Generalized Direct-Form II Realization of
2-D Separable-Denominator Digital Filters

Takao Hinamoto
Hiroshima University
Higashi-Hiroshima 739-8527, Japan
Email: hinamoto@ieee.org

Abstract—In this paper, we explore generalized direct-form
II realization of two-dimensional separable-denominator digital
filters of order (m,n) based on the concept of polynomial
operators, where we deal with a model with 3(m +n) + mn + 1
fixed parameters plus m + n free parameters. An [;-scaling
method is introduced by utilizing different coupling coefficients
at different branch nodes to avoid overflow. An expression for
the roundoff noise gain in the realization is also examined. It is
shown that the roundoff noise gain can be minimized with respect
to the m + n free parameters by means of exhaustive search in
a finite element space.

I. INTRODUCTION

Delta operator is well known for satisfactory finite-word-
length (FWL) performance in systems with high sampling
rate and has been widely used in the realization of digital
filters [1]-[5]. Potential advantages of using delta operator
state-space realizations rather than shift operator realizations of
transfer functions have been examined in terms of minimizing
the roundoff noise [1], and the implementation of IIR digital
filters using direct form delta structures has been studied
with the analysis and comparison of different second-order
direct-form sections in terms of the roundoff noise [2]. A
modified delta transposed direct-form II second-order section
has been proposed in which parameter A of the delta operator
d = (z — 1)/A and filter coefficients at different branches
are separately scaled to minimize the roundoff noise [3]. An
arbitrary order delta operator-based direct-form IIR filter with
minimum roundoff noise and sensitivity has been derived
[4]. A new structure based on the concept of polynomial
operators has been explored for digital filter implementation
[5]. The new structure is viewded as a generalization of the
shift operator z-based direct-form II transposed structure. On
the other hand, two-dimensional (2-D) separable-denominator
digital filters form a very popular class of multidimensional
digital signal processors because of their desirable properties
and trivial stability verification, and have been a subject of
study in the past [6]-[12].

In this paper, motivated by [4]-[5] and based on the
concept of polynomial operators, two sets of operators are
introduced to express 2-D separable-denominator digital filters
by a generalized SIMO direct-form II and a generalized
MISO transposed direct-form II connected in cascade. This
structure is then realized by a local state-space model with
very sparse parameters, and /o scaling is performed by utilizing
different coupling coefficients at different branch nodes to
avoid overflow. An expression for the roundoff noise gain in
the realization is investigated. It is shown that the roundoff
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noise gain depends on the choice of several free parameters in
the realization. Moreover, in the scenario where the free pa-
rameters are subject to FWL format for actual implementation,
it is shown that the roundoff noise gain can be minimized with
respect to the free parameters subject to lo-scaling constraints
by an exhaustive search of a set with finite elements.

II. REALIZATION OF 2-D DIGITAL FILTERS

Consider a 2-D stable separable-denominator digital filter
described by

m n
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where the denominator and numerator are assumed to be co-
prime. Let P; and Py be (m+1)x(m+1) and (n+1)x(n+1)
nonsingular matrices, respectively, and
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the transfer function in (1) can be written as
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where k1 (k2) is a scaling factor such that ag = 1 (5 = 1).
From (4), it is obvious that the filter is characterized by scalars
{aklk = 1a25"' am}’ {/Bl|l = 1727"' ,TL} and {Tkl‘k =
0,1,---,n; 1 =0,1,--- ,n} under the polynomial operators
{qk(zl)\k; =0,1,--- ,m} and {q¢/(22)|l =0,1,--- ,n}. We
now consider two sets of polynomial operators which, as we
shall see shortly, lead to an interesting structure for filter
implementation. Define

pﬁ(zl) S for k=1,2,---,m
Ay
22 — Y )
Py (z2) = — for [=1,2,---,n

l

where {7, }, {4}, {&r > 0} and {A; > 0} are four sets of
constants to be discussed later. Let the polynomial operators
be chosen as

qr(z1) = pl(z1)pp(z1) - pl(z1), k=0,1,---,m
q/(22) = pi(22)p]y1(22) - - pp(22), 1=0,1,---,mn
ah(z1) = gh(z2) = 1,

pg(z1) = pg(22) = 1

(6)
With the choice of {p}(21)|k =1,2,--- ,m} and {p} (22)|l =
1,2,--- ,n} in (5), we can specify the corresponding trans-
formation_matrices Py, P2 and scalars k1 = A1Ag -+ A,

