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Abstract—We present a unified approach to minimax design of
interpolated and frequency-response-masking FIR filters which
are well-known classes of computationally efficient digital filter.
The highly nonconvex minimax designs of these filters are carried
out by jointly optimizing the subfilters involved using a convex-
concave procedure (CCP). We explain why CCP is well-suited for
the design problems at hand and present two design instances to
demonstrate its performance.

I. INTRODUCTION

Interpolated FIR (IFIR) filters [1], [2] and frequency-
response-masking (FRM) FIR filters [3] are well-known
classes of computationally efficient digital filters because the
total number of multipliers and adders required to implement
these filters are considerably less than those required by their
conventional counterparts [4]. There has been a great deal of
work in the literature following the aforementioned original
development, see for example [5]–[11] and the references
therein. In this paper we propose a simple design technique
that applies to both IFIR and FRM filters, where the subfilters
involved are jointly optimized in the minimax sense. The
core of the proposed unified design approach is the convex-
concave procedure (CCP) [12]–[14] that allows the use of
convex optimization to deal with nonconvex designs where
the objective functions assume the form of difference of
convex functions. We explain why the CCP is well-suited
for the designs at hand and present two design examples
to demonstrate its performance. Due to space limitation, our
focus here is on the design of original IFIR and one-stage
FRM filters. However, the design methodology developed here
can readily be extended to cover a variety of IFIR and FRM
variants.

II. PRELIMINARIES

A. Interpolated FiR Filters

IFIR filters are introduced in [1] and further investigated
in [2]. As shown in Fig. 1, an IFIR filter is composed of a
cascade of two FIR filters, whose transfer function assumes
the form

H(z) = F (zL)M(z) (1)

where L > 0 is an integer that determines the degree of the
filter’s sparsity, hence its computational efficiency. Suppose
the parent transfer function F (z) represents a lowpass filter,

then F (zL) is a periodic filter whose widths of passband and
transition bands are 1/L-th of those of F (z). Consequently, by
cascading F (zL) with a lowpass M(z) (known as interpolator)
that suppresses the undesired passbands of F (zL), a lowpass
FIR filter with narrow passband and sharp transition band can
be obtained with improved computational complexity relative
to that of a conventional FIR with comparable approximation
accuracy.

M(z)F(zL)

Fig. 1. An IFIR filter.

B. Frequency-Response-Masking Filters

Another class of FIR filters, known as FRM filters with very
narrow transition bands is proposed in [3] and has since been
a subject of study [5]–[10]. As illustrated in Fig. 2, a single

M(z)

Mc(z)

F(zL)

z−L(N−1)/2 + +
−

Fig. 2. A single-stage FRM filter.

stage FRM filter has a connected parallel structure where the
periodic filter F (zL) and its delay-complementary periodic
filers, zL(N−1)/2 − F (zL), are cascaded with masking filters
M(z) and Mc(z), respectively, so as to produce an FIR filter
with sharper transition bands. The transfer function of the
FRM filter in Fig. 2 is given by

HFRM (z) = F (zL)M(z) + [z−L(N−1)/2 − F (zL)]Mc(z)

where N denotes the length of F (z) and is assumed to be an
odd integer throughout.

C. Convex-Concave Procedure (CCP)

As well become clear in Sec. III, jointly optimizing all
sub-filters involved in an IFIR or FRM filter is not a convex
problem. The CCP is a heuristic method of convexifying non-
convex problems. It is known that a function with continuous
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second-order derivatives can be expressed as a difference of
two convex functions [15] and, if the function in question has
a bounded Hessian, such an expression can be explicitly con-
structed [12]. We are thus motivated to consider a nonconvex
problem of the form

minimize f(x)− g(x) (2a)

subject to: fi(x) ≤ gi(x) for i = 1, 2, . . . , m (2b)

where all functions f(x), fi(x), g(x), and gi(x) are convex.
A basic CCP algorithm for solving (2) includes two key steps:
(i) In the kth iteration, convexify problem (2) by replacing
g(x) and gk(x) with their affine approximations

ĝ(x,xk) = g(xk) +∇g(xk)
T (x− xk) (3a)

and
ĝi(x,xk) = gi(xk) +∇gi(xk)

T (x− xk) (3b)

(ii) Solve the convex problem

minimize f(x)− ĝ(x,xk) (4a)

subject to fi(x) ≤ ĝi(x,xk), 1 ≤ i ≤ m (4b)

Utilizing the convexity of all the functions involved in (2), it
can be shown that the basic CCP outlined above is a descent
algorithm [13] and the iterates {xk} generated by solving (4)
converge to a critical point of the original problem (2) [14].
Note that the CCP requires a feasible initial point x0 (that
satisfies (2b)) to start the procedure.

III. MINIMAX DESIGN OF IFIR FILTERS

A. Problem Formulation

From (1), the frequency response of an IFIR filter is given
by

H(ejω) = F (ejLω)M(ejω) (5)

Assume both F (z) and M(z) are of linear phase response, the
zero-phase frequency response of H(z), denoted by Ho(ω),
is given by

Ho(ω) = [aT
f tf (Lω)][a

T
mtm(ω)] (6)

where af and am are coefficient vectors determined by
the impulse responses of F (z) and M(z), respectively, and
tf (ω) and tm(ω) are vectors with trigonometric components
determined by the filter lengths and types (e.g. odd or even
length and symmetrical or antisymmetrical filter coefficients).

