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Abstract— Joint optimization of high-order error-feedback and
state-space realization to minimize roundoff noise at the output
of a closed-loop system with a state-estimate feedback controller
subject to 𝑙2-scaling constraints is investigated. The problem is
converted into an unconstrained optimization problem by us-
ing linear-algebraic techniques. The unconstrained optimization
problem at hand is then solved iteratively by employing an
efficient quasi-Newton algorithm with closed-form formulas for
key gradient evaluation. A numerical example is presented to
illustrate the utility of the proposed technique.

1. INTRODUCTION

Owing to finite-precision nature of computer arithmetic,
roundoff noise in fixed-point IIR digital filters occurs that in
turn degrades the filter’s performance. Error feedback (EF) is
known as an effective technique for reducing finite-word-lengh
(FWL) effects in IIR digital filters, and many EF methods
have been proposed in the past [1]-[5]. On the other hand, it
is known that the roundoff noise is critically dependent on the
internal structure of the IIR filter, and several techniques for
constructing a state-space filter structure that minimizes the
roundoff noise gain at the filter output subject to 𝑙2-scaling
constraints have been explored by appropriately choosing a
linear transformation to state-space coordinates [6],[7]. As a
natural extension of the aforementioned methods, efforts have
been made to develop new methods that combine EF and state-
space realization for achieving better performance [8]-[10].

Another relevant development was initiated in [11] in early
1990’s, where roundoff noise in a closed-loop system equipped
with a state-estimate feedback controller is analyzed and an
algorithm for realizing a state-estimate feedback controller
which minimizes the roundoff noise subject to 𝑙2-scaling
constraints is proposed. However, no EF is incorporated into
the algorithm in [11]. Recently, the joint optimization problem
of constant EF and state-space realization for a state-estimate
feedback controller has been considered to minimize the
roundoff noise gain at the output of the closed-loop system
with a state-estimate feedback controller subject to 𝑙2-scaling
constraints [12].

In this paper, joint optimization of high-order EF and
realization for minimizing roundoff noise in the closed-loop
system with a state-estimate feedback controller subject to 𝑙2-
scaling constraints is investigated. The novelty of the proposed
method has largely to do with the introduction of high-order
EF to the closed-loop system with a state-estimate feedback
controller. We convert the constrained optimization problem

encountered into an unconstrained optimization problem by
using linear-algebraic techniques. An efficient quasi-Newton
algorithm is utilized to solve the unconstrained optimization
problem at hand. The proposed technique is applied to the
case where high-order EF matrices are diagonal. A numerical
example is presented to illustrate the validity and effectiveness
of the proposed technique.

2. SYSTEM MODEL AND PROBLEM
FORMULATION

Consider a stable, controllable and observable linear discrete-
time system (𝑨𝑜, 𝒃𝑜, 𝒄𝑜)𝑛 described by

𝒙(𝑘 + 1) = 𝑨𝑜𝒙(𝑘) + 𝒃𝑜𝑢(𝑘)

𝑦(𝑘) = 𝒄𝑜𝒙(𝑘)
(1)

where 𝒙(𝑘) is an 𝑛 × 1 state-variable vector, 𝑢(𝑘) is a
scalar input, 𝑦(𝑘) is a scalar output, and 𝑨𝑜, 𝒃𝑜 and 𝒄𝑜 are
real constant matrices of appropriate dimensions. The transfer
function of the linear system in (1) is given by

𝐻𝑜(𝑧) = 𝒄𝑜(𝑧𝑰𝑛 −𝑨𝑜)
−1𝒃𝑜 (2)

then the observer and associated controller are modelled as

𝒙̂(𝑘 + 1) = 𝑭 𝑜𝒙̂(𝑘) + 𝒃𝑜𝑢(𝑘) + 𝒈𝑜𝑦(𝑘)

𝑢(𝑘) = −𝒌𝑜𝒙̂(𝑘) + 𝑟(𝑘)
(3)

where 𝒙̂(𝑘) is an 𝑛× 1 state-variable vector in the full-order
state observer with an 𝑛 × 1 gain vector 𝒈𝑜, 𝑟(𝑘) is a scalar
reference signal, 𝒌𝑜 is a 1×𝑛 state-feedback coefficient vector,
and 𝑭 𝑜 = 𝑨𝑜 − 𝒈𝑜𝒄𝑜. Obviously, the observer-controller in
(3) is equivalent to

