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Abstract—A technique for reducing roundoff noise effects for performance enhancement in noise gain reduction relative
subject to l2-scaling constraints is developed for two-dimensional to the systems that employ static (i.e. constant) EF.
state-space digital filters by means of high-order error feedback
and state-space realization. First, the roundoff noise gain is II. PROBLEM FORMULATION

mimimized subject to [l>-scaling constraints by choosing the .
coordinate transformation matrices appropriately. Optimal high- Consider a 2-D stable, separately locally controliable

order error-feedback matrices are then determined so as to and separately locally observable state-space digital filter
minimize the roundoff noise gain in the two-dimensional state- (A, b, ¢, d),+, described by the Roessor model [18]
space digital filter obtained via the coordinate transformation o L o
matrices. Finally a numerical example is presented to illustrate x1 (i, J) = Amo(i, j) + bu(i, j)

the utility of the proposed technique. y(i, §) = exoli, §) + duli, ) (1)
I. INTRODUCTION with
. . .. . . . . . N SCh(l—i-k?,j) _ A1 AQ
When implementing IIR digital filters with fixed-point arith- xp(i,j) = { 2+ k) | A= A, A,

metic, it is important to reduce the effects of roundoff noise at
the filter’s output. Error feedback (EF) is found effective for b— b, c— [ o e ]
reducing finite-word-length (FWL) effects in IR digital filters, - ’ L=
and many EF methods have begn proposed n the past [1]_[1v9ﬂiere;ch(i,j) is anm x 1 horizontal state vector? (i, j) is
An alternative useful approach is to synthesize the state-space . Do ) [
model for the roundoff noise gain to be minimized by applyin"Jm n x 1 vertical state vecton(i, j) is a scalar inputy(i, j)
a scalar output, and{, A5, Asz, Ay, by, by, c1, co andd

a linear transformation to state-space coordinates subject to . . : .
are real constant matrices of appropriate dimensions.

l2-scaling constraints [11]-{14]. As a natural extension of the Assuming that the quantization is performed before matrix-

aforementioned methods, efforts have been made to devel%p 2 . :
. .__.vector multiplication, an actual FWL implementation of model
new methods that combine EF and state-space realizati

for achieving better performance [15]-[17]. Separately a with error feedforward andligh-order EF is obtained as

jointly optimized scalar or general EF matrix for state-space N-1

filters have been explored [15]. A jointly-optimized iterative #1(i,4) = AQ[&o(i, §)] + bu(i, ) + > _ Dye (i, )
algorithm with a general, diagonal, or scalar EF matrix using k=0

a quasi-Newton method has been developed for state-space ¥(i,J) = ¢ Q[Zo(i, )] + du(i, j) + heo(i, )

digital filters [16]. A similar technique employing a quasi- @)

whereh is al x (m + n) error-feedforward vectotDy, is a

Newton method is extended to two-dimensional (2-D) stat i ) .
(m 4+ n) diagonal high-orderEF matrix and

space digital filters with a general, block-diagonal, diagonéfr,n +n)x
or scalar EF matrix [17]. However, to date the usehajfh- o er(i—k,j) Dy O
order EF and its effect on noise-reduction performance fore—k(z’]) - [ e’(i,j — k) ]’ Dy, = [ 0 Dy }
2-D state-space digital filters have not been explored. o o o

