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Abstract Inspired by the ability of ¢,-regularized algorithms and the close con-
nection of total variation (TV) to the ¢1 norm, a pth-power type TV denoted as
TV, is proposed for 0 < p < 1. The TV,-regularized problem for image denoising
is nonconvex thus difficult to tackle directly. Instead, we deal with the problem
by proposing a weighted TV (WTV) minimization where the weights are updated
iteratively to locally approximate the TV-regularized problem. The difficulty of
WTYV minimization is dealt with in a modified split Bregman framework. Numer-
ical results are presented to demonstrate improved denoising performance of the
new algorithm with p < 1 relative to that obtained by the standard TV mini-
mization and several recent denoising methods from the literature on a variety of
images.

Keywords TV - WTV - image denoising

1 Introduction

Denoising is an important procedure in image processing in which the noise that
corrupts a digital image is removed or reduced. Removing white Gaussian noise
from an image is not trivial because the white noise occupies the entire spectrum
(the power spectrum of white noise is a nonzero constant versus frequency) hence
the spectrum of a typical image cannot be separated from that of the white noise.
This makes band-selective filtering based techniques ineffective as long as the cor-
rupting noise is Gaussian white. A breakthrough for denoising (especially piecewise
smooth) images is made in the work of Rudin, Osher and Fatemi (ROF) [Rudin
et al., 1992] in which the standard ¢2-norm fidelity optimization is regularized by
the total variatoin (TV) of the image.

Variants of the ROF algorithm with improved performance and complexity are
available [Chambolle, 2004, Chan et al., 2005, Beck and Teboulle, 2009]. In [Chan
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and Esedoglu, 2005], a TV-¢1 model for image denoising is proposed and the mod-
el is shown to be contrast invariant which in turn suggests a data driven scale
selection technique, see also [Allard, 2008, Allard, 2009] for indepth mathematical
analysis of TV-regularized denoising algorithms. Reference [Wohlberg and Ro-
driguez, 2007] deals with the denoising problem based on a model that involves
a generalized TV, regularizer with ¢ € [1,2) and an £p-norm fidelity term with
p > 1, and an iteratively-reweighted-norm algorithm is proposed to carry out the
TV-£, minimization. Adaptive TV denoising has also been developed [Chen et al.,
2010] in that the regularization term acts like a TV norm at object edges while
approximating f2-norm in flat and ramp regions so as to avoid staircase effect.
In [Chopra and Lian, 2010], recovery of blocky images with improved performance
over existing PDE-based approaches is addressed using a spatially adaptive TV
model where a carefully designed penalization function is incorporated. Recently,
the methodology for TV-based denoising is extended to a local TV-filtering scheme
by employing the ROF model in a given neighbourhood of each pixel [Louchet and
Moisan, 2011], and the concept of higher degree total variation (HDTV) is intro-
duced in [Hu and Jacob, 2012] in order to deal with the staircase and ringing arti-
facts that are common in TV and wavelet based schemes. It is also interesting to
note that the anisotropic HDTV regularizer is found to provide consistently better
reconstruction performance over the isotropic counterpart [Hu and Jacob, 2012].
Very recently, a computational framework was proposed in [Lee et al., 2013] that
incorporates a TV minimization formulation into a moving least squares method
for image denoising in order to overcome drawbacks of both approaches.

Apart from the TV-based denoising techniques, the basis pursuit (BP) [Chen
et al., 2001] based ¢; regularization is another major approach which is found ef-
fective in signal denoising. Recognizing the close connection of the BP algorithm
to the compressive sensing methods for the reconstruction of sparse signals whose
sparsity is measured by the £y “norm”, several authors [Chartrand, 2007, Char-
trand and Yin, 2008, Yan and Lu, 2011b, Yan and Lu, 2012] have proposed ¢,
(with p < 1) regularization methods which are found to provide improved recon-
struction and denoising results relative to those obtained by their ¢1-regularization
counterparts. In [Candes et al., 2008], an iteratively reweighted ¢; minimization
(IRL1) is developed for enhanced sparsity. With the weights appropriately chosen
in each round of iteration, the technique allows to carry out essentially ¢o regular-
ization without having to perform nonconvex optimization. The IRL1 algorithm is
a technique that connects an £o-regularized (nonconvex) problem directly to an ¢;-
regularized (convex) problem without additional mechanism to avoid a degraded
suboptimal solution. Finally, we mention reference [Fu et al., 2006] where models
with mixed f2-¢1 and ¢1-¢; norms for image restoration are proposed.

