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Jointly Optimal High-Oder Error Feedback and
Realization for Roundoff Noise Minimization
In 1-D and 2-D State-Space Digital Filters
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Abstract—Joint optimization of high-order error feedback and  developed for state-space digital filters [20]. A similar tech-
state-space realization for minimizing roundoff noise at filter nique employing a quasi-Newton method is extended to two-
output subject to l»-scaling constraints is investigated for one- and dimensional (2-D) state-space digital filters with a general,

two-dimensional state-space digital filters. Linear algebraic tech- . ; .
niques that convert the problems at hand into an unconstrained block-diagonal, diagonal, or scalar EF matrix [21]. However,

optimization problem are explored, and an efficient quasi-Newton t0 date the use ohigh-order EF and its effect on noise-
algorithm is then applied to solve the unconstrained optimization reduction performance for 1-D as well as 2-D state-space
problem iteratively. In this connection, closed-form formulas digital filters have not been explored.

are derived for fast and accurate gradient evaluation. Finally, In this paper, the problem of jointly optimizingigh-order

case studies are presented to demonstrate that the high-order EF and stat lization f inimizing th doff
error feedback does offer much improved performance and ana state-space reafization for minimizing the roundo

that the proposed joint optimization is superior relative to a NOise subject tds-scaling constraints is investigated for 1-
sequentially optimized system where the state-space coordinateD as well as 2-D state-space digital filters. The novelty of the
transformation and high-order error feedback matrices are proposed method has largely to do with the introduction of a
optimized separately. dynamicEF that, as will be demonstrated later in the paper,
Index Terms—1-D state-space digital filter, 2-D state-space is responsible for a considerable performance enhancement
digital filter, Roesser’s model, roundoff noise, quantization error, in noise gain reduction relative to the systems that employ
high-order error feedback, realization, I>-scaling constraints, no - gtatic (j.e. constant) EF. We convert the constrained optimiza-
overflow oscillation, joint optimization, quasi-Newton method tion problem encountered into an unconstrained optimization
problem by using linear-algebraic techniques. An efficient
I. INTRODUCTION quasi-Newton algorithm is utilized to solve the unconstrained
optimization problem at hand. The proposed technique is
In the implementation of IIR dlgltal filters with ﬁXGd-pOint app“ed to the case where the'gh-order EF has diagona|
arithmetic, it is of critical importance to reduce the effects qhatrices. Case studies are presented to illustrate the validity
roundoff noise at the filter's output. Error feedback (EF) ignd effectiveness of the proposed algorithm and demonstrate
found effective for the reduction of finite-word-length (FWL)its performance.
effects in IIR digital filters, and many EF methods have Throughout,I,, denotes the identity matrix of dimension
been proposed in the past [1]-[10]. Alternatively, the roundoff x ». The transpose (conjugate transpose) of a madriis
noise can also be reduced by introducing a delta operatorifgicated byA” (A*). tr[A] is used to denote the trace of a
IIR digital filters [11]-[13], or by adopting a new structuresquare matrixA. Moreover, bold uppercase, bold lowercase
based on the concept of polynomial operators for digital filtgihd plain lowercase are used to make the distinction between
implementation [14] Another useful approach is to SyntheSiZﬁatriceS, vectors and scalar Va|ues, respecti\/e|y_
the state-space filter structure for the roundoff noise gain to
be minimized by applying a linear transformation to state- || ROUNDOFF NOISE MINIMIZATION FOR

space coordinates subject KQSC&”I’IQ constraints [15]-[18]. 1-D STATE-SPACE DIGITAL FILTERS
As a natural extension of the aforementioned methods, efforts

have been made to develop new methods that combine £¢A State-Space Model with High-Order Error Feedback
and state-space realization, for achieving better performance&onsider a stable, controllable and observable state-space
[19]-[21]. Separately and jointly optimized scalar or generdigital filter (A, b, ¢, d),, described by
EF matrlx_ fc_Jr stgte-space fllte_rs have been explorepl [19]. A 2k +1) = Az(k) + bu(k)
jointly-optimized iterative algorithm with a general, diagonal,
or scalar EF matrix using a quasi-Newton method has been y(k) = ca(k) + du(k)
, . _ wherex (k) is ann x 1 state-variable vecto(k) is a scalar
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obtained as making use of Cauchy’s integral theorem, we obtain
Je1(h, D)
E(k+1) = AQ[&(k)] + bu( +ZDe - =
= U 'L (2) :tr{Wo {AT 7,+1W D +DTW Az—‘,—l}
(k) = eQlz (k)] + du(k) + he(k) No1N-1
+ DI {(ATy W, + W, A"} D,
whereh and Dy, Dq,---,Dx_q are referred to as & x n i=0 j=0
N-1