In this paper, the problem of separately optimizinigh- er(i,j) = &i(i.j) = QEr(i. )], h=[h hy].
order EF and state-space realization for minimizing the round-he coefficient matricesA, b, ¢ andd in (2) are assumed
off noise subject td,-scaling constraints is investigated foto have exact fractionalB.-bit representations. The FWL
2-D state-space digital filters. The novelty of the proposétbrizontal (vertical) state vectak” (i, ) (" (i,7)) and the
method has largely to do with the introduction afynamicEF  outputg(:, j) all have B-bit fractional representations, while
that, as will be demonstrated later in the paper, is responsilite inputu(i, j) is a(B — B.)-bit fraction. The quantize@|']



in (2) rounds theB-bit fraction & (i, j) to (B — B..)-bit after (6) into (7), it follows that
the multiplications and additions, where the sign bit is not N—1
counted. It is assumed that the roundoff eregti, j) can be 7 (h, D) = tr [Wm —cTey -2 Z Wi ki1 Dig

modeled as a zero-mean stochastic process with covariance N1 N1

o2I,,. By subtracting (2) from (1), it follows that 4 Z Z W l|D1kD1l}
k=0 1=0
N—-1 N-1
A:cl( ) AA.’I}(](Z ]) + Aeg Z j Z Dipe_ k 7 ] —+tr {W4() — CgCQ -2 Z W4’k+1D4k
k=0 N-1N-1 k=0
Ay(i, ) = eAwo(i,§) + (e — h)eo(i, ) " IS Wi DuDal + (e = h)e 1)
=0 =0
where Az (i,7) = x(i,j) — @x(i,j) for & = 0,1 and (8)
Ay(i,§) = y(i,§) — §(i,5). By taking the(z, zo)-transform Wwhere
on both sides of (3) and setting the boundary conditions to be 00 © I
null, we obtain Wi =[1In 0] {ZZQT(i+T’j)g(i’j)} [ 0 }
i=0 j=0
AY (21, 22) = He(ZhZQ)EO(ZhZ?) " Wy =[0 I, [ZZQ i,j+7)g )] { I0 } :
i=0 j=0 "
H.(21,2) = c¢(Z — A)~ ( Z D.Z~ ) i=

It should be noted thak-scaling constraints on the local
state vectorr, (i, j) involve the local controllability Gramian
where AY (z1, z3) and Eq(z1, z2) are (z1, z2)-transforms of K. of the filter in (1) which can be computed by

Ay(i, 7) and eg(i, j), respectlvely, andZ = 211, ® z1,. ledZQ
Define the transition matrixd/) by 7{ _ 1% - F(z1,22)F" (21, 22)
z1 z2

(2mj)?
oo oo S _ Kcl Kc2
Ipn — 27 A) =) N AW 200 (5) ;; [ Kas Ko ]
=0 j=0 )
where
Sincec(Z — A = eI pyn — Z P A)"1Z1, the noise - o[ by o
transfer functionH . (z;, z) can be written as £, j) = A9 [ 0 } + A=Y [ by ] :
A different yet equivalent local state-space description of
1), (A,b,¢,d),, can be obtained via a coordinate transfor-
, D Z ) ( . y Uy &y n :
e(21, 22) ZZ%JZ)Q N ( kZ;) F mationzo (i, j) = T~ 'xo(4, j) with T = T, @ T4 where
©) A—T'AT, 5=T ‘b, e=cT.  (10)
where
Thel,-scaling constraints are imposed on the local state vector
A0 — g o AGD =0, i<0o0rj<0 To (4, j) so that
1,0 _ | A1 Az ony_| 0 0 K)iu=T'KT =1, i=12,-,m+n. (11)
A_[OO],A_[A3A4 (Ko)ii = ( )

A — A(0) 4-15) 4 A1) gG5-1) Thg problem being qonsidered here is to Qesign an optimal
(-1.5) 4(10) (Go1) 4(01) g - coordinate transformation matrik as well asdiagonal high-
= A" VAT + AU ATY ) (i,7) > (0,0)  order EF matricesDy, Dy, -+, Dn_1 that separately mini-

N (i-15) | Im O Gj-1)]| 0 O mize the noise gain
g(w)_c(A [ 0 0 ] +4 [0 I, ) Noi

Jeg(é, D,T) =1r |:W10 — E{El -2 Z Wl k+1D1k
New we define the normalized noise gaiy (h, D) = —1N-1

