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Abstract—Encouraged by performance enhancement obtained
using �p-minimization (with p < 1) relative to that of �1-
minimization in compressive sensing, we present an algorithm
for the reconstruction of digital images from undersampled
measurements, where the concept of conventional TV is extended
to a generalized TV (GTV) that involves pth power (with p < 1) of
the discretized gradient of the image. To deal with the nonconvex
issue arising from this new formulation, weighted TV (WTV) is
introduced and an iterative reweighting technique is applied so
that the algorithm is carried out in a convex setting. In addition,
the Split Bregman method is reformulated in a major way so
as to solve the WTV minimization problem involved. Numerical
examples are included to demonstrate significant performance
gain by the proposed GTV minimization method.

I. INTRODUCTION

Compressive imaging (CI) is an important branch of com-
pressive sensing (CS). The design of efficient CI systems
remains a challenging problem as it involves a large amount of
data, which has far-reaching implications for the complexity of
the optical design, calibration, data storage and computational
burden. A step towards overcoming the memory requirements
is accomplished recently in [1], [2] by employing a separable
sensing matrix. In [1], a two-dimensional separable sensing
operator is used to reduce the storage of matrices of size
m2 × n2 produced by the Kronecker product of two m × n
matrices. In addition, TV minimization using a Split Bregman
approach with a separable sensing operator is studied in [3].

The exact formulation of the CI optimization problem
depends on application. In this paper, we focus on the ap-
plication of CI to sparse magnetic resonance imaging (MRI).
The general form for the sparse MRI reconstruction problem is
presented and discussed in [4]–[6]. Suppose we want to recover
an MRI image U ∈ R

n×n based on randomized Fourier
samples. When a TV sparsifying transform is considered, the
optimization model can be expressed as

min
U

TV(U) s.t. ‖R ◦ (FU)−B‖2F < σ2 (1)

where F is the 2-D Fourier transform operator, R is a random
sampling matrix whose entries are either 1 or 0, B corresponds
to the observed “k-space” data [7], σ is the variance of
the signal noise, and symbol ◦ denotes entrywise product
between two matrices. It was shown in [8] that using a
Bregman iteration technique, problem (1) can be reduced to a
sequence of unconstrained problems that can be solved using
the Split Bregman technique [7]. We stress that unlike other

formulations presented in the literature, in problem (1) images
are regarded as matrix variables instead of column-stacked
vectors. Such formulation implicitly applies the separable
sensing operator [1], [3] which facilitates efficient analysis,
hence reduces storage complexity and makes fast computa-
tion possible. The matrix-based analysis of TV regularization
model and its application to compressive imaging are the main
contributions of this paper.

In [9], it is demonstrated that the standard TV can be
generalized to a pth-power TV with 0 ≤ p ≤ 1, and the
generalized TV (GTV) regularized least squares problem pro-
duces improved denoising performance. In this paper, the GTV
regularizer is applied to the Fourier-based MRI reconstruction
problem, as a result we have to deal with a nonconvex model.
Unlike the �1 or �p (with p < 1) regularization [10], [11],
the algorithm proposed in this paper solves GTV-regularized
optimization problem that turns out to perform better than
existing algorithms in preserving image edges.

II. TV, GENERALIZED TV AND WEIGHTED TV WITH
MATRIX REPRESENTATIONS

The discretized anisotropic and isotropic total variation
(TV) of images are defined and discussed in [12]. Since both
TVs are found to yield similar reconstruction results with the
performance often slightly in favor of the anisotropic one (see
[9]), our analysis will be carried out using anisotropic type of
TV.

TV of a digital image U ∈ R
n×n is defined as [12]

TV(U) =

n−1∑
i=1

n−1∑
j=1

(|Ui,j − Ui+1,j |+ |Ui,j − Ui,j+1|)

+

n−1∑
i=1

|Ui,n − Ui+1,n|+
n−1∑
j=1

|Un,j − Un,j+1|
(2)

The TV can be expressed with simple matrix operations. Given
image U ∈ Rn×n, we define D ∈ Rn×n as a circulant matrix
with the first row [1 −1 0 · · · 0]. Under the periodic boundary
condition, it can be verified that the TV of U can be expressed
as

TV(U) = ‖DU‖1 + ‖UDT ‖1
where ‖X‖1 denotes the sum of magnitudes of all the entries
in X, i.e.,

∑
|xi,j |. It follows that the generalized pth power

total variation, denoted as TVp (see [9]), can be written as

TVp(U) = ‖DU‖p + ‖UDT ‖p (3)
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with 0 ≤ p ≤ 1. Note that ‖X‖p resembles but slightly
differs from an �p norm. Specifically, it is the sum of pth
power magnitudes of all the entries in X, i.e.,

∑
|xi,j |p.