𝒙̂(𝑘 + 1) = 𝑹𝑜𝒙̂(𝑘) + 𝒃𝑜𝑟(𝑘) + 𝒈𝑜𝑦(𝑘)

𝑢(𝑘) = −𝒌𝑜𝒙̂(𝑘) + 𝑟(𝑘)
(4)

where 𝑹𝑜 = 𝑭 𝑜 − 𝒃𝑜𝒌𝑜.
In the next step of system modelling, we consider the

FWL implementation of the system due to the quantizations
that are performed before matrix-vector multiplication. At the
same time, assume that a high-order EF is integrated into the
system for noise reduction purposes. The model under these
circumstances becomes

𝒙̃(𝑘 + 1)=𝑹𝑸[𝒙̃(𝑘)]+𝒃𝑟(𝑘)+𝒈𝑦(𝑘)+

𝑁−1∑
𝑖=0

𝑫𝑖𝒆(𝑘 − 𝑖)

𝑢(𝑘) =−𝒌𝑸[𝒙̃(𝑘)] + 𝑟(𝑘)
(5)
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where

𝒆(𝑘) = 𝒙̃(𝑘)−𝑸[𝒙̃(𝑘)]

and 𝑫𝑖 for 𝑖 = 0, 1, ⋅ ⋅ ⋅ , 𝑁 − 1 are 𝑛 × 𝑛 EF matrices. The
coefficient matrices 𝑹, 𝒃, 𝒈, and 𝒌 in (5) are representations
of 𝑹𝑜, 𝒃𝑜, 𝒈𝑜, and 𝒌𝑜, respectively, with exact fractional Bc-
bit. The FWL state-variable vector 𝒙̃(𝑘) and each output 𝑢(𝑘)
in (5) has 𝐵-bit fractional representations, while the reference
input 𝑟(𝑘) and the signal 𝑦(𝑘) are (𝐵 − 𝐵𝑐)-bit fractions.
The quantizer 𝑸[⋅] in (5) rounds the 𝐵-bit fraction 𝒙̃(𝑘) to
(𝐵 − 𝐵𝑐)-bit after the multiplications and additions, where
the sign bit is not counted. It is assumed that the roundoff
error 𝒆(𝑘) can be modeled as a Gaussian random process with
zero mean and covariance 𝜎2𝑰𝑛. The closed-loop system that
consists of the systems in (1) and (5) is then described by[

𝒙(𝑘 + 1)
𝒙̃(𝑘 + 1)

]
=

[
𝑨𝑜 −𝒃𝑜𝒌
𝒈𝒄𝑜 𝑹

][
𝒙(𝑘)
𝒙̃(𝑘)

]
+

[
𝒃𝑜
𝒃

]
𝑟(𝑘)

+

[
𝒃𝑜𝒌

𝑫0 −𝑹

]
𝒆(𝑘)+

𝑁−1∑
𝑖=1

[
0
𝑫𝑖

]
𝒆(𝑘 − 𝑖)

𝑦(𝑘) =
[
𝒄𝑜 0

][ 𝒙(𝑘)
𝒙̃(𝑘)

]
.

(6)
Referring to (6), the transfer function from the quantization

error vector 𝒆(𝑘) to the output 𝑦(𝑘) can be written as

𝑮𝐷(𝑧) = 𝒄̃(𝑧𝑰2𝑛 − 𝑨̃)−1𝑩̃(𝑧) (7)

where

Ã =

[
𝑨𝑜 −𝒃𝑜𝒌
𝒈𝒄𝑜 𝑹

]
, 𝒄̃ =

[
𝒄𝑜 0

]
𝑩̃(𝑧) = 𝑩0 +𝑩1𝑧

−1 + ⋅ ⋅ ⋅+𝑩𝑁−1𝑧
−(𝑁−1)

with

𝑩0 =

[
𝒃𝑜𝒌

𝑫0 −𝑹

]
, 𝑩𝑖 =

[
0
𝑫𝑖

]
for 1 ≤ 𝑖 ≤ 𝑁 − 1.

