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Abstract

A generalized balanced approximation method for
reducing two-dimensional (2-D) and delay differential
models is given. This is possible because of the form
the Gramians of such systems take. In particular it is
shown that the reachability and observability Gramians
can be expressed as integrals of a certain system
related function along the imaginary axis or unit
circle of the complex plane. The Gramians provide two
sets of system invariants which lead in a natural way
to the concept of a generalized balanced realization,
which in turn leads to a way to do model reduction.
This paper is  based on the report [0].

I. Introduction

Approximating a model of a linear dynamical system
by a lower order one can considerably simplify various
analysis and synthesis procedures. The appearance of
the balanced approximation method of model reduction,
initiated by Moore [1], has proved to be most
significant because of its desirable properties, such
as good error bounds, computational simplicity,
stability, and its close connection to robust
multivariable control [2]-[6].

When one considers infinite-dimensional systems,
such as those modeled by two-dimensional (2-D)
difference equations or differential-difference
equations results on the model reduction question are
only starting to appear, see [7]-[9] for example.
Moreover, extension of the balanced approximation
method to these systems is not available to date.

In this paper, we give a generalized balanced
approximation method for reducing 2-D difference and
differential-difference models. To this end the
concept of a balanced realization is extended to these
systems in a natural manner, which is made possible
through the use of certain complex integral
representations of the Gramians of the systems
considered. Some preliminaries are given in the next
section. In particular, we show that the reachability
and the observability Gramians of a one-dimensional
Tinear time-invariant system can be expressed as
complex integrals of certain system-related functions
along the imaginary axis or the unit circle, depending
on whether the system considered is continuous or
discrete-time. In section III, for the Roesser model
of a stable 2-D difference (discrete) type system,
generalized Gramians are defined in terms of double
integrals of similar system-related functions on the
unit bi-circle. These Gramians provide two sets of
system invariants, leading naturally to the concept of
a generalized balanced realization. To obtain a 2-D
balancing transformation, the upper-left and the

* Research supported in part by the National Science
Foundation under Grant Number DMS-8607687

55455

lower-right submatrices of the Gramians should be
positive definite. Several results regarding their
computation and positive definiteness are given. Based
on these observations, a balanced approximation method
is proposed., Section IV is devoted to an analogous
study for differential-difference (delay-differential)
type systems. A key point for reducing 2-D and delay
systems using the balanced approximation method is to
compute the upper-left and the lower-right parts of
their Gramians. In section V a detailed analysis on
this issue is carried out using a Lyapunov approach.
Numerical experience has shown that the algorithms can
provide useful approximate models at least from the
(L™) frequency domain point of view. Examples are
provided in the report [0].

II. Preliminaries

Consider a minimal realization of a stable
discrete-time system as represented by one-dimensional
difference equations

x(k+1) = Ax(k) + Bu(k)
k = 0,1,... (1)
y(k) = Cx{(k)

with x(k)e R" , u(k)e R™ , and y(k)e RP, Here R
denotes the field of real number and AeRNXN, BeRNXM,
and C=RPXN,

Define the reachability and the observability
Gramians by

o«

ko= 2 ABBTADT L and W, = 7 aDcTeAl (2)
i=o0 i=0
respectively. An asymptotically stable system (i.e.

det{Al-A)zofor |A|»1) is said to be balanced whenever
Kq ® Wy = » = diagloje.eopt 5 0y 2 0w 2 0, > 0, (3)

Assume that system (1) has been balanced.
regard the Gramians as certain measures of
input-to-state and state-to-output couplings, and the
balanced realization provides the system a coordinate
setting where these couplings are equally weighted so
that those state components which are weakly coupled
may be discarded [10]. Actually, when

We may

>> o ? 420 2 0

01>...>0r r+1 . n>0

we partition A, B, and C of (1) as

Al ALz [ B1
A=[ ,B=L , and C = [C; Cp]
A21 A2z B2

with Ajje RPXP Bie Rr‘xm? and Cie RPXF, and thereby
obtain a reduced model with system matrices
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(A115B1,C1). It turns out [4] that such a lower-order
model represents a good approximation of the original
one in terms of the L”-norm,

