
Proceedings ot 25th Conkrenca 
on Declsion and  Control 
Athens, G r e e c e  December 1986 TA6 - 12A5 

BALANCED APPROXIMATION OF TWO-DIMENSIONAL AND DELAY-DIFFERENTIAL SYSTEMS* 

W.-S. Lu, E. B. Lee, and  0.-T.  Zhang 

Dept. o f   E l e c t r i c a l   E n g i n e e r i n g  
U n i v e r s i t y   o f   M i n n e s o t a  

123  Church S t r e e t  S.E., Minneapol is ,   Minnesota 55455 

A b s t r a c t  

A genera l i zed   ba lanced  approx imat ion   method  fo r  
reduc ing   two-d imens iona l  ( 2 4 )  and d e l a y   d i f f e r e n t i a l  
models i s   g i v e n .   T h i s   i s   p o s s i b l e   b e c a u s e   o f   t h e   f o r m  
t h e  Gramians o f  such   sys tems   take .   I n   pa r t i cu la r  it i s  
shown t h a t   t h e   r e a c h a b i l  i t y  and observabi  1 i t y  Gramians 
can be expressed as i n t e g r a l s   o f  a c e r t a i n   s y s t e m  
r e l a t e d   f u n c t i o n   a l o n g   t h e   i m a g i n a r y   a x i s   o r   u n i t  
c i r c l e   o f   t h e  complex  plane. The Gramians prov ide   two 
s e t s   o f   s y s t e m   i n v a r i a n t s   w h i c h   l e a d   i n  a n a t u r a l  way 
t o   t h e   c o n c e p t   o f  a g e n e r a l i z e d   b a l a n c e d   r e a l i z a t i o n ,  
w h i c h   i n   t u r n   l e a d s   t o  a way t o  do  model reduc t i on .  
Th is   paper   i s   based  on t h e   r e p o r t  [ O ] .  

I .  I n t r o d u c t i o n  

Approx ima t ing  a model o f  a l inear   dynamica l   sys tem 
by a l ower   o rde r  one c a n   c o n s i d e r a b l y   s i m p l i f y   v a r i o u s  
a n a l y s i s  and synthes is   procedures.  The appearance  of 
t he   ba lanced   app rox ima t ion   me thod   o f  model r e d u c t i o n ,  
i n i t i a t e d  by  Moore [l], has  proved t o  be  most 
s i g n i f i c a n t  because o f  i t s  d e s i r a b l e   p r o p e r t i e s ,  such 
as  good e r r o r  bounds ,   compu ta t i ona l   s imp l i c i t y ,  
s t a b i l i t y ,  and i t s   c l o s e   c o n n e c t i o n   t o   r o b u s t  
m u l t i v a r i a b l e   c o n t r o l   [ 2 ] - [ 6 ] .  

When one cons ide rs   i n f i n i t e -d imens iona l   sys tems ,  
such as those  modeled by two-d imensional   (2-0)  
d i f f e r e n c e   e q u a t i o n s  or d i f f e r e n t i a l - d i f f e r e n c e  
e q u a t i o n s   r e s u l t s  on t h e  model r e d u c t i o n   q u e s t i o n   a r e  
o n l y   s t a r t i n g   t o   a p p e a r ,  see [71- [91  for   example.  
Moreover ,   ex tens ion   o f   the   ba lanced  approx imat ion  
method t o   t h e s e   s y s t e m s   i s   n o t   a v a i l a b l e   t o   d a t e .  