The performance improvement using an �p norm over the
�1 norm established in [13], [14] inspired us to investigate
the generalized total variation, TVp, for compressive sensing
image recovery.

With TVp defined, we consider the optimization model

min
U

TVp(U) s.t. ‖R ◦ (FU)−B‖2F ≤ σ2 (4)

which may be regarded as a generalization of model (1) for
the reason that the regularizer TVp promotes a sparser TV
when p is less than one. However, with p < 1 problem (4)
is nonconvex. To deal with this nonconvexity, the idea for
weighted TV (WTV) is introduced as

TVw(U) = ‖Wx ◦ (DU)‖1 + ‖Wy ◦ (UDT )‖1 (5)

where ◦ is the Hadamard product operator, and Wx and Wy

are weights matrices along the horizontal and vertical direction
respectively. As will become transparent in Algorithm 1 below,
WTV with properly chosen weights facilitates an excellent
convex approximation of the nonconvex objective TVp(U).

III. POWER-ITERATIVE REWEIGHTING STRATEGY

In theory, solving (4) with p = 0 promotes the solution
with the sparsest TV. To approach the solution of a TV0-
regularized optimization problem, we adopt a power-iterative
strategy similar to [14] by gradually reducing the power p
while updating the weights and solving a WTV-regularized
problem at each iteration. The power-iterative strategy not only
properly updates the weights to approach the corresponding
TVp minimization, but also provides convex WTV-regularized
problem with a good initial state obtained from the previous
iteration. As a result, the WTV-regularized problem is found
to converge considerably faster.

In what follows, we denote by 1 the matrix with each
of its element one, by |X|.p a matrix whose (i, j)th entry
is |xi,j |p, and by ◦/ the pointwise division. The steps of
the power-iterative strategy are summarized in Algorithm 1.
We remark that via the reweighting formula (7), TVw(U)
essentially becomes TVp(U) for U in a neighborhood of
iterate U(l). The parameter ε in (7) is a small constant to
prevent the weights from being zero. In this way, nonconvex
minimization of TVp(U) can practically be achieved by a
series of convex minimization of TVw(U).

Algorithm 1 Power-Iterative Strategy for TVp Minimization

1: Set p = 1, l = 1, Wx = Wy = 1.
2: Solve the WTV-regularized problem for U(l)

min
U

TVw(U) s.t. ‖R ◦ (FU)−B‖2F < σ2 (6)

3: Terminate if p = 0; otherwise, set p = p− 0.1 and update
the weights Wx and Wy as

Wx = |DU(l) + ε|.p−1, Wy = |U(l)DT + ε|.p−1 (7)

Then set l = l + 1 and repeat from step 2.

IV. SOLVING PROBLEM (6)

The analysis has led to a WTV-regularized problem as seen
in (6). We propose to solve the problem using a Split Bregman
[7] approach, but with important changes as will be described
in the following. Unlike vector operations in the literature, the
entire analysis presented below is carried out in terms of matrix
operations.

A. Split Bregman Type Iteration

First, we apply the Bregman iteration [8] to (6) which
reduces the problem to

U(k+1) = argmin
U

TVw(U) +
μ

2
‖R ◦ (FU)−B(k)‖2F (8a)

B(k+1) = B(k) +B−R ◦ (FU(k+1)) (8b)

With Eq. (5), problem (8) can be expressed as

U(k+1) = argmin
U

‖Wx ◦ (DU)‖1 + ‖Wy ◦ (UDT )‖1

+
μ

2
‖R ◦ (FU)−B(k)‖2F

(9a)

B(k+1) = B(k) +B−R ◦ (FU(k+1)) (9b)

Next, a splitting strategy applied to (9a) leads to the
formulation

min
U

‖Wx◦Dx‖1+‖Wy◦Dy‖1+
μ

2
‖R◦(FU)−B(k)‖2F (10a)

s.t. Dx = DV,Dy = VDT ,U = V (10b)

Note that in (10) we have applied the Split Bregman technique
[7] for the splitting Dx = DV and Dy = VDT , and
introduced an additional split as U = V which guarantees
that this is, in fact, the same one variable; however such a
split allows us to decompose a most expensive step of the
algorithm into two much simpler steps [3].

