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Abstract—This paper presents an enhanced Steiglitz-McBride
(SM) procedure for the design of stable minimax IIR digital
filters. It is well known that minimax design of IIR filters is
typically initiated with a nonconvex formulation, followed by a
procedure to relax the original design problem to a sequence
of convex sub-problems to be solved iteratively. We proposed an
enhanced SM procedure that leads to improved convex relaxation
relative to the conventional SM techniques, hence to improved
designs. In addition, we make an observation that the state-of-the-
art convex stability constraint based on strictly positive realness
is equivalent to that deduced from an enhanced version of Rouché
theorem from complex analysis. Design examples are presented
to evaluate the new design algorithm.

I. INTRODUCTION

The class of IIR digital filters is well known for achieving
high selectivity with considerably better computational effi-
ciency relative to FIR counterparts [1]-[3] at the cost of non-
constant group delay, stability issues, and nonconvex design
formulation. In the past decades a great deal of efforts has been
made to develop new design techniques for IIR digital filters
with improved performance, see for example [4]-[15], [19] and
the references therein. Among other things, design methods
based on the Steiglitz-McBride (SM) procedure [6] are found
effective, especially when it is appropriately combined with
other design techniques [11], [15]. Typically design of an
IIR filter is initiated with a nonconvex formulation, followed
by a procedure where the original problem is relaxed to a
sequence of convex sub-problems to be solved iteratively. It is
in this part of the design the SM procedure plays an effective
role to convexify the original formulation. Essentially the SM
procedure is a zeroth-order technique because, at certain point
of the design process, it holds the denominator fixed to that
obtained in preceding iteration. In this paper, we propose a
first-order SM procedure in a minimax design setting and
show that it results in convex sub-problems that resemble
the original formulation more closely. As such, the design
is expected to gain faster convergence to a likely improved
design. In dealing with the stability issue for IIR filters, a
successful technique [7] is based on the well-known Rouché
theorem [14]. Linear matrix inequality type of convex stability
conditions based on strictly positive realness (SPR) [11] are
deduced and shown to be superior to that based on Rouch
theorem. Linear constraints approximating those from SPR
are derived in [15]. In this paper, we make an observation
that there is an enhanced version of Rouché’s theorem from
complex analysis [16], which appears to have been overlooked
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in the past, that can be used to deduce convex stability
constraints that are equivalent to those obtained using SPR.
Design examples are presented to evaluate the new design
algorithm.

II. PROBLEM FORMULATION

Consider designing an IIR filter of order (n,m) with
transfer function

b(z)  bo4biz 4 A by
a(z)  14az7l4 - 4apzm
such that H(e’“) best approximates a desired frequency
response H,;(w) in minimax sense over a frequency region

of interest €2 subject to stability. The design problem can be
formulated as finding parameter vectors a = [a; - - - an]T and

H(z) = (1)

b=[by --+ by]T by solving the constrained problem
minirgize max W(w)|H(e?*) — Ha(w)] (2a)
a, we
subject to:  H(z) stable (2b)

where W (w) > 0 is a known weighting function over ().

III. AN ENHANCED SM PROCEDURE FOR PROBLEM (2)

By introducing an upper bound 3 for W(w)|H (e?*) —
H;(w)| over 2 and treating (3 as an additional design variable,
problem (2) becomes

minimize B (3a)
a.b.s
subject to: W (w)|H (e’*) — Hy(w)| < B forw € Q  (3b)
H(z) stable (3c)
Now we write the constraint in (3b) as
W (w)[b(e’) = Hy(w)a(e’)| < Bla(e?))| 4)

In the (k + 1)th iteration, we update the kth design variables
{ay, by, Br} to art1 = ar+684, by = b+, and 1 =
Br + 63 where {d,, 0,5} are updates to be determined with
8o =[08 o 51T and 8, =[5 -+ 6T

If we denote the denominator and numerator polynomials
associated with az1 and by, 1 by agi1(e?“) and byy1(e/*),
respectively, iteration (4) in (k + 1)th iteration becomes

W (@) [br+1 (") = Ha(w)ar+1(e)| < Brsilar41(e7)]
Q)
Note that constraint (5) is not convex because of the presence
of term |ax41(€’*)| on its right-hand side. If we replace



the right-hand side of (5) with its first-order approximation,
namely,

Br+tlar+1(e7)] = la(e™)|Ber1 + Br Ve ar(e’)|8q

where V,|ax(e?“)| denotes the gradient of |a(e“)| with
respect to parameter vector a evaluated at @ = ay, then a
convex relaxation of (5) is obtained as

W (@)|br11(e) — Ha(w)ags1(e™)]
< Jar(€)|Brr1 + BV T lar(e™)[8, ©)

Note that if the conventional SM procedure were applied to
(5), the right-hand side of its convex relaxation would be
lax(e7“)|Br+1 which is the first term on the right-hand side
of (6). Since the second term on the right side of (5) involves
gradient V,|ay(e’*)|, (6) can be regarded as a first-order SM
procedure while the conventional SM is regarded as a zeroth-
order procedure.

