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Abstract—We study a class of composite filters (C-filters),
each is composed of a prototype filter and a shaping filter in
cascade, where the shaping filter is constructed by cascading
several complementary comb filters. In particular, the problem of
designing a C-filter with equiripple passband and least-squares
stopband subject to peak stopband gain is formulated and an
algorithm for designing such a class of linear-phase FIR C-filters
is proposed. The algorithm is based on an alternating convex
optimization strategy in that the prototype and shaping filters
are optimized in separate steps which are coupled and carried
out in a sequential manner to yield a satisfactory design. Design
example is presented to illustrate the algorithm and demonstrate
the performance of the C-filter relative to its conventional FIR
counterparts.

I. INTRODUCTION

A composite filter (C-filter) refers to a digital filtering
system that is composed of explicit individual modules, often
called subfilters, which are connected in cascade or parallel,
or a mixture of both. Well known classes of C-filters include
interpolated FIR filters [1][2], frequency-response-masking fil-
ters [3], and their variants, see e.g. [4]. Over the years, analysis
and design of C-filters have attracted a great deal of research
interest primarily because of their ability to offer improved
computational efficiency relative to their conventional counter-
parts when appropriate subfilter structures are chosen and their
parameters are optimized in accordance with certain design
criterion [5]. Recently, C-filters composed of a prototype filter
and a shaping filter, connected in cascade, are shown to offer
certain advantages over conventional counterparts [6], [7]. In
the case of FIR C-filters [6], the shaping filter is constructed
by cascading several complementary comb filters (CCFs) of
the form (1 + z−l)kl with integers 1 ≤ l ≤ L and kl ≥ 0.
As such, the shaping filter only requires several adders and
memory units to implement and is free of multiplications.
Yet, as demonstrated in [6], the shaping filter is capable of
effectively improving filter performance, especially for those
with narrow transition bands and highly suppressed stopbands.

In this paper, we present a new algorithm for the design
of C-filters that assumes the same form H(z) = Hp(z)Hs(z)
as in [6], however prototype filter Hs(z) as well as shaping
filter Hs(z) are designed through different approaches in
order for H(z) to achieve equiripple passbands and least-
squares stopbands (EPLSS). EPLSS FIR filters, especially with
narrow passbands, are desirable in wireless communications,
aerospace systems, and synthetic aperture radar [8]. The design
algorithm proposed in this paper uses a sequential optimization

technique to deal with the design of Hp(z) and Hs(z) sepa-
rately, yet these two design steps are coupled by alternately
performing them. A strong motivation to develop such a design
method is that both design steps can be formulated as convex
problems hence can be solved efficiently. Numerical examples
are presented to illustrate the design method and evaluate its
performance.

II. COMPOSITE FILTERS AND PROBLEM FORMULATION

A. Composite filters

We consider a C-filter that is composed of two subfilters,
known as prototype filter Hp(z) and shaping filter Hs(z)
respectively, that are connected in cascade as shown in Fig. 1.
Thus the transfer function of the C-filter assumes the form

H  (z)H  (z)s p

Fig. 1. A composite filter.

H(z) = Hp(z) ·Hs(z) (1)

In this paper, we examine a class of linear-phase FIR C-
filters where the prototype filter is an FIR filter of length N
with transfer function

Hp(z) =

N−1∑
n=0

hnz
−n (2)

which largely determines the characteristics of H(z), while
the shaping filter is a CCF of the form

Hs(z) =
L∏

l=1

(1 + z−l)kl (3)

where kl are nonnegative integers, which reshapes the pro-
totype filter for improved performance without substantial
increase in implementation complexity.

