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Abstract—In this paper, we explore generalized direct-form
II realization of two-dimensional separable-denominator digital
filters of order (m,n) based on the concept of polynomial
operators, where we deal with a model with 3(m+ n) +mn+ 1
fixed parameters plus m + n free parameters. An l2-scaling
method is introduced by utilizing different coupling coefficients
at different branch nodes to avoid overflow. An expression for
the roundoff noise gain in the realization is also examined. It is
shown that the roundoff noise gain can be minimized with respect
to the m + n free parameters by means of exhaustive search in
a finite element space.

I. INTRODUCTION

Delta operator is well known for satisfactory finite-word-
length (FWL) performance in systems with high sampling
rate and has been widely used in the realization of digital
filters [1]-[5]. Potential advantages of using delta operator
state-space realizations rather than shift operator realizations of
transfer functions have been examined in terms of minimizing
the roundoff noise [1], and the implementation of IIR digital
filters using direct form delta structures has been studied
with the analysis and comparison of different second-order
direct-form sections in terms of the roundoff noise [2]. A
modified delta transposed direct-form II second-order section
has been proposed in which parameter ∆ of the delta operator
δ ≡ (z − 1)/∆ and filter coefficients at different branches
are separately scaled to minimize the roundoff noise [3]. An
arbitrary order delta operator-based direct-form IIR filter with
minimum roundoff noise and sensitivity has been derived
[4]. A new structure based on the concept of polynomial
operators has been explored for digital filter implementation
[5]. The new structure is viewded as a generalization of the
shift operator z-based direct-form II transposed structure. On
the other hand, two-dimensional (2-D) separable-denominator
digital filters form a very popular class of multidimensional
digital signal processors because of their desirable properties
and trivial stability verification, and have been a subject of
study in the past [6]-[12].

In this paper, motivated by [4]-[5] and based on the
concept of polynomial operators, two sets of operators are
introduced to express 2-D separable-denominator digital filters
by a generalized SIMO direct-form II and a generalized
MISO transposed direct-form II connected in cascade. This
structure is then realized by a local state-space model with
very sparse parameters, and l2 scaling is performed by utilizing
different coupling coefficients at different branch nodes to
avoid overflow. An expression for the roundoff noise gain in
the realization is investigated. It is shown that the roundoff

noise gain depends on the choice of several free parameters in
the realization. Moreover, in the scenario where the free pa-
rameters are subject to FWL format for actual implementation,
it is shown that the roundoff noise gain can be minimized with
respect to the free parameters subject to l2-scaling constraints
by an exhaustive search of a set with finite elements.

II. REALIZATION OF 2-D DIGITAL FILTERS

Consider a 2-D stable separable-denominator digital filter
described by

H(z1, z2) =

m∑
k=0

n∑
l=0

cklz
−k
1 z−l

2(
1 +

m∑
k=1

akz
−k
1

)(
1 +

n∑
l=1

blz
−l
2

) (1)

where the denominator and numerator are assumed to be co-
prime. Let P 1 and P 2 be (m+1)×(m+1) and (n+1)×(n+1)
nonsingular matrices, respectively, and

q1(z1) = P 1z1, q2(z2) = P 2z2 (2)

where

q1(z1) =
[
qh0 (z1), q

h
1 (z1), · · · , qhm(z1)

]T
q2(z2) = [qv0(z2), q

v
1(z2), · · · , qvn(z2)]

T

z1 = [zm1 , · · · , z1, 1]T , z2 = [zn2 , · · · , z2, 1]T

If scalars {αk| k = 1, 2, · · · ,m}, {βl| l = 1, 2, · · · , n} and
{rkl| k = 0, 1, · · · ,m; l = 0, 1, · · · , n} are defined so that

κ1 [1 α1 α2 · · · αm]P 1 = [1 a1 a2 · · · am]

κ2 [1 β1 β2 · · · βn]P 2 = [1 b1 b2 · · · bn]

κ1κ2P
T
1

 r00 · · · r0n
...

. . .
...

rm0 · · · rmn

P 2 =

 c00 · · · c0n
...

