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Realization for Roundoff Noise Minimization

in 1-D and 2-D State-Space Digital Filters
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Abstract—Joint optimization of high-order error feedback and
state-space realization for minimizing roundoff noise at filter
output subject to l2-scaling constraints is investigated for one- and
two-dimensional state-space digital filters. Linear algebraic tech-
niques that convert the problems at hand into an unconstrained
optimization problem are explored, and an efficient quasi-Newton
algorithm is then applied to solve the unconstrained optimization
problem iteratively. In this connection, closed-form formulas
are derived for fast and accurate gradient evaluation. Finally,
case studies are presented to demonstrate that the high-order
error feedback does offer much improved performance and
that the proposed joint optimization is superior relative to a
sequentially optimized system where the state-space coordinate
transformation and high-order error feedback matrices are
optimized separately.

Index Terms—1-D state-space digital filter, 2-D state-space
digital filter, Roesser’s model, roundoff noise, quantization error,
high-order error feedback, realization, l2-scaling constraints, no
overflow oscillation, joint optimization, quasi-Newton method

I. INTRODUCTION

In the implementation of IIR digital filters with fixed-point
arithmetic, it is of critical importance to reduce the effects of
roundoff noise at the filter’s output. Error feedback (EF) is
found effective for the reduction of finite-word-length (FWL)
effects in IIR digital filters, and many EF methods have
been proposed in the past [1]-[10]. Alternatively, the roundoff
noise can also be reduced by introducing a delta operator to
IIR digital filters [11]-[13], or by adopting a new structure
based on the concept of polynomial operators for digital filter
implementation [14]. Another useful approach is to synthesize
the state-space filter structure for the roundoff noise gain to
be minimized by applying a linear transformation to state-
space coordinates subject tol2-scaling constraints [15]-[18].
As a natural extension of the aforementioned methods, efforts
have been made to develop new methods that combine EF
and state-space realization, for achieving better performance
[19]-[21]. Separately and jointly optimized scalar or general
EF matrix for state-space filters have been explored [19]. A
jointly-optimized iterative algorithm with a general, diagonal,
or scalar EF matrix using a quasi-Newton method has been
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developed for state-space digital filters [20]. A similar tech-
nique employing a quasi-Newton method is extended to two-
dimensional (2-D) state-space digital filters with a general,
block-diagonal, diagonal, or scalar EF matrix [21]. However,
to date the use ofhigh-order EF and its effect on noise-
reduction performance for 1-D as well as 2-D state-space
digital filters have not been explored.

In this paper, the problem of jointly optimizinghigh-order
EF and state-space realization for minimizing the roundoff
noise subject tol2-scaling constraints is investigated for 1-
D as well as 2-D state-space digital filters. The novelty of the
proposed method has largely to do with the introduction of a
dynamicEF that, as will be demonstrated later in the paper,
is responsible for a considerable performance enhancement
in noise gain reduction relative to the systems that employ
static (i.e. constant) EF. We convert the constrained optimiza-
tion problem encountered into an unconstrained optimization
problem by using linear-algebraic techniques. An efficient
quasi-Newton algorithm is utilized to solve the unconstrained
optimization problem at hand. The proposed technique is
applied to the case where thehigh-order EF has diagonal
matrices. Case studies are presented to illustrate the validity
and effectiveness of the proposed algorithm and demonstrate
its performance.

Throughout,In denotes the identity matrix of dimension
n × n. The transpose (conjugate transpose) of a matrixA is
indicated byAT (A∗). tr[A] is used to denote the trace of a
square matrixA. Moreover, bold uppercase, bold lowercase
and plain lowercase are used to make the distinction between
matrices, vectors and scalar values, respectively.

II. ROUNDOFF NOISE MINIMIZATION FOR
1-D STATE-SPACE DIGITAL FILTERS

A. A State-Space Model with High-Order Error Feedback

Consider a stable, controllable and observable state-space
digital filter (A, b, c, d)n described by

x(k + 1) = Ax(k) + bu(k)
y(k) = cx(k) + du(k)

(1)

wherex(k) is ann × 1 state-variable vector,u(k) is a scalar
input, y(k) is a scalar output, andA, b, c and d are real
constant matrices of appropriate dimensions.

By taking the quantizations performed before matrix-vector
multiplication into account, an finite-word-length implemen-
tation of (1) with error feedforward andhigh-orderEF can be
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obtained as

x̃(k + 1) = AQ[x̃(k)] + bu(k) +
N−1∑
i=0

Die(k − i)

ỹ(k) = cQ[x̃(k)] + du(k) + he(k)

(2)

whereh and D0, D1, · · · , DN−1 are referred to as a1 × n
error-feedforward vector andn × n high-order EF matrices,
respectively, and

e(k) = x̃(k) − Q[x̃(k)].

