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Abstract—The joint optimization problem of high-order error 2. PROBLEM STATEMENT

feedback and realization for minimizing roundoff noise at filter
output subject to l;-scaling constraints is investigated for two- et us consider a 2-D stable, separately locally controllable
dimensional (2-D) state-space digital filters. Linear algebraic tech-  and separately locally observable state-space digital filter

niques that convert the problem at hand into an unconstrained (A,b,c,d) described by the Roessor model [23]
optimization problem are explored, and an efficient quasi-Newton T T B men

algorithm is then applied to solve the unconstrained optimization x1(i,j) = Azmo(i,7) + bu(i, )
problem iteratively. In this connection, closed-form formulas Co . duli. i (1)
are derived for fast and accurate gradient evaluation. Finally y(i, j) = ewo(i, j) + dufi, j)

a numerical example is presented to illustrate the validity and  with

effectiveness of the proposed algorithm. i) = :I:h(i k) A A, A,
k\%,]) = Iliq)(l,j-i-k) 3 - A3 A4

1. INTRODUCTION b=| b } c=[e o]

In the implementation of IIR digital filters with fixed-point wherex” (i, j) is anm x 1 horizontal state vector” (i, j) is
arithmetic, it is of critical importance to reduce the effectsgn s x 1 vertical state vectonu(i, j) is a scalar inputy(i, )

of roundoff noise at the filter output. Error feedback (EF) isijs g3 scalar output, and;, A, As, Ay, by, b, ¢1, c2 andd
found effective for the reduction of finite-word-length (FWL) zre real constant matrices of appropriate dimensions.
effects in IIR digital filters, and many EF methods have , L .
been proposed in the past [1]-[10]. Alternatively, the roundoff Assuming that the quantization is performed before matrix-
noise can also be reduced by introducing a delta operator {4£Ctor multiplication, an actual FWL implementation of model
IR digital filters [11]-[13], or by adopting a new structure (1) with error feedforward andigh-orderEF is obtained as

based on the concept of polynomial operators for digital filter N-1
implementation [14]. Another useful approach is to synthesize ;(4,j) = AQ[%o(4, )] + bu(i,j) + Z Dye_(i,7)
the state-space filter structure for the roundoff noise gain to be k=0

minimized by applying a linear transformation to state-space (i, j) = ¢ Q[0 (i, 7)] + du(i, 7) + heo(i, j)
coordinates subject té,-scaling constraints [15]-[18]. As a 2

natural extension of the aforementioned methods, efforts haw@hereh is a1 x (m + n) error-feedforward vectotD,’s are
been made to develop new methods that combine EF and stat@n + n) x (m + n) diagonalhigh-order EF matrices and
space realization, for achieving better performance [19]-[21]. Wi e D 0
Separately and jointly optimized scalar or general EF matrix e_(i,j) = { ev(? - . J) } Dy = [ 1k D }
for state-space filters have been explored [19]. A jointly- e’ (i,j— k) 0 4k
optimizeq iter'ative algoriyhm with a general, diagonal, or scalar er(i,j) = &1(i,7) — Qar(i,5)], h=[hi ha].
EF matrix using a quasi-Newton method has been develop
for state-space digital filters [20]. The similar technique is
extended to 2-D digital filters with a general, block-diagonal, - . . P
diagonal, or scalar EF matrix [21]. However, to date the usd'©rizontal (vertical) state vectat™ (s, j) (2" (i, j)) and each
of high-order EF and its effect on noise-reduction performanc@UtPuty(i, j) has B-bit fractional representations, while the
for 2-D state-space digital filters have not been explored exceQ putu(i, j) is a(B — Bc)-bit fraction. The quantizeQ[] in

for the case of the Fornasini-Marchesini second model [22]. (2) rounds theB-bit fraction (7, j) to (B — B, )-bit after the
This paper investigates the problem of jointly optimizing multiplications and additions, where the sign bit is not counted.

