If H(s) is rational, however, we have that the converse does hold, as
indicated by the theorem below.

@ Theorem. For a system with a rational system function H(s), causality of
the system is equivalent to the ROC of H(s) being the right-half plane to
the right of the rightmost pole.

Copyright (©) 2013 Michael D. Adams Lecture Slides Version: 2013-09-11



BIBO Stability

@ Whether or not a system is BIBO stable depends on the ROC of its
system function.

@ Theorem. A LTI system is BIBO stable if and only if the ROC of its system
function H(s) includes the entire imaginary axis (i.e., Re{s} = 0).

@ Theorem. A causal system with a rational system function H (s) is BIBO
stable if and only if all of the poles of H(s) lie in the left half of the plane
(i.e., all of the poles have negative real parts).
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Invertibility

@ Consider a LTI system # with input x(¢), output y(¢), and impulse
response h(t). Let X (s), Y (s), and H(s) denote the Laplace transforms of
x(t), y(t), and h(t), respectively.

@ The system is invertible if there exists another LTI system with system
function H'™ () such that

H(s)H™(s) = 1.

@ Thus, the system function H"™ (s) of #~! is given by

1

H(s)

@ Since distinct systems can have identical system functions (but with
differing ROCs), the inverse of a LTI system is not necessarily unique.

@ In practice, however, we often desire a stable and/or causal system. So,
although multiple inverse systems may exist, we are frequently only

interested in one specific choice of inverse system (due to these
additional constraints of stability and/or causality).

Hinv (S) _

Copyright (©) 2013 Michael D. Adams Lecture Slides Version: 2013-09-11



System Function and Differential Equation Representations

of LTI Systems

@ Many LTI systems of practical interest can be represented using an
Nth-order linear differential equation with constant coefficients.

@ Consider a system with input x(7) and output y(¢) that is characterized by
an equation of the form

N dk M dk
br—vy(t) = —x(t h M <N.
kgf) kdtky() k;()akdth() where <

@ Let A(t) denote the impulse response of the system, and let X (s), Y (s),
and H (s) denote the Laplace transforms of x(¢), y(¢), and h(z),
respectively.

@ One can show that H(s) is given by
_ Y(s) B Z];y:oaksk
H(s) = (o)~ vV .
() Y obks

@ Observe that, for a system of the form considered above, the system
function is always rational.
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Section 8.6

Application: Circuit Analysis
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Resistors

@A IS a circuit element that opposes the flow of electric current.
@ A resistor is governed by the relationship

v(t) =Ri(t) <= V(s)=RI(s)

where R, v(t) and i(¢) denote the resistance of, voltage across, and
current through the resistor, respectively.

@ In circuit diagrams, a resistor is denoted by the symbol shown below.
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Inductors

@ An IS a circuit element that converts an electric current into a
magnetic field and vice versa.

@ The inductor is governed by the relationship
(1) =LLi(t) < V(s)=sLI(s)

or equivalently

i(t) = %/t v(T)dT = I(s) = =V (s)

—O0Q

where L, v(t), and i(¢) denote the inductance of, voltage across, and
current through the inductor, respectively.

@ In circuit diagrams, a inductor is denoted by the symbol shown below.
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@ A IS a circuit element that stores electric charge.
@ The capacitor is governed by the relationship

v(r) = 1 / Cimdn S V(s) = L)

—O0Q

or equivalently

i(t) =CLv(r) > I(s) =sCV(s)

where C, v(¢), and i(¢) denote the capacitance of, voltage across, and
current through the capacitor, respectively.

@ In circuit diagrams, a capacitor is denoted by the symbol shown below.

Copyright (©) 2013 Michael D. Adams Lecture Slides Version: 2013-09-11



Circuit Analysis

@ The Laplace transform is very useful tool for circuit analysis.

@ The utility of the Laplace transform is partly due to the fact that the
differential/integral equations that describe inductors and capacitors are
much simpler to express in the Laplace domain than in the time domain.
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Section 8.7

Application: Analysis of Control Systems
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Feedback Control Systems

Reference

Input Error Output
> @ > Controller > Plant > >

< Sensor -
Feedback
Signal

. desired value of the quantity to be controlled

: actual value of the quantity to be controlled
. difference between the desired and actual values
. system to be controlled

. device used to measure the actual output

© 6 6 6 ¢ ¢

. device that monitors the error and changes the input of the
plant with the goal of forcing the error to zero
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Stability Analysis of Feedback Control Systems

@ Often, we want to ensure that a system is BIBO stable.

@ The BIBO stability property is more easily characterized in the Laplace
domain than in the time domain.