Based on the model developed above, we now define
the normalized noise gain 𝐽1(𝑫) = 𝜎2

𝑜𝑢𝑡/𝜎
2 with 𝑫 =

[𝑫0,𝑫1, ⋅ ⋅ ⋅ ,𝑫𝑁−1] in terms of the transfer function 𝑮𝐷(𝑧)
in (7) as

𝐽1(𝑫) = tr

[
1

2𝜋𝑗

∮
∣𝑧∣=1

𝑮∗
𝐷(𝑧)𝑮𝐷(𝑧)

𝑑𝑧

𝑧

]
. (8)

In order to derive a computationally tractable formula for
evaluating the noise gain 𝐽1(𝑫), we replace 𝒌, 𝒈, and 𝑹
in matrices 𝑨̃ and 𝑩0 by their infinite-precision counterparts
𝒌𝑜, 𝒈𝑜, and 𝑹𝑜, respectively. If we define

𝑺 =

[
𝑰𝑛 0
𝑰𝑛 −𝑰𝑛

]
(9)

then an approximate version of 𝑮𝐷(𝑧) in (7) is found to be

𝑮𝐷(𝑧) ≃ 𝒄̃𝑺(𝑧𝑰2𝑛 − 𝑺−1𝑨̃𝑺)−1𝑺−1𝑩̃(𝑧)

= 𝒄̃(𝑧𝑰2𝑛 −Φ)−1

([
𝒃𝑜𝒌𝑜

𝑭 𝑜 −𝑫0

]
−
𝑁−1∑
𝑖=1

𝑩𝑖𝑧
−𝑖

)

= 𝒄𝑜(𝑧𝑰𝑛 −𝑨𝑜 + 𝒃𝑜𝒌𝑜)
−1𝒃𝑜𝒌𝑜(𝑧𝑰𝑛 − 𝑭 𝑜)

−1

⋅
(
𝑧𝑰𝑛 −

𝑁−1∑
𝑖=0

𝑫𝑖𝑧
−𝑖
)

= 𝒄̃(𝑧𝑰2𝑛 −Φ)−1𝑼
(
𝑧𝑰𝑛 −

𝑁−1∑
𝑖=0

𝑫𝑖𝑧
−𝑖
)

(10)

where

Φ =

[
𝑨𝑜 − 𝒃𝑜𝒌𝑜 𝒃𝑜𝒌𝑜

0 𝑭 𝑜

]
, 𝑼 =

[
0
𝑰𝑛

]
.

Under the assumption that marices 𝑫𝑖’s are diagonal for 𝑖 =
0, 1, ⋅ ⋅ ⋅ , 𝑁 − 1, substituting (10) into (8) yields

𝐽1(𝑫) = tr [𝑾 4]− 2

𝑁−1∑
𝑖=0

tr [Ψ4(𝑖+ 1, 0)𝑫𝑖]

+
𝑁−1∑
𝑖=0

𝑁−1∑
𝑙=0

tr [Ψ4(𝑖, 𝑙)𝑫𝑖𝑫𝑙]

(11)

where

𝑾 = Φ𝑇𝑾Φ+
[
𝒄𝑜 0

]𝑇 [
𝒄𝑜 0

]
Ψ(𝑖, 𝑙) = (Φ𝑇 )𝑖𝑾Φ𝑙 =

[
Ψ1(𝑖, 𝑙) Ψ2(𝑖, 𝑙)
Ψ3(𝑖, 𝑙) Ψ4(𝑖, 𝑙)

]

with

𝑾 =

[
𝑾 1 𝑾 2

𝑾 3 𝑾 4

]
.

In order to reach an adequate formulation for the problem
at hand, we derive an explicit expression for the controllability
Gramian 𝑲 for state-variable vector 𝒙̃(𝑘) in the system (6),
because 𝑲 is a critical quantity involved in the 𝑙2-scaling
constraints on 𝒙̃(𝑘). To this end, the transfer function from
reference input 𝑟(𝑘) to state-variable vector [𝒙(𝑘)𝑇 , 𝒙̃(𝑘)𝑇 ]𝑇

is derived by setting 𝒆(𝑘) = 0 in (6) and taking 𝑧-transform
of (6), i.e.[

𝑿(𝑧)

𝑿̃(𝑧)

]
= (𝑧𝑰2𝑛 − 𝑨̃)−1

[
𝒃𝑜
𝒃

]
𝑅(𝑧) (12)

where 𝑿(𝑧) and 𝑿̃(𝑧) denote the 𝑧-transforms of 𝒙(𝑘)
and 𝒙̃(𝑘), respectively. To derive a computationally tractable
formula for evaluating a good approximate version of the
controllability Gramian, we replace matrices 𝑹, 𝒃, 𝒌 and 𝒈 in
(12) by 𝑹𝑜, 𝒃𝑜, 𝒌𝑜 and 𝒈𝑜, respectively, which yields