I n   t h i s   p a p e r ,  we g i v e  a genera l i zed   ba lanced 
approx ima t ion   me thod   fo r   reduc ing  2-D d i f f e r e n c e  and 
d i f f e r e n t i a l - d i f f e r e n c e   m o d e l s .  To t h i s  end t h e  
concep t   o f  a b a l a n c e d   r e a l i z a t i o n   i s   e x t e n d e d   t o   t h e s e  
systems i n  a n a t u r a l  manner,  which i s  made p o s s i b l e  
th rough  the   use  o f  c e r t a i n  complex i n t e g r a l  
representa t ions   o f   the   Gramians   o f   the   sys tems 
cons ide red .  Some p r e l i m i n a r i e s   a r e   g i v e n   i n   t h e   n e x t  
s e c t i o n .   I n   p a r t i c u l a r ,  we show t h a t   t h e   r e a c h a b i l i t y  
and t h e   o b s e r v a b i l i t y  Gramians o f  a one-dimensional 
l i n e a r   t i m e - i n v a r i a n t   s y s t e m   c a n  be expressed as 
c o m p l e x   i n t e g r a l s   o f   c e r t a i n   s y s t e m - r e l a t e d   f u n c t i o n s  
a l o n g   t h e   i m a g i n a r y   a x i s   o r   t h e   u n i t   c i r c l e ,   d e p e n d i n g  
on   whether   the   sys tem  cons idered  i s   con t inuous   o r  
d i s c r e t e - t i m e .   I n   s e c t i o n  111, f o r   t h e   R o e s s e r  model 
o f  a s t a b l e  2-D d i f f e r e n c e   ( d i s c r e t e )   t y p e   s y s t e m ,  
g e n e r a l i z e d  Gramians a r e   d e f i n e d   i n   t e r m s   o f   d o u b l e  
i n t e g r a l s   o f   s i m i l a r   s y s t e m - r e l a t e d   f u n c t i o n s  on t h e  
u n i t   b i - c i r c l e .  These  Gramians  provide  two  sets  of  
s y s t e m   i n v a r i a n t s ,   l e a d i n g   n a t u r a l l y   t o   t h e   c o n c e p t   o f  
a g e n e r a l i z e d   b a l a n c e d   r e a l i z a t i o n .  To o b t a i n  a 2-D 
b a l a n c i n g   t r a n s f o r m a t i o n ,   t h e   u p p e r - l e f t  and t h e  

* Research  supported i n   p a r t  by the   Nat iona l   Sc ience 
Foundation  under  Grant Number DMS-8607687 

lower - r i gh t   submat r i ces   o f   t he   Gramians   shou ld  be 
p o s i t i v e   d e f i n i t e .   S e v e r a l   r e s u l t s   r e g a r d i n g   t h e i r  
compu ta t i on  and p o s i t i v e   d e f i n i t e n e s s   a r e   g i v e n .  Based 
on   t hese   obse rva t i ons ,  a balanced  approximation  method 
i s  proposed.   Sect ion IV i s  d e v o t e d   t o  an analogous 
s t u d y   f o r   d i f f e r e n t i a l - d i f f e r e n c e   ( d e l a y - d i f f e r e n t i a l )  
t y p e  systems. A key p o i n t   f o r   r e d u c i n g  2-D and de lay  
sys tems   us ing   t he   ba lanced   app rox ima t ion   me thod   i s   t o  
compute t h e   u p p e r - l e f t  and t h e   l o w e r - r i g h t   p a r t s   o f  
t h e i r  Gramians. I n   s e c t i o n  V a d e t a i l e d   a n a l y s i s  on 
t h i s   i s s u e   i s   c a r r i e d   o u t   u s i n g  a Lyapunov  approach. 
Numerical   exper ience  has shown t h a t   t h e   a l g o r i t h m s   c a n  
p r o v i d e   u s e f u l   a p p r o x i m a t e   m o d e l s   a t   l e a s t   f r o m   t h e  
(L“)   f requency  domain  point   of   v iew.  Examples  are 
p r o v i d e d   i n   t h e   r e p o r t  [ O ] .  

11. P r e l i m i n a r i e s  

Consider  a m i n i m a l   r e a l i z a t i o n  o f  a s t a b l e  
d i sc re te - t ime   sys tem as rep resen ted  by one-dimensional 
d i f f e r e n c e   e q u a t i o n s  

x ( k + l )  = Ax(k)  + Bu(k) 
k = O,l,... ( 1 )  

y ( k )  = Cx(k)  

w i t h   x ( k ) E  Rn , u ( k ) E  Rm , and y ( k ) E  Rp, Here R 
d e n o t e s   t h e   f i e l d   o f   r e a l  number  and AcRnXX”, B€RnXm, 
and C=RPxn. 

D e f i n e   t h e   r e a c h a b i l i t y  and t h e   o b s e r v a b i l i t y  
Gramians by 

K~ 5 L AiBBT(AT)’ , and Wd E c (A ) C C A  ( 2 )  
“ ” T i T  i 

i =o i =o 

r e s p e c t i v e l y .  An a s y m p t o t i c a l l y  s tab le   sys tem (i .e. 
d e t ( A I - A ) z O f o r  ( A ( > 1 )  i s   s a i d   t o  be balanced  whenever 

Kd  Wd = L = d i a g t a  l...anl , a1 ... > an > 0. ( 3 )  