. . .
...

cm0 · · · cmn


(3)

the transfer function in (1) can be written as

H(z1, z2) =

m∑
k=0

n∑
l=0

rklq
h
k (z1)q

v
l (z2)

m∑
k=0

αkq
h
k (z1)

n∑
l=0

βlq
v
l (z2)

, α0 = β0 = 1 (4)
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where κ1 (κ2) is a scaling factor such that α0 = 1 (β0 = 1).
From (4), it is obvious that the filter is characterized by scalars
{αk| k = 1, 2, · · · ,m}, {βl| l = 1, 2, · · · , n} and {rkl| k =
0, 1, · · · , n; l = 0, 1, · · · , n} under the polynomial operators
{qhk (z1)| k = 0, 1, · · · ,m} and {qvl (z2)| l = 0, 1, · · · , n}. We
now consider two sets of polynomial operators which, as we
shall see shortly, lead to an interesting structure for filter
implementation. Define

ρhk(z1) =
z1 − γk
∆k

for k = 1, 2, · · · ,m

ρvl (z2) =
z2 − γ̂l

∆̂l

for l = 1, 2, · · · , n
(5)

where {γk}, {γ̂l}, {∆k > 0} and {∆̂l > 0} are four sets of
constants to be discussed later. Let the polynomial operators
be chosen as

qhk (z1) = ρhk(z1)ρ
h
k+1(z1) · · · ρhm(z1), k = 0, 1, · · · ,m

qvl (z2) = ρvl (z2)ρ
v
l+1(z2) · · · ρvn(z2), l = 0, 1, · · · , n

qhm(z1) = qvn(z2) = 1, ρh0 (z1) = ρv0(z2) = 1
(6)

With the choice of {ρhk(z1)| k = 1, 2, · · · ,m} and {ρvl (z2)| l =
1, 2, · · · , n} in (5), we can specify the corresponding trans-
formation matrices P 1, P 2 and scalars κ1 = ∆1∆2 · · ·∆m,
κ2 = ∆̂1∆̂2 · · · ∆̂n. From (6), it follows that for k, l ≥ 1,

qhk (z1)

qh0 (z1)
= ρh1 (z1)

−1ρh2 (z1)
−1 · · · ρhk(z1)−1

qvl (z2)

qv0(z2)
= ρv1(z2)

−1ρv2(z2)
−1 · · · ρvl (z2)−1

(7)

Hence the transfer function in (4) can be written as

H(z1, z2) =

m∑
k=0

n∑
l=0

rkl

k∏
p=0

ρhp(z1)
−1

l∏
q=0

ρvq(z2)
−1

( m∑
k=0

αk

k∏
p=0

ρhp(z1)
−1

)( n∑
l=0

βl

l∏
q=0

ρvq(z2)
−1

)
(8)

The implementations of ρhk(z1)
−1 and ρvl (z2)

−1 are depicted
in Fig. 1. As an illustrative example, referring to shift-operator
structure of a 2-D separable-denominator filter with (m,n) =
(3, 2) shown in [13] (p. 956), the generalized filter structure in
(8) with (m,n) = (3, 3) is illustrated in Fig. 2 where u(i, j)
is a scalar input and y(i, j) is a scalar output.

Fig. 1. (a) Implementation of ρhk(z1)
−1 and (b) that of ρvl (z2)

−1.

Fig. 2. The 2-D filter structure of (8) with (m,n) = (3, 3).

From Figures 1 and 2, we obtain

y(i, j) = w1(i, j) + r00

[
u(i, j)−

n∑
l=1

βlx
v
l (i, j)

]
+

n∑
l=1

r0lx
v
l (i, j)

wk(i, j) = ρhk(z1)
−1

{
wk+1(i, j) +

n∑
l=1

rklx
v
l (i, j)

+rk0

[
u(i, j)−

n∑
l=1

βlx
v
l (i, j)

]
− αky(i, j)

}
(9)

for k = 1, 2, · · · ,m where wm+1(i, j) = 0. In addtion,

xv1(i, j + 1)= γ̂1x
v
1(i, j) + ∆̂1

[
u(i, j)−

n∑
l=1

βlx
v
l (i, j)

]
xvl (i, j + 1)= ∆̂lx

v
l−1(i, j) + γ̂lx

v
l (i, j)

(10)
for l = 2, 3, · · · , n.

