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Abstract—Locating a radiating source from range or range-
difference measurements in a passive sensor network has recently
attracted an increasing amount of research interest as it finds
applications in a wide range of network-based wireless systems.
Striking results for these localization problems have emerged
using squared range (SR-LS) or squared range-difference (SRD-
LS) least-squares (LS) approaches. In this paper, we present
improved LS methods that demonstrate improved localization
performance when compared with the best known results from
the literature.

Index Terms—improved globally optimal solution; generalized
trust region subproblems (GTRS); least squares; non-convex;
iterative re-weighting; source localization; range measurements;
range-difference measurements; Newton algorithm.

I. INTRODUCTION

Least squares based algorithms constitute an important class
of solution techniques as they are geometrically meaningful
and often provide low complexity solution procedures with
competitive estimation accuracy [1]-[12]. On the other hand,
the error measure in an LS formulation for the localization
problem of interest is shown to be highly non-convex, possess-
ing multiple local solutions with degraded performance. This
non-convexity excludes many local methods that are iterative,
hence extremely sensitive to where the iteration begins. In
the case of source localization, this inherent feature of local
methods is particular problematic because the source location
is assumed to be entirely unknown and can appear practically
anywhere, thus the chances to secure a good initial point for
a local algorithm are next to none. For these reasons, we
are interested in global localization techniques that are either
non-iterative or insensitive to initial iterate. One representative
in the class of global localization methods is the convex-
relaxation based algorithm for range measurements proposed
in [8], where the LS model is relaxed to a semidefinite pro-
gramming problem which is known to be convex [13]. Another
representative in this class is reference [12], where localization
problems for range as well as range difference measurements
are addressed by developing solution methods for squared
range LS (SR-LS) and squared range difference LS (SRD-LS)
problems. The key new ingredient of the proposed algorithms
is an iterative procedure where the SR-LS (or SRD-LS)
algorithm is applied to a weighted sum of squared terms where
the weights are carefully designed so that the iterates produced
quickly converge to a solution which, on comparing with the

best known results, is found to be considerably closer to the
original range-based (or range-difference-based) LS solution
that is known to be the maximum-likelihood estimator in the
case of Gaussian white measurement noise. Numerical results
are presented for performance evaluation and comparisons.

II. SOURCE LOCALIZATION FROM RANGE
MEASUREMENTS

A. Problem Statement

The source localization problem considered here involves
a given array of m sensors specified by {ai,...,a,,} where
a; € R™ contains the n coordinates of the :th sensor in space
R™. Each sensor measures its distance to a radiating source
x € R"™. Throughout it is assumed that only noisy copies of
the distance data are available, hence the range measurements
obey the model

ri=lz—aill+e, i=1,...,m. )

where ¢; denotes the unknown noise that has occurred when
the ith sensor measures its distance to source x. Let r =
[r179...7m]T and e = [g1 €2 ...&m]7, the source localization
problem can be stated as to estimate the exact source location
x from the noisy range measurements 7.

B. LS Formulations and Review of Related Work

For the localization problem at hand, the range-based least
squares (R-LS) estimate refers to the solution of the problem
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Formulation (2) is connected to the maximum-likelihood

(ML) location estimation that determines x by examining

the probabilistic model of the error vector €. If € obeys a

Gaussian distribution with zero mean and covariance ¥ =

diag(o?,...,02,), then the maximum likelihood (ML) location
estimator in this case is known to be
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@)r = arg 1in (r — g) (r—g) 3)

where g = [g1 g2... gm]T with g; = || — a;]|. It follows

immediately that the ML solution in (3) is identical to the R-

LS solution of problem (2) when covariance 3 is proportional

to the identity matrix, i.e., 0% = ... =02, = 1.



There are many methods for continuous unconstrained op-
timization [14], however most of them are local methods in
the sense they are sensitive to the choice of initial point, and
give no guarantee to yield global solutions when applied to
non-convex objective functions. Unfortunately, the objective
function in (2) is highly non-convex, possessing many local
minimizers even for small-scale systems.