Assume tha t   sys tem  (1 )  has  been  balanced. We may 
r e g a r d   t h e  Gramians as c e r t a i n  measures o f  
i n p u t - t o - s t a t e  and s t a t e - t o - o u t p u t   c o u p l i n g s ,  and t h e  
b a l a n c e d   r e a l i z a t i o n   p r o v i d e s   t h e   s y s t e m  a c o o r d i n a t e  
s e t t i n g  where   these  coup l ings   a re   equa l ly   we igh ted  so 
t h a t   t h o s e   s t a t e  components  which  are  weakly  coupled 
may be d i sca rded  [lo]. A c t u a l l y ,  when 

u1 > . . . > or >> Ur+1 > .. . > an > 0 

we p a r t i t i o n  A, B, and C of (1) as 

w i t h  A l l c  RrXr, ‘310 Rrxm, and C1c RPxr  and the reby  
o b t a i n  a reduced model w i th   sys tem mat;ices 

917 CH2344-0/86/0000-0917 $1.00 @ 1986 IEEE Authorized licensed use limited to: UNIVERSITY OF VICTORIA. Downloaded on December 26,2023 at 22:38:45 UTC from IEEE Xplore.  Restrictions apply. 



(Al1,BlYC1). It t u r n s   o u t   [ 4 1   t h a t   s u c h  a l ower -o rde r  
model   represents  a good a p p r o x i m a t i o n   o f   t h e   o r i g i n a l  
one i n   t e r m s   o f   t h e  L'-norm. 

I n   t h e   c o n t i n u o u s - t i m e   c a s e ,   l e t  (F,G,H) be  system 
m a t r i c e s   o f  a m i n i m a l   r e a l i z a t i o n   o f  an a s y m p t o t i c a l l y  
s t a b l e   ( i . e .   d e t ( A I - F ) # O   f o r   r e a l   p a r t  00) l i n e a r  
cont inuous   sys tem  o f   d imens ion  n. D e f i n e   t h e  
r e a c h a b i l i t y  and t h e   o b s e r v a b i l i t y  Gramians  by 

Kc = I eFtGGTeFTtdt , and Wc = eF t H  He d t  ( 4 )  
a0 " T  T F t  

0 0 

r e s p e c t i v e l y .  The b a l a n c e d   r e a l i z a t i o n   o f  (F,G,H) can 
s i m i l a r l y  be d e f i n e d  and t h e  above reduc t i on   p rocedure  
a l s o   a p p l i e s .  

Given a m i n i m a l   r e a l i z a t i o n   o f  a l i n e a r   t i m e -  
i n v a r i a n t  system, a n o n s i n g u l a r   c o o r d i n a t e  
t r a n s f o r m a t i o n   i n   t h e   s t a t e   s p a c e  Rn i s   s a i d   t o  be a 
b a l a n c i n g   t r a n s f o r m a t i o n  i f  t h e   t r a n s f o r m e d   r e a l i z a t i o n  
i s  balanced. As i s  seen i n  [1][2], a key   s tep   fo r  
o b t a i n i n g  a b a l a n c i n g   t r a n s f o r m a t i o n   i s   t o  compute t h e  
Gramians o f   t he   sys tem  cons ide red .  One  way o f   d o i n g  SO 
i s   t o   s o l v e   t h e   f o l l o w i n g  Lyapunov equa t ions  

A WdA-Wd = -C C , T T 

FKc+KcFT = -GGT , and 

FTWctWcF = -HTH . 
An e f f i c i e n t  and r e l i a b l e   a l g o r i t h m   f o r   s o l v i n g   ( 6 )  can 
b e   f o u n d   i n  [ll]. I n   t h e   r e p o r t  [O], a n   a l g o r i t h m   f o r  
comput ing a b a l a n c i n g   t r a n s f o r m a t i o n  as g iven  by  Laub 
[el i s   l i s t e d .  

Gramians  can  also be o b t a i n e d  
i n t e g r a l s .  To do t h i s   d e f i n e  

(7a) 

(7b )  

and (8a )  

(ab)  

and   t hen   t he  Gramians  can  be  found as i n d i c a t e d   i n   t h e  
f o l l o w i n g   t h e o r e m .  

and 

Here * denote  conjugate  t ranspose.  

p r o o f :  The proof   can be found i n   t h e   r e p o r t  [O]. 

It will be  seen t h a t   t h e  above i n t e g r a l  
rep resen ta t i ons   o f   t he   Gramians  make it p o s s i b l e   t o  
e x t e n d   t h e   c o n c e p t   o f  a 1-D b a l a n c e d   r e a l i z a t i o n   t o  2-D 
a n d   d e l a y - d i f f e r e n t i a l   t y p e   s y s t e m s   i n  a n a t u r a l  way as 
d e t a i l e d   i n   t h e   n e x t   s e c t i o n .  