Applying Bregman method again to (10) to enforce con-
straints in (10b), we are led to the following problem with
respect to {U,V,Dx,Dy}

min ‖Wx ◦Dx‖1 + ‖Wy ◦Dy‖1 +
μ

2
‖R ◦ (FU)−B(k)‖2F

+
λ

2
‖Dx −DV −E(h)

x ‖2F +
λ

2
‖Dy −VDT −E(h)

y ‖2F

+
ν

2
‖U−V −G(h)‖2F

where E
(h)
x , E(h)

y and G(h) are updated by Bregman iterations.
In the hth iteration, we solve four subproblems as

U(h+1) = argmin
U

μ

2
‖R ◦ (FU) −B(k)‖2F

+
ν

2
‖U−V(h) −G(h)‖2F

(11)

V(h+1) = argmin
V

ν

2
‖V−U(h+1) +G(h)‖2F

+
λ

2
‖DV +E(h)

x −D(h)
x ‖2F +

λ

2
‖VDT +E(h)

y −D(h)
y ‖2F

(12)
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D(h+1)
x = argmin

Dx

‖Wx ◦Dx‖1+
λ

2
‖Dx−DV(h+1)−E(h)

x ‖2F
(13a)

D(h+1)
y = argmin

Dy

‖Wy◦Dy‖1+
λ

2
‖Dy−V(h+1)DT −E(h)

y ‖2F
(13b)

where G(h), E(h)
x and E

(h)
y are updated as

G(h+1) = G(h) +V(h+1) −U(h+1) (14a)

E(h+1)
x = E(h)

x +DV(h+1) −D(h+1)
x (14b)

E(h+1)
y = E(h)

y +V(h+1)DT −D(h+1)
y (14c)

Typically, it takes a small number of iterations of (11), (12),
(13) and (14) for the algorithm to converge.

The problems (13a) and (13b) can be solved by soft
shrinkage as the unknowns are separate from each other:

D(h+1)
x = TWx/λ(DV(h+1) +E(h)

x ) (15a)

D(h+1)
y = TWy/λ(V

(h+1)DT +E(h)
y ) (15b)

where soft shrinkage operator T applies pointwisely as

Twi,j/λ(z) = sgn(z) · max{|z| − wi,j/λ, 0} (16)

B. Solving Problems (11) and (12)

Solving problems (11) and (12) are far from trivial. To this
end, we write the 1st-order optimality condition of (11) as

μFTR ◦ FU+ νU = μFTR ◦Bk + ν(V(h) +G(h)) (17)

Multiplying both sides of (17) by F and applying the orthog-
onality of Fourier transform, we have

μR ◦ FU+ νFU = μR ◦Bk + νF(V(h) +G(h)) (18)

Furthermore, the Fourier transform of U can be derived as

FU =
[
μR ◦Bk + νF(V(h) +G(h))

]
◦ / (μR + ν) (19)

Finally, by taking the inverse Fourier transform of (19), the
solution of (11) has the following representation

U(h+1) = FT
{[

μR ◦Bk + νF(V(h) +G(h))
]
◦ / (μR+ ν)

}

(20)

To solve problem (12), we use matrix calculus to write its
first-order optimality condition as

νV + λDTDV + λVDTD = C(h) (21)

where

C(h) = ν(U(h+1) −G(h))

+ λDT (D(h)
x −E(h)

x ) + λ(D(h)
y −E(h)

y )D
(22)

Due to the periodic boundary condition, matrix D is
circulant and can be diagonalized by the 2-D Fourier transform
as D = FTΛF [15], [16]. Substituting into (21), we have

νV + λFTΛ∗ΛFV+ λVFTΛ∗ΛF = C(h) (23)

which can be further reduced to

νṼ + λ(TṼ + ṼT) = FC(h)FT (24)

where Ṽ = FVFT and T = Λ∗Λ. It follows that

TṼ = Tr ◦ Ṽ, ṼT = Tc ◦ Ṽ

where Tr has each element in its ith row as Ti,i and Tc has
each element in its ith column as Ti,i. Thus, (24) gives

(ν + λTr + λTc) ◦ Ṽ = FC(h)FT (25)

In consequence, we obtain solution of (12) as

V(h+1) = FT
{
(FC(h)FT ) ◦ /(ν + λTr + λTc)

}
F (26)

The algorithm for solving the WTV-regularized problem
(6) is summarized as Algorithm 2.

Algorithm 2 Algorithm for WTV-regularized problem (6)

1: Set μ, λ and ν. Set maximum inner and outer iteration
number K and H . Initialize B(0), V(0), G(0), D(0)

x , D(0)
y ,

E
(0)
x and E

(0)
y .