Let ad(ω) be the desired zero-phase response of the IFIR
filter, the frequency-weighted minimax design of an IFIR filter
amounts to finding af and am that solves the unconstrained
problem

minimize
af ,am

max
ω∈Ω

w(ω)|[aT
f tf (Lω)][a

T
mtm(ω)]− ad(ω)| (7)

where w(ω) > 0 is a frequency-selective weight over ω ∈ Ω.
Evidently, (7) is nonconvex with respect to design variables
af and am.

B. Convexification of (7) using CCP

By introducing an upper bound δ for the objective in (7)
and treating it as an additional design variable, (7) becomes

minimize δ (8a)

s.t. [aT
f tf (Lω)][a

T
mtm(ω)] ≤ δw + ad(ω) (8b)

−[aT
f tf (Lω)][a

T
mtm(ω)] ≤ δw − ad(ω) (8c)

for ω ∈ Ω, where δw = δ/w(ω). Bearing CCP in mind, we add
nonnegative term q(x, ω) = 1

2 [(a
T
f tf (Lω))

2 + (aT
mtm(ω))2]

to both sides of (8b) and (8c) to obtain an equivalent pair of
constrains as

[aT
f tf (Lω) + aT

mtm(ω))]2 ≤ p(x, ω) + 2δw + 2ad(ω) (9a)

[aT
f tf (Lω)− aT

mtm(ω)]2 ≤ p(x, ω) + 2δw − 2ad(ω) (9b)

where p(x, ω) = 2q(x, ω) with xT = [aT
f aT

m]. Clearly,
the functions on both sides of (9a) and (9b) are convex with
respect to x and δ, therefore (9) is suitable for application of
CCP. Note that the constraints in (9) can be expressed as

[(aT
f tf (Lω)) + (−1)i(aT

mtm(ω))]2 ≤ ηi(x,xk, ω) i = 0, 1
(10)

where

ηi = p(xk, ω) +∇p(xk, ω)
T (x− xk) + 2δw + (−1)i2ad(ω)

hence the problem at hand in the kth iteration is to minimize
upper bound δ subject to the constraints in (10). By defining

ti(ω) =

[
tf (Lω)

(−1)itm(ω)

]
for i = 0, 1

the above problem can be cast as the SDP problem [16]

minimize δ (11a)

subject to

[
ηi(x,xk, ω) tTi (ω)x
tTi (ω)x 1

]
� 0 (11b)

for ω ∈ Ωd, i = 0, 1

where Ωd = {ωj, j = 1, 2, . . . , K} ⊂ Ω is a set of frequency
grids that are sufficiently dense and placed uniformly over the
frequency region of interest Ω. As mentioned earlier (see Sec.
II.C), the iterates xk generated from above design framework
are guaranteed to converge.

C. Exact convexification of (8)

We now conclude this section with a remark on the ex-
actness of convexifying the constraints in (8b) and (8c). By
adding function q(x, ω) to (8a) and (8b), (9a) and (9b) fit
into (2b) nicely because all four functions on both sides of
(9a) and (9b) are convex. Note that the Hessians of the terms
on the left-hand sides of (9) are merely positive semidefinite
(because there are af and am to make these terms zero for
a given frequency ω). This means that adding anything less
than q(x, ω) to (8b) and (8c) will fail to produce equivalent
constraints that fit into (2b). It is in this regard we refer the
above process of convexifying (8b) and (8c) to as exact. We
remark that achieving exact convexification is of importance
because adding an unnecessarily “heavy” convex term to
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convexity a constraint will lead to an unnecessarily loose
convex constraint after its right-hand side is linearized, which
will inevitably effect the design performance in a negative
manner.

IV. MINIMAX DESIGN OF FRM FILTERS

A. The Design Problem

The zero-phase frequency response of a single-level FRM
filter is given by

H(x, ω) = [aT
f tf (Lω)][a

T
mtm(ω)− aT

c tc(ω)] + aT
c tc(ω)

(12)
where af ,am, and ac are coefficient vectors associated with
filters F (zL), M(z) and Mc(z) in Fig. 2 and tf (ω), tm(ω),
and tc(ω) are respective trigonometric vectors determined by
the lengths and types of the FIR filters involved. Given a
desired zero-phase frequency response Hd(ω), the frequency-
weighted minimax design seeks to find x = [aT

f aT
m aT

c ]
T

by solving the problem

minimize
x

max
ω∈Ω

w(ω)|H(x, ω)−Hd(ω)| (13)

where w(ω) > 0 is a frequency-selective weight defined over
a frequency region of interest, Ω. From (12), it is evident that
(13) is a nonconvex problem with respect to design variable
x.