111. Approx imat ions   o f  2-D Systems 

Consider  a 2-D d i s c r e t e - t i m e   s y s t e m   r e a l i z e d  as  a 
Roesser model ( t w o - d i m e n s i o n a l   d i f f e r e n c e   e q u a t i o n s )  

wi th AI" RnlXn1, Aqe Rn2xn22, B ~ E  RnlXm, and C ~ E  RPxnl.  
The 2-D z - t r a n s f o r m   o f   ( 1 1 )   y i e l d s   t h e   t r a n s f e r  
f u n c t i o n  

Here 

and e d e n o t e s   d i r e c t  sum. T h r o u g h o u t   t h i s   s e c t i o n  we 
assume t h a t  

p(zl,z2)f0 f o r  (z1,z2)~t(zlYz2) I lzlI>ly I z 2 1 3 1 ~   ( 1 5 )  

t o  g u a r a n t e e   t h e   B I B 0   s t a b i l i t y  of t h e  system. 

S i m i l a r   t o   ( 7 ) ,   l e t  

The  general i zed  reachabi 1 i t y  and  observabi 1 i t y  Grami  ans 
o f   ( 1 1 )   a r e   t h e n   d e f i n e d  as 

and 

r e s p e c t i v e l y .  

N o t i c e   t h a t  a 1-D d i s c r e t e - t i m e  model  can  be 
regarded as a spec ia l   case  o f  (11) when A2,A ,A4,BEi 
and C2 a r e   t a k e n   t o  be z e r o   m a t r i c e s   w i t h   a p $ r o p n  e 
d i m e n s i o n s .   I n   t h i s   c a s e   t h e   u p p e r - l e f t   s u b m a t r i c e s   o f  
d imension n o f  K and W t h e n   c o i n c i d e   w i t h  K and 
W d  i n   ( 9 )   r h s p e c t ? v e l y ,   ? n d i c a t i n g   t h a t   ( 1 7 )  it a 

j u s t  as i n   t h e  1-D case ,   t he   genera l i zed  Gramians 
n a t u r a l  g e n e r a l i z a t i o n   f o r   t h e  2-D case. Moreover, 

p r o v i d e   c e r t a i n   s y s t e m   i n v a r i a n t s   w h i c h   p l a y  an 
e s s e n t i a l   r o l e   i n   e x t e n d i n g . t h e   c o n c e p t   o f   b a l a n c e d  
r e a l i z a t i o n  t o  t h e  2-D case. To show t h i s ,   o b s e r v e  
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f i r s t   t h a t  a 2-0 s i m i l a r i t y   t r a n s f o r m a t i o n   s h o u l d  be o f  

t h e   f o r m  T=T $T where T E RnlXn1 and  T2e RnZXn2 a r e  
n o n s i n g u l a r , l a n $   u s i n g   t k i s   t r a n s f o r m a t l o !   l e a d s   t o  an 
e g y i v a l e n t   r e a l i z a t i o n  o f  Q(Z ,z a! !A,B,c) = ( T - ~ A T ,  
T B, CT).  Next,  denote  the*  teazhabi l i t y  a n i   t h e  
o b s e r v a b i l i t y  Gramians o f  (A,B,C) b l  K2 andAW2 
r e s p e c t i v e l y  and p a r t i t i o n  K2, w2, K ~ ,  and wp as 

K 2  = [ ril :12], W2 = [ ti1 

I?, = [iil ;l2], and i2 = [ iil ;l2] ; (18) 
12 22 12 22 

12 22 12 22 

where K W t? and i a r e   o f   d i m e n s i o n  nl. Then 
we havel&e ) h i l o k ) i g   r e s u j l .  

Theorem 2: The e i g e n v a l u e s   o f  K W and K22W22 a r e  
i n v a r i a n t   u n d e r  2-0 s i m i l a r i t y   t r a n 4 ) o h A a t i o n s .  

p r o o f :  By (17 ) ,  we have t h a t  

i2 = T-1K2T-T and 0, = TTW2T . (19) 

and 

The 

and 

So i t  f o l l o w s   t h a t  

R,, = T ~ - ~ K ~ ~ T ~ - ~  

A,, = T,~W,~T, , 
i?,, = T2-1K22T2 -T  , 

i,, = T2TW22T2 . 
o r e  illill = T,-~K,,W~~T~ 

t?,,i2, = T2-1K22W22T2. (20) 