For clarity of presentation, in the rest of the paper we
focus on linear-phase lowpass FIR C-filters whose frequency
response can be expressed as H(ω) = Hp(ω)Hs(ω) with

Hp(ω) =

N−1∑
n=0

hne
−jnω = e−jτpω[xT c(ω)] (4)

where τp = (N − 1)/2 is the group delay of Hp(z), x is
a coefficient vector determined by the impulse response of



Hp(z), and c(ω) is a vector with trigonometric components,
and

Hs(ω) =
L∏

l=1

(1 + e−jlω)kl = e−jτsω
L∏

l=1

(2 cos
lω

2
)kl (5)

where τs =
1
2

∑L
l=1 l ·kl. Therefore, the zero-phase frequency

response of the C-filter is given by

A(ω) = Ap(ω) ·As(ω) = xT c(ω)

L∏
l=1

(2 cos
lω

2
)kl (6)

and the group delay of the C-filter is given by τ = τp + τs.
The behaviour of shaping filter Hs(z) is determined by the

number L of CCFs used and the power kl for each CCF. As
long as kl > 0, the first notch of a single CCF (1 + z−l)kl

over the normalized baseband [0, π] occurs at ω = π/l, see
for example Fig. 2(a) for (1 + z−4) (a scaling factor 0.5 has
been used in the figure to normalize the filter gain at ω = 0
to unity). By cascading several CCFs with appropriate powers
kl, a shaping filter can offer much reduced stopband energy
while retaining decent passband gain. As an example, Fig. 2(b)
depicts the amplitude response of a shaping filter Hs(z) with
L = 4 and {kl, l = 1, 2, 3, 4} = {4, 4, 1, 2} where the filter
gain at ω = 0 has been normalized to unity.
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(b)   Normalized frequency

Fig. 2. Amplitude response of (a) 1 + z−4 and (b) (1 + z−1)4(1 + z−2)4

(1 + z−3)1(1 + z−4)2.

B. Problem formulation

Given a desired lowpass frequency response Hd(ω), proto-
type filter length N , and number of CCF’s L, we seek to find
a linear-phase FIR C-filter of form (1)–(3) such that the peak-
to-peak amplitude ripple in passband is minimized subject to
constraints on filter’s energy as well as peak gain in stopband
and total group delay τ . Note that the constraints imposed here
would lead to an enhanced EPLSS C-filter in which largest
peak in the stopband is under control and, in addition, the
group delay is bounded so as to ensure its utility in on-line
applications. The design objective is achieved by solving the
constrained problem

minimize
x,y

max
ω∈Ωp

|H(ω)−Hd(ω)| (7a)

subject to:
∫ π

ωa

|H(ω)|2dω ≤ ea (7b)

max
ω∈Ωa

|H(ω)| ≤ δa (7c)

1

2

L∑
l=1

l · kl ≤ D (7d)

where Ωp and Ωa denote the passband and stopband, re-
spectively, ωa denotes the stopband edge, x from (4) and
y = [k1 k2 . . . kL]

T are design variables, ea, δa and D
are constants representing upper bounds for stopband energy,
peak filter gain in stopband, and group delay of the shaping
filter, respectively. Note that the constraint in (7d) implies an
upper bound (N − 1)/2 +D for the total group delay of the
C-filter.

III. DESIGN METHOD

A. Design strategy

From (6), we see that design variables x and y are separate
from each other. Moreover, frequency response A(ω) depends
on x linearly, but on y highly nonlinearly. In addition, all
components of variable y are constrained to be nonnegative
integers. Under these circumstances, it is intuitively natural
to optimize these design variables separately in an alternate
fashion. This leads to a sequential procedure where in each
step one of the variables, say x, is optimized while the other
variable, y, is held fixed, and the solution so produced, say
xk, is held fixed in the next step when variable y is updated to
yk+1. The alternating optimization continues until a stopping
criterion is met and the last pair of solutions (yK ,xK) is
taken to be the optimal design. The rest of this section is
devoted to describing the technical details involved in the
design procedure.

B. Solving (7) with y fixed to y = yk

With a fixed y that satisfies (7d), constraint (7d) can be
neglected. By introducing an upper bound δp for the objective
function as an auxiliary variable, the problem at hand becomes

minimize δp (8a)

s.t. |H(ω)−Hd(ω)| ≤ δp for ω ∈ Ωp (8b)∫ π

ωa

|H(ω)|2dω ≤ ea (8c)

|H(ω)| ≤ δa for ω ∈ Ωa (8d)

If the desired frequency response assumes the form Hd(ω) =
e−jτωAd(ω), then constraints in (8b)–(8d) are reduced to

|xT ĉ(ω)−Ad(ω)| ≤ δp for ω ∈ Ωp (9a)

xTQx ≤ ea (9b)

|xT ĉ(ω)| ≤ δa for ω ∈ Ωa (9c)

where

ĉ(ω) = c(ω)