The main contributions of this paper are twofold. First, the standard TV is
generalized to a pth-power TV with 0 < p < 1 for further promoting gradient
sparsity and a generalized TV (GTV) regularized least squares problem for image
denoising is proposed. The GTV-regularized least squares problem is nonconvex,
thus the second contribution of the paper is the development of a two-step solution
method to solve the problem at hand - by introducing weighted TV (WTV) in
which each element of discretized TV is weighted along the horizontal and vertical
directions, then approximating the solution of the GTV-regularized problem by
solving iteratively reweighted TV (IRTV) convex subproblems. In addition, new
techniques are also developed to deal with technical difficulties encountered. These
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include a power-iterative warm-start technique for the proposed IRTV algorithm
to reach a target power value p; < 1 and a modified Split Bregman method in or-
der to overcome the difficulties arising from the presence of the nontrivial weights
in WTV. Numerical results are presented to demonstrate improved denoising per-
formance in comparison with BPDN, IRL1, TV-{; as well as several more recent
denoising methods.

2 Generalized total variation regularization
2.1 Total variation and denoising by TV minimization

Image denoising is probably the most successful application of TV minimization
[Rudin et al., 1992]. Let the image model be given by

b=u"+w (1)

where b denotes noisy measurement of original image u* € R™*" and w is the
noise term with independently and identically distributed (i.i.d) Gaussian entries
of zero mean and variance 2. The denoising of b is carried out by solving the
convex TV-regularized problem

min TV(u) + £flu— bl (2)

where 1 > 0 is a regularization parameter and || - ||r denotes the Frobenius norm.
The discretized anisotropic and isotropic TV of image u are defined as [Beck and
Teboulle, 2009]

m—1 n m n—1
TV @) = 37 Y fuay — v+ > Y Juiy — uiin (3)
i=1 j=1 i=1 j=1
and
m—1n—1
TV (u) = > Vwig —wig1j? + [wiy — uiga]?
i=1 j=1
m—1 n—1 (4)
+ [tin — Wit1,n| + Z [tm,5 — Wm, j+1]
i=1 =1
respectively.

2.2 Generalized pth power total variation

TV can be related to the ¢1 norm in two ways. Conceptually, both constrained
£1-norm and TV minimization are found effective in signal processing, including
denoising [Chen et al., 2001], deblurring [Mallat, 2009, Beck and Teboulle, 2009],
and signal reconstruction [Candes et al., 2006]. Analytically, the anisotropic total
variation TV (u) may be interpreted as the £1 norm of the discretized gradient of
u [Candes et al., 2006], namely, TV (u) = ||V ull1 4 ||V ull1 where (Vu);; =
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Ui j — Wit1,5, (VyW)ij = Uij — Ui j+1 and || - |1 denotes the sum of magnitudes of
the matrix’s entries. Moreover, if we define (Du); ; = (ui,j — uit1,5) +v/—1(uij —
us,j+1), then the isotropic TV becomes || Dul|;1. In addition, when the size of u is
reduced to m x 1 or 1 x n, both TV (u) and TV® (u) become || Dul;.

We now propose a generalized pth power total variation, denoted as TV, as

)

follows. For the anisotropic case, TV;A is defined as

m—1 n m n—1
A
TVEY () = Y0 D fuig —wirag P+ YD Juiy — il (5)
i=1 j=1 i=1 j=1

Note that TV;(,A)(u) is related to ¢, “norm” by TV;(,A) (u) = [|[Vzullh + || Vyull5.
For the isotropic case, the generalized TV is defined by

m—1n—1
TV () = 3 3 Vuiy — i PP + i — wi [P
i=1 j=1
m—1 n—1 (6)
+ [win — wit1,n|” + Z |um,j — Um,j+1|”
i=1 j=1