error-feedforward vector and x n high-order EF matrices,

T T T
respectively, and - D;W,D;—-2h" c+h h}

~.
(=)

(7)
e(k) = z(k) — Qlz(k)]. where W, is the observability Gramian of the filter in (1),
that can be obtained by solving the Lyapunov equation
The coefficient matriced, b, ¢, andd in (2) are assumed to W, =ATW,A+c e @)

have exact fractionaB.-bit representations. The FWL state-
variable vectot(k) and each outpuj(k) hasB-bit fractional It is useful to note that if the high-order EF matrices

representations, while the inputk) is a(B— B.)-bit fraction. Do, D1,---, Dy, are diagonal, then the formula for the
The quantizerQ[-] in (2) rounds theB-bit fraction z(k) to noise gain can be considerably simplified to
(B — B.)-bit after the multiplications and additions, where the N—1
sign bit is not counted. It is assumed that the roundoff error j, (h, D) = tr |:Wo —cTe—2 Z W, ATID,
e(k) can be modeled as a Gaussian random process with zero i=0 )
mean and covariance®I,,. Subtracting (2) from (1) yields N-IN-] o
+3° > W AIDD;| + (e~ h)e— BT
N-1 =0 j=0
Ax(k+1) = AAw(k) + Ae(k) — Y Die(k 3) It should also be noted that tlig-scaling constraints on the
i=0 state-variable vectaz (k) involve the controllability Gramian
Ay(k) = cAz(k) + (c — h)e(k) K . of the filter in (1), which can be computed by solving the

Lyapunov equation
where Axz(k) = x(k) — &(k) and Ay(k) = y(k) — 5(k). B T T
By taking the z-transform on both sides of (3) and setting K.=AK.A" +bb". (10)
Az(0) = 0, we have C. Problem Statement

_A different yet equivalent state-space description of (1),
(A, b,c, d)n, can be obtained via a coordinate transformation
z(k) = T 'z (k) where

A=T'AT, b=T"'b, ¢e=cT. (12)

AY (z) = H.(2)E(z)

N-—-1
H.(2) = c(zI, — A)~! (A -3 Diz_i) (4)
=0
+c—h
Accordingly, the controllability and observability Gramians for
where AY'(z) and E(z) represent the-transforms ofAy(k) (A, b,€,d), become

ande(k), respectively. B T KTT W —T'W.T (12)

B. A Formula for Noise Gain respectively. Thel,-scaling constraints are imposed on the

Based on the model developed above, we now define gfate-variable vectag(k) so that

normalized noise gf_;lin]el(h,D) = o2,/0* with D = (K.)ii= (T'K.T T)y=1 for i=1,2,---,n. (13)
[Dg, D1, --,Dy_1] in terms of the transfer functiof .(z )
as With an equivalent state-space realization as specified in
1 dz (11) and assuming the use of high-order diagonal EF matrices,
Jei(h,D) = tr[2 j{ HZ(z)He(z)—] (5) the normalized noise gain is found to be
7J Jiz|=1 z N1
In order to derive an easy-to-use formula to evaluate ande2(D, T) =1r [TT(WO_CTC)T_ 22 T"W,A™'TD;
optimize the noise gain, we writél.(z) in (4) as N1 N_1 =0
+ TTW A'i’j|TDiD,}
00 N-—-1 . zz:; jz::o ° /
9= c(A’f -3 A’“‘l_ZDi)z_k fe—h (6) (14)
k=1 i= where the noise gain is denoted.As(D, T') to reflect the fact