The coefficient matricesA, b, c, andd in (2) are assumed to
have exact fractionalBc-bit representations. The FWL state-
variable vector̃x(k) and each output̃y(k) hasB-bit fractional
representations, while the inputu(k) is a(B−Bc)-bit fraction.
The quantizerQ[·] in (2) rounds theB-bit fraction x̃(k) to
(B−Bc)-bit after the multiplications and additions, where the
sign bit is not counted. It is assumed that the roundoff error
e(k) can be modeled as a Gaussian random process with zero
mean and covarianceσ2In. Subtracting (2) from (1) yields

∆x(k + 1) = A∆x(k) + Ae(k) −
N−1∑
i=0

Die(k − i)

∆y(k) = c∆x(k) + (c − h)e(k)

(3)

where ∆x(k) = x(k) − x̃(k) and ∆y(k) = y(k) − ỹ(k).
By taking thez-transform on both sides of (3) and setting
∆x(0) = 0, we have

∆Y (z) = He(z)E(z)

He(z) = c(zIn − A)−1
(
A −

N−1∑
i=0

Diz
−i

)
+ c − h

(4)

where∆Y (z) andE(z) represent thez-transforms of∆y(k)
ande(k), respectively.

B. A Formula for Noise Gain

Based on the model developed above, we now define the
normalized noise gainJe1(h, D) = σ2

out/σ2 with D =
[D0, D1, · · · , DN−1] in terms of the transfer functionHe(z)
as

Je1(h, D) = tr
[ 1
2πj

∮
|z|=1

H∗
e(z)He(z)

dz

z

]
. (5)

In order to derive an easy-to-use formula to evaluate and
optimize the noise gain, we writeHe(z) in (4) as

He(z) =
∞∑

k=1

c
(
Ak −

N−1∑
i=0

Ak−1−iDi

)
z−k + c − h (6)

where Ai = 0 for i < 0. By substituting (6) into (5) and

making use of Cauchy’s integral theorem, we obtain

Je1(h, D)

= tr
[
W o −

N−1∑
i=0

{
(AT )i+1W oDi + DT

i W oA
i+1

}
+

N−1∑
i=0

N−1∑
j=0

DT
i

{
(AT )j−iW o + W oA

i−j
}

Dj

−
N−1∑
i=0

DT
i W oDi − 2hT c + hT h

]
(7)

where W o is the observability Gramian of the filter in (1),
that can be obtained by solving the Lyapunov equation

W o = AT W oA + cT c. (8)

It is useful to note that if the high-order EF matrices
D0,D1, · · · , DN−1 are diagonal, then the formula for the
noise gain can be considerably simplified to

Je1(h,D) = tr
[
W o − cT c − 2

N−1∑
i=0

W oA
i+1Di

+
N−1∑
i=0

N−1∑
j=0

W oA
|i−j|DiDj

]
+ (c − h)(c − h)T .

(9)

It should also be noted that thel2-scaling constraints on the
state-variable vectorx(k) involve the controllability Gramian
Kc of the filter in (1), which can be computed by solving the
Lyapunov equation

Kc = AKcA
T + bbT . (10)

C. Problem Statement

A different yet equivalent state-space description of (1),
(A, b, c, d)n, can be obtained via a coordinate transformation
x(k) = T−1x(k) where

A = T−1AT , b = T−1b, c = cT . (11)

Accordingly, the controllability and observability Gramians for
(A, b, c, d)n become

Kc = T−1KcT
−T , W o = T T W oT (12)

respectively. Thel2-scaling constraints are imposed on the
state-variable vectorx(k) so that

(Kc)ii = (T−1KcT
−T )ii = 1 for i = 1, 2, · · · , n. (13)

With an equivalent state-space realization as specified in
(11) and assuming the use of high-order diagonal EF matrices,
the normalized noise gain is found to be

Je2(D,T ) = tr
[
T T(W o−cT c)T − 2

N−1∑
i=0

T T W oA
i+1TDi

+
N−1∑
i=0

N−1∑
j=0

T T W oA
|i−j|TDiDj

]
(14)

where the noise gain is denoted asJe2(D, T ) to reflect the fact
that the noise gain is now dependent on both high-order EF
matricesD0, D1, · · · , DN−1 as well as state-space coordinate
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transformationT . Formula (14) provides an analytic founda-
tion for the minimization of the noise gain byjointly optimize
the EF loop and state-space coordinate transformation. For-
mally, the problem being considered here can be stated as to
jointly deign the high-order EF matricesD0, D1, · · · , DN−1

and coordinate transformation matrixT to minimize the noise
gainJe2(D, T ) in (14) subject to thel2-scaling constraints in
(13), assuming the error feedforward vectorh = c is chosen
so as to eliminate the last term in (9).