The value of power p in (5) and (6) is in the range 0 < p < 1, and a target value
of p is always set to p < 1. Obviously, with p = 1, TV,(,A) and TV;I) recover the
standard TV®) and TV respectively. We remark that reference [Wohlberg and
Rodriguez, 2007] presents a TV4-¢, model for image restoration, hence is relevant
to this present paper. The main difference between the two is that the model
in [Wohlberg and Rodriguez, 2007] is with ¢ € [1,2) and p > 1, hence it is a
convex model, while the present paper investigates a nonconvex TV, regularizer
with 0 < p < 1, which turns out to offer improved performance. We shall revisit
this point in Sec. 4 where experimental results are reported.

With the generalized TV, defined, we propose to study image denoising prob-
lem with a model that incorporates TV, as the regularizer, namely,

min TV, (u) + 5llu - b (7)

where TV, (u) can be taken as TV]E,A) (u) or TVéI)(u) with0<p<1 Withp<1
solving the nonconvex problem in (7) is far from trivial and only local solutions
can be retrieved. In what follows, an iterative reweighting technique is proposed
to address the problem at hand.

2.3 Weighted TV and Iterative Reweighting

The idea of reweighting in the context of sparsity enhancement is originated
in [Candes et al., 2008] where an iteratively reweighted ¢i-minimization (IRL1)
technique is developed that connects an fp-regularized nonconvex problem direct-
ly to an fj-regularized convex problem. With p < 1 the generalized pth power
TV proposed in Sec. 2.2 is also nonconvex. Here we propose an iterative reweight-
ing which is tailored to tackle the TV ,-regularized denoising problem in (7) in a
convex setting. As such, the proposed reweighting technique may be regarded as
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a natural extension of the method in [Candes et al., 2008] to models with total
variation regularizers.

We proceed by introducing weighted TV (WTV), denoted by TV (u), which
for anisotropic TV is defined as

m—1 n m n—1

TVEY () = D Y aigluig —wirigl+ YD Bigluig —uige|  (8)

i=1 j=1 i=1j=1

and for isotropic TV is defined as

m—1n—1

I
TVY (u 2)2} (cvijlui g — wit1 )2 + (Bigluig — wij+1])2
1=1 :

9)

— Uit1,n| + Z Brm,jltm,j = um,j+1]
=1

In the above definitions, a; ; > 0 and B;,; > 0 are weights to weigh the first order
differences along the vertical and horizontal directions, respectively. Apparently
TVw(u) becomes TV (u) when all the weights are set to unity.

To see the critical role the TV, plays in the new algorithm, notice that function
TVw(u) remains convex as long as the weights are fixed. Now if in the Ith round
of TV (u) minimization one assigns the weights to

l l l l —
aig = (ul —u® 1+ P By = (u® = [ +eP 1 (0)

where € > 0 is a small constant to prevent the weights from being zero, then for
u in a small neighborhood of iterate u'” (8) and (10) in conjunction with the
continuity of TV (u) imply that

TV (u) =~ TV (u?)
m—1 n 1) ()] n—1 (l) (l)

i g ui+173 - — ,J+1|
- N0 +2 Zl <l> O
J

1
i=1 j= 1 (|u; () z+1j|+ ) R 2 ,j+1|+5)
m—1 n m n—1
l l l l
D iy =gl + 303 i — gl
i=1 j=1 i=1 j=1
_ V( ((l))

(11)

With a similar argument, we can also see that TV‘(J)(u) = TVI(QI)(u(l)) for uin a
small vicinity of u®. Consequently, nonconvex minimization of TV, (u) can prac-
tically be carried out by convex minimization of TV (u) with reweighting strategy
(10) for each iteration. In other words, the introduction of weighted TV with the
weights in (10) allows an effective convexification of the nonconvex TV,. We note
that in [Louchet and Moisan, 2011], the ROF model is examined in a given neigh-
borhood of each image pixel with a local filter and weights are introduced to a local
window to construct a locally weighted TV denoiser in order to reduce staircase
effect, while the reweighting in the proposed algorithm is performed globally on
the TV norm to enhance the image’s gradient sparsity.
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Algorithm 1 Algorithm for IRTV Regularized Minimization

1: Select parameters p, p: (a target value for power p) and e. Set iteration count ! = 0 and
@i,j = Pij =1
2: Solve the WTV-regularized problem

min TV (u) + 5 [l = blJ3 (12)

for u+1),

3: With ul+1) update the weights {c; ;} and {8; ;} in (10).