‘ that the noise gain is now dependent on both high-order EF
where A* = 0 for i < 0. By substituting (6) into (5) and matricesDg, D, ---, Dy_1 as well as state-space coordinate
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transformationT’. Formula (14) provides an analytic foundaHere, VJ () is the gradient of/(«) with respect tox, and
tion for the minimization of the noise gain lgintly optimize S}, is a positive-definite approximation of the inverse Hessian
the EF loop and state-space coordinate transformation. Faoratrix of J(xy). This iteration process continues until

mally, the problem being considered here can be stated as to

jointly deign the high-order EF matrice®y, D+, -, Dy_1 | J(xhr1) — J ()| < e (20)
and coordinate transformation matflxto minimize the noise
gain J.o (D, T) in (14) subject to thé,-scaling constraints in
(13), assuming the error feedforward vector= ¢ is chosen
so as to eliminate the last term in (9).

wheree > 0 is a prescribed tolerance.

The implementation efficiency and solution accuracy of the
guasi-Newton algorithm greatly depends on how the gradient
V.J(x) is evaluated. With high-order diagonal EF matrices, we
D. Joint Optimization of Error Feedback and Realization  have managed to derive closed-form formulas for computing

In what follows, it is assumed that the high-order gihe partial derivatives of/ (x) with respect to the elements
matrices are all diagonal so that (14) is a valid objectif 7 @s well as those oD = [Dg, Dy, ---,Dy-1]. The
function to be minimized. Because the constraints in (13) afgrivation process is quite technical, below we include the
nonconvex and highly nonlinear with respect to maffixitis formulas without derivation details.
beneficial if these constraints can be eliminated so as to worklhe gradients of/(z) with respect toty,t,,---,¢, are
with an unconstrained problem that admits fast Newton-likgund to be

algorithms. To this end, we define 0 () N-1
AT T
T=T"K.* (15) oty QeﬂT[VO —e'e= ) (Vpn+Vy5)D,y
7 p=0
which leads (13) to P NNt . R
W T a1 . + 9 (lefq\ +V|p—q|)DPDq] Tgij
(T T )ii =1 for i= 1,2,--- n. (16) p=0 q=0
. P | i7j:1727"'7n
These constraints are always satisfied'if assumes the form (21)
-~ 1 { t1 b t, ] (17) wheret;; is theith element of column vectar; and
Eall” [1E2ll” " [fenll ) ¢ 1
o : . =03 —L_ 4 /Ot = (tit; — ||t;|[%es).
Substituting (15) into (14), we obtain 9ij I 9 E jll €
J J
N-1
Je3(D’T) =1r [Vo —eTe—2 Z V1D, Let the high-order EF matrices assume the form
=0
NoiN-1 (18) D, =diag{d,1,dps, -, dpn} fOr p=0,1,---,N—1. (22)
+ Vip_oDpD ]
pz:(:) qz::(] lpmal = The gradients of/(x) with respect to the diagondD, are
where given by
V,=TKIW, APK:T" &= cKiT'. 87 (x) N
_ _ o 9. — 2 (Vpt1)ii +2 Z dgi(Vp—q) ii (23)
Following the foregoing arguments, the problem of obtaining pi a=0

matricesT’ and Dy, D+, - - -, D _; that jointly minimize (14) B
subject to thes-scaling constraints in (13) is now convgrteaor p=
into an unconstrained optimization problem of obtainifig

0,1,---,N—1landi=1,2,--,n.

and Do, D1, -+, Dy_; that jointly minimize J.3(D,T) in IIl. ROUNDOFF NOISE MINIMIZATION FOR
(18). 2-D STATE-SPACE DIGITAL FILTERS
Let x be the column vector that collects the variables
in matrices [t1,ts,---,t,] and Dy, Dy,---,Dy_;. Then  This section presents a solution of joint optimization of

Ju3(D,T) in (18) is a function ofz, denoted byJ(x). The State-space coordinate transformation and higher-order EF for
proposed algorithm starts with an initial poin, obtained Minimizing the noise gain for 2-D state-space digital filters.

from the assignmerl’ = Dy = D, = --- = Dy_; = I,,. The development is in spirit parallel to that of Section II,
In the kth iteration, a quasi-Newton algorithm updates the mogpwever here one needs to deal with considerably more
recent pointz;, to pointx,, as [22] involved technical issues as expected.