2., /o with D = [Dy, Dy, ---,Dy_1] as - Z > W - l|D1kD11}
k=0 1=0 N
Jel(h,Dl) e Sr [Wm —cley —2 Z W 4 k+1Dax
:tr{ﬁ% H}(z1,22)H(z1, 22) i 22} Ay
(2mj lz1|=1 J|2z2|=1 2172 + Z Z W4\k l|D4kD4lH
) =0 =0

whereo?,, is noise variance at the filter output. Substituting (12)



subject tol,-scaling constraints in (11) where
Wi, =T{W,T1, Wi =T, W4T,
and the error feedforward vectér is chosen as = €.

1. SEPARATE OPTIMIZATION OF HIGH-ORDER
ERROR FEEDBACK AND REALIZATION

respectively, whereR,R] = I,, and R,R, = I,. By
numerical manupilations, we can obtain anx m (n x n)
orthogonal matrixS; (S4) such that [13]

The separate minimization is carried out in two major steps.

First, we fix the EF matricest®; = 0fori=0,1,---,N—1
in (12) so that the objective function is reduced to
Jeo (6, 0, T) = tr[Wlo — E?Eﬂ + tr[W40 — ngg] (13)

which is minimized with respect to matril’ = T, & T4

subject to thels-scaling constraints in (11). Second, with
T =T, T, optimized in the first step, (12) is minimized
T, & T, with respect to matrices

under the fixedT =
DOﬂDl?...?DN*l‘

1 ke %
SiAiSZT = * _1 for i=1,4 (18)
: . . *
* * 1
where
Ay = diag{ A1, M2,y A}
mby;
)\ P = fOI’ - 1,27 9
! 011+ 012+ -+ 0im ' "
A4 = diag{)\zu, )\427 Y )‘471}
04;
)\47’,: il for 7;:1727"'?71'

041 + 042+ + 04

To perform the first step, we define the Lagrange functioftere, we choose the orthogonal matriéés andU 4 as

Jl(Pla)\l) = tr[lel] - M (tl’[KdPl]_l — m)

Jo(Py,My) = [V 4 Py] — Ay ([ K 4 Py] ' — 1) (1)
where
P, =1T,T", Vi=Wy—cle
P, =T,T!, Vi=Wy —cles.

The optimal coordinate transformation matx= T, & T4
can be determined by solving the equations

0J1(P1, M) 0J1(P1, 1)

om0 A (15)
Ohs(Pidy) _ o 9B(Pid) _
oP, ’ O\
which is led to [15]
Cfe N g
T = o (;elZ) \'A (V1 KaV ) U,
(16)

1
1 n Bt 1 1\ 3
T, =~ <; 94i> \% (V; KC4VZ) Us

where 63,,6%,,---,6%  are the eigenvalues oK. W,
03,,03,,---,03, are the eigenvalues dk .,W .4, U; is an
arbitrary m x m orthogonal matrix andJ, is an arbitrary
n X n orthogonal matrix.

Suppose that the eigenvalue-eigenvector decompositions ¢f 3,

1 1\ % 1 1\ 3
(VdeVf) * and (Vj KC4Vj) * can be written as

(ViKaVi)' = Ridiaglfi, 012, -+, 61} R] -
17

Nl=

1 1 i
(Vf Kc4VZ) = Rydiag(041,042, -+, 04, } R},

U, =RST, U, = R,S!. (19)

Below we consider the case whef®; is a diagonal matrix
fori=0,1,---,N — 1.