From (5), the second equation in (9) can be written as

xhk(i+ 1, j)=−αk∆1x
h
1 (i, j)+∆k+1x

h
k+1(i, j)+γkx

h
k(i, j)

+

n∑
l=1

(
rkl − αkr0l − rk0βl + r00αkβl

)
xvl (i, j)

+ (rk0 − r00αk)u(i, j)
(11)

for k = 1, 2, · · · ,m where xhm+1(i, j) = 0.

From (9)-(11), it follows that the filter H(z1, z2) in (8) can
be realized by the Roesser local state-space model as[

xh(i+ 1, j)

xv(i, j + 1)

]
=

[
A1 A2

0 A4

] [
xh(i, j)

xv(i, j)

]
+

[
b1
b2

]
u(i, j)

y(i, j) = [ c1 c2 ]

[
xh(i, j)

xv(i, j)

]
+ d u(i, j)

(12)
where

xh(i, j) =
[
xh1 (i, j), xh2 (i, j), · · · , xhm(i, j)

]T
xv(i, j) = [ xv1(i, j), xv2(i, j), · · · , xvn(i, j) ]

T
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A1 =


−α1∆1 ∆2 · · · 0

−α2∆1 0
. . .

...
...

...
. . . ∆m

−αm∆1 0 · · · 0

+

γ1 0 · · · 0

0 γ2
. . .

...
...

. . . . . . 0
0 · · · 0 γm



A2 =


r11 r12 · · · r1n
r21 r22 · · · r2n

...
...

. . .
...

rm1 rm2 · · · rmn

−

α1

α2

...
αm

 [r01 r02 · · · r0n]

−


r10
r20

...
rm0

 [β1 β2 · · · βn] + r00


α1

α2

...
αm

 [β1 β2 · · · βn]

A4 =


−β1∆̂1 −β2∆̂1 · · · −βn∆̂1

∆̂2 0 · · · 0
...

. . . . . .
...

0 · · · ∆̂n 0

+

γ̂1 0 · · · 0

0 γ̂2
. . .

...
...

...
. . . 0

0 0 · · · γ̂n



b1 =


r10
r20

...
rm0

− r00


α1

α2

...
αm

 , b2 =


∆̂1

0
...
0


c1 =

[
∆1 0 · · · 0

]
c2 = [ r01 r02 · · · r0n ]− r00 [β1 β2 · · · βn ] , d = r00

We now consider an equivalent state-space realization with
∆k = 1 for k = 1, 2, · · · ,m and ∆̂l = 1 for l = 1, 2, · · · , n
in (5). Then the other realization is obtained as[

x̃h(i+ 1, j)

x̃v(i, j + 1)

]
=

[
Ã1 Ã2

0 Ã4

][
x̃h(i, j)

x̃v(i, j)

]
+

[
b̃1

b̃2

]
u(i, j)

y(i, j) = [ c̃1 c̃2 ]

[
x̃h(i, j)

x̃v(i, j)

]
+ d̃u(i, j)

(13)
where

Ã1 =


−α̃1

−α̃2 Im−1

...
−α̃m 0 · · · 0

+

γ1 0 · · · 0

0 γ2
. . .

...
...

. . . . . .
...

0 · · · 0 γm



Ã4 =


−β̃1 −β̃2 · · · −β̃n

0

In−1

...
0

+


γ̂1 0 · · · 0

0 γ̂2
. . .

...
...

. . . . . .
...

0 · · · 0 γ̂n


c̃1 = [ 1 0 · · · 0 ] , b̃2=[ 1 0 · · · 0 ]

T

and coefficient matrices Ã2, b̃1, c̃2 and d̃ can be derived
from {r̃kl| k = 0, 1, · · · ,m; l = 0, 1, · · · , n}, {α̃k| k =
1, 2, · · · ,m} and {β̃l| l = 1, 2, · · · , n} by the same manner
as in (12).