Reference [8] addresses problem (2) by a convex relaxation
technique where (2) is modified to a convex problem known as
semidefinite programming [13]. A rather different approach is
proposed in [12] where the localization problem (2) is tackled
by developing techniques to address the squared range based
LS (SR-LS) problem

m
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whose global solution can be computed by converting (4)
into the class of generalized trust region subproblems (GTRS)
[15], [16] and exploring its KKT conditions which are both
necessary and sufficient optimality conditions. Although SR-
LS solves (4) exactly, the produced solution remains to be an
approximation of the original LS problem in (2) because it
is no longer a ML solution. The method, described in detail
below, tries to reduce the gap between the two solutions.

C. An Iterative Re-Weighting Approach

1) Weighted squared range-based least squares formula-
tion: We now consider a weighted SR-LS (WSR-LS) problem,

namely,
m

minimizez w; (||z — ai®
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Following [12], we convert (5) into a GTRS as

mlmmlzeH wl — by ||? (6a)
yeRrnt
subject to: y' Dy +2fTy =0 (6b)

where y = [z a7,
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For a fixed set of weights {w;,i = 1,,m}, the global solution
of (6) can be solved by the method developed in [12] and we
denote the solution by S(A.,, by, D, f).

2) Moving the SR-LS solution towards R-LS solution via
iterative re-weighting: The main idea here is to use the
weights {w;,i =1,...,m} to tune the objective in (5) toward
the objective in (2) so that the solution obtained by minimizing
such a WSR-LS problem is expected to be closer toward that

of problem (2). To substantiate the idea, we compare the ith
term of the objective in (5) with its counterpart in (2), namely,

(= — aql| — ;) ©9)
in (2)

w; (Hw - aiH2 - rf)Q &

in (5)

and write the term in (5) as

wi (& — a2 —12)°* =
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same as in (2)

It follows that the objective in (5) would be the same as in
(2) if the weight w; was assigned to 1/ (|| — a;| + ;)%
Evidently, weight assignments as such cannot be realized
because w;’s must be fixed constants for (5) to be a globally
solvable WSR-LS problem. A natural remedy to deal with this
technical difficulty is to employ an iterative procedure whose
kth iteration generates a global solution x; of a WSR-LS sub-
problem of the form

mlnlleC E ’LU

where for £ > 2 the weights {w(k), =1,...
using the previous iterate x;_1 as

r?)? (11)
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while for k& = 1 all weights {wgl),i = 1,...,m} are set
to unity. Clearly the weights given by (12) are realizable.
More importantly, when the iterates produced by solving (12)
(namely x; for £k = 1,2,...) converge, in the kth iteration
with k sufficiently large, the objective function of (11) in a
small vicinity of its solution xj, is approximately equal to
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In words, with the weights from (12) the iterates produced
by iteratively solving WSR-LS problem (11) are expected to
approach the global solution of (2). The localization method
can be outlined as follows.

Algorithm 1

1) Input data: Sensor locations {a;,i = 1,...,m}, range
measurements {r;,4 = 1,..., m}, maximum number of itera-
tions k.4, and convergence tolerance (.

2) Generate data set A, b, d, f using (7) and (8). Set k =
Lw" =1fori=1,...,m



3) Set I';, = diag (\/w1 ,\/ w m ) w =TIrA and

b, =T;b.

4) Solve the WSR-LS problem (11) via (6) to obtain its
global solution xy, = S(A, by, D, f).

5) If k = kyaz or || — xp—1|| < ¢, terminate and output
xj, as the solution; otherwise, set k = k + 1, update weights
{wgk),i =1,...,m} using (12), and repeat from Step 3).

It is evident that the complexity of the algorithm is practi-
cally equal to the complexity of the WSR-LS solver involved
in Step 4 times the number of iterations, k. The algorithm
converges with a small number of iterations, typically a k < 6
suffices. Convergence is guaranteed due to the nature of the
WSR-LS solver which produces a global solution that does
not depend on the initial point, and convexity of the WSR-LS
problem (6). For simplicity, we shall call the solutions obtained
from Algorithm 1 IRWSR-LS solutions.