If we denote Hy(w) = e 7% Ay(w) with desired passband
group delay &,

c(w) = [cos(k + 1w --cos(k + n)w]”
s(w) = [sin(k + 1) --sin(k + n)w]”
é(w) = [1 cosw---cosmw]”
3(w) = [0 sinw---sinmw]”

(6) can be explicitly expressed in terms of updates {d,, 0y, 03}
as

oM [e] + e <mor 2] +aw
’ )
where
b [
M = | et e
_[-4 (w)(cosmu—l—c (w)ag) + ¢ (w)b
er(w) = :—AZ( )(sin kw + 8T (w)ay) + (W)b:}’
pie) = [ el | o) = e e

For each w € €, (7) defines a second-order cone (SOC) which
is known to be convex [18].

IV. LINEAR STABILITY CONSTRAINTS BASED ON
ENHANCED ROUCHE THEOREM

A. Enhanced Rouch theorem

We consider

a(z) = 2"+ a12z" 14 +a,

which is equivalent to a(z) in (1) but a(z) is a polynomial in
z instead of 27!, and we call @(z) a Schur polynomial if all
zeros of a(z) are strictly inside the unit circle {z : |z| = 1}.
Suppose a(z) is a Schur polynomial and we want to examine
the stability of polynomial f(z) = a(z) + 6(z) with §(z)
a perturbing polynomial. Rouché’s theorem [16] says that as
long as 6(z) obeys

16(2)| < |a(z)| for all z on the unit circle (8)

978-1-5386-4881-0/18/$31.00 ©2018 IEEE

f(2) remains to be Schur. Rouché’s theorem is well known in
complex analysis, what is not so well known is an enhanced
variant of the theorem, which is stated below.

Theorem 1 If functions f(z) and a(z) are analytic inside and
on a closed contour C and

1f(2) —a(2)] <[f(2)] +la(2)| ©

holds true for every point z on C, then f(z) and a(z) have
the same number of zeros inside C. Theorem 1 and its proof
can be found in [17, p. 156]. Interpreting the theorem in the
context of IIR filters, we let f(z) = a(z) + 6(z) and take C
to be the unit circle so that (9) becomes

16(2)| < |a(z) + d(2)| + |a(z)| for all z on the unit circle
(10)
Clearly, any pair {a(z),d(z)} satisfying (8) also satisfies (10)
but not vice versa, and this explains why a stability region
based on (10) is expected to be larger than that deduced from

().
B. Stability constraints based on (10)

For z on the unit circle C = {2 : 2 = ¢/, 0 < w < 27}
we write

a(z) = (cosnw + &w)’a) + j(sinnw + 3(w)” a)
= u(w,a)+ jv(w,a) (11a)
0(2) = &w)"8a + j3(w)"s (11b)
hence
f(2) = [u(w,a) + &w)?d4] + jlv(w,a) + 3(w)?d,] (11c)
where ¢(w) = [cos(n—1)w -+ cosw 1]7 and 3(w) = [sin(n—
w --- sinw 0]T. Note that (10) is equivalent to
16(2)7 < la(2)+8(2) P +|a(=)]*+2la()|-la(z) +6(2)| (12)

The set of §, satisfying (12) is nonconvex, and a convexifica-
tion of (12) is needed in order to construct convex constraints
on d, so as for f(z) to remain to be a Schur polynomial.
This can be accomplished by dropping out the third term on
the right-hand side of (12), which yields

[6(=)1? < la(2) + (=) + la(=)[?

Because 2|a(z)| - |a(z) + 6(z)| is nonnegative, a pair
{a(z),0(2)} satisfying (13) also satisfies (12), hence (13)
is a relaxation of (12). To show the convexity of constraint
(13), we follow (11a)-(11c) to write |a(2)|?> = u(w,a)?® +
v(w,a)?, [6(2)> = 81V (w)d, with V(w) = é(w)e(w)” +
5(w)3(@)T = 0; and [a(2) + 0(2)[? = ulw, a)? + v(w, a)? +
2u(w, a)é(w) + v(w, a)d(w)]Td, + 62V (w)d,. Hence (13)
becomes

13)

—[u(w, a)é(w) + v(w, a)3(w)]" 8, < u(w, @)’ + v(w,a)?
(14)
To construct a closed convex region, (14) is further relaxed to

~u(w, @)e(w) + v(w, a)3(@)] T80 < u(w, @) +v(w,a)? —
(15)



with € > 0 an arbitrarily small constant. For practical pur-
poses, constraint (15) is imposed over a set of dense frequency
grids Q = {w;,i =1, 2, , K} and this leads (15) to

Ad, <p (16)

where A € REX" with —[u(w;, a)é(w;) +v(w;, a)d(w;)]T as
its ith row and p € RE*! with u(w;, a)? + v(w;, a)? — ¢ as
ith entry. With a given Schur polynomial @(z) and set €, both
matrix A and vector p are constant, hence (16) contains K
linear inequalities that define a region S = {4, : Ad, < p}
so that f(z) = a(z) + 6(z) is Schur as long as &, € S.