Tii1 = T + apdy, (19) A. A State-Space Model with High-Order Error Feedback
where Let us consider a 2-D stable, separately locally controllable

di — — . _ ; d and separately locally observable state-space digital filter
i SkV (@), on = arg {nl!n Ty + ady) (A, b, c,d),+n described by the Roessor model [23]
Tsm> 0,07 8T Si+5.:v,0;

_ Vi .. .. .
Sk+1 - Sk+<1+ ,yzwék ")’;F(sk ")’;F(sk ml(la]) = AmO(Za]) +bu(27j)

So =1, dp=xp11—Tk, V=V (Try1)—VI(Tr). y(i,j) = czo(i, j) + du(i, j)

(24)
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with where AXQ(Zl,ZQ), AY(Zl,ZQ) and Eo(Zl,Zg) are the
w0 ) = (i + k, 5) e A, A, (#1, z2)£_tra|nsf0rr(rllzs Ef sgnaleOI(z,]), Ay(i,j) andegy (i, j),
k\? $U(Z-,j + kj) ) A; Ay respectively, an =214y © 2od,,.
b, B. A Formula for 2-D Noise Gain
b — |: b :| s C = [ C1 C2 ]
2 Based on the model developed above, we define the

wherez" (i, j) is anm x 1 horizontal state vectog* (i, j) is Nnormalized noise gain/i(h, D) = o7,,/0% with D =

ann x 1 vertical state vecton(i, j) is a scalar inputy(i, j) [Do, Dy, -+, Dn_1] in terms of H.(z1, z2) as

is a scalar output, and, Ay, As, Ay, by, bo, ¢1, co @andd

are real constant matrices of appropriate dimensions. Jei(h, D)
Like in the 1-D case, a state-space model that incorporates. ¢ 1 f H (21, 20)Ho(z1, Zz)dzld@}

FWL implementation as well as error feedforward and high- 2m) lz1|=1 J|z2|=1

order EF can be established. Assume that the quantization is (29)

performed before matrix-vector multiplications, the model \¥here o2, is noise variance at the filter's output. In order
obtained as to derive an easy-to-use formula to evaluate and optimize the

2-D noise gain, we define the transition matricé$”) by

N-1
21(i,j) = AQ[&o(i, j)] + bu(i,j) + ) Dre_1(i.])
k=0 (Imsn — Z PA)™ Z Z Al =120 (30)
g(Z,J) = CQ[@Q(Z,j)] + du(l,j) + hEO(i,j) (25) i=0 j=0
whereh is al x (m + n) error-feedforward vectotD,’s are and notice that(Z—A) ! = ¢(I,,1n—Z 'A)~'Z ! hence
(m +n) x (m+ n) high-order EF diagonal matrices and  H.(z1, z2) can be written as

{wimw7me 0} . ZZW]%@( Zmz)

e'(i,j — k) 0 Dy
ex(i,j) = (i) — Qln(i,j)], h=[h1 ha]. 00 = (31)

The coefficient matricesA, b, ¢ and d in (25) are assumed Where
to have exact fractionalB.-bit representations. The FWL ) Gf) , _
horizontal (vertical) state vectai" (i, j) (&' (i,5)) and each A~ = Imin, A7 =0, i<0orj<0
output g(¢, j) has B-bit fractional representations, while the AL0) _ A A, A0 _ 0O O
input u(i, ) is a(B — B.)-bit fraction. The quantize@|[-] in |1 0 o0 |’ | A Ay
(25) rounds theB-bit fraction & (i, j) to (B — B.)-bit after (i) (1.0) 4(i—1,7) (0.1) 4(ij—1)

the multiplications and additions, where the sign bit is notA" = ATTATTR 4 AT AT

~—

e—k(ia ]