2: for k = 0, ...,K − 1 do
3: for h = 0, ..., H − 1 do
4: Compute U(h+1), V(h+1), D(h+1)

x , D(h+1)
y by Eqs.

(20), (26) and (15), respectively. Update G(h+1),
E

(h+1)
x , E(h+1)

y through Eq (14).
5: end for
6: Set U(k+1) = U(H). Update B(k+1) by Eq (8b).
7: end for

V. PERFORMANCE EVALUATION

A. MRI of the Shepp-Logan Phantom

The Shepp-Logan phantom is a standard test image and
serves as a model of a human head in image reconstruction
algorithms [17], and is used widely by researchers in tomog-
raphy. In our experiment, a normalized Shepp-Logan phantom
of size 256 × 256, was measured at 2521 locations (as low
as 3.85%) in the 2D Fourier plane (k-space); the sampling
pattern was a star-shaped pattern consisting of only 10 radial
lines, see Fig. 1(a). Based on the star-shaped Fourier samples,
a minimum �2 norm reconstruction is shown in Fig. 1(b). To
apply Algorithm 1, we set p = 1 and Wx and Wy as 1. In
each round of iteration, problem (6) was solved by Algorithm
2. We set parameters μ, λ and ν to 5, the inner and outter
iterations to H = 10 and K = 100, and B(0), V(0), G(0),
D

(0)
x , D

(0)
y , E

(0)
x , E

(0)
y to zero matrices. The minimizer of

problem (6) was then used to update Wx and Wy for the
next round when p = 0.9 in Algorithm 1. It is important to
remark that starting from the 2nd round in solving problem (6),
B(0), V(0), G(0), D(0)

x , D(0)
y , E(0)

x and E
(0)
y were initialized

using the most recent iterates from the last cycle. The steps
were carried on for p = 0.8, 0.7, 0.6, ... and so forth until the
result for p = 0 is achieved.

It took a PC laptop with a 2.67 GHz Intel dual-core
processor 770.7 seconds to produce the reconstructed phantom
for p = 0 shown in Fig. 1(d) with a signal to noise (SNR) ratio
as 16.3 dB. For a fair comparison, we set Wx = Wy = 1, and
minimize problem (6) by Algorithm 2 with K = 1100. The
computational time was found to be 756.8s. The solution sim-
ply corresponds to the conventional TV minimization recovery
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(1) (see Fig. 1(c)) with the maximum SNR found to be 8.8 dB.
Therefore, using the proposed method to approach the TV0

solution, we have observed better reconstruction performance
relative to the conventional TV minimization.

(a) (b)

(c) (d)

Fig. 1: (a) Star-shaped sampling pattern (b) Minimum energy
reconstruction (c) Minimum TV reconstruction (d) Minimum
GTV reconstruction with p = 0

B. Compressive Imaging of Natural Images

To further examine the proposed GTV minimization al-
gorithm, we extend the simulation to compressive sensing of
several natural images - cameraman, building, milk and
jet. Each test image of size 256 by 256 was measured at
13107 random locations (i.e., 20% of size of image) in the 2D
Fourier plane.

The parameter setting was the same as in Sec. V-A. The
power iterative technique was also applied to reduce the
power p from 1 to 0 with a 0.1 step each time, in order to
ensure a decent initial point. Reconstruction performance of
the proposed GTV (p = 0) algorithm compared with TV based
minimization was illustrated in Table I.

Original Images cameraman building milk jet

TV 14.3 15.2 12.1 16.2

GTV (p = 0) 19.5 18.3 14.5 18.3

TABLE I: SNRs (in dB) of reconstructed images by TV
minimization and the proposed GTV algorithm for images
cameraman, building, milk and jet.

It was found that the images reconstructed using the pro-
posed GTV minimization method possess consistently higher
SNRs than those from the conventional minimum TV recon-
struction, which demonstrates that the proposed GTV mini-

mization algorithm has an edge on the conventional TV model
in reconstructing images from compressive measurements.

VI. CONCLUSION

An algorithm for generalized TV minimization for com-
pressive imaging has been proposed. In particular, a weighted
TV-regularized problem has been solved in the Split Bregman
framework with additional splitting technique. The algorithm
includes a power-iterative strategy that gradually reduces the
power p from 1 to 0. The algorithm has been simulated on a
variety of medical and natural images, and found to outperform
the conventional TV minimization method in terms of the
reconstructed image quality.
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