0 

r e f  

Remark: By (19), i? i T-lK2W2T 
m e a n i n g   t h a t   t h e   e i g e n v $ l ? e s   o f  K W 2  a r e  a1 s o  i n v a r i a n t  
under 2-D s i m i l a r i t y   t r a n s f o r m a t i 6 n s .  It should be 
noted,   however ,   that   s ince a 2-D s i m i l a r i t y  
t rans fo rma t ion   mus t  be b lock -d iagona l ,  i t  i s   i n  genera l  
i m p o s s i b l e * t o   f i n d  a t r a n s f o r m a t i o n  T = T @ T such 
t h a t   b o t h  K and W 2  a re   d iagona l  and  equal.  Tieorem 2 
combined  w izh   the   above  observa t ion   leads   to   the  
f o l l o w i n g   d e f i n i t i o n .  

D e f i n i t i o n  1: R e a l i z a t i o n  (A,B^,E) o f  a 2-D t r a n s f e r  
f u n c t i o n  i s  s a i d   t o  be balanced i f  

t?,, = ill = diag(orl,o 12,...,o ) ( 2 1 4  
In 1 

t?22 = ii22 = d i a g ( o 2 1 , ~ 2 2 , . . . , ~ 2 ~  ) (21b)  

2n2 

and 

2 
w i t h  a l l  

> u12 u l n l  
a0 and a 21 > 022 >...> 0 >o. 

To o b t a i n  a 2-0 b a l a n c i n g   t r a n s f o r m a t i o n ,  Kii and 
W.. ( i =1 ,2 )  need t o  be p o s i t i v e   d e f i n i t e .  We have t h e  
f h l l o w i n g   r e s u l t   r e g a r d i n g   t h e   p o s i t i v e   d e f i n i t e n e s s .  

( A , B ) m l  l y  reachab?e,  namely 
Theorem 3: Kll and K a r e   p o s i t i v e   d e f i n i t e  if 

rank[M(l,O) M(0, l )  ... M(n1,n2)1 = nl + n2 . (22) 

W and W a r e   p 3 s i t i v e   d e f i n i t e  i f  (A,C) i s  l o c a l l y  
o b i e r v a b l g ?   t h a t   i s  

I 
rank 

1 
= n1+n2 . 

1 
Here Aij a r e   r e c u r s i v e l y   d e f i n e d  as 

Aij = AloAi_l,j + AolAi,j_l f o r  i > 0 , j > 0 (24)  

w i t h  

A3 A4 

= Ai,-j = 0 f o r  i > 0 , j > 0, 

and 

M ( i , j )  = Ai-l,j 

p r o o f :  The proof   can be found i n   t h e   r e p o r t  [O]. 

It has become c l e a r   t h a t   u n d e r   t h e   c o n d i t i o n s  o f  
Theorem 3 t h a t  a 2-D b a l a n c i n g   t r a n s f o r m a t i o n  T can be 
found  by  us ing Kii and Wi. (i=1,2) as m a t r i c e s  K and W 
o f   A l g o r i t h m  1 (see  Appenaix 1 o f   t h e   r e p o r t   [ D l )   t o  
o b t a i n   t w o  1 - D  b a l a n c i n g   t r a n s f o r m a t i o n s  T, and T2, and 
then   f o rm T = T, e Til. 

A c r u c i a l   s t e p   f o r   o b t a i n i n g  such a  T i s   t o  compute 
Kii and Wii ( i=1 ,2) .   Th is   computa t ion  will be d e t a i l e d  
i n   s e c t i o n  V. A t  t h i s   p o i n t  i t  i s   a l s o   o f   i n t e r e s t   t o  
n o t e   t h e   f o l l o w i n g   r e s u l t .  

Theorem 4: The Gramians K2 and W 2  d e f i n e d   i n   ( 1 7 )  
can  be  computed as 

K2 =i !- M ( i , j ) M T ( i , j )  
,J-0 

and 

w,= I I 

where ( e ) , ,  d e n o t e s   t h e   u p p e r - l e f t   s u b m a t r i x   o f  
d imension nl o f   t h e   m a t r i x   i n v o l v e d ,  and ( B ) ~ , ,  

and (-)22 a r e   s i m i l a r l y   d e f i n e d ,  

p r o o f :  The proof   can be f o u n d   i n   t h e   r e p o r t  [O]. 