𝑺−1

[
𝑿(𝑧)

𝑿̃(𝑧)

]
=(𝑧𝑰2𝑛−𝑺−1𝑨̃𝑺)−1𝑺−1

[
𝒃𝑜
𝒃𝑜

]
𝑅(𝑧). (13)

Hence
𝑿̃(𝑧) = 𝑿(𝑧) = 𝑭 (𝑧)𝑅(𝑧) (14)

where
𝑭 (𝑧) = [𝑧𝑰𝑛 − (𝑨𝑜 − 𝒃𝑜𝒌𝑜)]

−1𝒃𝑜.
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The controllability Gramian can now be defined as

𝑲 =
1

2𝜋𝑗

∮
∣𝑧∣=1

𝑭 (𝑧)𝑭 ∗(𝑧)
𝑑𝑧

𝑧
(15)

which can be obtained by solving the Lyapunov equation

𝑲 = (𝑨𝑜 − 𝒃𝑜𝒌𝑜)𝑲(𝑨𝑜 − 𝒃𝑜𝒌𝑜)
𝑇 + 𝒃𝑜𝒃

𝑇
𝑜 . (16)

We are now in a position to consider a family of different
yet equivalent state-space descriptions of (4), which can be
obtained via coordinate transformation 𝒙(𝑘) = 𝑻−1𝒙̂(𝑘) as
(𝑹𝑜, 𝒃𝑜, 𝒈0,𝒌𝑜)𝑛, where

𝑹𝑜 = 𝑻−1𝑹𝑜𝑻 , 𝒃𝑜 = 𝑻−1𝒃𝑜

𝒈𝑜 = 𝑻−1𝒈𝑜, 𝒌𝑜 = 𝒌𝑜𝑻 .
(17)

Accordingly, the controllability and observability Gramians
relating to (𝑹𝑜, 𝒃𝑜, 𝒈𝑜,𝒌𝑜)𝑛 can be expressed as

𝑲 = 𝑻−1𝑲𝑻−𝑇 , 𝑾 𝑖 = 𝑻 𝑇𝑾 𝑖𝑻 , 1 ≤ 𝑖 ≤ 4. (18)

respectively. In order to prevent the new state-variables from
overflow oscillations, the 𝑙2-scaling constraints are imposed on
the state-variable vector 𝒙(𝑘) so that

(𝑲)𝑖𝑖 = (𝑻−1𝑲𝑻−𝑇 )𝑖𝑖 = 1 for 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑛. (19)

With an equivalent state-space realization as specified in (17)
and assuming the use of high-order diagonal EF matrices, the
normalized noise gain is found to be

𝐽2(𝑫,𝑻 )= tr
[
𝑻 𝑇𝑾 4𝑻

]
−2

𝑁−1∑
𝑖=0

tr
[
𝑻 𝑇Ψ4(𝑖+ 1, 0)𝑻𝑫𝑖

]

+

𝑁−1∑
𝑖=0

𝑁−1∑
𝑙=0

tr
[
𝑻 𝑇Ψ4(𝑖, 𝑙)𝑻𝑫𝑖𝑫𝑙

]
(20)

The problem considered here is to jointly design the high-
order EF matrices 𝑫0,𝑫1, ⋅ ⋅ ⋅ ,𝑫𝑁−1 and coordinate trans-
formation matrix 𝑻 to minimize 𝐽2(𝑫,𝑻 ) in (20) subject to
the 𝑙2-scaling constraints in (19).

3. A JOINT OPTIMIZATION TECHNIQUE

We define
𝑻 = 𝑻 𝑇𝑲− 1

2 (21)

which leads (19) to

(𝑻
−𝑇

𝑻
−1

)𝑖𝑖 = 1 for 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑛. (22)

These constraints are always satisfied if 𝑻
−1

assumes the form

𝑻
−1

=

[
𝒕1

∣∣𝒕1∣∣ ,
𝒕2

∣∣𝒕2∣∣ , ⋅ ⋅ ⋅ ,
𝒕𝑛

∣∣𝒕𝑛∣∣
]
. (23)

Substituting (21) into (20), we obtain

𝐽3(𝑫,𝑻 )= tr
[
𝑻𝑾̂ 4𝑻

𝑇
]
−2

𝑁−1∑
𝑖=0

tr
[
𝑻 Ψ̂4(𝑖+ 1, 0)𝑻

𝑇
𝑫𝑖

]

+

𝑁−1∑
𝑖=0

𝑁−1∑
𝑙=0

tr
[
𝑻 Ψ̂4(𝑖, 𝑙)𝑻

𝑇
𝑫𝑖𝑫𝑙

]
(24)

where

Ψ̂4(𝑖, 𝑙) = 𝑲
1
2Ψ4(𝑖, 𝑙)𝑲

1
2 , 𝑾̂ 4 = 𝑲

1
2𝑾 4𝑲

1
2 .