D. Joint Optimization of Error Feedback and Realization

In what follows, it is assumed that the high-order EF
matrices are all diagonal so that (14) is a valid objective
function to be minimized. Because the constraints in (13) are
nonconvex and highly nonlinear with respect to matrixT , it is
beneficial if these constraints can be eliminated so as to work
with an unconstrained problem that admits fast Newton-like
algorithms. To this end, we define

T̂ = T T K
− 1

2
c (15)

which leads (13) to

(T̂
−T

T̂
−1

)ii = 1 for i = 1, 2, · · · , n. (16)

These constraints are always satisfied ifT̂
−1

assumes the form

T̂
−1

=
[

t1
||t1||

,
t2

||t2||
, · · · , tn

||tn||

]
. (17)

Substituting (15) into (14), we obtain

Je3(D, T̂ ) = tr
[
V 0 − ĉT ĉ − 2

N−1∑
p=0

V p+1Dp

+
N−1∑
p=0

N−1∑
q=0

V |p−q|DpDq

] (18)

where

V p = T̂K
1
2
c W oA

pK
1
2
c T̂

T
, ĉ = cK

1
2
c T̂

T
.

Following the foregoing arguments, the problem of obtaining
matricesT andD0, D1, · · · , DN−1 that jointly minimize (14)
subject to thel2-scaling constraints in (13) is now converted
into an unconstrained optimization problem of obtainingT̂
and D0,D1, · · · , DN−1 that jointly minimizeJe3(D, T̂ ) in
(18).

Let x be the column vector that collects the variables
in matrices [t1, t2, · · · , tn] and D0, D1, · · · , DN−1. Then
Je3(D, T̂ ) in (18) is a function ofx, denoted byJ(x). The
proposed algorithm starts with an initial pointx0 obtained
from the assignment̂T = D0 = D1 = · · · = DN−1 = In.
In thekth iteration, a quasi-Newton algorithm updates the most
recent pointxk to point xk+1 as [22]

xk+1 = xk + αkdk, (19)

where

dk = −Sk∇J(xk), αk = arg
[
min

α
J(xk + αdk)

]
Sk+1 = Sk+

(
1+ γT

k Skγk

γT
k
δk

)
δkδ

T

k

γT
k
δk

− δkγT
k Sk+Skγkδ

T

k

γT
k
δk

S0 = I, δk =xk+1−xk, γk =∇J(xk+1)−∇J(xk).

Here,∇J(x) is the gradient ofJ(x) with respect tox, and
Sk is a positive-definite approximation of the inverse Hessian
matrix of J(xk). This iteration process continues until

|J(xk+1) − J(xk)| < ε (20)

whereε > 0 is a prescribed tolerance.
The implementation efficiency and solution accuracy of the

quasi-Newton algorithm greatly depends on how the gradient
∇J(x) is evaluated. With high-order diagonal EF matrices, we
have managed to derive closed-form formulas for computing
the partial derivatives ofJ(x) with respect to the elements
of T as well as those ofD = [D0, D1, · · · ,DN−1]. The
derivation process is quite technical, below we include the
formulas without derivation details.

The gradients ofJ(x) with respect tot1, t2, · · · , tn are
found to be

∂J(x)
∂tij

= 2eT
j

[
V 0 − ĉT ĉ −

N−1∑
p=0

(V p+1 + V T
p+1)Dp

+
1
2

N−1∑
p=0

N−1∑
q=0

(V |p−q|+V T
|p−q|)DpDq

]
T̂ gij

i, j = 1, 2, · · · , n
(21)

wheretij is the ith element of column vectortj and

gij = ∂

{
tj

||tj ||

}
/∂tij =

1
||tj ||3

(tijtj − ||tj ||2ei).

Let the high-order EF matrices assume the form

Dp = diag{dp1, dp2, · · · , dpn} for p = 0, 1, · · · , N−1. (22)

The gradients ofJ(x) with respect to the diagonalDp are
given by

∂J(x)
∂dpi

= −2 (V p+1)ii + 2
N−1∑
q=0

dqi(V |p−q|)ii (23)

for p = 0, 1, · · · , N − 1 and i = 1, 2, · · · , n.

III. ROUNDOFF NOISE MINIMIZATION FOR
2-D STATE-SPACE DIGITAL FILTERS

This section presents a solution of joint optimization of
state-space coordinate transformation and higher-order EF for
minimizing the noise gain for 2-D state-space digital filters.
The development is in spirit parallel to that of Section II,
however here one needs to deal with considerably more
involved technical issues as expected.