III. SOURCE LOCALIZATION FROM RANGE-DIFFERENCE
MEASUREMENTS

A. Problem Formulation

Another type of source localization problem that has at-
tracted considerable attention is that of localizing a radiating
source using range-difference measurements [11], [12]. In
practice, range-difference measurements may be obtained by
comparing the signal as it is received at the m + 1 sen-
sors taken in pairs. As usual, these sensors are denoted as
{ag,a1,...,an} € R" with ag be placed at the origin and
used as a reference sensor. The range-difference measurements
are obtained as

di = [|& - ail = lz — aol| = & — @il - [l«]|, i=1,....,m
(13)
and the problem here is to estimate the location of a radiating
source x based on measurements d;’s. Therefore, the standard
range-difference LS (RD-LS) problem is formulated as
m
Y (it ]~z - ai)?
i=1
Reference [12] proposes a squared range-difference LS (SRD-
LS) approach to obtain an approximate solution of (14), which
is summarized below. By writing (13) as d; + ||z|| = || — a;]]
and squaring both sides, we obtain

(d;

which can be simplified to

minimize F'(x) =

14
TeR™ (14
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—2d;||z|| —2alx=g;, i=1,... (16)

where g; = d? — |la;||?. If d;’s in (16) are taken to be real-
world data, then we only have

,m

—2d;||z| —2alx —g;~0, i=1,....m  (17)

Reference [12] proposes an LS solution for the problem at
hand by minimizing the sum of squared residues on the left
side of (17), namely,
m
minimize

2
inimize . (~2al'z - 2d; || - g:)

i=1

(18)

By introducing new variable y = [z ||z||]” and noticing non-
negativity of the component y,,+1 problem (18) is converted
to

minimize | By — g||? (19a)
YeRn1
subject to: yTCy =0 (19b)
Ynt1 =0 (19¢)
where g = [g1 ... gm|" and
—20,,{ —2d1
. In 0n><1
B= : ,C = (20)
) : O1xn -1
—2al  —2d,,

Reference [12] presents a rigorous argument which shows that
the optimal solution of (19) either assumes the form of g(\) =

(BTB + /\C)i BT g where X solves

(V)" Cy(N) =0 1)
and makes BT B + \C positive definite, or is the vector
among {0, g(A1),...,Y(Ap)} that gives the smallest objective
function in (19a), where {\;,i = 1,...,p} are all roots of (21)
such that the (n + 1)’th component of g(\;) is nonnegative
and BT B + AC has exactly one negative and n positive
eigenvalues. We shall refer the global solution of (19) to as
the SRD-LS solution.

B. Improved Solution Using Iterative Re-weighting

1) The Algorithm: We now present a method for improved
solutions over SRD-LS solutions. The method incorporates an
iterative re-weighting procedure into the SRD-LS approach,
hence it is in spirit similar to the IRWRS-LS approach
described in Sec. 2.3.2. We begin by considering the weighted
SRD-LS problem

e T 2
mglér}r%ll’zez:wi (—2a] © — 2d;|z| — g;) (22)
where weights w; for ¢ = 1,...,m are fixed nonnegative
constants. The counterpart of (19) for the problem (22) is given

by

minimize | B,y — g, || (23a)

yeRn+1
subject to: y' Cy =0 (23b)
Ynt1 >0 (23¢)

where B, =T'B, g, = I'g and T = diag{, /w1, ..., /wm},
which will be referred to as the weighted SRD-LS (WSRD-LS)
problem. On comparing (23) with (19), it follows immediately
that the global solver for problem (19) characterized by data
set {B,g,C?} can also be used for solving problem (23) by
applying it to data set {By,g,,,C}.



Concerning the assignment of weights {w;,i = 1,..., Wy},
we recall (15), (16) and observe that the ith term of the
objective function in (22) can be written as

w; (—2d;|=|| — 2alx — gi)2
2

=w; ((d; + |2l)* - llz - a:]*)

=wi (di + |||l + |l — ail]) (di + [l - ||z — a4])
Clearly, the last expression above would become the ith term
of the objective function in the RD-LS problem (14) if weights
w; were set to 1/ (d; + ||| + ||& — a;||)? so that the first two
factors are cancelled out. This suggests that a realizable weight
assignment for performing practically the same cancellation
can be made by means of iterative re-weighting for problems

(22) and (23) where the weights in the kth iteration are
assigned to

*) _ 1

C (i el + e — @)

Based on the analysis above, a localization algorithm for
range-difference measurements can be outlined as follows.

Algorithm 2

1) Input data: Sensor locations {a;,i = 0,1,...,m} with
ao = 0, range-difference measurements {d;,i = 1,...,m},
maximum number of iterations k,,,, and convergence toler-

ance &.
2) Generate data set {B g,C} using (20). Set k = 1,

di=1,...,m (24)

( =1fori=1,.
3) Set I'y, = diag (\/ \/wm ) =T.B and
9, =Tkg.