Following the foregoing arguments, the problem of obtain-
ing matrices 𝑻 and 𝑫0,𝑫1, ⋅ ⋅ ⋅ ,𝑫𝑁−1 that jointly min-
imize (20) subject to the 𝑙2-scaling constraints in (19) is
now converted into an unconstrained optimization problem of
obtaining 𝑻 and 𝑫0,𝑫1, ⋅ ⋅ ⋅ ,𝑫𝑁−1 that jointly minimize
(24).

Let 𝒙 be the column vector that collects the variables
in matrices [𝒕1, 𝒕2, ⋅ ⋅ ⋅ , 𝒕𝑛] and 𝑫0,𝑫1, ⋅ ⋅ ⋅ ,𝑫𝑁−1. Then
𝐽3(𝑫,𝑻 ) in (24) is a function of 𝒙, denoted by 𝐽(𝒙). The
proposed algorithm starts with an initial point 𝒙0 obtained
from the assignment 𝑻 = 𝑫0 = 𝑫1 = ⋅ ⋅ ⋅ = 𝑫𝑁−1 = 𝑰𝑛.
In the 𝑘th iteration, a quasi-Newton algorithm updates the most
recent point 𝒙𝑘 to point 𝒙𝑘+1 as [13]

𝒙𝑘+1 = 𝒙𝑘 + 𝛼𝑘𝒅𝑘 (25)

where

𝒅𝑘 = −𝑺𝑘∇𝐽(𝒙𝑘), 𝛼𝑘 = 𝑎𝑟𝑔
[
min
𝛼

𝐽(𝒙𝑘 + 𝛼𝒅𝑘)
]

𝑺𝑘+1 = 𝑺𝑘+
(
1+

𝜸𝑇
𝑘𝑺𝑘𝜸𝑘

𝜸𝑇
𝑘 𝜹𝑘

)
𝜹𝑘𝜹

𝑇

𝑘

𝜸𝑇
𝑘 𝜹𝑘

− 𝜹𝑘𝜸𝑇
𝑘𝑺𝑘+𝑺𝑘𝜸𝑘𝜹

𝑇

𝑘

𝜸𝑇
𝑘 𝜹𝑘

𝑺0 = 𝑰, 𝜹𝑘=𝒙𝑘+1−𝒙𝑘, 𝜸𝑘=∇𝐽(𝒙𝑘+1)−∇𝐽(𝒙𝑘).

Here, ∇𝐽(𝒙) is the gradient of 𝐽(𝒙) with respect to 𝒙, and
𝑺𝑘 is a positive-definite approximation of the inverse Hessian
matrix of 𝐽(𝒙𝑘). This iteration process continues until

∣𝐽(𝒙𝑘+1)− 𝐽(𝒙𝑘)∣ < 𝜀 (26)

is satisfied where 𝜀 > 0 is a prescribed tolerance.

4. AN ILLUSTRATIVE EXAMPLE

Consider a linear discrete-time system specified by

𝑨𝑜 =

⎡
⎣ 0 1 0

0 0 1
0.339377 −1.152652 1.520167

⎤
⎦ , 𝒃𝑜=

⎡
⎣ 0

0
1

⎤
⎦

𝒄𝑜 =
[
0.093253 0.128620 0.314713

]
.

Suppose that the full-order observer has the poles at 𝑧 =
0.1532, 0.2861 and 0.1137, and that the poles of the regulator
are placed at 𝑧 = 0.5067, 0.6023 and 0.4331. Then the
coefficient vector of the full-order observer and the gain vector
of the state feedback were computed as

𝒈𝑜 =
[ −0.006436 3.683651 5.083920

]𝑇
𝒌𝑜 =

[
0.471552 −0.367158 3.062267

]
.