In the continuous-time case, let (F,G,H) be system
matrices of a minimal realization of an asymptotically
stable (i.e. det{Al-F)#0 for real part a»0) linear
continuous system of dimension n. Define the
reachability and the observability Gramians by

@ ]
ko = [ e *66TeFTtat , and W, = f eFtuHe'tat (4)
o] o]

respectively. The balanced realization of (F,G,H) can
similarly be defined and the above reduction procedure
also applies.

Given a minimal realization of a linear time-
invariant system, a nonsingular coordinate
transformation in the state space R" is said to be a
balancing transformation if the transformed realization
is balanced. As is seen in [1][2], a key step for
obtaining a balancing transformation is to compute the
Gramians of the system considered. One way of doing so
is to solve the following Lyapunov equations

AKGAT-K, = -BBT (5a)

ATH A-H, = <'c, (5b)
FK#KCF! = ~66' , and (6a)
T T

FIW W F = -HTH (6b)

An efficient and reliable algorithm for solving (6) can
be found in {11]. 1In the report [0], an algorithm for
computing a balancing transformation as given by Laub
[2] is listed.

Alternatively these Gramians can also be obtained
through certain complex integrals. To do this define

f4(2) = (21-0)718 (7a)
gq(2) = c(z1-A)7h (7b)
fo(s) = (s1-F)7%6 , and (8a)
g.(s) = H(s1-F)™, (8b)

and then the Gramians can be found as indicated in the
following theorem.

Theorem 1: Let K,, Wy, K. and W. be given as in (2)

and (47, then
1 * dz
Ko = 7ay £ fal2)q (2) 57, (92)
|2]=1
1 dz
Wy = 277 * (2)f (2) —, (9b)
4 " 7] IZT=19 a(2)fg(2) 7
1 He
ke = 7a3 L Telo)fcr(slas (10a)
and .
1 H=
Moo L T %s)as (10a)
wj e

Here * denote conjugate transpose.

proof: The proof can be found in the report [0].

It will be seen that the above integral
representations of the Gramians make it possible to
extend the concept of a 1-D balanced realization to 2-D
and delay-differential type systems in a natural way as
detailed in the next section.

I111. Approximations of 2-D Systems

Consider a 2-D discrete-time system realized as a
Roesser model (two-dimensional difference equations)

[X“(HI,J‘):,_[M Az][xh(i,a'):}
xV(i,3+1) | Lag Aq Ll xv(i,9)

By
+ u(i,j) = Ax + Bu (11a)
B2
xN(i,3)
y(i,3) = [€] Cz] ] =Cx {11b)
x¥(1,J)

with Aje RIIXML pge R2XM2 g e RMIX™) and e RPXM,
The 2-D z-transform of (11) yields the transfer
function

1 N(z1,22)
z1,25) = Cl1(z;,2p)-AT78 = o7y (12)
Here
Hzp,2;) = 73lng © 250y, s (13)
p(2y,2p) = det[I(z,,2,)-AT , (14)

and ® denotes direct sum.
assume that

Throughout this section we

p(z1,2,)#0 for (zl,zz)e{(zl,zz)l |21|>1, |22|>1) (15)
to guarantee the BIBO stability of the system,
Similar to (7), let

[I(zl,zz)-AJ"lB (16a)

F2(zl,zz)

and

6p(20,2,) = CLI(2;,2,)-A0"L . (16b)
The generalized reachability and observability Gramians

of (11) are then defined as

1 ( de le
Ko= == Folz,25)F*,(2y,20)— 7— (17a) .
2 (213)2 ‘Z1f=1 IZZf;l 2\ 210207 2\ 212000 7

and

1 ( )de le
Wo= ———5 6%,(21,2,)6,(2,,2,)5— 5— (17b
2" (203)2 lzlf=1 'zzf;l 2{2152508,(2,25)5= 7= (170)

respectively.