4: Terminate if [ + 1 reaches a maximum number of iterations L. Otherwise, set [ = [+ 1 and
repeat from step 2.

Based on above analysis, we propose an iteratively reweighted TV (IRTV)
algorithm as Algorithm 1.

The core of the proposed algorithm is the WTV-regularized problem (12) for
given sets of weights {o; ;} and {8;,;}. We reiterate that problem (12) is convex.
The algorithmic details of solving (12) for both weighted anisotropic and isotropic
TV by split Bregman type iterations are given in Sec. 3.

2.4 Implementation issues

Suppose we are given a target value p; < 1 for power p. Although the subproblem
(12) involved in each round of iteration is convex, the TV,-regularized problem
with p = p: is nonconvex that admits many local minimizers.

The nonconvex nature of the problem at hand is reflected in Algorithm 1 by
the way the initial weights {o; ;} and {8;;} are selected. The IRTV algorithm
proposed in Sec. 2.3 is implemented using a power-iterative warm-start strategy,
which may be explained by looking at the case of p; = 0.4. The power-iterative
strategy suggests that we start the algorithm with p = 1. So the problem at
hand is convex and the solution is unique and global regardless of the initial point
used. Now we use the solution just obtained as the initial point for a slightly
reduced power value, say p = 0.8. Although TV,-regularization with p = 0.8 is
nonconvex, its global solution cannot be too far away from the solution with p = 1.
So with an ¢; solution as a “warm” initial point, the IRTV algorithm will converge
to a reasonably good local solution if not the global solution. Once the second
solution is obtained, it is used as the initial point for the problem in (12) with a
further reduced power value, say p = 0.6. Doing the same thing one more time
will reach the target power value p = 0.4. Numerical experiments have indicated
that decreasing the power value each time by 0.2 is adequate to secure an excellent
local solution for any target power between 0 and 1. Additional implementation
details will be given in Sec. 4.

3 Split Bregman type iterations for the WTV-regularized problem
It turns out that efficient methods such as those based on split Bregman (SB) iter-

ations [Goldstein and Osher, 2009] are not applicable to (12) as long as nontrivial
weights {a;,;} and {8;,;} are present. This section describes algorithmic details of
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a technique for solving (12) for both the weighted anisotropic and isotropic T'Vs
based on modified SB iterations where the standard SB iterations are revised in a
major way to make the proposed algorithms work.

3.1 Solving (12) for anisotropic TV

By the definition of anisotropic WTV in (8), the problem in (12) can be explicitly
expressed as

m—1 n m n—1
min { ity = wirn |+ Y > Bigluig — wigen| + %llu —bl[#} (13)
i=1 j=1 i=1 j=1

If we introduce d; and d, with each element in the vector defined as
(da)ij = (Vawij = aij(uij — vit1,5) (14a)
(dy)ij = (Vyw)ij = Bij(uij —vij+1) (14b)

where V7 u and Vjju denote the weighted first-order differences along the = and
y directions, respectively, then we can write

m—1 n m n—1
el = Y > aijluiy —uirigl, ldyli =Y Bijluiy —uija| (15)
i=1 j=1 i=1 j=1

Consequently, a splitting strategy can be applied using (14) and (15) to formulate
the problem at hand as

: p
min {[|dzl1 + [ldy[l + Sllu— b|i} (16a)
st. dz = Vyu, dy = Vyu (16b)

Enforcing the constraints in (16b), we obtain

. H o 2
Jin (el + 1y + 5l - b

)\ W k >\ w k
+§|\dx —V¥u—eM|E + §||dy —vyu—e?g )H%}

(k)

where ey’ and e?sk)

are updated through Bregman iterations as follows. In the kth

iteration, we solve three subproblems to obtain u(’”l)7 dgck+1), and dngrl) as

u* ) = argmin {%Hu —bl|f
u

(17)
Ao A iow
+5 1V ut el —df[f + D[V u+ e - dif |7}
. A w
d*+Y = argmin ||d. |1 + 5lde =3 uf ) _e®|12 (18a)