A. A State-Space Model with High-Order Error Feedback

Let us consider a 2-D stable, separately locally controllable
and separately locally observable state-space digital filter
(A, b, c, d)m+n described by the Roessor model [23]

x1(i, j) = Ax0(i, j) + bu(i, j)

y(i, j) = cx0(i, j) + du(i, j)
(24)
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with

xk(i, j) =
[

xh(i + k, j)
xv(i, j + k)

]
, A =

[
A1 A2

A3 A4

]
b =

[
b1

b2

]
, c =

[
c1 c2

]
wherexh(i, j) is anm× 1 horizontal state vector,xv(i, j) is
an n × 1 vertical state vector,u(i, j) is a scalar input,y(i, j)
is a scalar output, andA1, A2, A3, A4, b1, b2, c1, c2 andd
are real constant matrices of appropriate dimensions.

Like in the 1-D case, a state-space model that incorporates
FWL implementation as well as error feedforward and high-
order EF can be established. Assume that the quantization is
performed before matrix-vector multiplications, the model is
obtained as

x̃1(i, j) = AQ[x̃0(i, j)] + bu(i, j) +
N−1∑
k=0

Dke−k(i, j)

ỹ(i, j) = cQ[x̃0(i, j)] + du(i, j) + he0(i, j)
(25)

whereh is a 1× (m + n) error-feedforward vector,Dk ’s are
(m + n) × (m + n) high-orderEF diagonal matrices and

e−k(i, j) =
[

eh(i − k, j)
ev(i, j − k)

]
, Dk =

[
D1k 0
0 D4k

]
ek(i, j) = x̃k(i, j) − Q[x̃k(i, j)] , h =

[
h1 h2

]
.

The coefficient matricesA, b, c and d in (25) are assumed
to have exact fractionalBc-bit representations. The FWL
horizontal (vertical) state vector̃xh(i, j) (x̃v(i, j)) and each
output ỹ(i, j) hasB-bit fractional representations, while the
input u(i, j) is a (B −Bc)-bit fraction. The quantizerQ[·] in
(25) rounds theB-bit fraction x̃k(i, j) to (B − Bc)-bit after
the multiplications and additions, where the sign bit is not
counted. It is assumed that the roundoff errore0(i, j) can be
modeled as a Gaussian random process with zero mean and
covarianceσ2In. By subtracting (25) from (24), it follows that

∆x1(i, j) = A∆x0(i, j) + Ae0(i, j) −
N−1∑
k=0

Dke−k(i, j)

∆y(i, j) = c∆x0(i, j) + (c − h)e0(i, j)
(26)

where∆xk(i, j) = xk(i, j) − x̃k(i, j) for k = 0 and 1, and
∆y(i, j) = y(i, j)−ỹ(i, j). By applying the(z1, z2)-transform
to both sides of (26) and setting the boundary conditions to
be null, we obtain

∆X0(z1, z2) = (Z − A)−1
(
A −

N−1∑
k=0

DkZ−k
)
E0(z1, z2)

∆Y (z1, z2) = cX0(z1, z2) + (c − h)E0(z1, z2)
(27)

which yields

∆Y (z1, z2) = He(z1, z2)E0(z1, z2)

He(z1, z2) = c(Z − A)−1
(
Z −

N−1∑
k=0

DkZ−k
)
− h

(28)

where ∆X0(z1, z2), ∆Y (z1, z2) and E0(z1, z2) are the
(z1, z2)-transforms of signals∆x0(i, j), ∆y(i, j) ande0(i, j),
respectively, andZ = z1Im ⊕ z2In.

B. A Formula for 2-D Noise Gain

Based on the model developed above, we define the
normalized noise gainJe1(h, D) = σ2

out/σ2 with D =
[D0,D1, · · · , DN−1] in terms ofHe(z1, z2) as

Je1(h, D)

= tr
[ 1
(2πj)2

∮
|z1|=1

∮
|z2|=1

H∗
e(z1, z2)He(z1, z2)

dz1dz2

z1z2

]
(29)

where σ2
out is noise variance at the filter’s output. In order

to derive an easy-to-use formula to evaluate and optimize the
2-D noise gain, we define the transition matricesA(i,j) by

(Im+n − Z−1A)−1 =
∞∑

i=0

∞∑
j=0

A(i,j)z−i
1 z−j

2 (30)

and notice thatc(Z−A)−1 = c(Im+n−Z−1A)−1Z−1 hence
He(z1, z2) can be written as

He(z1, z2) =
∞∑

i=0

∞∑
j=0

g(i, j)z−i
1 z−j

2

(
Z −

N−1∑
k=0

DkZ−k
)
− h

(31)
where

A(0,0) = Im+n, A(i,j) = 0, i < 0 or j < 0

A(1,0) =
[

A1 A2

0 0

]
, A(0,1) =

[
0 0

A3 A4

]
A(i,j) = A(1,0)A(i−1,j) + A(0,1)A(i,j−1)

= A(i−1,j)A(1,0) + A(i,j−1)A(0,1), (i, j) > (0, 0)

g(i, j) = c
(
A(i−1,j)

[
Im 0
0 0

]
+ A(i,j−1)

[
0 0
0 In

])
.