Ko = A1As -+ A,,. From (6), it follows that for &, > 1,
h
qi (21 1 h _ ) _
L2 ) b))
qO(Zl) (7
qlv(z2) 1 v —1 v —1
v = p1(22) "p2(22 P Z2
) = AT )T ()

Hence the transfer function in (4) can be written as

>
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The implementations of PZ (21)! and pY(22)~! are depicted
in Fig. 1. As an illustrative example, referring to shift-operator
structure of a 2-D separable-denominator filter with (m,n) =
(3,2) shown in [13] (p. 956), the generalized filter structure in
(8) with (m,n) = (3,3) is illustrated in Fig. 2 where (%, )
is a scalar input and y(i,j) is a scalar output.

H(Zl,ZQ) =

k=
m

T ::]w EM3

-1

=5 —— (i)

(b)

Fig. 1.

(a) Tmplementation of p} (21)~*

and (b) that of p}(22) 1.
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The 2-D filter structure of (8) with (m,n) = (3, 3).

u(i, ) |
U

Fig. 2.

From Figures 1 and 2, we obtain

y(i, j) = wi(i, )+T00[ Zﬂzfl?z Z]}
+Z7’01(E7(i,j
1=1
n &)
wi(i, ) = pz<zl>—1{wk+l<z’,j> + (i, )
1=1
+Tk0{ Zﬁlﬂfl i ]} ay(i, )}
for k=1,2,--- ,m where w;,1+1(4,5) = 0. In addtion,
2y (6,5 +1) ==y (i, J)+A1[ Zﬁlxl ZJ}
xf(laj +1)= Alm;}—l(ivj) + Yixy (4,7)

(10)
forl=2,3,---,n

From (5), the second equation in (9) can be written as

e (i +1,§) = = Ba (4, )+ Dppraf o (i §) + 7527 (0, 5)
Z Tt — kol — TroBi + roocuBy) it (i, 5)
(ko — roocuk)u(i, )
(11)
for k =1,2,--- ,m where 27 (i,7) = 0.

From (9)-(11), it follows that the filter H(z1, 22) in (8) can
be realized by the Roesser local state-space model as

s )= Bl ] e
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~ We now consider an equivalent state-space realization with
Ap=1fork=1,2,--- . mand A; =1forl =1,2,---,n
in (5). Then the other realization is obtained as

~hy/- . A A ~h/- -
1 A, A
DA B el S B R
T (Z7j +1) 0 A4 T (Zaj) 2
~h .
yif)=[& & [“:' ”?} T du(i, j)
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where
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- —aig I, =
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| —a,, 0 0 0 0 7'7”
[~ —fa — b o0 0
5 0 A
Ays= + 0 %
In—l ’
. 0 0 0 An
e1=[1 0 0], by=[1 0 01"

and coefficient matrices As, by, ¢ and d can be derived
from {7y|k = 0,1,---,m;l = 0,1,---,n}, {a|k =
1,2,---,m} and {B|l = 1,2,--- ,n} by the same manner
as in (12).

If the local state-space model in (12) is related to the model
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in (13) by
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with

T, =diag{t, t2 -+ tm}, Ty = diag{t; t5 --- i,}
we obtain

A =T7'AT,, b =T7'b, & =cT

A, =T AT,  by=T;'by, & =cyTy (15

A, =T7'AT,, d=d

By rglations 61 = ClTl, TlAl = AlTl, A4TZ1 = TZ1A4
and by = T;lbg it follows that
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because of Ay = Tf1A2T4.

III. MINIMIZATION OF ROUNDOFF NOISE

A. l3-Scaling Constraints

The horizontal and vertical controllability Grammians K "
and K of the local state-space model in (13) play an
important role in the dynamic-range scaling of the localh state
vectors (i, j) and x(i,7) in (12), and matrices K and
~ U
K can be obtained by solving the Lyapunov equations [9]

K'"=A,K"A] + A,K"A, +bib, )
K' = A,K"A, + byby
respectively. With an equivalent realization specified in (15),

the horizontal and vertical controllability Grammians K " and
K" of the local state-space model in (12) assumes the form

)
T4 :diag{fl, 1?2, ey in}

K" =T, K"T7,
K’ =T,K'TT,

T, = dia f,f,
1 g{l 2 (18)

If l5-scaling constraints are imposed on the horizontal and ver-
tical state vectors =" (i, j) and z°(i, ) in (12), the horizontal



and vertical controllability Grammians K " and K° of the
local state-space model in (12) are subject to the constraints

~_h — ~_h
e’K'e, =elT\K'TTe, =t,el K &, =1
for k=1,2,---,m
el Kvé, = é] T,K T e, =i2e] K'e; =1
for [=1,2,---,n

19)

where €, (&;) indicates the kth (Ith) column of m X m (n X n)
identity matrix I,, (I,).