The controllability and observability Gramians 𝑲 and 𝑾 4

relating to the closed-loop system in (6) were computed from
(16) and (11) as

𝑲 =

⎡
⎣ 10.140736 −9.324397 7.646117

−9.324397 10.140736 −9.324397
7.646117 −9.324397 10.140736

⎤
⎦

𝑾 4 = 10

⎡
⎣ 0.946720 2.004689 1.053033

2.004689 4.432667 2.355278
1.053033 2.355278 1.389340

⎤
⎦ .
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When performing 𝑙2-scaling to the system with

𝑻 𝑜 = diag{3.184452, 3.184452, 3.184452}
so that (𝑻−1

𝑜 𝑲𝑻−𝑇
𝑜 )𝑖𝑖 = 1 is satisfied for 𝑖 = 1, 2, 3, the

normalized noise gain of the system without EF was computed
from (11) as

𝐽1(0) = tr
[
𝑻 𝑇

𝑜 𝑾 4𝑻 𝑜

]
= 686.398739.

In the case where 𝑁 = 1 and matrix 𝑫0 is diagonal, the
quasi-Newton algorithm was applied to minimize (24) with
tolerance 𝜀 = 10−8 in (26). It took the algorithm 19 iterations
to converge to the solution

𝑻 =

⎡
⎣ 1.294114 −0.168488 0.007707

0.371342 0.867987 0.470162
−0.779773 −0.169966 0.981896

⎤
⎦

𝑫0 = diag{ 0.061401 −0.954205 −0.615047 }
with 𝐽3(𝑫,𝑻 ) = 12.705365.

In the case where 𝑁 = 2 and matrices 𝑫0 and 𝑫1 are
diagonal, the quasi-Newton algorithm was applied to minimize
(24) with tolerance 𝜀 = 10−8 in (26). It took the algorithm 24
iterations to converge to the solution

𝑻 =

⎡
⎣ 1.305265 −0.172325 0.015749

0.360830 0.851958 0.512722
−0.806130 −0.188264 0.975634

⎤
⎦

𝑫0 = diag{ 0.06453466− 1.761331 −0.650203 }
𝑫1 = diag{−0.027322 −0.837318 −0.053387 }

with 𝐽3(𝑫,𝑻 ) = 11.703374.
In the case where 𝑁 = 3 and matrices 𝑫0, 𝑫1 and 𝑫2 are

diagonal, the quasi-Newton algorithm was applied to minimize
(24) with tolerance 𝜀 = 10−8 in (26). It took the algorithm
105 iterations to converge to the solution

𝑻 =

⎡
⎣ 0.327718 0.245254 1.713434

0.016465 1.176168 1.222032
−0.843787 0.103998 1.016202

⎤
⎦

𝑫0 = diag{ 2.662090 −3.970640 1.436650 }
𝑫1 = diag{−3.288568 −5.584430 8.055175 }
𝑫2 = diag{−9.873059 −2.751501 7.632869 }

with 𝐽3(𝑫,𝑻 ) = 2.509133.
The other results regarding the normalized noise gain

𝐽3(𝑫,𝑻 ) in (24) were summarized with those achieved by the
separate optimization method of [8] in Table I where ”Infinite
Precision” shows the value of 𝐽3(𝑫,𝑻 ) derived from the opti-
mal 𝑻 and 𝑫, and ”3-Bit Quantization (Integer Quantization)”
means the value of 𝐽3(𝑫,𝑻 ) where each entry of the optimal
𝑫 was rounded to a power-of-two representation with 3 bits
after the binary point (an integer) and then matrix 𝑻 was
updated to minimize 𝐽3(𝑫,𝑻 ) with such a 𝑫 fixed.

5. CONCLUSION

The joint optimization problem of high-order EF and state-
space realization to minimize the effects of roundoff noise in

TABLE I
PERFORMANCE COMPARISON

𝑁 Optimization Infinite
Precision

3-Bit
Quantization

Integer
Quantization

1
Separate 14.742567 14.807933 15.337683

Joint 12.705365 12.769499 13.214089

2
Separate 14.097350 14.147798 15.028691

Joint 11.703374 11.788775 12.558440

3
Separate 12.798210 12.892739 14.552876

Joint 2.509133 2.552543 6.100339

the closed-loop system with a state-estimate feedback con-
troller subject to 𝑙2-scaling constraints has been investigated.
The probelm at hand has been converted into an unconstrained
optimization problem by using linear algebraic techniques.
An efficient quasi-Newton algorithm has been employed to
solve the unconstrained optimization problem. The proposed
technique has been applied to the case where high-order EF
matrices are diagonal. The validity and effectiveness of the
proposed technique has been demonstrated by a numerical
example.
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