By substituting (31) into (29) and making use of 2-D
Cauchy’s integral theorem, we obtain

Je1(h, D) = tr
[
W 10 − cT

1 c1 − 2
N−1∑
k=0

W 1,k+1D1k

+
N−1∑
k=0

N−1∑
l=0

W 1,|k−l|D1kD1l

]
+tr

[
W 40 − cT

2 c2 − 2
N−1∑
k=0

W 4,k+1D4k

+
N−1∑
k=0

N−1∑
l=0

W 4,|k−l|D4kD4l

]
+ (c − h)(c − h)T

(32)
where

W 1r =
[

Im 0
] [ ∞∑

i=0

∞∑
j=0

gT (i + r, j)g(i, j)

] [
Im

0

]

W 4r =
[

0 In

] [ ∞∑
i=0

∞∑
j=0

gT (i, j + r)g(i, j)

] [
0
In

]
.
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The above matricesW 1r and W 4r can be viewed as an
extension of the local observability Gramian defined by

W o =
1

(2πj)2

∮
|z1|=1

∮
|z2|=1

G∗(z1, z2)G(z1, z2)
dz1dz2

z1z2

=
∞∑

i=0

∞∑
j=0

gT (i, j)g(i, j).

(33)
It should also be noted thatl2-scaling constraints on the local
state vectorx0(i, j) involve the local controllability Gramian
Kc of the filter in (24), which can be computed by

Kc =
1

(2πj)2

∮
|z1|=1

∮
|z2|=1

F (z1, z2)F ∗(z1, z2)
dz1dz2

z1z2

=
∞∑

i=0

∞∑
j=0

f(i, j)fT (i, j) =
[

Kc1 Kc2

Kc3 Kc4

]
(34)

where

f(i, j) = A(i−1,j)

[
b1

0

]
+ A(i,j−1)

[
0
b2

]
.

C. Problem Statement

A different yet equivalent local state-space description of
(24), (A, b, c, d)n, can be obtained via a coordinate transfor-
mationx0(i, j) = T−1x0(i, j) with T = T 1 ⊕ T 4 where

A = T−1AT , b = T−1b, c = cT . (35)

Thel2-scaling constraints are imposed on the local state vector
x0(i, j) so that

(Kc)ii = (T−1KcT
−T )ii = 1 for i = 1, 2, · · · ,m + n.

(36)
With an equivalent state-space realization as specified in

(35) and assuming the use of high-order diagonal EF, the
normalized noise gain is found to be

Je2(D, T ) = tr
[
W 10 − cT

1 c1 − 2
N−1∑
k=0

W 1,k+1D1k

+
N−1∑
k=0

N−1∑
l=0

W 1,|k−l|D1kD1l

]
+tr

[
W 40 − cT

2 c2 − 2
N−1∑
k=0

W 4,k+1D4k

+
N−1∑
k=0

N−1∑
l=0

W 4,|k−l|D4kD4l

]
(37)

where

W 1r = T T
1 W 1rT 1, W 4r = T T

4 W 4rT 4.

Here, the noise gainJe2(D,T ) is a function of both high-order
EF matricesD0,D1, · · · , DN−1 and state-space coordinate
transformationT . Formula (37) provides an analytic founda-
tion for the minimization of the noise gain by jointly optimize
the EF loop and state-space coordinate transformation. For-
mally, the problem being considered here can be stated as to
jointly design the high-order EF matricesD0, D1, · · · , DN−1

and coordinate transformation matrixT to minimize the noise

gainJe2(D,T ) in (37) subject tol2-scaling constraints in (36),
assuming the error feedforward vectorh = c is chosen so as
to eliminate the last term in (32).

D. Joint Optimization of Error Feedback and Realization

In what follows, it is assumed that the high-order EF
matrices are all diagonal so that (37) is a valid objective
function to be minimized. For the same reason as in the 1-D
case, it turns out to be beneficial if thel2-scaling constraints
can be eliminated so as to work with an unconstrained problem
that admits fast Newton-like algorithms. To this end, we define

T̂ = T̂ 1 ⊕ T̂ 4 = (T 1 ⊕ T 4)T (Kc1 ⊕ Kc4)−
1
2 (38)

which leads (36) to

(T̂
−T

T̂
−1

)ii = 1 for i = 1, 2, · · · ,m + n. (39)

It is noted that these constraints are always satisfied if matrices
T̂

−1

1 and T̂
−1

4 assumes the form

T̂
−1

1 =
[

t11
||t11||

,
t12

||t12||
, · · · , t1m

||t1m||

]
T̂

−1

4 =
[

t41
||t41||

,
t42

||t42||
, · · · , t4n

||t4n||

]
.