If the local state-space model in (12) is related to the model

in (13) by[
x̃h(i, j)

x̃v(i, j)

]
=

[
T 1 0

0 T 4

]−1 [
xh(i, j)

xv(i, j)

]
(14)

with

T 1 = diag{t1 t2 · · · tm}, T 4 = diag{t̂1 t̂2 · · · t̂n}

we obtain

Ã1 = T−1
1 A1T 1, b̃1 = T−1

1 b1, c̃1 = c1T 1

Ã4 = T−1
4 A4T 4, b̃2 = T−1

4 b2, c̃2 = c2T 4

Ã2 = T−1
1 A2T 4, d̃ = d

(15)

By relations c̃1 = c1T 1, T 1Ã1 = A1T 1, Ã4T
−1
4 = T−1

4 A4

and b̃2 = T−1
4 b2 it follows that

T−1
1 = diag

{
∆1, ∆1∆2, · · · , ∆1∆2 · · ·∆m

}
T 4 = diag

{
∆̂1, ∆̂1∆̂2, · · · , ∆̂1∆̂2 · · · ∆̂n

}

α̃1

α̃2

...
α̃m

 = T−1
1


α1

α2

...
αm

 ,

β̃1
β̃2
...
β̃n

 = T T
4


β1
β2
...
βn



r̃11 r̃12 · · · r̃1n
r̃21 r̃22 · · · r̃2n

...
...

. . .
...

r̃m1 r̃m2 · · · r̃mn

 = T−1
1


r11 r12 · · · r1n
r21 r22 · · · r2n

...
...

. . .
...

rm1 rm2 · · · rmn

T 4

[ r̃01 r̃02 · · · r̃0n ] = [ r01 r02 · · · r0n ]T 4

[ r̃10 r̃20 · · · r̃m0 ]
T
= T−1

1 [ r10 r20 · · · rm0 ]
T

(16)
because of Ã2 = T−1

1 A2T 4.

III. MINIMIZATION OF ROUNDOFF NOISE

A. l2-Scaling Constraints

The horizontal and vertical controllability Grammians K̃
h

and K̃
v

of the local state-space model in (13) play an
important role in the dynamic-range scaling of the local state
vectors xh(i, j) and xv(i, j) in (12), and matrices K̃

h
and

K̃
v

can be obtained by solving the Lyapunov equations [9]

K̃
h
= Ã1K̃

h
Ã

T

1 + Ã2K̃
v
Ã

T

2 + b̃1b̃
T

1

K̃
v
= Ã4K̃

v
Ã

T

4 + b̃2b̃
T

2

(17)

respectively. With an equivalent realization specified in (15),
the horizontal and vertical controllability Grammians Kh and
Kv of the local state-space model in (12) assumes the form

Kh = T 1K̃
h
T T

1 , T 1 = diag{t1, t2, · · · , tm}

Kv = T 4K̃
v
T T

4 , T 4 = diag{t̂1, t̂2, · · · , t̂n}
(18)

If l2-scaling constraints are imposed on the horizontal and ver-
tical state vectors xh(i, j) and xv(i, j) in (12), the horizontal
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and vertical controllability Grammians Kh and Kv of the
local state-space model in (12) are subject to the constraints

eTkK
hek = eTk T 1K̃

h
T T

1 ek = t
2
ke

T
k K̃

h
ek = 1

for k = 1, 2, · · · ,m

êTl K
vêl = êTl T 4K̃

v
T T

4 êl = t̂2l ê
T
l K̃

v
êl = 1

for l = 1, 2, · · · , n

(19)

where ek (êl) indicates the kth (lth) column of m×m (n×n)
identity matrix Im (In).

Consequently, by noting that tk = ∆
−1

1 ∆
−1

2 · · ·∆−1

k for
k = 1, 2, · · · ,m and t̂l = ∆̂1∆̂2 · · · ∆̂l for l = 1, 2, · · · , n,
we obtain

∆1 =

√
eT1 K̃

h
e1, ∆2 =

√√√√eT2 K̃
h
e2

eT1 K̃
h
e1
, · · · ,

∆m =

√
eT

m
˜K

h
em

eT
m−1

˜K
h
em−1

, ∆̂1 =
1√

êT1 K̃
v
ê1

∆̂2 =

√
êT1 K̃

v
ê1

êT2 K̃
v
ê2
, · · · , ∆̂n =

√
êT

n−1
˜K

v
ên−1

êT
n

˜K
v
ên

(20)

The parameters {∆k} and {∆̂l} are called the coupling
coefficients [4]. It is clear from the above analysis that we
can avoid overflow oscillations if these coupling coefficients
are used to scale the state variables.