T

: A
" = argmin ||y |1 + Flldy — VyutT — el |f (18b)

y
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and ei’“) and eék) are updated by

ol H) — o) 4 gyl _ gk (190)
e?(,kﬂ) _ e;k) + V‘;’u(kﬂ) _ d?(JkJrl) (19b)

Initially, d{”) = d{”) = (¥ = () = 0.
The problems in (18) can be solved effectively by soft shrinkage [Zibulevsky
and Elad, 2010] as

A = T a (VY 1 ef) (20a)
d,(yk+1) _ ﬂ/k(vzvu(k+1) + e,(gk)) (20b)

where 7y, applies pointwisely as
Ti/x(2) = sgn(z) - max{|z| — 1/A, 0} (21)

Solving problem (17) is however far from trivial as the conventional method in
[Goldstein and Osher, 2009] is not applicable to the WTV due to the presence of
nontrivial weights {a;, ;} and {8; ;}. The technique we propose to solve (17) starts
by writing the first-order optimality condition for problem (17) as

A (VT 4 (93)TVy | = e® (22)
where
™ = ub + (V)T (@) — &) + (V)T (df —ef)], (23)
(V)T and (V‘Z’)’)T denote the adjoint operators of V3 and Vy, respectively, and
(v V]
i,
of j(u1; — uz,;j) fori=1,1<j<n
=1{ —0—1,5(Um—1,j = Um,;) fori=m,1<j<n

oz?d (wij — Uit1,5) — af,lyj (wi—1,j — us,j) elsewhere

and
w71
[(vy) vgu}z Vi
BE1(uin — ui2) for1<i<m,j=1
=1 =B n—1(tin—1—uin) for1<i<m,j=n

B (i —wiji1) — Bij—1(uij—1 —uiy)  elsewhere

As the matrix involved in the linear system in (22) is symmetric and diagonally
dominant, using a standard argument (see Section 10.2 of [Larson, 2013]) the
iterations generated by the Gauss-Seidel method as applied to (22) can be shown
to converge to the solution of (22). From the above analysis, it follows that the
linear system in (22) can be expressed componentwisely as

[+ Mad + iy + By + B - )uig = i)+

2 2 2 2
Mag juivt,j + a1 jui—1,5 + Bi juij+1 + B j_1%ij—1)



Image denoising by generalized TV and LS 9

which naturally suggests a Gauss-Seidel iteration scheme for u; ; as

p(r ,r+1)
(TJ‘H) = forr=0,1,---,R (24)
El TZ,]

where
(4 _ 0

1 1
A [awug—&-)l it ai- LJ“EMU) + Bw Erj)—&-l + ﬁm 1% ETJJF—B}

Tig = n+Mai; +ai;+ B+ 6 50)
(r)

is computed using iterates uiil’j, UEZ-)+1 from the preceding

1,3
iteration while iterates ugﬂi% ugztll) are computed from the current iteration.

The convergence of the proposed Gauss-Seidel iterations in (24) is guaranteed by
the diagonal dominance of the linear system involved.

In words, ulmHD

3.2 Solving (12) for isotropic TV

We now consider solving the convex problem in (12) with weighted isotropic TV
(see (9) for its definition) using the split Bregman technique. The weighted TV

in this case can be written as TV (1) = |(da,dy)||r where ||(da,dy)|r =
>/ (de ) 4+ (dy ) . By using the splitting strategy, the problem at hand can

be formulated as L
min [|(de, dy)|[r + 5 [[u— bl (25a)
st.dz = Vyu, dy =Vju (25b)
By enforcing the equality constraint in (25b), the problem becomes
cmin (e, dy) [+ 5 lu— b
ydgydy \ (26)
2l — V¥u— @R+ 2y — VY u— o2}
Note that unlike the weighted anisotropic TV, here the variables d, and d, are
coupled. We propose to tackle the problem as follows. In the kth iteration, we find
a set of new iterate {u*+1) dlF, d§k+1)} for the problem in (26) in two steps:
First, with fixed dgck) and dg,k) we solve the subproblem

uf Y = argmin {%Hu — bl

(27)
+2I9Tu+ el — a4+ 2V el — af)E)
Then we fix u = u**1 in (26) and solve it for d"™ and d(yk+1), namely,
. A w
(Y, df ) = argmin {[[(dr, dy)]lr + Flde — V¥ — o
do,dy (28)