(40)

Substituting (38) into (37), we obtain

Je3(D, T̂ ) = tr
[
V 10 − ĉT

1 ĉ1 − 2
N−1∑
k=0

V 1,k+1D1k

+
N−1∑
k=0

N−1∑
l=0

V 1,|k−l|D1kD1l

]
+tr

[
V 40 − ĉT

2 ĉ2 − 2
N−1∑
k=0

V 4,k+1D4k

+
N−1∑
k=0

N−1∑
l=0

V 4,|k−l|D4kD4l

]
(41)

where

V 1r = T̂ 1K
1
2
c1W 1rK

1
2
c1T̂

T

1 , ĉ1 = c1K
1
2
c1T̂

T

1

V 4r = T̂ 4K
1
2
c4W 4rK

1
2
c4T̂

T

4 , ĉ2 = c2K
1
2
c4T̂

T

4 .

Following the foregoing arguments, the problem of obtaining
T andD0,D1, · · · , DN−1 that jointly minimize (37) subject
to the l2-scaling constraints in (36) is now converted into
an unconstrained optimization problem of obtainingT̂ and
D0,D1, · · · , DN−1 that jointly minimizeJe3(D, T̂ ) in (41).

Let x be the column vector that collects the variables in ma-
tricesD0, D1, · · · ,DN−1, t11, t12, · · · , t1m, t41, t42, · · · , t4n.
ThenJe3(D, T̂ ) in (41) is a function ofx, denoted byJ(x).
The proposed algorithm starts with an initial pointx0 obtained
from the assignmentT = D0 = D1 = · · · = DN−1 = Im+n,
updates vectorxk in the kth iteration by using (19) and
terminates with a criterion stated in (20).

Relative to its 1-D counterpart, the availability of a closed-
form expression for the gradient∇J(x) is even more critical
because of the involvement of considerably more design vari-
ables in the 2-D case. With diagonal high-order EF matrices,
closed-form formulas for computing the partial derivatives of
J(x) with respect to the elements ofT as well the elements of
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D = [D0, D1, · · · , DN−1] are given below. Derivation details
are omitted due to space limitation.

The gradients ofJ(x) with respect tot11, t12, · · · , t1m,
t41, t42, · · · , t4n are found to be

∂J(x)
∂t1ij

= 2eT
1j

[
V 10−ĉT

1 ĉ1−
N−1∑
k=0

(
V 1,k+1+V T

1,k+1)D1k

+
1
2

N−1∑
k=0

N−1∑
l=0

(
V 1,|k−l|+V T

1,|k−l|)D1kD1l

]
T̂ 1g1ij

∂J(x)
∂t4ij

= 2eT
4j

[
V 40−ĉT

2 ĉ2−
N−1∑
k=0

(
V 4,k+1+V T

4,k+1)D4k

+
1
2

N−1∑
k=0

N−1∑
l=0

(
V 4,|k−l|+V T

4,|k−l|)D4kD4l

]
T̂ 4g4ij

(42)
wheret1ij (t4ij) is the ith element of vectort1j (t4j) and

g1ij = ∂

{
t1j

||t1j ||

}
/∂t1ij =

1
||t1j ||3

(t1ijt1j − ||t1j ||2e1i)

g4ij = ∂

{
t4j

||t4j ||

}
/∂t4ij =

1
||t4j ||3

(t4ijt4j − ||t4j ||2e4i)

with 1 ≤ i, j ≤ m (1 ≤ i, j ≤ n) for t1ij , g1ij and e1i

(t4ij , g4ij ande4i).
Let the high-order EF matrices assume the form

D1k = diag{αk1, αk2, · · · , αkm}

D4k = diag{βk1, βk2, · · · , βkn}
(43)

for k = 0, 1, . . . , N − 1. The gradients ofJ(x) with respect
to the diagonalD1k andD4k are given by

∂J(x)
∂αkp

= −2 (V 1,k+1)pp + 2
N−1∑
l=0

αlp(V 1,|k−l|)pp

∂J(x)
∂βkq

= −2 (V 4,k+1)qq + 2
N−1∑
l=0

βlq(V 4,|k−l|)qq

(44)

for k = 0, 1, · · · , N−1, p = 1, 2, · · · ,m andq = 1, 2, · · · , n.