counted. It is assumed that the roundoff eregfi, j) can be = A1) A0 AGT=D AOD = 5y > (0,0)
modeled as a Gaussian random process with zero mean and T I. o o 0 0
2 Gy = e(at1a [ Ln O, qao )
covariancer2I,,. By subtracting (25) from (24), it follows that 9% J 0 I,
Az (i,j) = AAzo(i, §) + Aeo(i, j) Z Dye_i(i, ) By substituting (31) into (29) and making use of 2-D
Cauchy’s integral theorem, we obtain
Ay(i, j) = cAzo(i, j) + (¢ — h)eo(zyj) N1
(26) J, 1(h D) =1tr [WIO — cTc1 -2 Z W1 k+1D1k
where Az, (i, j) = xx(i,5) — & (i,j) for k = 0 and 1, and e !
Ay(i. §) = (i, )~ (i, )- By applying the(z,, z,)-transform SN w. . DD
to both sides of (26) and setting the boundary conditions to + Z Z LIk=l|~1k “}
be null, we obtain k=0 1=0
N_1 —+tr |:W40 — 02 Co — 2 Z W47k+1D4k-
AXo(z1,20) = (Z —A)"HA- D, Z F)Eo(z1, 2 P =0
olz1, 22) = ) ( Pt g ) (21, 22) + Z Z W4,|kfl|D4kD4l} +(c—h)(c—h)T
k=0 1=0
AY(Zl, 22) = CXo(Zl, 22) + (C — h)Eo(Zl, 22) (32)
(27)  where
which yields
AY (z1,22) = He(ZlaZQ)EO(ZlaZZ) Wi, = [XEZOQT i+71,7)g J)] [ 0 }
1=0 j=

i=0 j=0
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The above matriced¥;,, and W, can be viewed as angainJ.o(D,T) in (37) subject tds-scaling constraints in (36),
extension of the local observability Gramian defined by  assuming the error feedforward vecior= ¢ is chosen so as
dzydzs to eliminate the last term in (32).

Wo = G s G 5 . L. . . .
(27r]) szﬂ 1S 2221 (21, 22)G(21, 22) 2129 D. Joint Optimization of Error Feedback and Realization
N = T o g In what follows, it is assumed that the high-order EF
- ZZQ (#,7)9(i 5)- matrices are all diagonal so that (37) is a valid objective
=05=0 33 function to be minimized. For the same reason as in the 1-D

jcase, it turns out to be beneficial if thig-scaling constraints
can be eliminated so as to work with an unconstrained problem
that admits fast Newton-like algorithms. To this end, we define

It should also be noted that-scaling constraints on the loca
state vectoer, (i, j) involve the local controllability Gramian
K . of the filter in (24), which can be computed by

~ ~ A 1
dzidz T=T0T1=(T10T)" (Ko ®K.) 2 (38)
Kc = 2 f F(ZlazQ)F (Zla 2) Lt .
( 7U) 2] =1 J|za]=1 2122 which leads (36) to
NN o _ | Ka Keo T =1 for i=1,2,--,m+n (39
- sz (17]) - |: Kc?; Kc4 :| ( )7«2 )<y ) ( )
=0 5=0 (34) !tis noted that these constraints are always satisfied if matrices
where T, andT, assumes the form
f(l,j):A(z lg)|:b :|+A(23 1)|:0:| Tl_lz t11 7 t1o e tlm:|
by LI ]| [[212]] [[E1m] (40)
C. Problem Statement 7l [ty tao tin }
4 — 5 y Ty .
A different yet equivalent local state-space description of LIEanl” [[ta]] [[£4n]]
(24), (A, b,¢,d),, can be obtained via a coordinate transfoiSubstituting (38) into (37), we obtain
mationz (i, j) = T ‘axq(i, j) with T = T, @ T, where ) N-1
A—T'AT, 5=T 'b, ¢=cT. (35) Jes(D.T) = tr|Vio — &/ &1 — 2 Z Vik+1 Dy
N-1N-1
Thel,-scaling constraints are imposed on the local state vector + Z Z Vi ”lepll}
To(4,j) so that k=0 1=0
(Ko = (T KT T)=1 for i=1,2--,m+n. Vi~ e, 2 Z Vasr1Dax
(36) N-1N-1
With an equivalent state-space realization as specified in + Z Z Vi k- l\D4kD4l}
(35) and assuming the use of high-order diagonal EF, the k=0 1=0 (41)
normalized noise gain is found to be
where
N-1 N 1 1.7 R 1.7
Jeo(D,T) = tr [Wlo - E{El -2 Z Wi kr1D1k Vi =T KW, KT, , & =aK;T,
~ 1 1 .
SRE. D 5 Vi = TWKE WL KET,, & =cK,T,.
+ kzo 12; Llk—t] 1k ”] Following the foregoing arguments, the problem of obtaining
T and Dy, Dy, --, Dy_; that jointly minimize (37) subject
+tr[W4o —¢ley — 2 Z W ki1 Dap to the lo-scaling constraints in (36) is now converted into
T1N-1 k=0 an unconstrained optimization problem of obtaini#igand
n Z S W l\D4kD4l] Dy, Dy, ---,Dy_, that jointly minimizeJ.3(D,T) in (41).
=0 1=0 Let  be the column vector that collects the variables in ma-
@37 tricesDg, D1, -, Dn-_1,t11,t12, -+, tim, a1, taz, - .
where ThenJ.3(D,T) in (41) is a function ofz, denoted byJ(x).
o7 o7 The proposed algorithm starts with an initial paint obtained
Wi, =T'W,,T Wi =TI W4, T,. proposed alg P
! 1S b 4 47 drta from the assignmerl’=Dy=D;=---=Dy_1=1I,,n,
Here, the noise gaiff.o (D, T') is a function of both high-order updates vectorc, in the kth iteration by using (19) and
EF matricesDy, D+, ---,Dy_; and state-space coordinatderminates with a criterion stated in (20).