Notice that a 1-D discrete-time model can be
regarded as a special case of (11) when A2,A ,A4,B s
and C, are taken to be zero matrices with apSroprigte
dimensions. In this case the upper-left submatrices of
dimension n, of K, and W, then coincide with K, and
Wy in (9) réspect?ve]y, ?ndicating that (17) i€ a
natural generalization for the 2-D case. Moreover,
just as in the 1-D case, the generalized Gramians
provide certain system invariants which play an
essential role in extending the concept of balanced
realization to the 2-D case. To show this, observe
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first that a 2-D similarity transformation should be of

the form T=T,@T, where Tje R"*M ang T, R"2XM2 are
nonsingular, ang using t%is transformation leads to,an
eggiva]ent realization of Q(z,,z,) as (A,B,C) = (T “AT,
T "B, CT). Next, denote the Equhability and the
observability Gramians of (A,B,C) by K2 andhw2
respectively and partition K2, NZ’ Kp» and wz as

Kin Kp2 Wip Wpp
Ky = L Wy = ,
20 (T« N L
12 X22 12 Y22

R K . " "
R, = 11 12 , and Wi, = 11 12 . (18)
2 (&, R LI
12 "22 12 722
where Ki1, Wy,, K , and W,, are of dimension n,. Then
Yhe Fi1omt it. 1

we have ng resu

Theorem 2: The eigenvalues of K,,W,, and K22w22 are
invariant under 2-D similarity trané}o}%ations.

proof: By (17), we have that

s ooly 7T - T
Ry = TH,TTT and H, = TTW,T . (19)

So it follows that

s .-l o T
Kip = Ty Kaly -
S, T
Koz = Tp KapTp >
T
W= TpWgT
and . T
Wop = Tp WppTp &
P
Therefore anl1 = Tl K11”11T1
A |
OdJ

Remark: By (19), Ry, & T M,T
meaning that the eigenvalaes of K wz are also invariant
under 2-D similarity transformatigns. It should be
noted, however, that since a 2-D similarity
transformation must be block-diagonal, it is in general
impossible to find a transformation T = T, ® T, such
that both K, and wz are diagonal and equa}. Theorem 2
combined wigh the dbove observation leads to the
following definition,

Definition 1l: Realization (ﬂ,@,ﬁ) of a 2-D transfer
function is said to be balanced if

Rll = Wy = diag(orl,olz,...,clnl) (21a)

= diag(ch,Gzz,-oo,cznz) (Zlb)

with 911 > Typ 2eee? °1n1 30 and o

21 ? 022 Peeu? 02n2

To obtain a 2-D balancing transformation, Kij and

W.; (i=1,2) need to be positive definite. We have the
f61low1ng result regarding the positive definiteness.

Theorem 3: K11 and K p are positive definite if
(A,B) is locally reachab%e, namely

rank[M(1,0) M(0,1) ... M(nl,nz)] =N+, (22)

W,, and W o are positive definite if (A,C) is locally
o%éervab]g, that is

»0.

¢ |
éAon
rank 2 = ngtn, . (23)
CAlD
CAtn2
CAnl’nZ'l

Here Ajj are recursively defined as

Aij = AIOAi-l,j + AOlAi,j-l fori >0, j>0 (24)
with
[Al Az] [O 0 ]
A =In+n ,A = ’ = ’
00 = tnytng > Py Ty Ao1 Ay A
A-i,j = Ai,-j =0 for i>0,]J>0,
and

o B 0
M(‘;J) =Ai-1,j 0 +Ai,j-1 BZ .

proof: The proof can be found in the report [0].