@ Therefore, the Laplace domain is extremely useful for the stability analysis
of systems.
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Section 8.8

Unilateral Laplace Transform
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Unilateral Laplace Transform

The of the signal x(¢), denoted T/ L{x(f)}
or X(s), is defined as

o0

UL{x(1)} =X(s) = / x(t)e "dt.

The unilateral Laplace transform is related to the bilateral Laplace
transform as follows:

(o @)

ULLx(1)} = /O x(t)e di = / (tult)e " di = £{x()u(t)} .

—O0Q

In other words, the unilateral Laplace transform of the signal x(¢) is simply
the bilateral Laplace transform of the signal x()u(t).

Since UL{x(t)} = L{x(t)u(t)} and x(¢)u(t) is always a right-sided
signal, the ROC associated with U L{x(¢)} is always a right-half plane.

For this reason, we often do not explicitly indicate the ROC when
working with the unilateral Laplace transform.
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Unilateral Laplace Transform (Continued 1)

@ With the unilateral Laplace transform, the same inverse transform
equation is used as in the bilateral case.

@ The unilateral Laplace transform is only invertible for causal signals. In
particular, we have

UL {UL{x()}} = UL H{L{x()ul(t) }} = L7{L{x(t)u(r)}}
= x(t)u(t)
_ {x(t) fort >0

0 fortr < 0.

@ For a noncausal signal x(¢), we can only recover x(t) for t > 0.
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Unilateral Laplace Transform (Continued 2)

@ Due to the close relationship between the unilateral and bilateral Laplace
transforms, these two transforms have some similarities in their properties.

@ Since these two transforms are not identical, however, their properties
differ in some cases, often in subtle ways.
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Unilateral Laplace Transform Properties

Property Time Domain Laplace Domain
Linearity ayxy(t) +arxy(t) a1 X1 (s) +axXs (s)
Laplace-Domain Shifting 0% x(t) X(s—s0)
Time/Frequency-Domain Scaling  x(at), a > 0 (%X (2)
Conjugation x* (1) X*(s*)
Time-Domain Convolution x1(t) *x2 (1), x1 () and x, (¢) are causal X1 ()X (s)
Time-Domain Differentiation %x(t) sX(s)—x(07)
Laplace-Domain Differentiation —1x(t) %X(s)
Time-Domain Integration [l x(t)dr LX(s)

Property
Initial Value Theorem

x(07) = sli_}n;)sX(s)
lim x(z) = lim sX (s)

t—0o0 s—0

Final Value Theorem

Lecture Slides Version: 2013-09-11
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Unilateral Laplace Transform Pairs

Pair x(z),t>0 X(s)

1 (1) 1

2 1 1

3 t"

4 e Sj%a

5 the (S—i—Z!)”“
6 COS MWyt 5 J*:m%

7 sin Mot Szf’iom%

8 e “cosmpt : +2;gim%
9 e “sinmyt : +a°)°§ o
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Solving Differential Equations Using the Unilateral Laplace

Transform

@ Many systems of interest in engineering applications can be characterized
by constant-coefficient linear differential equations.

@ One common use of the unilateral Laplace transform is in solving
constant-coefficient linear differential equations with nonzero initial

conditions.
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Part 9

And Life Goes On...
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ELEC 486: Multiresolution Signal and Geometry Processing

with Software Applications (in C++)

@ If you did not suffer permanent emotional scarring as a result of using
these lecture slides and you happen to be a student at the University of
Victoria, you might consider taking the following course (developed by the
author of these lecture slides) as one of your technical electives (in third or

fourth year):
ELEC 486: Multiresolution Signal and Geometry
Processing with Software Applications (in C++)

@ Some further information about ELEC 486 can be found on the next slide,
including the URL of the course web page.
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ELEC 486/586: Multiresolution Signal and Geometry Processing
ELEC 310

with Software Applications (in C++)

normally offered in Summer (May-August) term; only prerequisite

subdivision surfaces and subdivision wavelets

@ 3D computer graphics, animation, gaming (Toy Story, Blender software)
@ geometric modelling, visualization, computer-aided design
multirate signal processing and wavelet systems

©

@ sampling rate conversion (audio processing, video transcoding)
@ signal compression (JPEG 2000, FBI fingerprint compression)

@ communication systems (transmultiplexers for COMA, FDMA, TDMA)
C++ (classes, templates, standard library), OpenGL, GLUT, CGAL
software applications (using C++)

for more information, visit course web page:

http://www.ece.uvic.ca/ mdadams/courses/wavelets
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