A
+ 5 ldy = Vyu — el
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Despite the fact that the variables d, and d, are coupled, the subproblem (28)
above can still be explicitly solved using a generalized shrinkage formula [Wang
et al., 2008, Goldstein and Osher, 2009]

V;’c"u(k"'l) + egck)

(k+1) _ (k)
d; =max (s*/ —1/X,0) ") (29a)
vkt (k)
A%HD = max (s® —1/a, 0¥ T (29D)

s(k)

where the divisions are pointwisely operated and

s — \/|v§3vu(k+1) +egc)|2 + [Vyule+D +egk)|2 4 e2

where the term 2 is to prevent the elements of s*) from being zeros. On com-
paring the modified SB iteration for weighted isotropic TV with its anisotropic
counterpart, the main difference is the way the next iterate {dé’““), d§k+1)} is ob-
tained: the anisotropic case uses standard soft shrinkage while the isotropic case
requires general shrinkage formulas.

4 Experimental studies

The IRTV algorithm proposed in Secs. 2 and 3 was applied to a variety of synthetic
and natural images and its performance was evaluated in comparison with several
algorithms in the literature that are known to be effective for image denoising. As
argued in Sec. 2.2, both TVA) and TVD are closely related to the £1 norm of the
image gradient. As such, denoising performance based on them are expected to
be similar to each other. As a matter of fact, in [Beck and Teboulle, 2009], both
TVs were found to yield very similar results, while the simulations reported in [Hu
and Jacob, 2012] were slightly in favor of TV, Under these circumstances, the
simulations reported below were carried out using anisotropic type of TV and
TVy.

The denoising performance was evaluated by peak signal-to-noise ratio (PSNR)
which is defined by

2552

with

MSE = 1 3™ S (i) — w0, 4))? (31)
1=0

mn
=0

.

where {u(i,7)} and {u*(4,5)} denote the processed and desired (clean) images,
respectively. Note that MSE (31) represents the variance of the noise remained
in the processed image. Consequently, if the variance of the residual noise can be
estimated (e.g. using a certain patch of the denoised image), PSNR remains to be
a feasible measure in case the clean image is not available.

In what follows, the term “standard TV” (as well as term “T'V” in Tables 1-3)
is referred to as an algorithm that solves problem (2). In our simulations, this
problem was solved by the Split Bregman method [Goldstein and Osher, 2009].
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Throughout the section, the term “TV-£1” is referred to as an algorithm that
solves the problem
min TV(u) + pflu - bl (32)

Since (32) is convex, in our simulations (32) was solved using CVX [Grant and
Boyd, 2008, Grant and Boyd, 2012].

4.1 Experiment 1: Denoising with different rounds of reweighting

In this part of experimental studies, effectiveness of the reweighting strategy (10)
on denoising performance was examined. Shepp-Logan phantom of size 256 x 256
was chosen as the test image in the study, where the image was normalized to
within [0, 1] and corrupted with zero-mean additive white Gaussian noise with
standard deviation 0.1. The PSNR of the noisy phantom was found to be 20.00
dB. To test the reweighting performance, power p was fixed to 0.9, ¢ was set to
1073, and p in (12) varied in the range [4,25]. For each p in that range, A was set
to 2u and the maximum number of Bregman iterations was set to 30.