transformationT’. Formula (37) provides an analytic founda- Relative to its 1-D counterpart, the availability of a closed-
tion for the minimization of the noise gain by jointly optimizeform expression for the gradieM.J(x) is even more critical
the EF loop and state-space coordinate transformation. Foecause of the involvement of considerably more design vari-
mally, the problem being considered here can be stated asbtes in the 2-D case. With diagonal high-order EF matrices,
jointly design the high-order EF matricd3,, D,,---,Dyx_1 closed-form formulas for computing the partial derivatives of
and coordinate transformation matflxto minimize the noise .J(x) with respect to the elements @fas well the elements of
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D:[DO;D17"',

are omitted due to space limitation. of

The gradients ofJ(x) with respect toti1,t12, -, t1m,
ty1,t42,-- -, ts, are found to be
N-1
oJ(x
th' ) = 261TJ {Vlofcqu*Z (Vl,k-&-lJFV{k-}-l)le
ij
1 N—-1N-1 h=0
+§ (V17|k_g|+V{|k_”)D1lel}Tlglij
k=0 [=0
N—-1
8t = {V40702 02* (V4,k+1+V£k+1)D4k
445 k=0
P NZ1IN-l .
+§ (V47|k_g|+V47|k_”)D4kD4l}T4g4ij

Il
o

(42)

wherety;; (ts;;) is theith element of vectot;; (t4;) and se

tlj 1 ) se
g1 =0 [Otij = = (taijtiy — [[t15]["ews)

[[t15]] |[21;1] au

2% tol

1
—od M g taiita; — |[ta;]2es
gy = 0{ i 00 = gy s ot~ e

with 1 < 1, < m (]. < 1,7 < n) for tlij7 91ij and e;
(taij, 94i; ANdey;).
Let the high-order EF matrices assume the form

to

D), = diag{a1, aka, - -
Dy, = diag{Br1, Bre, - -, Bin}

) akm} (43)

Dy _4] are given below. Derivation details The controllability and observability Gramiards . and W,

the above filter were computed from (10) and (8) as

[ 1.000000 0.741988 0.227107
0.741988 1.000000 0.741988
| 0.227107 0.741988 1.000000

0.720426 —1.635144 1.753511
—1.635144  4.551539 —4.194133
1.753511 —4.194133 5.861185

K.

W,

The noise gain of the filter without feedforward and EF was
then computed from (9) as

Je1(0,0) = 11.133150.

In what follows, we report simulation results for two system
t-up’'s—the first employed a static EF (i’é.= 1) while the
cond used a dynamic EF wifti = 2. In both cases the EF

matrices involved were all diagonal. In the case\ok= 1, the

asi-Newton algorithm was applied to minimize (18) with
erances = 10~ in (20). It took the algorithm 64 iterations

converge to the solution
R 5.899503 —0.516441 1.228943
T = | 5935833 —0.493021 2.377971
4.442394 —1.380516 1.478971
D, = diag{ 0.390401 0.574984 0.659618 }.