Based on these   obse rva t i ons ,  i t  is now a s imp le  
m a t t e r   t o   d e s c r i b e  a 2-0 ba lanced  approx imat ion  
agpCosch, t h a t   i s ,  once a 2-0 b a l a n c e d   r e a l i z a t i o n ,  say 
(A,B,C), i s - foynd ,  a reduced 2-0 model  (system 
m a t r i c e s )  (Ar,Br,Cr)  of o r d e r   ( r  r ) can  be  obtained 
b y  a f u r t h e r   s u b p a r t i t i o n i n g   o f  \ i , i ,t)  as 
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and t h e n   t a k i n g  as t h e   a p p r o x i m a t i o n   t h e   t r i p l e  

An example i l l u s t r a t i n g   t h i s   r e d u c t i o n  can  be  found i n  
t h e   r e p o r t  [Ol. 

IV Approximat i  on o f   D e l   a y - D i f f e r e n t i  a1 Systems 

R e a l i z a t i o n   o f   r e t a r d e d  and n e u t r a l  
d e l a y - d i f f e r e n t i a l   t y p e   s y s t e m s  has  been a s u b j e c t   o f  
s t u d y   f o r  some t ime.  It was demonstrated  [13]-[15] 
t h a t   g i v e n  a t r a n s f e r   f u n c t i o n   Q ( z , s )  o f  a r e t a r d e d   o r  
a n e u t r a l   d e l a y - d i f f e r e n t i a l   t y p e   s y s t e m ,   t h e r e   e x i s t s  
a n e u t r a l   t y p e   o f   r e a l i z a t i o n   d e s c r i b e d  as 

and t h e  number o f   the   de lay   e lements   used 
i n d e p e n d e n t l y .   T h i s   i s   p a r t i c u l a r l y   a p p r o p r i a t e   i n   t h e  
p r e s e n t   c a s e   s i n c e   ( 2 8 )   i s  assumed t o  be s tab le   i .0 .d .  
s o  t h a t  z  and s can be t r e a t e d  as two  almost 
independent   var iab les  [16] [17] .  

Analogous t o   t h e  2-D case, t h e   s i m i l a r i t y  
t r a n s f o r m a t i o n s   o f  ( 2 8 )  should be o f   t h e   f o r m  T = 
T1eT2, and an e q u i v a l p n ;   r e a l i z a t j o n   o f  128) under 
t r a n s f r o m a t i o n  T i s  (A,B,C) = (T- AT, T- B y  CT). By 
( 3 1 ) ,  t h e  Gramians o f   t h e   t r a n s f o r m e d   r e a l i z a t i o n   c a n  
be  computed as 

Ki.d, Wild, Kiid, and Wiid a re   o f   d imens ion  ni f o r  
i=1,2. n argument  argument  analogous t o   t h e   p r o o f   o f  
Theorem 2 l e a d s   t o   t h e   f o l l o w i n g   r e s u l t .  

w i t h  A E Rnlxnly A4& Rn2"2, B L Rnlxm, and C E RPxnl. 
ThrougAou t   t h i s   sec t i on ,  it i s  assumed t h a t  1 1 

d e t [ I ( z , s )  - A] f 0 , f o r  I z I  > 1 and Res > 0 ( 2 9 )  

where   I (z ,s )  = z I n  t3 SI, . C o n d i t i o n  ( 2 9 )  i m p l i e s  
s t a b i l i t y   i n d e p e n d h n t   o f   6 e l a y   ( i . 0 . d . )  of (28 )  [161. 

Now l e t  

~ ~ ( 2 , s )  = [ ~ ( z , s )  - ~ 1 - l ~  (30a) 

and 

Gd(z,s) = C[ I (z ,s)  - A1-l . (30b)  

Then the   genera l  i zed  reachabi 1 i t y  and observabi  1 i t y  
Gramians  of ( 2 8 )  can be d e f i n e d  as 

Theorem 5: The e igenvalues o f  K W and 
K a r e   i n v a r i a n t   u n d e r  above l!fi!i)adrity 
t ~ ~ t % ~ r n a t i  ons . 

r e s p e c t i v e l y .   N o t i c e   t h a t  when A A A and 
C1 a re   ze ro   ma t r i ces  of approp r ia i ;  dfhen$:o:i: Kdd and 
W have   t he i r   nonzero   l ower - r i gh t   submat r i ces   o f  
dqmension n 2 ,  b e i n g   t h e  same as those   g i ven  by (10) .  

One of   the  advantages  o f   employ ing model ( 2 8 )  i s  
t h a t  it enables us t o  reduce  the   sys tem's   o rder  i n  s 

Balanc ing  can now be based on t h e   f o l l o w i n g  
d e f i n i t i o n  and  theorem. 