For the first round of iterations of the IRTV algorithm, i.e., [ = 0, the weights
were all set to one, and the image computed from (12) simply corresponds to the
standard TV denoising result. The weights in the following rounds of iterations
were updated using (10), and the WTV-regularized problem was solved accord-
ingly. Note that in solving (12) at the (I + 1)th iteration, we passed the previous
iterate u'” as the initial point ug. The IRTV algorithm was applied for each p
with the number of reweighting rounds set to 1, 2, and 3, respectively. The three
PSNR-versus-i curves together with the PSNR curve of the standard TV denois-
ing (i.e., I = 0) are depicted in Fig. 1. We observe that the algorithm practically
converges in 3 rounds of reweighting, yielding a peak PSNR of 36.44 dB relative to
34.32 dB offered by the conventional TV denoising. Also note that the first round
of reweighting (i.e., [ = 1) yields largest performance gain.

4.2 Experiment 2: Denoising with different power p

Next, the IRTV algorithm was applied to the same phantom image with the value
of power p reduced from 1 by 0.2 each time down to 0. The experiment’s set-up
was the same as in Experiment 1 except that the range of u was extended to [4, 50]
to cope with the wide range of power values, and only one round of reweighting
was used for each given power p since it provides most performance gain (see
Experiment 1). In the experiment, the IRTV algorithm for a given power value
p starts with the solution obtained with a slightly larger p as an initial point so
as to facilitate the algorithm to converge to a satisfactory solution with a small
number of iterations.

The PSNR curves associated with p = 1,0.8,0.6,0.4,0.2 and 0 are plotted in
Fig. 2. We observe that the algorithm yields better performance for smaller power
p, with the best performance of 39.39 dB achieved when p = 0 and p set to 34
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PSNR

gL i i i i
5 10 15 20 25

n

Fig. 1: Denoising Shepp-Logan phantom with 3 rounds of reweighting for p = 0.9,
compared with the standard TV denoising which corresponds to the curve with
l=0.

PSNR

Fig. 2: Denoising Shepp-Logan phantom with one round of reweighting and
p = 1,0.8,0.6,0.4,0.2 and 0. The PSNR with p = 1 coincides the standard TV
denoising.

that is considerably higher than the peak PSNR of 34.32 dB by the standard TV
denoising. The denoised images by the standard TV and IRTV algorithms are
depicted in Fig. 3(a) and (c), respectively. To visualize the performance difference
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between the two algorithms, the difference between the original and denoised phan-
toms from the standard TV and IRTV algorithms are shown in Fig. 3(b) and (d),
respectively. It is noticed that the difference after IRTV denoising is considerably
less visible relative to that by the standard T'V-based denoising.

Difference between Denoised Phantom

Denoised Phantom with p=1: PSNR=34.32dB with p=1 and Original Phantom

(a) (b)
Denoised Phantom with p=0: PSNR=39.39dB Difference between Denoised Phantom
with p=0 and Original Phantom

(@] (d)

Fig. 3: Denoising Shepp-Logan phantom (a) by the standard TV minimization
(i.e. p = 1), and (c) by the IRTV algorithm with p = 0. Difference between the
denoised and original images are shown in (b) for the standard TV and (d) for
IRTV.

4.3 Experiment 3: Image denoising of 18 natural and synthetic images

The proposed algorithm was tested on a variety of images of size 256 by 256 for
different power p. Each image was normalized to be within [0, 1], and was corrupted
by zero-mean Gaussian noise with standard deviation 0.1, which corresponds to a
PSNR of 20.00 dB.

For comparison purposes, several known denoising methods were also applied
to the same set of test images. These include the well-known basis-pursuit denois-
ing (BPDN) [Chen et al., 2001], iteratively reweighted ¢; algorithm (IRL1) [Candes
et al., 2008], ¢2-£;, minimization based denoising [Yan and Lu, 2012, Chartrand,
2007, Chartrand and Yin, 2008, Foucart and Lai, 2009, Yan and Lu, 2011a], and
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the standard TV-regularized algorithm. For fair comparisons, when an algorithm
was applied, the parameter(s) involved were tuned to optimize the performance
of that particular algorithm. As was in Experiments 1 and 2, here the proposed
IRTYV algorithm was implemented using the power-iterative and warm-start strat-
egy described in Sec. 2.4. The performance of the five algorithms in terms of PSNR
before and after denoising for a total of sixteen natural and synthetic test images
are shown in Table 1. For each test image, the best PSNR achieved is indicat-
ed with a bold-faced number. The pair of numbers in the columns ¢,-f2/p and
IRTV /p denote the PSNR (in dB) achieved and the value of power p utilized to
obtain that PSNR, respectively. For visual inspection, Figs. 4-8 depict the IRTV-
denoised natural images of “axe”, “church”, “jet”, as well as a synthetic image
“phantomdisk” and texture image “fence”, respectively, as compared with their
original versions and noisy counterparts.