high-order EF and realization for minimizing the roundoff It is assumed that the roundoff errej(i, j) can be modeled
noise subject tol,-scaling constraints for 2-D state-space agIa Gguss%n randomzp;ocesslwn'hfzialro mer?n and covariance
digital filters described by the Roesser model. We converf {n- BY subtracting (2) from (1), it follows that

the constrained optimization problem encountered into an N-1

unconstrained optimization problem by using linear-algebraic Az (i,7) = AAxo(i,j) + Aeo(i, j) — Z Dye_;(i,7)
techniques. An efficient quasi-Newton algorithm is utilized to k=0

solve the unconstrained optimization problem, and is applied Ay(i, j) = cAzo(i,j) + (¢ — h)eo(i, j)

to the case where thieigh-order EF has diagonal matrices. 3)

he coefficient matricesA, b, ¢ and d in (2) are assumed
to have exact fractionalB.-bit representations. The FWL



where Az (i,7) = xr(i,j) — &k(i,j) for £ = 0,1 and are an extension of the local observability Gramian [23].
Ay(i,5) = y(i,5) — (i, 7). By taking (z1, z2)-transform on

both sides of (3) and setting the boundary conditions to b%t
null, we obtain

It should be noted thak-scaling constraints on the local
ate vectorr (4, ) involve the local controllability Gramian
K . of the filter in (1), which can be computed by

AY (21,22) = He(21,2’2)E0(Z1,22) K 1 j{ j{ F( VP )dz1d22
c = 7‘ 21,22 21, 22
27TJ l21]=1 J|z2|=1 z1z

Hto o =tz = 47 (2= 3 Dz ) - @ S S st - | Ko K]
B ’ B Ks Kg

where AY (21, 25) and Eqg(z1, 22) are (21, 22)-transforms of i=0 j=0
Ay(i,7) and eo(i, ), respectively, andZ = z1,, & z1I,. 9)

Define the transition matrixd (") by where
) — Ali-La) | b @i-n | 0
fli,j)=A [O}JFA [b }

2

(Inyn — Z 1A ZZA(”)z Zy (5)

=07=0 A different yet equivalent local state-space description of

Sincec(Z — A)7! = c(Lyn — Z‘lA)*1Z‘1, the noise (1), (A,b,¢,d),, can be obtained via a coordinate transfor-

transfer functionH .(z1, z2) can be written as mationZ (i, j) = T ‘ax(i,j) with T = T, & T, where
A=T'AT, b=T"'b, e=cT. (10)
e(21,22) Z Zg i,j)21 2 ( - Z D’“Z_k) —h Thel,-scaling constraints are imposed on the local state vector
=0j=0 k=0 (©) Zo(i,7) So that
where (K= T'KT T)y=1, i=1,2,-- ,m+n. (11)

(0,0) _ (43) — ; ;
A =Tmin, A =0, i<0orj<0 The problem being considered here is to design an optimal

A0 _ A A A0 _| 00 coordinate transformation matrik as well as diagonahigh-
0o o0 |’ As Ay order EF matricesDy, D1, --- , Dx_; that jointly minimize
A — AL0) Ai=15) 1 A(0.1) g(ij=1) the noise gain
— AG-13) 410 | 4Gi-1) 401 ;5 s (0.0 _ =
+ , (4,3) > (0,0) Je2(D’T):tr[WO_clcl—QZW1k+1D1k
90, j) = C(A(z'—l,j) { I(?)n g ] 4 A { g IO D N—1N— k=0
" +> Z 1 |kfl|D1lel}
k=0
We now define the normalized noise gaiy (h, D) = - N-1
O-gut/o-2 with D = [D07D1> T 7DN71] as +tr[ 40 —Egéz -2 Z W4,k-+1D4k
Jel(h7D) N-1 N—li k=0 }
1 . dz1dz + Wy k-1 Dar Dy
= tr[ﬁ]{ H (21, 20) He(21, 22) ——— k=0 1=0
(275)% Jizy =1 J )z =1 2122 (12)

o _ _ (7)  subject tol,-scaling constraints in (11) where
2
whereo?,, is noise variance at the filter output. Substituting