D e f i n i t i o n  2 :  A n e u t r a l   r e a l l q t l o n   o f  a 
d e l a y - d i f f e r e n t i a l  system,  say (A,B,C), i s   c a l l e d  a 
ba lanced  realization^ i f  

k l l d  = i l l d  = diag(~ll,~12,...~~lnll 

and 

= i 2 2 d  = d i a g ( ~ 2 1 , a 2 2 , . . ~ ~ ~ 2 n 2 )  9 

w i t h  a l l  > a12 > .. . 
a21 > a22 > ... > a2n2 > 0. 

Wiid ( i = 1 , 2 ) ,   s u f f i c i e n t   c o n d i t i o n s   a r e   p r o v i d e d   n e x t .  

"9 > O and 

C o n c e r n i n g   t h e   p o s i t i v e   d e f i n i t e n e s s   o f  Kii and 

Theorem 6: Kiid ( i = 1 , 2 )   a r e   p o s i t i v e   d e f i n i t e  i f  

rankCM(1,O) M(0 , l )  ... M(n1,n2)1 = n1+n2 . (33a)  

Wiid ( i = 1 , 2 )   a r e   p o s i t i v e   d e f i n i t e  i f  
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F u r t h e r   n o t i c e   t h a t  Here M(i,j) and Ai . a r e   d e f i n e d  as f o r   t h e  2-D case 
g i v e n   p r e v i o u s l y .  7J 

p r o o f :  A p roo f   can  be found i n   t h e   r e p o r t  [O]. 

We now c o n c l u d e   t h a t   u p o n   t h e   a v a i l a b i l i t y   o f  
p o s i t i v e   d e f i n i t e   K . .   a n d  Wiid ( i=1,2) ,  a b a l a n c i n g  
t r a n s f o r m a t i o n   o f  ( h j y  can  be   ob ta ined  th rough  the   use  
o f   A l g o r i t h m  1 o f   t h e   r e p o r t  [ O ]  where K and W a r e  
s u b s t i t u t e d  by Ki.d and Wiid ( i = 1 , 2 )   r e s p e c t i v e l y ,  
r e s u l t i n g   i n   t w o  1-D b a l a n c l n g   t r a n s f o r m a t i o n s  T and 
T2,  and t h e n   f o r m i n g  T = T1 e T . Furthermore,  !I 
reduced  model o f   o r d e r  ( rl,r2) $.an be  found  by  the 
f u r t h e r   s u b p a r t i t i o n i n g   p r o c e d u r e  as descr ibed  by  
(26) and  (27). 

The c o m p u t a t i o n   o f  Kiid and Wiid will be  considered 
i n   t h e   n e x t   s e c t i o n .  

V .  Computat ional   Issues 

5.1 2-D Systems:  Computation o f  Kii and Wii ( i=1,2)  

Truncat ion  Method 

By Theorem 4, a s t r a i g h t f o r w a r d  way of  computing 
Kii and Wii ( i=1,2)  i s   t o  u s e   t h e   t r u n c a t e d  
doub le -sums ,   t ha t   i s ,  

(35 )  

where 

and L and M a r e   p o s i t i v e   i n t e g e r s .   T h r o u g h   t h e   u s e   o f  
r e c u r s i v e   f o r m u l a   ( 2 4 ) ,   t h e   c o m p u t a t i o n   p r o c e d u r e   o f  
t h e  above f i n i t e  sums can   be   read i l y   imp lemen ted .   I n  
genera l ,  when  L amd M a r e   l a r g e  enough, (34)  and (35) 
will represen t  good a p p r o x i m a t i o n s   o f  Ki.  and 
Wii r e s p e c t i v e l y .  On the   o ther   hand,   exber ience  has  
shown t h a t  even f o r   s m a l l  nl and  n2, t h i s   a p p r o a c h  
needs a c o n s i d e r a b l e  amount o f   c o m p u t a t i o n a l   t i m e .  

A Lyapunov  Approach 

It i s  easy t o   v e r i f y   t h a t  a 2-0 t r a n s f e r   f u n c t i o n  
a s s o c i a t e d   w i t h   r e a l i z a t i o n  (A,B,C) can  be w r i t t e n  as 

wh ich ,   by   (37a) ,   imp1  ies   tha t  

Regard ing z as a complex  parameter,   the  second 
i n t e g r a l   o f   ( 3 8 7  i s  t h e   p o s i t i v e - d e f i n i t e   H e r m i t i a n  
s o l u t i o n   o f   t h e  Lyapunov  equat ion 