B. A CCP approach to solving (13)

By bounding the objective in (13) from above by δ and
treating it as an additional design variable, we arrive at

minimize δ (14a)

s.t. H(x, ω)− δw −Hd(ω) ≤ 0, ω ∈ Ω (14b)

−H(x, ω)− δw +Hd(ω) ≤ 0, ω ∈ Ω (14c)

where δw = δ/w(ω). Defining

p(x, ω) = [aT
f tf (Lω)]

2 + 1
2
[aT

mtm(ω)]2 + 1
2
[aT

c tc(ω)]
2

and adding p(x, ω) to both sides of (14b) and (14c), we obtain
an equivalent pair of constraints as

u(x, ω) ≤ p(x, ω) (15a)

v(x, ω) ≤ p(x, ω) (15b)

where

u(x, ω) = p(x, ω) +H(x, ω)− δw −Hd(ω)

v(x, ω) = p(x, ω)−H(x, ω)− δw +Hd(ω)

are convex with respect to x and δ. This is because

p(x, ω) +H(x, ω) =
1
2
[aT

f aT
m]M 0[a

T
f aT

m]T + 1
2
[aT

f aT
c ]N 1[a

T
f aT

c ]
T + aT

c tc

p(x, ω)−H(x, ω) =
1
2
[aT

f aT
m]M 1[a

T
f aT

m]T + 1
2
[aT

f aT
c ]N 0[a

T
f aT

c ]
T − aT

c tc

where M i = mim
T
i and N i = nin

T
i for i = 0, 1 with

mi =

[
tf (Lω)

(−1)itm(ω)

]
and ni =

[
tf (Lω)

(−1)itc(ω)

]

Note that p(x, ω) itself is also convex w.r.t. x, hence the
constraints in (15) fit nicely into CCP which in turn lead (15)
to a pair of convex constraints by linearizing p(x, ω) in a
vicinity of the kth iterate xk to p̃(x,xk, ω) which is given by

p̃(x,xk, ω) = p(xk, ω) +∇T p(xk, ω)(x− xk)

where

∇T p(xk, ω) =

[2(aT
f tf (Lω))t

T
f (Lω) (aT

mtm(ω))tTm(ω) (aT
c tc(ω))t

T
c (ω)]

The convexity of p(x, ω) ensures that p(x, ω) ≥ p̃(x,xk, ω),
hence the design problem at hand can be relaxed to a sequence
of convex subproblems of the form

minimize δ (16a)

s.t. u(x, ωi) ≤ p̃(x,xk, ωi), 1 ≤ i ≤ K (16b)

v(x, ωi) ≤ p̃(x,xk, ωi), 1 ≤ i ≤ K (16c)

where {ωi, i = 1, 2, . . . , K} ⊂ Ω is a set of K frequency
grids that are uniformly placed over Ω. Since both u(x, ω) and
v(x, ω) are convex quadratic and p̃(x,xk, ωi) is linear w.r.t.
x, (16) can readily be cast as an SDP problem [16]. Finally,
we remark that with an argument similar to that in Sec. III.C,
the above process of convexifying the constraints in (14b) and
(14c) can be shown to be exact.

V. DESIGN EXAMPLES

A. Example 1

The CCP-based algorithm proposed in Sec. III was applied
to design a lowpass IFIR filter with normalized passband edge
ωp = 0.15π, stopband edge ωa = 0.2π, sparsity factor L = 4,
and orders of F (z) and M(z) being 31 and 16, respectively.
The frequency weight w(ω) was set to w(ω) ≡ 1 for ω in
the passband and w(ω) ≡ 2 for ω in the stopband. A total of
K = 1400 frequency grids were uniformly placed in [0, ωp]∪
[ωa, π]. It took the algorithm 54 iterations to converge to an
IFIR filter whose amplitude response is depicted in Fig. 3. The
largest passband ripple and smallest stopband attenuation were
found to be 1.9750× 10−3 and 60.1411 dB, respectively. For
comparison, probably the best results found in the literature
were achieved by the method in [2], the reader is referred to
Example 10.29 of text [4] which describes a design of IFIR
filter based on [2] with the same specifications and practically
the same design performance as that reported above.

B. Example 2

The CCP-based algorithm proposed in Sec. IV was applied
to design a lowpass FRM filter with the same design specifi-
cations as in the first example in [3] and [10] with the lengths
of F (z), M(z), and Mc(z) being 45, 41, and 33, respectively,
L = 9, ωp = 0.6π and ωa = 0.61π. A trivial weight
w(ω) ≡ 1 was utilized. With K = 1100, it took the algorithm
60 iterations to converge to an FRM filter whose amplitude
response is shown in Fig. 4. The largest passband ripple and
smallest stopband attenuation were found to be 0.0668 and
42.44 dB, respectively, which are favorably compared with
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Fig. 3. Amplitude response of the IFIR filter in Example 1 over (a) the entire
baseband and (b) the passband.

those achieved in [3] (0.0896 and 40.96dB), which has been
a benchmark for performance comparison, and those reported
in [10] (0.0674 and 42.25dB) which are among the best in the
literature.

VI. CONCLUSION

We have proposed a CCP-based unified approach to the
design of minimax IFIR and FRM filters, which is concep-
tually simple and produces designs that are comparable with,
sometimes even better than, the best designs available from
the literature.
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