In this case, matrixD; = Dq; & D,4; assumes the form

D,; = diag{o1, ai2, -+, i }
Dy; = diag{f;1, B2, -+ Bin }-

Then it follows from (12) that

(20)

dJ.9(€, D, T — =
Z(acT) = _Q(Wli)u +2 Z akl<W17Ii—k|)ll
! k=0
=0 for 1=12,---,m
8.Jes(e, D, T) e
e2\&, ) A/
ST < 2(Wa),, 42 Y B (W),

_..,
o
=
=
Il
=
vl\D
3

(21)
As a result, matrixD; = D;; & Dy; can be derived from

-1

Q] Poi pbu PN-1,1 bu
Qaqy P Poi PN-2, P2t
LAN-1,0] | PN-1,0 PN-21 Dot PN
19 -1
qor qir dN—-1,r qir
Brr qr qor qN-2,r Q2r
_ﬂN—l,r_ |l AN—1,r N-2,r dor 4qNr

(22)
Wherepil = (Wli)” forl = 1,2,---.m and Qir = (W@)
forr=1,2,---,n.

rr



IV. ANUMERICAL EXAMPLE

V. CONCLUSION

As a numerical example, consider a 2-D state-space digitalThe problem of separate optimization of high-order EF

filter (A, b, c,d)212 in (1) described by

and state-space realization for roundoff noise minimization
subject to dynamic rangk-scaling constraints in 2-D state-
space digital filters has been investigated. After choosing
the optimal coordinate transformation matrices underlithe
scaling constraints, high-order EF matrices are determined
so as to minimize the roundoff noise gain in the optimal
realization where high-order EF matrices are diagonal. A
numerical example has been presented to demonstrate the

1.88899 —0.91219 —1.00000 0
A 1 0 0 0
o 0.02771 —0.02580  1.88899 1
—0.02580  0.02431 -—-0.91219 0
b=10219089 0 —0.028889 0.091219 }T
c=[0.028889 —0.091219 —0.219089 0 |
andd = 0.87021. From (8) and (9), the local controllability
and the local observability Gramiads,. and W, = W, &

W 4o of the above filter were computed as (1]

8.717246 8.525727 0.163982 —0.153908
8.525727 8.717246 0.132122 —0.123319
0.163982 0.132122 0.113447 —0.103553
—0.153908 —0.123319 —0.103553 0.097348

1.13447 —1.03553] [87.17246 85.25727
wW,=

(2]
K. =10

| —1.03553  0.97348 85.25727 87.17246 | -

Applying the coordinate transformation specified By =
T, &T, =diag{9.336620 9.336620 1.065113 0.986652}
so that thel,y-scaling constraints{T;lKCT;T)ii 1 are
satisfied fori = 1,2, 3,4, the noise gain of the filter with no
error feedforward and no EF was computed from (8) as

Je1(0,0) = tr[TL, W g T' 1] + tr[TL, W 40T 4] = 367.51003.

[7]
The optimal coordinate transformation matifix= T, &T,
was constructed using (16)-(19) as

—0.207923  1.032526 0.888012  0.303911
—0.414525 1.021700 —0.962330 —0.132655 | [9]

With T found and fixed, we now consider two cases: oré0l
employs a single EF matriD, (i.e. N = 1) and the other
uses two EF matriced, and D, (i.e. N = 2). In each |11
case, EF matrix assumes the form of diagonal matrices. The
EF matrices were optimized using the method presented[ia]
Section Ill, and the results in terms of noise gdin(¢, D, T)

are summarized in Table |, where “3-Bit Quantization” refers
to value of J.o(¢, D, T) where the fraction part of each*®
component of D was rounded to 3 bits in a power-of-two
representation. From the table, it is observed that (i) employifigl
a dynamic EF (i.e. withN > 1) matrices helps reduce
the noise gain in a significant way, and (ii) compared witis)
their infinite-precision counterparts, the use of quantized EF
matrices reduces implementation complexity with only slightly

(8]

T—=

degraded performance. [16]
TABLE |
SEPARATE OPTIMIZATION [17]
N \ D \ Infinite Precision\ 3-Bit Quantization
1 | Diagonal 1.446145 1.483189
2 | Diagonal|  1.320965 1.378140 (18]

validity and effectiveness of the proposed technique.
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