(6) into (7), it follows that Wi, =TIW,T1, Wiy =T{W,T,
N—1 and the error feedforward vectaris chosen as = ¢c.
Joy(h, D :tr[W —Te; -2 Wy D
1(h. D) o Z bR 3. JOINT OPTIMIZATION OF HIGH-ORDER
ERROR FEEDBACK AND REALIZATION
+ Z > Wi l\leDll}
k=0 =0 N1 To deal with thel,-scaling constraints in (11), we define
+tr {W40 —cley—2 Z W4 k1D T=T,®&Tys=(T15Ts)" (K. ® KC4)_% (13)
—1N-1 k=0 .
which leads (11) to
+ Z Z Wy k- l|D4kD4l} (c—h)(c—h)" T 1
k=0 [=0 (8) (T T )ii:L 1=1,2,--- m+n. (14)
where It is noted that these constraints are always satisfiéﬁ;i%
A~ —1
o0 0 r andT, assumes the form
Wi, =] {ZZQ (i+77)g 23)} [ 0 :| ~-1 { ti1 ti2 tim }
1=0 j=0 Tl 3 P
s oo [0l [[E12]] [[E1m]

(15)

Wi =10 I, ][> 3 g% +1)g ")HIO} T;lz{t“ b t4’”}

=0 j=0 ||t41||, ||t42||, ’ Ht4n||



Substituting (13) into (12), we obtain 0J(x P T
N1 at:‘) = 2ej; [W“*CQTCQ > Wik + W) Da
. . . * k=0
Jos(D,T) = tr[WlO e -2 Z Wi 1Dy L NoINa1 A A
N-1N-1 5 (W4,|k—l|+W4,|k—l|)D4kD4l]T4Q4ij
+ Y W l\leDll} =0 =0 (20)
k=0 1=0 N1 wherety;; (t4;5) is theith element of vectot,; (t4;) and
+tr {W —éney —2 W 4 g1 Dy t1; 1
N_1N— kZ:O 91ij = 0 m /atlij = Ht H3 (tlljtlj Ht1J|| ell)
W4,|k—l\D4kD4l} ty; 1
kz:: go Guij = 08 T o JObsy = Tz (taijta; — ||ty Pews)
(16) 124511 [[£45]]
where with 1 < i,5 < m (1 < i,5 < n) for t1;5, g,;; and ey,
. L1 1T ) 1T (taij, 94;; andey;). The gradients off (x) with respect to the
Wi, =T KZW, K4HT, ¢ =akK,HT, diagonal Dy, and Dy are given by

- . 1 1.7 R 1.7
Wy = T,KZ,W 4, K2T,, & =c,KLT,.

0. (z) . =
From the foregoing arguments, the problem of obtaining Oy, 2W vi)on +2 3 Bip(W )i
matricesT” and Dy, Dy, - - - , D x_1 that jointly minimize (12) ot (21)
subject to thes-scaling constraints in (11) is now converted 9J(z) — _2(W4 jt1)qq + 2 Z a (W4 i)
into an unconstrained optimization problem of obtainiignd OBkq ’ 7 —o ! e

Dy, D, --,Dy_; that jointly minimize (16). fork =01, N1, p=1.2--.mandg=12,-

Let = be the column vector that collects the variables in
Dy, Dq,--- ;pN—la ti1,ti2, - ,tim and ta1,t40, - ,tan. 4. AN ILLUSTRATIVE EXAMPLE
Then J.5(D,T) in (16) is a function ofz, denoted byJ(x).
The proposed algorithm starts with the painit obtained from  As a numerical example, consider a 2-D state-space digital
the assignmen = Dy = D; =--- = Dy_1 = I,.,,. In  filter (A, b, c,d)2,2 described by
the kth iteration, a quasi-Newton algorithm updates the most

recent pointe;, to pointx,; as [24] 1‘88§99 _0'91319 _1'00800 8
A =
whsr = x5+ apdy, 17 0.02771 —0.02580  1.88899 1
e e R a7) ~0.02580  0.02431 —0.91219 0
where b=1]021908 0 —0.028%89 0.091219 |©
di = —SpVJ(xy), o =arg [min J (1 +adk)} c=1[0.028889 —0.091219 —0.219089 0 |
B '8y, \ 807 6, YT S +S5:7, 01 andd = 0.87021. The noise gain of the filter with no error
Skt1 = Sk+( +-= f; ’“) 7’%5 - 4,15 — feedforward and no EF was computed from (8) as
So=1, 5k=l‘k+1—wkv Ve =V (@r41) =V I (). Je1(0,0) = tr[W 1] @ tr[W 4] = 176.452876.