It has become clear that under the conditions of
Theorem 3 that a 2-D balancing transformation T can be
found by using K;; and W (i=1,2) as matrices K and W
of Algorithm 1 (see Appenéix 1 of the report [0]) to
obtain two 1-D balancing transformations T1 and Tz, and
then form T = T1 -] T2'

A crucial step for obtaining such a T is to compute
Kyj and Wy (i=1,2). This computation will be detailed
in section V. At this point it is also of interest to
note the following result.

Theorem 4: The Gramians Ky and Nz defined in (17)
can be computed as

Kp = T M(i,3)MT (i) (25a)
i,j=0
and
T .1 =TT
( £ A',.C'CA..) ( o A, .ClCA .,y Li1) ]
i,5=0 ij ij711 i,j=0 ij j-1,j+1/12
N2= .
T T S B ¢
( £ A,.CCAx 0o ( = A, .C'CA.)
i,j=0 1§ i+l,j-1/21 i,ju0 ij ij/22
(25b)
where (+),, denotes the upper-left submatrix of

dimension A, of the matrix involved, and (-)12, (-)21,
and (-)22 are similarly defined.

proof: The proof can be found in the report [0].

Based on these observations, it is now a simple
matter to describe a 2-D balanced approximation
approach, that is, once a 2-D balanced realization, say
(A,B,C), is_foynd, a reduced 2-D model (system
matrices) (Ap»Bp,Cp) of order (r .r.) can be obtained
by a further subpartitioning of %A,%,C) as
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rif A i Ror ri ] Byy
SR P A B = |esmee- (26)
r2{ A3r :A4r : r2{ BZr ’
r rL
and € = [Cy, Gy ]

A .+ A . T8 .
YR DN LU L U SR e o FROSFY S
r Py ' ﬂ r é r
T 2r

An example illustrating this reduction can be found in
the report [0].

IV Approximation of Delay-Differential Systems

Realization of retarded and neutral
delay-differential type systems has been a subject of
study for some time. It was demonstrated [13]-[15]
that given a transfer function Q{z,s) of a retarded or
a neutral delay-differential type system, there exists
a neutral type of realization described as

[hu+l)] [Al AZJ'Wﬂt)J
. = +
x(t) A3 A4 \_x(t)
h

= A L- } + Bu

%

h(t) Th
IR

x(t) X

with Aje MM, a0 R72X72, g e RMIT, and € e RPXML,
Throug%out this sect1on, it is assumed that

(28a)

IR
o @
[aN] —

| S——

[ =

—

+

~

mn

(28b)

w

det[I{z,s) - Al # 0, for |z| » 1 and Res » 0 (29)

where 1(z,s) = zl, slp Cond1t1on (29) implies
stability 1ndependent of gela (i.0.d.) of (28) [16].

Now let

Fy(z,s) = [1(z,s) - AT7'B (30a)
and

64(z,s) = Cl1(z,5) - A"} (30b)

Then the generalized reachability and observability
Gramians of (28) can be defined as

g =g 1§ Fylz)Fy (), Zas , (310)
(213)° -je |zf=1 z
Wdq = 1_ +}w G* (z,s)F {(z,s) & ds (31b)
(215)2 e ]zf=1 d d z
respectively. Notice that when A , and

C1 are zero matrices of appropr1a%e d?men§1on% and
W, ., have their nonzero lower-right submatrices of
dimension Nys being the same as those given by (10).

One of the advantages of employing model (28) is
that it enables us to reduce the system's order in s

and the number of the delay elements used
independently. This is particularly appropriate in the
present case since (28) is assumed to be stable i.o.d.
so that z and s can be treated as two almost
independent variables [16][17].

Analogous to the 2-D case, the similarity
transformations of (28) should be of the form T =
TleT » and an equivalent rea11zatlon of £28 under
tran§fromation T is (A,B8,C) = AT, T°°B, CT)., By
(31), the Gramians of the transformed realization can
be computed as

o=l -T
Kdd =T KddT and

W

(32a)

ad! - (32b)

Now partition Kyq, Wyys Kgq and Hyq as

oot fa Fa | TR Mia
I N " N S
12d 22d 12d 22d
¢ Riig iz
W LR,y Ropg
124 Fed

. [ W
and Ay - L‘%ld Am] .
Wied  Moaq
?iidz ig» and W,., are of dimension n, for

An argument argument analogous to the proof of
Theorem 2 Teads to the following result.,

Theorem 5: The eigenvalues of Ky and
K22dw o4 are invariant under above s1m1}ar1

transformations,

Balancing can now be based on the following
definition and theorem.