The i n t e g r a l   i n   ( 4 0 )  can  be  computed  through  the 
u s e   o f   t h e   r e s i d u e   t h e o r e m .   A l t e r n a t i v e l y ,  one may 
n o t i c e d   t h a t   K ( z 2 )   c a n  be f a c t o r i z e d  as [18] 

K1(z2) = i1(z2)t1*(z2) (41 )  

where I? ( z  ) is g p r o p e r ,   s t a b l e   r a t i o n a l   m a t r i x ,  
Thus, i) (E1,B1,C1) i s  a m i n i m a l   r e a l i z a t i o n   o f  K1(zl), 
t h e n   ( 4 0 )  becomes 

where k1 i s   t h e   p o s i t i v e - d e f i n i t e   s o l u t i o n   o f   t h e  
Luapunov  equat ion 

W g A T - R   - - i B T .  

S i m i l a r l y ,   b y   ( 3 7 b )  we have 

1 1 1  1 -  1 1  (43 )  

where  A2(z1),and B ( z  ) a r e   d e f i n e d   i n   ( 3 7 b )  and  K2(z1) 
i s   t h e   p o s i t i v e   H e h k i a n   s o l u t i o n   o f   t h e  Lyapunov 
e q u a t i o n  

A2(Zl )K2(21)A2*(Z l )  - Kz(Z1) = -"2(21)82*(21)- (45) 

Analogous t o  ( 4 0 ) ,  t h e   l a s t   i n t e g r a l   i n   ( 4 4 )  can  be 
e v a l u a t e d  by e i t h e r   a p e l y i   n g - i h e   r e s i d u e   t h e o r e m   o r  
f a c t o r i z i n g  K2(z1) as K2(z1)K 2(z1) w i t h  K2(z1) p roper  

a n d   s t a b l e  and then  comput ing K22 as 

K22 = t2t?,ET2 
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where c2 i s   t h e   p o s i t i v e - d e f i n i t e   s o l u t i o n   o f   t h e  
Lyapunov  equat ion 

A T - i2 = -i2i2T 
2 2 2  

and (a  ,i ,S i s  a m i n i m a l   r e a l i z a t i o n   o f  ~ ~ ( 2 ~ ) .  

It i s  now o b v i o u s   t h a t  W . .  ( i=1,2)   can  a lso  be 
c a l c u l a t e d   b y   a p p l y i n g   t h e   a h h e  Lyapunov  approach w i t h  
c e r t a i n   s t r a i g h t f o r w a r d   m o d i f i c a t i o n s .  

5.2 D e l a y - D i f f e r e n t i a l  Systems:  Computation  of Kiid 

2 2 2  

and  Wi id   ( i=1,2)  

F i r s t   n o t i c e   t h a t   ( 3 7 a )  and ( 3 7 b )   h o l d   f o r   d e l a y  
systems  modeled by ( 2 8 )   p r o v i d e d   t h a t   v a r i a b l e s  z1 and 
z2   a re   rep laced by z  and s, r e s p e c t i v e l y .  Thus, 

where 

, z f = l  

)-I  

A1(S) = A ~ + A ~ ( s I - A ~ ) -  1 A3 , 
B1(s) = B1+A2(s1-A4)-lB2 , 

and  K1(s) i s   t h e   D o s i t i v e - d e f i n i t e   H e r m i t i a n   s o l u t i o n  
o f   t h e  Lyapunov 

1 
K22d = 

B2*( z )   (TI -A2* ( s ) ) "  ds 

dz 
)I 

where 

A2(z)  = A4 + A3(zI-A1)- lA2 

and  K2(z) i s   t h e   p o s i t i v e - d e f i n i t e   H e r m i t i a n   s o l u t i o n  
o f   t h e  Lyapunov  equation 

A2(Z)K2(Z) + K~(Z)A,*(Z) = - B ~ ( Z ) B ~ * ( Z )   ( 4 9 )  

As i n   t h e  2-D case, t h e   c a l c u l a t i o n   o f   t h e   l a s t  
i n t e g r a l s   i n   ( 4 6 )  and (48)  can be c a r r i e d   o u t  by 
a p p l y i n g   e i t h e r   t h e   r e s i d u e   t h e o r e m   o r   t h e  
f a c t o r i z a t i o n   a p p r o a c h .  

C l e a r l y   t h e  above  method  can a l s o  be  used t o  
compute W.id ( i = 1 , 2 ) .   D e t a i l s   o f   t h e   u s e  of   these 
approxima$lon  procedures and c a l c u l a t i o n s   c a n  be found 
i n t h e   r e p o r t  [O]. 
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