L∏
l=1

(2 cos
lω

2
)kl

and

Q =

∫ π

ωa

ĉ(ω)ĉT (ω) dω

In realistic implementation, one has to deal with a finite
set of constraints and this is accomplished by replacing



sets Ωp and Ωa with their discrete counterparts Ω̂p =
{ωp1, ωp2 , . . . , ωpK1} and Ω̂a = {ωa1, ωa2 , . . . , ωaK2}
respectively, with the frequency grids placed uniformly over
the respective bands. This simplifies problem (8) to

minimize δp (10a)

s.t. |xT ĉ(ω)−Ad(ω)| ≤ δp for ω ∈ Ω̂p (10b)

xTQx ≤ ea (10c)

|xT ĉ(ω)| ≤ δa for ω ∈ Ω̂a (10d)

With respect to variables (δp,x), the objective function and
constraints (10b) and (10d) are linear, while (10c) is a convex
quadratic constraint because Q is positive definite. As a
result, (10) is a convex problem whose global solution can
be computed using reliable and convenient solvers [9], [10].
We denote the solution of (10) by (δk,xk).

C. Updating y with x fixed to x = xk

Consider the stopband energy given by

J(y) =

∫ π

ωa

|H(ω)|2dω =

∫ π

ωa

|xT c(ω)|2
L∏
l=1

(4 cos2
lω

2
)kldω

(11)
where x = xk is obtained by solving (10) and is fixed through-
out this step. Our strategy to update y is via minimizing J(y)
with respect to y subject to several relevant constraints on y.

A technical difficulty to utilize continuous optimization to
optimize y is that the components of y, must be integers. This
problem is overcome by extending the kl’s from the domain
of nonnegative integers to that of nonnegative reals. When
an optimizing y with non-integer components is obtained, an
integer solution can be found by rounding its components to
nearest integers.

The gradient and Hessian of J(y) are evaluated by com-
puting

∂J(y)

∂ki
=

∫ π

ωa

|H(ω)|2 · log(4 cos2 iω

2
)dω

∂2J(y)

∂ki∂kj
=

∫ π

ωa

|H(ω)|2 log(4 cos2 iω

2
) log(4 cos2

jω

2
)dω

Note that with an arbitrary column vector v of length L

vT∇2J(y)v =

∫ π

ωa

|H(ω)|2
(

n∑
i=1

vi log(4 cos
2 iω

2
)

)2

dω ≥ 0

hence J(y) is convex although it is a rather complicated
function as shown in (11). This motivates a convex quadratic
approximation of J(y) as

Ĵ(y,yk) = J(yk) + dT
k ∇J(yk) +

1

2
dT
k∇2J(yk)dk

where dk = y − yk. We update y by minimizing Ĵ(y,yk)
subject to several constraints. These include an upper bound
on group delay τ as seen in (7d) and nonnegativeness of
the components of y. An additional constraint is imposed

to ensure the performance of the C-filter over the passband,
especially at passband edge ωp:

1− dp ≤ |H(ω)|ω=ωp = |xT
k c(ωp)|

L∏
l=1

|2 cos lωp

2
|kl ≤ 1+ dp

with a small dp > 0. This constraint is highly nonlinear w.r.t.
y, but fortunately it is equivalent to

log(1− dp) ≤ c+
L∑
l=1

kl log |2 cos lωp

2
| ≤ log(1 + dp) (12)

with c = log |xT
k c(ωp)|, which is linear with respect to y.

Based on above analysis, we propose to update y by solving
the convex problem

minimize
1

2
(y − yk)

T∇2J(yk)(y − yk)

+(y − yk)
T∇J(yk) (13a)

subject to: (7d), y ≥ 0, and (12) (13b)

and then rounding its solution to a nearest integer solution
yk+1.

D. Summary of the algorithm

The algorithm described above is outlined as Algorithm 1.

Algorithm 1 for C-Filters

Step 1 input y0, (N,L,D), ωp, ωa, δa, ea, dp, and K .
Step 2 for k = 0, 1, . . .