C. Linear constraints for robust stability

By applying the enhanced Rouché theorem to a contour
which is the circle with center at the origin and radius r,
namely C, = {z : z = re/*, 0 < w < 27}, for some fixed
r < 1, an analysis similar to that given above can be carried
out to construct linear constraints

A;d, < p, A7)

where A, € REX" with —[u(w;, )&, (w;) +v(w;, a)3,(w;)]T
as its ith row, p,. € RE* with u,.(w;, a)? + v, (wi, a)? —¢ as
its ith entry, &,(w) = [r" " 'cos(n — 1w --- rcosw 1]T
3.(w) = [ lsin(n — Dw -+ rsinw 0]7, u,(w,a)

r"cosnw + &.(w)Ta, and v, (w,a) = r"sinnw + 3, (w)’ a.
Due to space limitation the details involved in deriving (17)
are omitted. The linear constraints in (17) define a region
Sy ={6,: A6, < p,} to ensure that the largest magnitude
of the zeros of f(z) = a(z) 4+ 6(z) is no greater that r as
long as a(z) is r-stable (i.e., its zeros reside inside C,) and

o, €S,.
D. Relation of (13) to Strictly-Positive-Realness based Stabil-
ity Criterion [11]

It has been shown [11] that f(z) = a(z) + 6(z) is a Schur
polynomial if

6(2)
1+ ()
is strictly positive real (SPR), that is, a(z) is a Schur poly-
nomial and Re[G(e?*)] > 0 for any w € [0, 27]. Note that
on contour C we have z = eI and the convex relaxation in
(13) becomes |6(e/*)|? < |a(e’™) +(e’*)|? + |a(e’™)|? from
which we deduce

[8(e™ )2 < la(e?™) +8(e)* + |a(e?)?
) 2 2

G(z) =

5(ev 5(e7*)
@ Jaem)| <[ e

- ~ . 2 ~

5(6“) 6(e?*) 6(e?*)
@ G| <21 |aEe)| T2 &(ej‘*’)]
< Re|l+ 2EZ§:;] >0+ Re [G(e!)] >0

Therefore, given a Schur polynomial a(z), (13) (hence (16))
is equivalent to the SPR of G(z). Consequently, the stability
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region defined by (16) is expected to be practically the same as
that characterized based on the SPR of G(z) [11]. The above
analysis also motivates an alternative derivation of (16) based
on the SPR of G(z). This can be done by deducing an explicit
version of the SPR of G(z) in term of vectors a and J, as
follows.

5(edv) c(w) T, + j3(w
Re 1+d(ejw) Re [1—’— u(w, a) +jvwa }
~ Re [u(w, @) — jv(w, a)][e(w)"dq + j3(w)" 8]
=R {1+ u(w, a)? + v(w, a)? ]
g [u(w, a)e(w) + v(w,a)s(w)]” da

u(w, a)? + v(w, a)?
Hence Re[G(e7*)] > 0 if and only if
u(w, a)? + v(w,a)? + [u(w, a)é(w) + v(w, a)s(w)]* . >0

which coincides with (14), hence implies the constraints in
(16). For illustration, suppose a(z) = 22 + 0.6z + 0.7 which
is a Schur polynomial. With a = [0.6 0.7]T, §, = [§1 &2]7,
K =100 and € = 0.01, the linear constraints in (16) defines
a convex stability region for polynomial @(z) = 2% + (0.6 +
91)z + (0.7 + d2), which is shown in Fig. 1 in magenta. For
comparison, the stability region constructed based on Rouché
theorem [7] is depicted in green. Note that there is a fine curve
in black compassing the magenta region, which was produced
as the boundary of the stability region based on SPR [11].
With a reduced value of ¢ the region defined by (16) is found
to be practically the same as that produced by SPR.

1.5
1
®
0.5¢
o
o
+ 0
o
S
-0.5
1t
-1.5 -
22 -1 0 1 2
a,+ 51

Fig. 1. Stability region for a(z) given by (16) with K = 100 and ¢ = 0.01
in magenta versus that from Rouché theorem [7] in green.