4) Solve WSRD-LS problem (23) to obtain its global
solution xj.

5) If k = kyaz O ||Tp — T—1]] < &, terminate and output
xj, as the solution; otherwise, set k¥ = k + 1, update weights
{wgk) ,i=1,...,m} using (24c), and repeat from Step 3). We
shall call the solutions obtained from Algorithm 2 IRWSRD-
LS solutions.

IV. NUMERICAL RESULTS

Performance of the proposed algorithms was evaluated and
compared with existing state-of-the-art methods by Monte
Carlo simulations with a set-up similar to that of [12]. SR-LS
and SRD-LS solutions were used as performance benchmarks
for Algorithm 1 and 2, respectively. In both cases the system
consisted of m sensors {a;,7 = 1,2,...,m} randomly placed
in the planar region in R?, and a radiating source x, located
randomly in the region {x = [x1;22],—10 < x1, 22 < 10}.
The coordinates of the source and sensors were generated for
each dimension following a uniform distribution. Measurement
noise {e;,¢ = 1,...,m} was modelled as independent and
identically distributed (i.i.d) random variables with zero mean
and variance o2. Accuracy of source location estimation was
evaluated in terms of mean squared error in the form MSE =
E{||x* — x|} where x denotes the exact source location and
a* is its estimation obtained by SR-LS(SRD-LS) and IRWSR-
LS(IRWSRD-LS) methods, respectively. Table I and II provide

TABLE 1
AVERAGED MSE FOR SR-LS AND IRWSR-LS METHODS

o SR - LS IRWSR-LS Improvement, %
1e-03 | 1.897294e-06 1.123411e-06 40.8
le-02 | 1.779870e-04 1.081470e-04 39.2
le-01 1.831870e-02 1.128165e-02 38.4
le+0 | 2.415438e+00 | 1.877930e+00 22.3

TABLE 11
AVERAGED MSE FOR SRD-LS AND IRWSRD-LS METHODS

o SRD - LS IRWSRD-LS | Improvement, %
le-04 | 8.4918e-09 4.1050e-09 517
le-03 | 5.8553e-06 3.5105e-06 40.0
le-02 | 6.3508e-05 5.0378e-05 20.7
le-01 1.6057e-02 1.0055e-02 37.3
le+0 | 1.2773e+00 6.2221e-01 51.2

comparisons of these methods with SR-LS(SRD-LS), where
each entry was averaged MSE over 10,000 Monte Carlo runs
of the method. The last column in each table represents relative
improvement of the proposed methods over SR-LS(SRD-LS)
solutions in percentage.

Employing a set-up similar to that in [12], the simulation
studies of Algorithm 1 considered m = 5 sensors placed in the
region [—15;15] x [—15;15], with o being one of four pos-
sible levels {1073,1072,107%,1}. The range measurements
{ri,i = 1,2,...,5} were calculated using (1) and Step 4
of Algorithm 1 was implemented using the SR-LS algorithm
proposed in [12]. It is observed that IRWSR-LS solutions offer
considerable improvement over SR-LS solutions.

The simulation studies of Algorithm 2 considered m = 11
sensors {a;,i = 1,2,...,10} with ap = 0 and other ten
sensors placed in the region [—15;15] x [—15;15], with o
being one of five possible levels {1074, 1073,1072,1071, 1}.
The range-difference measurements used in matrix B in (20)
were calculated as a noise-contaminated version of d; in (13)
plus ¢;, and Step 4 of Algorithm 2 was carried out using the
SRD-LS algorithm in [12]. Again, the IRWSRD-LS solutions
offer considerable improvement over SRD-LS solutions.

V. CONCLUSIONS

In this paper, new global methods for locating a radiating
source based on noisy range or range difference measure-
ments have been proposed. These methods are developed by
transforming the SR-LS and SRD-LS algorithms [12] into an
iterative procedure where adaptively weighted SR-LS (SRD-
LS) objective is minimized so as to move an SR-LS (SRD-LS)
objective towards the original R-LS objective as the iteration
continues. Numerical results are presented to illustrate the
proposed algorithms in comparison with the best known results
from the literature.
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