IV. CASE STUDIES

In this section, we present two sets of simulation results,
one for the 1-D case and the other for the 2-D case. The
simulations serve the purpose of demonstrating the numerical
efficiency of the proposed joint optimization algorithms and
effectiveness of using a high-order (i.e. dynamic) EF relative
to a constant (i.e. static) FE for performance enhancement.

Example 1: Consider a stable low-pass state-space digital
filter (A, b, c, d)3 described by

A =

 0 1 0
0 0 1

0.339377 −1.152652 1.520167


b =

[
0 0 0 0.437881

]T

c =
[

0.212964 0.293733 0.718718
]

d = 6.59592 × 10−2.

The controllability and observability GramiansKc and W o

of the above filter were computed from (10) and (8) as

Kc =

 1.000000 0.741988 0.227107
0.741988 1.000000 0.741988
0.227107 0.741988 1.000000


W o =

 0.720426 −1.635144 1.753511
−1.635144 4.551539 −4.194133

1.753511 −4.194133 5.861185

 .

The noise gain of the filter without feedforward and EF was
then computed from (9) as

Je1(0,0) = 11.133150.

In what follows, we report simulation results for two system
set-up’s—the first employed a static EF (i.e.N = 1) while the
second used a dynamic EF withN = 2. In both cases the EF
matrices involved were all diagonal. In the case ofN = 1, the
quasi-Newton algorithm was applied to minimize (18) with
toleranceε = 10−8 in (20). It took the algorithm 64 iterations
to converge to the solution

T̂ =

 5.899503 −0.516441 1.228943
5.935833 −0.493021 2.377971
4.442394 −1.380516 1.478971


D0 = diag{ 0.390401 0.574984 0.659618 }.

The minimized noise gain was found to be

Je3(D, T̂ ) = 0.273955.

The profile ofJe3(D, T̂ ) during the first 64 iterations of the
algorithm is dipicted in Fig. 1.

20 40 60
0

0.5

1

Number of iterations

J(
x)

Fig. 1. Profile ofJe3(D, T̂ ) during the first 64 iterations.

In the case ofN = 2, the quasi-Newton algorithm was
applied to minimize (18) with toleranceε = 10−8 in (20). It
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took the algorithm 36 iterations to converge to the solution

T̂ =

 1.367924 −0.014714 0.386079
−0.849858 1.032268 0.308031

0.078696 0.047338 1.218360


D0 = diag{ 0.478043 0.923417 1.187428 }

D1 = diag{ −0.060347 −0.622454 −0.584187 }.
The minimized noise gain in this case was found to be

Je3(D, T̂ ) = 0.031801

which is approximately nine times smaller than what the best
static EF can achieve. The profile ofJe3(D, T̂ ) during the
first 36 iterations of the algorithm is dipicted in Fig. 2.

0 10 20 3010−2

10−1

100

101

Number of iterations

J(
x)

Fig. 2. Profile ofJe3(D, T̂ ) during the first 36 iterations.

The above and several other simulation results regarding
the noise gainJe3(D, T̂ ) in (18) plus (ĉ − h)(ĉ − h)T

were summarized in Table I where the column with ”Infinite
Precision” shows the value ofJe3(D, T̂ ) derived from the
optimal T̂ and D. The column with ”3-Bit Quantization”
means that ofJe3(D, T̂ )+(ĉ−h)(ĉ−h)T where each entry of
the optimalD was rounded to a power-of-two representation
with 3 bits after the binary point, matrix̂T was updated so as
to minimizeJe3(D, T̂ ) with such aD fixed, and each entry
of ĉ derived from the updated̂T was rounded to a power-of-
two representation with 3 bits after the binary point to set a
new vectorh.

In order to evaluate performance improvement by the pro-
posed joint optimization strategy versus conventional separate
optimization technique where one finds an optimal coordinate
transformationT first, then, withT fixed, finds on optimal EF
matrix D as well as a feedforward vectorh, in each of the
cases (with“ infinite precision”and‘ 3-bit quantization”),
Table I includes simulation results obtained using separate
optimization and joint optimization, respectively, where each
optimization procedure was applied with static (N = 1) and
dynamic (N = 2) EF. On comparing the results given in Table
I, it is quite clear that the use of a dynamic EF (i.e. with

N > 1), when jointly optimized with state-space realization,
can improve the performance of round-off noise reduction in a
significant manner relative to those achieved by either separate
optimization or joint optimization with static EF

TABLE I
PERFORMANCE COMPARISON

N Optimization Infinite
Precision

3-Bit
Quantization

1
Separate 0.644452 0.659679

Joint 0.273955 0.295692

2
Separate 0.353326 0.373479

Joint 0.031801 0.046057

Example 2: Consider a stable low-pass 2-D state-space
digital filter (A, b, c, d)2+2 described by

A =


1.88899 −0.91219 −1.00000 0

1 0 0 0
0.02771 −0.02580 1.88899 1

−0.02580 0.02431 −0.91219 0


b =

[
0.219089 0 −0.028889 0.091219

]T

c =
[

0.028889 −0.091219 −0.219089 0
]

d = 0.87021.