V. ALGORITHM AND DESIGN EXAMPLES

Applying the results obtained from Secs. III and IV, the
nonconvex problem in (3) is relaxed to

minimize  dg (18a)
subject to:  constraint (7) for w € Qq (18b)
A8, <p,in(17)forweQ (18¢c)



where Qg = {wi,l =1, 2, ..., L} C [0,wp]J [wa, ] and
Q={w;, i=1,2, ..., K} C[0,2n] are dense frequency
grids that are evenly distributed in the respective frequency
ranges. The objective function as well as constraints (18c) are
linear, while the constraints in (18b) are second-order convex
cones. Hence (18) is a convex (known as SOCP) problem [18].
Based on this, an algorithm for the design of stable IIR digital
filter of order (n,m) can be outlined as follows.

Algorithm 1
Step 1

Input desired H,;(w), filter order (n, m), frequency region
of interest €2, stable initial point {ag, by}, weight W (w),
parameters L, K, r, e, and tolerance e.. Set £k = 0. Com-
pute ‘

o = max W ()| Ho(c7*) ~ Hulw);

Step 2

Solve (18) to update {ay,by,Sr} to {ar+1 = ap +
0q, bry1 = by + 0p, Bry1 =B +0s}s

Step 3

If |03]| < €., stop and output {@j+1, br+1} as the solution;
otherwise set k = k£ + 1 and repeat from Step 2.

The algorithm converges due to the fact that objective

function in (18a) monotonically decreases as the iteration
proceeds while is bounded from below because dg > 0. On
the other hand, the design produced from the algorithm is
only a local solution because the original problem in (3) is
nonconvex. Below we present two examples to illustrate the
proposed design method.
Example 1 Algorithm 1 was applied to design a lowpass filter
of order (n,m) = (4,15) with normalized passband edge
wp = 0.4m, stopband edge w, = 0.56, and passband group
delay x = 12. The initial design {ag, by} was taken to be
ag = 0 and by = the impulse response of a least-squares
linear-phase FIR filter of order 15. The weight W (w) was
a piecewise constant function being unity over the passband
and constant w over the stopband, where the value of w was
determined by trial-and-error to equalize the approximation
errors in passband and stopband. With L = 400, K = 1000,
r =09, w = 101, ¢ = 0.002, and e, = 2 x 1079, it
took the algorithm 23 iterations to converge to a solution. The
maximum amplitude of the poles was 0.8596. The amplitude
response of the IIR filter obtained is depicted in Fig. 2.

The largest deviation in passband amplitude over that pass-
band was 0.045 dB that corresponds to an error of 0.005121
in passband gain; the minimum stopband attenuation was
—45.7722 dB that corresponds to a stopband approximation
error of 0.005145. The design specifications used in this ex-
ample were identical to Example 3 in [15] as well as Example
1 in [14], and the approximation errors in the passband and
stopband were 0.005177 and 0.005181 (with 69 iterations) in
[15], and 0.005127 and 0.005211 in [14].

Example 2 Algorithm 1 was applied to design a lowpass filter
of order (n,m) = (6,12) with normalized passband edge
wp = 0.57, stopband edge w, = 0.6, and passband group
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Amplitude (dB)

0.2 0.4 0.6 0.8 1
Normalized Frequency

Fig. 2. Amplitude response of the IIR filter in Example 1.

delay x = 9. The initial design {ag,bo} was taken to be
ay = 0 and by = the impulse response of a least-squares
linear-phase FIR filter of order 12.

With L = 400, K = 1000, r = 0.975, w = 1.112, ¢ =
0.002, and £, = 8 x 1077, it took the algorithm 29 iterations
to converge to a solution. The maximum amplitude of the poles
was 0.9422. The amplitude response of the IIR filter obtained
is depicted in Fig. 3.

Amplitude (dB)

0.2 0.4 0.6 0.8 1

Normalized Frequéncy
Fig. 3. Amplitude response of the IIR filter in Example 2.

The largest deviation in passband amplitude over that pass-
band was 0.1192 dB that corresponds to an error of 0.01363
in passband gain; the minimum stopband attenuation was
—37.3177 dB that corresponds to a stopband approximation
error of 0.01362. The design specifications used in this exam-
ple were identical to Example 5 in [15] as well as Example
1 in [10], and the approximation errors in the passband and
stopband were 0.0147 and 0.0149 (with 84 iterations) in [15]
and 0.0155 and 0.0155 in [10].

VI. CONCLUSION

An enhanced SM procedure, that performs first-order con-
vex relaxation for the denominator polynomial, has been
proposed for the design of IIR filters. A stronger variant of
Rouché’s theorem is reviewed and shown to be equivalent to
that based on SPR. Design examples are presented to evaluate
the proposed design method relative to several existing ones
in the literature.
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