Definition 2: A neutral realjzati
delay-differential system, say (A,B,C
balanced realization if

on of a

}, is called a
Ri1g = W11 = 9129(017507550 00009 )

and

Road = Wazq = 9129005209750 0595n,) 5

with 91; ? 992 ? vee 3 °1n1 > 0 and

ves P °2n > 0.

91 % %2
Concerning the positive definiteness of K.. ., and
Ni1d (i=1,2), sufficient conditions are prov1de8 next.

Theorem 6: Kj;4 (1=1,2) are positive definite if
rank[M(1,0) M(0,1) ... M("l’nz)] =ty L (33a)
Wiid (i=1,2) are positive definite if

¢ -
CAgy
CA0n2
CA1g

rank = ny+n, (33b)

CAln2

C.An no-1
1-"2
L

920
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Here M(i,j) and A are defined as for the 2-D case

given previously, 1

proof: A proof can be found in the report [0].
We now conclude that upon the availability of
positive definite K, and w id (i=1,2), a balancing
transformation of é}? can bé'Obtained through the use

of Algorithm 1 of the report [0] where K and W are
substituted by K, and Wy (i=1,2) respectively,
resulting in two 1 D balanc1ng transformations T, and
T,, and then forming T = T e T,. Furthermore, é
réduced model of order (r ,r an be found by the
further subpartitioning procedure as described by
(26) and (27).

The computation of K;;q and W, will be considered
: id id
in the next section,

V. Computational Issues

5.1 2-D Systems: Computation of K;; and W;; {i=1,2)

Truncation Method

By Theorem 4, a straightforward way of computing
Kjj and Wy (i=1,2) is to use the truncated
double-sums, that is,

- ~ Inl
. 0
0 In,8, (34b)
LA
Wy = 00 1 AgC CAy 1=1,2 (35)
x=0 m=0

where

Ko =2 I (A _ + A, A
2 420 m=0 %=1,m 0 %ym-1 BZ L=1,m 0

-0
1 T

* Ax,m-ll 8 _J)
-2

and L and M are positive integers. Through the use of
recursive formula (24), the computation procedure of
the above finite sums can be readily implemented. In
general, when L amd M are large enough, (34) and (35)
will represent good approximations of K.. and

w.i respect1ve1y. On the other hand, exaer1ence has
shown that even for small n, and ”2’ this approach
needs a considerable amount of computational time.

(36)

A Lyapunov Approach

It is easy to verify that a 2-D transfer function

associated with realization (A,B,C) can be written as
-1

C[I(zl,zz)-A] B =

-1 -1
Colzpl-Ay)" By + [C1+C,(2p1-Ay) " A5]

' -1, -l -1
Lzll-Al-Az(zzl-A4) A3J [Bl+A2(221-A4) 32]

= Dy (29)4€) (25)(2)1-A1(25)) 718 (25) (37a)
or
CL121,2,)-A1728 = C (211-A)) 7 8y + [Cp#C, (2;1-A1) 1A,
[21-Ag-Ag(zy1-A)) " A1 7 (B 4A5 (21 1-A1) 1B, ]

2 Dy(2))+C,(2;) (251-Ap(21)) " 1Bp(2)) (37a)

Further notice that

_Inl— 1
Ky1=[1n, 0JK - In, 0JF,(zq,
117Liny 0] l_ 0 _J (Zﬂj)2|zlf;l [sz;{[ ny OJF2(21:27)
« 421 dzz
([In, 0JF2(zy,25))" ST

which, by (37a), implies that

1 dzp

-1 *
Ki1® 773 57§ (z11-A1(25)) 7By (25)B%(z,)
11 ZNlezle 77 7 |, fu Tl AL D) B ()8 2

.1 421

(Z31-A1%(2,)) ET (38)

Regard1ng z, as a complex parameter, the second

integral of % is the positive-definite Hermitian

solution of the Lyapunov equation
Al(ZZ)Kl(ZZ)Al*(ZZ) ( 2) = -8B (22)31*(22) .