Consequently, by noting that 7 = A, 1Z; t AL " for
k= 1,2 mand f; = AyAg--- A, for I = 1,2, ,n,
we obtain

A, = ﬂe 2 Em (20)
e’ Ke,_,
~ g N

A eipK e

AQ = T U . B
e K e

The parameters {A;} and {A;} are called the coupling
coefficients [4]. It is clear from the above analysis that we
can avoid overflow oscillations if these coupling coefficients
are used to scale the state variables.

B. Roundoff Noise Analysis

It is known that the roundoff noise gain due to product
quantization associated with the coefficient matrices A;, A,
Ay, by, bs, c1, ¢ and d in (12) can be expressed as [9]

Jsp = t[Q"W"] + «[Q"W"] + ¢ (21a)

where W" and W are the horizontal and vertical observabil-
ity Grammians of the local state-space model in (12), which
can be obtained by solving the Lyapunov equations [9]

W' = ATW"A, +cl e

21b

W' =AW A, + ATW" A, + cley 21

respectively, Qh (Q°) is a diagonal matrix whose kth (Ith)

diagonal element q,lg (gy) is the number of coefficients in the

kth (Ith) row of Ay, A, and by (A4 and by) that are neither

0 nor £1, and q is the number of neither 0 nor +1 constant
in ¢, ¢o and d.

If (21a) is applied to the state-space realization in (12), the
corresponding roundoff noise gain Jg, is characterized by

gt =n+3 qt=n+3+97F,) for k=23 m-1
ay =n+2+0Fn), q=n+2
@ =n+1 g =14+¢vH) for 1=2,3,---,n
(22)

where 4

1 for v#0,£1

P(v) =
0 for y=0,+£1
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Substituting (22) into (21a) yields
Jsp = (n+3)u[W") —el w'e,,

+> (T, )er Wep + nef Whe

o (23)
n
Fu[W + > (5)e Woe +n + 2
1=2
C. Choosing Parameters {7;} and {1}
We now assume that |y,| < 1 for k = 1,2,--- ,;m and
|9] <1 forl=1,2,---,n. For a fixed-point implementation

of B, bits, every 7, (4;) must be truncated or rounded into a
B.,-bit number (B, < B,) of the form

B’Y
v==%Y b27F b,=01VYp (24)
p=1

unless v = +1. Hence {7, } and {#;} should take values within
a discrete space defined by

B‘Y
57:{_1,1}u{i25p21’, b, =0,1 vp} (25)

p=1
which contains (28711 4 1) elements.

D. Search of Optimal Vector v =[5y, -+ , s Y1, > )L

Let 5'7 € R X1 be the space in which -y resides, i.e.,

Sy={vIweS, ¥k} (26)

where ¥ = [y1,72, " s Ym+n) " - It is obvious that Js, in (23)
is a function of vector v because W" and W? depend on ~.
Consequently, the problem of minimizing Js, with respect to
vector ~ subject to [5-scaling constraints can be considered as

(I :arg’yrgign Js, subject to (19) (27)

~
The roundoff noise gain Jgs, in (23) can be minimized with
respect to the m + n free parameters {7} and {4} subject
to [3-scaling constraints in (19) through exhaustive search in a
finite element space by applying the similar manner as in [5].

IV. CONCLUSION

Based on the concept of polynomial operators, generalized
direct-form II realization for 2-D separable-denominator digital
filters has been proposed. We have expressed 2-D separable in
denominator digital filters by a generalized SIMO direct-form
IT and a generalized MISO transposed direct-form II connected
in cascade. An [y-scaling method has been introduced by using
different coupling coefficients at different branch nodes to
avoid overflow. An expression for the roundoff noise gain in
the realization has been investigated. It has been shown that the
roundoff noise gain can be minimized with respect to the free
parameters subject to lo-scaling constraints through exhaustive
search in a finite element space. Numerical experiments have
been performed satisfactorily. For the resulting realization, the
analysis of l;-sensitivity and its minimization with respect to
the free parameters subject to [2-scaling constraints will appear
elsewhere.
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