Here, VJ(x) is the gradient of/(x) with respect toe, and  under thel,- -scaling constralnts(T K. T )” —1fori=
S, is a positive-definite approximation of the inverse Hessian 2, 3. 4 the above noise gain was Changed to

matrix of J(xy). This iteration process continues until -
Jel(O, 0) = tl’[TO (WIO (S5) W40)TO] = 367.51003

whereT, = diag{9.336620 9.336620 1.065113 0.986652}.

With the EF order set taV = 2, the quasi-Newton algo—
We now consider the case where the high-order EF matricedthm was applied to minimize (16) with toleranee= 10~

[ J(@ri1) — J (@) <€ (18)

is satisfied where > 0 is a prescribed tolerance.

are diagonal, i.e., in (18). It took the algorithm 20 iterations to converge to the
_ solution
D,y = diag{agr, ara, -+ Qe (19) s 0.949460 —0.381269 1.187712 0.543967
Dy, = diad{Bk1, Br2s -+ 5 Brnt T 10.573481  0.847325 0.347831 1.259196

for k = 0,1,...,N — 1. Then the gradients of(z) with Dy = diag{ 1.904500 1.055826 1.348885 1.056108 }
respect toti1,t12, -+, tim, ta1, tas, - - , ts, are found to be D, = —diag{ 0.928480 0.141394 0.408198 0.167253 }

0. (x) R . N-1 o whose noise gain was found to bes(D,T) = 1.055408.
5 = el [Wlo—é1 e1—Y  (Wikt1+ Wi, )Die  The profile of J.3(D, T) during the first 20 iterations of the
1ij NN k=0 algorithm is dipicted in Fig. 1.
L NoIN-1 R R :
+5 (W1,|k—z\+W1T,|k7”)D1kD1z}T1guj To see how the use ohigh-order EF effects on the

=0 1=0 performance in noise reduction, simulations have also been
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Fig. 1. Profile ofJ.s(D,T) during the first 20 iterations. i8]

20 [7]

9
carried out withN = 1, i.e. D = D,. The minimal noise gain o)

in this case was found to béeg,(D,T) = 1.250326 which is  [10]
considerably greater than what the system can achieve with
N = 2. These and additional simulation results regarding the;,;
noise gainJ.3(D,T) + (¢ — h)(¢ — h)T are summarized in
Table | where the term “Infinite Precision” refers to the value

of J.3(D,T) derived from the optimaQ andT, the term “3-

Bit Quantization” means that of3(D,T) + (¢ — h)(e—h)T

where only each entry of the optim@#d and h was rounded [13]
to a power-of-two representation with 3 bits after the binary
point, and the term “Integer Quantization” means that of
Jes(D,T) + (¢ — h)(c — h)T where only each entry of the [14]
optimal D and h was rounded to an integer.

TABLE | [15]
PERFORMANCE COMPARISON

- ) [16]

N | Dy ® Dux Infinite 3-Bit Integer

Precision Quantization Quantization

[17]

1 Diagonal 1.250326 1.275315 1.687610
[18]

2 Diagonal 1.055408 1.087588 1.434863
[19]

5. CONCLUSION

[20]

For 2-D state-space digital filters described by the Roesser
model [23], the joint optimization problem dfigh-orderEF oy
and realization to minimize the effects of roundoff noise
subject toly-scaling constraints has been investigated. Linear
algebraic techniques have been employed to convert the COI}'Z]
strained optimization problem at hand into an unconstraine
optimization problem, which is solved iteratively by applying
an efficient quasi-Newton algorithm. Closed-form formulas for
fast evaluation of the gradient of the objective function have?3!
also been derived. A numerical example has demonstrated tl'[»gl]
validity and effectiveness of the proposed technique.
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