Thus

(39)

1 s dzp
Kiy = 5-35 Kilzy) — . (40)
172y | 9,12 7
The integral in (40) can be computed through the
use of the residue theorem. Alternatively, one may
noticed that K(zz) can be factorized as [18]

K(2zp) = kl(zz)kl*(zz) (41)
where K 1s a prOper, stable rational matrix,
Thus, 1% is a minimal realization of K (Zl)’
then (40) becomes
L1 -1 - o7 422
= —_— T —\¢.T
K1y = G553 # (2,1-A)) 7 8B, T(Z,1-A) 7 )¢y
Iz2
= C.g.C.T
K Gy (42)
where K, is the positive-definite solution of the

LuapunoV equation

RRAT - Ry = -B8,T . (43)
Similarly, by (37b) we have
o7y § o § (2,1-A5(21))718,(2;)8,%(2))
=57 - 5T 2,1-A (2 2 z
CARIEIPR I TR R L A
dzp 1 dz
(Z1A 2 o g Kalzy)s (44)
Izll=1 1
where A ( and B are defined in (37b) and KZ(ZI)
is the pos1t1ve Herm1%1an solution of the Lyapunov
equation
A2 )Ko(2)A*(2q) - KplZy) = -Bo(21)B,(2)). (45)

Analogous to (40), the last integral in (44) can be
evaluated by either applying the residue theorem or
factorizing KZ( ) as KZ( 1)K 2(zl) with KZ( l) proper

and stable and then computing K22 as

gl
Koz = CoKal'p
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where K, is the positive-definite solution of the
Lyapunov equation

and (Rz,éz,ﬁz) is a minimal realization of Ky(z;).

It is now obvious that W.. (i=1,2) can also be
calculated by applying the abdve Lyapunov approach with
certain straightforward modifications.

5.2 Delay-Differential Systems:
and Wy;q4 (i=1,2)

Computation of Kiid

First notice that (37a) and (37b) hold for delay
systems modeled by (28) provided that variables 2y and
z, are replaced by z and s, respectively. Thus,

L Ptk 1
g =7 [, © 7 | f, @D 1 (s)
-Je |z]=1
- -1 dz
By *(s)(Z1-A*(s) ™"
1 I®
=7n3 [ Ky(s)ds (46)
-J”
where
Ay(s) = A1+A2(51-A4)'1A3 ,
By(s) = By+Ay(sI-A,)'8, ,

and Kl(s) is the positive-definite Hermitian solution
of thé Lyapunov equation

A(s)K (S)A " (s) - Ky(s) = -By(s)By*(s) . (47)
Observe that

1 dz 1 3= -1
Ko2d = a3 | f_ 7 75 [ (s1-Ry(2))77B,(2)
z|=1 EAL
B,*(2) (51-A,%(s))™! ds
1 dz
where

Ap(z) = Ay + Ag(z1-A)) "M,
Bz(z)

and K,(z) is the positive-definite Hermitian solution
of thé Lyapunov equation

Ay(2)Kp(2) + Kp(2)A)"(2) = -B,(2)B,"(2) (49)

As in the 2-D case, the calculation of the last
integrals in (46) and (48) can be carried out by
applying either the residue theorem or the
factorization approach,

-1
By + A3(zI-A1) A2

Clearly the above method can also be used to
compute W4 (i=1,2). Details of the use of these
approxima%1on procedures and calculations can be found
in the report [0].
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