The local controllability GramianKc and the local observ-
ability GramianW o of the above filter were computed from
(34) and (33) with truncation(0, 0) ≤ (i, j) ≤ (500, 500) as

Kc=10


8.717246 8.525727 0.163982 −0.153908
8.525727 8.717246 0.132122 −0.123319
0.163982 0.132122 0.113447 −0.103553

−0.153908 −0.123319 −0.103553 0.097348



W o=10


0.113447 −0.103553 0.163982 0.132122

−0.103553 0.097348 −0.153908 −0.123319
0.163982 −0.153908 8.717246 8.525727
0.132122 −0.123319 8.525727 8.717246


By using

T o = diag{9.336620 9.336620 1.065113 0.986652},

the l2-scaling constraints

(T−1
o KcT

−T
o )ii = 1 for i = 1, 2, 3, 4,

are satisfied and the noise gain of the filter without feedforward
and EF was computed from (32) as

Je1(0,0) = tr[T T
o W oT o] = 367.51003.

Similar to the simulations for the 1-D filter in Example 1,
separate and joint optimization were carried out, and in each
optimization setting static (N = 1) and dynamic (N = 2) EF
were examined with infinite precision and 3-bit quantization,
respectively.
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With the EF order set toN = 1, the quasi-Newton algorithm
was applied to minimize (41) with toleranceε = 10−8 in (20).
It took the algorithm 11 iterations to converge to the solution

T̂ 1 =
[

1.033730 0.089870
0.189249 1.020225

]
⊕

[
1.125495 0.413101
0.276292 1.166642

]
D0 = diag{ 0.978164 0.912805 0.949943 0.895449 }.

The minimized noise gain in this case was found to be

Je3(D, T̂ ) = 1.250326.

The profile ofJe3(D, T̂ ) during the first 11 iterations of the
algorithm is dipicted in Fig. 3.

0 5 10
1

1.5

2

Number of iterations
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Fig. 3. Profile ofJe3(D, T̂ ) during the first 11 iterations.

With the EF order set toN = 2, the quasi-Newton algorithm
was applied to minimize (41) with toleranceε = 10−8 in (20).
It took the algorithm 20 iterations to converge to the solution

T̂ 1 =
[

0.949460 −0.381269
0.573481 0.847325

]
⊕

[
1.187712 0.543967
0.347831 1.259196

]
D0 = diag{ 1.904500 1.055826 1.348885 1.056108 }

D1 = −diag{ 0.928480 0.141394 0.408198 0.167253 }.

The minimized noise gain in this case was found to be

Je3(D, T̂ ) = 1.055408.

The profile ofJe3(D, T̂ ) during the first 20 iterations of the
algorithm is dipicted in Fig. 4.

These and other simulation results regarding the noise gain
Je3(D, T̂ ) in (41) plus(ĉ−h)(ĉ−h)T were summarized in
Table II. From this table, it is observed that joint optimization
produces a lower noise gain as compared to separate opti-
mization. Moreover, the minimized noise gain in a dynamic
EF with N = 2 is considerably smaller than what the system
can achieve with a static EF (i.e.N = 1).

10 20
0

10

20

Number of iterations

J(
x)

Fig. 4. Profile ofJe3(D, T̂ ) during the first 20 iterations.

TABLE II
PERFORMANCE COMPARISON

N Optimization Infinite
Precision

3-Bit
Quantization

1
Separate 1.446145 1.483189

Joint 1.250326 1.274629

2
Separate 1.320965 1.378140

Joint 1.055408 1.085026

5. CONCLUSION

For 1-D and 2-D state-space digital filters, the problem of
jointly optimizing high-order EF and realization to minimize
the effects of roundoff noise at the filter output subject
to l2-scaling constraints has been investigated. It has been
shown that the problem at hand can be converted into an
unconstrained optimization problem by using linear algebraic
techniques. Closed-form formulas for fast evaluation of the
gradient of the objective function have been derived. Then
an efficient quasi-Newton algorithm has been employed to
solve the unconstrained optimization problem. The proposed
techniques have been developed for the case where thehigh-
order EF matrices are diagonal. The simulation results of case
studies have demonstrated the validity and effectiveness of the
proposed techniques.
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