The minimized noise gain was found to be

for k =0,1,...,N — 1. The gradients of/(x) with respect
to the diagonalD,; and Dy are given by

87 (x) =

) = —2(Viks1)pp +2 Z ip(V1, k1)) pp
Qlep 1=0

’ (44)

8. () =

= —2(Vasri)ag +2 D Bie(Vaje—i))ag
9Prq 1=0

fork:O’l’...’N_]_,p:l’Qv...’mandq:]_72’...771

IV. CASE STUDIES

In this section, we present two sets of simulation results,
one for the 1-D case and the other for the 2-D case. The
simulations serve the purpose of demonstrating the numerica
efficiency of the proposed joint optimization algorithms and
effectiveness of using a high-order (i.e. dynamic) EF relative
to a constant (i.e. static) FE for performance enhancement.

Example 1 Consider a stable low-pass state-space digital
filter (A, b, c,d)s described by

0 1 0
A= 0 0 1
0.339377 —1.152652 1.520167

b=1[0 0 0 0437881 |"
c = 0212064 0.293733 0.718718 ]
d = 6.59592 x 102,

Jes(D,T) = 0.273955.

The profile ofJes(D,T) during the first 64 iterations of the
algorithm is dipicted in Fig. 1.

Number of iterations

Fig. 1. Profile ofJ.s(D, T) during the first 64 iterations.

In the case ofN = 2, the quasi-Newton algorithm was

applied to minimize (18) with tolerance= 10~% in (20). It
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took the algorithm 36 iterations to converge to the solution N > 1), when jointly optimized with state-space realization,
1367924 —0.014714  0.386079 can improve the performance of round-pff noise r_eductlon ina
B significant manner relative to those achieved by either separate

T = | —0.849858 1.032268 0.308031 R . N . .
0.078696 0.047338  1.218360 optimization or joint optimization with static EF
D, = diag{ 0.478043 0.923417 1.187428 } TABLE |
PERFORMANCE COMPARISON
D, = diag{ —0.060347 —0.622454 —0.584187 }. -
L nfini 2Bi
The minimized noise gain in this case was found to be N | Optimization | - predicion Quantizlt"ﬁion
Jos(D, T) = 0.031801 Separate | 0.644452 0.659679
1
which is approximately nine times smaller than what the best Joint 0.273955 0.295692
static EF can achieve. The profile dfs;(D,T) during the
first 36 iterations of the algorithm is dipicted in Fig. 2. , | Separate | 0.353326 0.373479
Joint 0.031801 0.046057

T i T i T

Example 2 Consider a stable low-pass 2-D state-space
digital filter (A, b, ¢, d)22 described by

1.88899 —0.91219 —1.00000 O
1 0 0 0
1

A 0.02771 —0.02580  1.88899
—0.02580  0.02431 —0.91219 0
b=1[0219089 0 —0.028889 0.091219 |"
c=[0.028889 —0.091219 —0.219089 0 |

d = 0.87021.

‘ ‘ ‘ ‘ ‘ ‘ ‘ The local controllability GramianK . and the local observ-
0 10 20 30 ability GramianW , of the above filter were computed from
(34) and (33) with truncatiorf0, 0) < (4, 5) < (500, 500) as

Number of iterations
Fig. 2. Profile of.J.3(D,T) during the first 36 iterations. [ 8.717246  8.525727  0.163982 —0.153908]
K10 8.525727  8.717246  0.132122 —0.123319