(i) fix y = yk and solve (10) for xk;
(ii) fix x = xk, perform K iterations of (13)

for yk+1;
(iii) if yk �= yk+1, set k = k + 1 and repeat from
Step (i), otherwise go to Step 3.

Step 3 output x∗ = xk, y∗ = yk.
We remark that because both (10) and (13) are convex prob-

lems, globally optimal iterates xk and yk can be calculated
efficiently.

Since the objective function in (13a) represents the filter’s
stopband energy, minimizing it tends to increase some powers
in the shaping filter until the group delay of Hs(z) reaches
upper bound D in constraint (7d). When this occurs, iterate
yk remains unchanged and Algorithm 1 terminates.

IV. DESIGN EXAMPLE AND COMPARISONS

We illustrate the design method proposed above by applying
Algorithm 1 to design a narrow-band lowpass C-filter with
linear phase response and sharp transition band specified by
ωp = 0.1π and ωa = 0.11π. The length of Hp(z) was set to
N = 519 and the peak gain of the C-filter in the stopband
was set to be no greater than −60dB, i.e., δa = 0.001.

The performance of the filters were evaluated in terms of
peak-to-peak passband ripple Ap (in dB), minimum stopband
attenuation Aa (in dB), stopband energy Ea, the number of
multiplications M per output sample, and group delay τ . With
L = 7, D = 18, y0 = [1 1 1 1 1 1 1]T , dp = 0.08, and



ea = 5 × 10−4, problem (10) was solved and its solution x0

together with y0 defines a C-filter achieving Ap = 0.1681,
Aa = 60, and Ea = 2.15× 10−8. With x0 held fixed, K = 5
iterations of (13) were performed to obtain an integer solution
y1 = [1 1 1 1 1 1 2]T . Since y1 �= y0, problem (10) was
solved again with y fixed to y1, where ea was adjusted in order
obtain a solution x1 with practically the same peak gain in the
stopband and stopband energy as x0 so that the two iterates
x0 and x1 can be compared with each other in terms of peak
passband ripple. With ea = 2.95× 10−4, the C-filter specified
by (x1,y1) achieved Ap = 0.1389, Aa = 60.04 and Ea =
2.12× 10−8. We then run (13) again with x fixed to x1 and
K = 5, this yields an integer solution y2 = [1 1 1 1 1 1 2]T .
Since y2 = y1, the algorithm is terminated and (x1,y1) is
claimed as the solution. The amplitude responses of Hp(z)
and H(z) are shown in Fig.3(a) and (b), respectively, and the
amplitude response of H(z) in the passband is depicted in
Fig.3(c).
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Fig. 3. Amplitude response of (a) the prototype filter Hp(z), (b) the C-filter
H(z) and (c) the C-filter H(z) over the passband.

The filters that are most relevant to the C-Filters addressed
in this paper are linear-phase EPLSS FIR filters with con-
strained peak gain in stopband and linear-phase FIR filters
with equiripple passbands and stopbands obtained using the
Parks-McClellan (P-M) algorithm. For comparison purposes,
an EPLSS lowpass filter and a P-M lowpass filter with the
same ωp and ωa as those in the C-filter were designed, both
satisfy the same peak stopband gain of −60 dB as the C-filter.
The evaluation results are summarized in Table I.

TABLE I
COMPARISONS OF C-FILTER WITH EPLSS AND P-M FILTERS

Filters N Ap Aa Ea M τ

C-filter 519 0.1389 60.04 2.12 × 10-8 260 277.5
EPLSS 551 0.1465 60.03 2.13× 10−8 276 275
P-M 531 0.1463 60.03 1.36× 10−6 266 265

It is observed that the C-filter outperforms the two con-
ventional filters at the cost of a slight increase in group
delay. Relative to the EPLSS filter, the C-filter offers reduced
passband ripple and requires less number of multiplications
for implementation. On comparing with the P-M filter, the C-
filter also offers smaller passband ripple, reduced number of
multiplications, and considerably smaller stopband energy.

V. CONCLUSION

We have addressed the design of a class of composite
filters by an alternating convex optimization strategy to achieve
equiripple passband and least-squares stopband subject to
peak-gain constraint. A design example is presented to illus-
trate the proposed algorithm and to demonstrate the perfor-
mance of C-filter relative to the conventional EPLSS and P-M
filters.
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