B. Roundoff Noise Analysis

It is known that the roundoff noise gain due to product
quantization associated with the coefficient matrices A1, A2,
A4, b1, b2, c1, c2 and d in (12) can be expressed as [9]

JSρ = tr[QhW h] + tr[QvW v] + q (21a)

where W h and W v are the horizontal and vertical observabil-
ity Grammians of the local state-space model in (12), which
can be obtained by solving the Lyapunov equations [9]

W h = AT
1 W

hA1 + cT1 c1

W v = AT
4 W

vA4 +AT
2 W

hA2 + cT2 c2
(21b)

respectively, Qh (Qv) is a diagonal matrix whose kth (lth)
diagonal element qhk (qvl ) is the number of coefficients in the
kth (lth) row of A1, A2 and b1 (A4 and b2) that are neither
0 nor ±1, and q is the number of neither 0 nor ±1 constant
in c1, c2 and d.

If (21a) is applied to the state-space realization in (12), the
corresponding roundoff noise gain JSρ is characterized by

qh1 = n+ 3, qhk = n+ 3 + ψ(γk) for k = 2, 3, · · · ,m− 1

qhm = n+ 2 + ψ(γm), q = n+ 2

qv1 = n+ 1, qvl = 1 + ψ(γ̂l) for l = 2, 3, · · · , n
(22)

where

ψ(γ) =

{
1 for γ ̸= 0 ,±1

0 for γ = 0 ,±1

Substituting (22) into (21a) yields

JSρ = (n+ 3) tr[W h]− eTmW hem

+
m∑

k=2

ψ(γk)e
T
kW

hek + n êT1 W
vê1

+ tr[W v] +
n∑

l=2

ψ(γ̂l)ê
T
l W

vêl + n+ 2

(23)

C. Choosing Parameters {γi} and {γ̂l}

We now assume that |γk| ≤ 1 for k = 1, 2, · · · ,m and
|γ̂l| ≤ 1 for l = 1, 2, · · · , n. For a fixed-point implementation
of Bc bits, every γi (γ̂l) must be truncated or rounded into a
Bγ-bit number (Bγ ≤ Bc) of the form

v = ±
Bγ∑
p=1

bp2
−p, bp = 0, 1 ∀ p (24)

unless v = ±1. Hence {γi} and {γ̂l} should take values within
a discrete space defined by

Sγ = {−1, 1} ∪

{
±

Bγ∑
p=1

bp2
−p, bp = 0, 1 ∀ p

}
(25)

which contains (2Bγ+1 + 1) elements.

D. Search of Optimal Vector γ = [γ1, · · · , γm, γ̂1, · · · , γ̂n]T

Let S̃γ ∈ R(m+n)×1 be the space in which γ resides, i.e.,

S̃γ = {γ | γk ∈ Sγ ∀ k} (26)

where γ = [γ1, γ2, · · · , γm+n]
T . It is obvious that JSρ in (23)

is a function of vector γ because W h and W v depend on γ.
Consequently, the problem of minimizing JSρ with respect to
vector γ subject to l2-scaling constraints can be considered as

γ
(
Jopt
Sρ

)
= arg min

γ∈S̃γ
JSρ subject to (19) (27)

The roundoff noise gain JSρ in (23) can be minimized with
respect to the m + n free parameters {γk} and {γ̂l} subject
to l2-scaling constraints in (19) through exhaustive search in a
finite element space by applying the similar manner as in [5].

IV. CONCLUSION

Based on the concept of polynomial operators, generalized
direct-form II realization for 2-D separable-denominator digital
filters has been proposed. We have expressed 2-D separable in
denominator digital filters by a generalized SIMO direct-form
II and a generalized MISO transposed direct-form II connected
in cascade. An l2-scaling method has been introduced by using
different coupling coefficients at different branch nodes to
avoid overflow. An expression for the roundoff noise gain in
the realization has been investigated. It has been shown that the
roundoff noise gain can be minimized with respect to the free
parameters subject to l2-scaling constraints through exhaustive
search in a finite element space. Numerical experiments have
been performed satisfactorily. For the resulting realization, the
analysis of l2-sensitivity and its minimization with respect to
the free parameters subject to l2-scaling constraints will appear
elsewhere.
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