The above and several other simulation results regarding 0.1639820.132122  0.113447 —0.103553
the noise gainJ,s(D,T) in (18) plus (¢ — h)(é — h)7 | —0.153908 —0.123319 —0.103553  0.097348 |

were summarized in Table | where the column with "Infinite [ 0.113447 —0.103553  0.163982  0.132122]
Precision” shows the value ofeg(D,T) derived from the W —10 —0.103553  0.097348 —0.153908 —0.123319
optimal T' and D. The column with "3-Bit Quantization” © 0.163982 —0.153908  8.717246  8.525727
means that ofl3(D, T')+(&¢—h)(é¢—h)T where each entry of | 0.132122 —0.123319  8.525727  8.717246

the optimal D was rounded to a power-of-two representatio
with 3 bits after the binary point, matri¥ was updated so as
to minimize J.5(D, T) with such aD fixed, and each entry 7, _ diag(9.336620 9.336620 1.065113 0986652},
of ¢ derived from the update®’ was rounded to a power-of-
two representation with 3 bits after the binary point to setthe l;-scaling constraints
new vectorh.
In order to evaluate performance improvement by the pro- (T,'K T, )i =1 for i=1,2,34,
Eogeq jon t opt|m|;at|on strategy Versus conveptlonal separ%tr% satisfied and the noise gain of the filter without feedforward
ptimization technique where one finds an optimal coordlnaa%d EF was computed from (32) as
transformation” first, then, withT fixed, finds on optimal EF
matrix D as well as a feedforward vectdr, in each of the 71(0,0) = tr[TTW ,T,] = 367.51003.
cases (with infinite precisior’ and 3-bit quantizatiori ),
Table | includes simulation results obtained using separ&@émilar to the simulations for the 1-D filter in Example 1,
optimization and joint optimization, respectively, where eackeparate and joint optimization were carried out, and in each
optimization procedure was applied with stati¥ & 1) and optimization setting staticN = 1) and dynamic {V = 2) EF
dynamic (V = 2) EF. On comparing the results given in Tablevere examined with infinite precision and 3-bit quantization,
[, it is quite clear that the use of a dynamic EF (i.e. withespectively.

By using
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With the EF order set t&V = 1, the quasi-Newton algorithm
was applied to minimize (41) with toleranee= 10=% in (20).

It took the algorithm 11 iterations to converge to the solution

oo 1.033730 0.089870 & 1.125495 0.413101
1710189249 1.020225 0.276292 1.166642
D, = diag{ 0.978164 0.912805 0.949943 0.895449 }.

The minimized noise gain in this case was found to be
Jes(D, T) = 1.250326.

The profile of J.3(D, T) during the first 11 iterations of the
algorithm is dipicted in Fig. 3.

2 T T T T T T T T T T T

Number of iterations

Fig. 3. Profile of.J.3(D,T) during the first 11 iterations.

With the EF order set t&V = 2, the quasi-Newton algorithm
was applied to minimize (41) with toleranee= 10~% in (20).
It took the algorithm 20 iterations to converge to the soluti

g 0.949460 —0.381269 ® 1.187712  0.543967
1710573481 0.847325 0.347831 1.259196

D, = diag{ 1.904500 1.055826 1.348885 1.056108}

D, = —diag{ 0.928480 0.141394 0.408198 0.167253}.

The minimized noise gain in this case was found to be
Jes(D, T) = 1.055408.

The profile of.J.3(D,T) during the first 20 iterations of the
algorithm is dipicted in Fig. 4.

These and other simulation results regarding the noise ggﬁgj

J.3(D,T) in (41) plus(¢ — h)(¢ — h)T were summarized in

Table II. From this table, it is observed that joint optimization

20

10
Number of iterations

Fig. 4. Profile OfJeg(D,T) during the first 20 iterations.

20

TABLE Il
PERFORMANCE COMPARISON
N | Optimization Plrnéicr}isti%n ngﬁtl?zitz;\tion
Separate 1.446145 1.483189
' Joint 1.250326 1.274629
Separate 1.320965 1.378140
’ Joint 1.055408 1.085026

5. CONCLUSION

For 1-D and 2-D state-space digital filters, the problem of
jointly optimizing high-order EF and realization to minimize

he effects of roundoff noise at the filter output subject
to ly-scaling constraints has been investigated. It has been
shown that the problem at hand can be converted into an
unconstrained optimization problem by using linear algebraic
techniques. Closed-form formulas for fast evaluation of the
gradient of the objective function have been derived. Then
an efficient quasi-Newton algorithm has been employed to
solve the unconstrained optimization problem. The proposed
techniques have been developed for the case wherhighe
order EF matrices are diagonal. The simulation results of case
studies have demonstrated the validity and effectiveness of the
posed techniques.
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