Image PSNR in dB
IRLI | BPDN | fy-la/p | TV-6; | TV | IRTV/p

axe 2522 | 2851 | 28.77/0.6 | 31.09 | 33.03 | 33.21/0.6

building | 21.57 | 25.42 | 25.54/0.0 | 26.47 | 27.85 | 28.08/0.8

bird 24.92 | 28.07 | 28.20/0.4 | 30.33 | 31.87 | 31.94/0.6

circles 24.05 | 28.35 | 28.71/0.2 | 33.87 | 37.35 | 43.65/0.2
church 21.43 | 25.34 | 25.49/0.6 | 27.10 | 28.42 | 28.60/0.6
camera 21.83 | 2546 | 25.54/0.4 | 26.02 | 27.74 | 27.98/0.8
crosses 21.45 | 26.33 | 26.39/0.8 | 23.54 | 29.23 | 32.20/0.4

dome 20.00 | 22.47 | 19.68/0.6 | 18.18 | 24.00 | 24.22/0.8
fence 21.55 | 2540 | 25.52/0.2 | 26.75 | 28.24 | 28.45/0.8
jet 21.40 | 24.96 | 25.03/0.4 | 26.05 | 27.45 | 27.62/0.8

liftingbody | 25.63 | 28.56 | 28.71/0.4 | 30.49 | 32.06 | 32.27/0.8
phantomdisk | 23.38 | 27.23 | 27.51/0.2 | 31.12 | 32.87 | 33.20/0.8
pool 22.84 | 25.83 | 25.93/0.6 | 27.45 | 28.55 | 28.62/0.6
reschart 20.56 | 25.56 | 25.86/0.4 | 25.45 | 29.11 | 30.51/0.8
satellite 21.69 | 25.50 | 25.63/0.4 | 25.95 | 27.95 | 28.36/0.8
squares 40.62 | 40.58 | 46.36/0.0 | 37.20 | 42.44 | 47.41/0.0
tower 22.93 | 25.78 | 25.86/0.4 | 26.74 | 27.88 | 27.91/0.6
text 20.36 | 25.88 | 26.22/0.6 | 27.31 | 30.38 | 33.84/0.0

Table 1: PSNRs of test images denoised by the proposed algorithm and several
existing denoising algorithms. In each row, the boldfaced numerical value indicates
the best PSNR for the image.

Based on the experimental results, we remark that
(1) The IRTYV algorithm consistently outperforms the other algorithms. Especially
for the synthetic images such as “circles”, “squares” and “text”, its perfor-
mance gain over the second best performer, the standard TV denoising, is found
to be significant. We note that for these images the best power p is zero or close
to zero, while the standard TV algorithm corresponds to the case of p = 1. For
natural images, although IRTV is found to offer decent gains over the standard
TV for some images such as “satellite” (0.41 dB) and “camera” (0.24 dB), the
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improvement over natural images are obviously less impressive relative to that
achieved for synthetic images. The reason for this is that for most natural images
the optimal power p, is found to be fairly close to 1, which implies that for natural
images the standard TV denoising performs nearly optimally. In this regard the
proposed IRTV algorithm tries to push the envelop to offer even better perfor-
mance.

(2) The IRL1 algorithm does not seem to perform well relative to the other al-
gorithms evaluated. There are several reasons for the outcome. Recall that the
IRL1 essentially performs ¢p-regularization without leaving convex programming
environment. As argued earlier, however, this is not suited for denoising natural
images as the best power for these image appears to be close to 1. This explains
why the BPDN, which is an ¢;-regularized algorithm, outperforms IRL1 for most
instances. For the synthetic images, the IRL1 was expected to perform well. The
reason it fails to do so has to do with its way to perform fop-regularization - it jump-
s from /¢;-regularization directly to fp-regularization as opposed to the proposed
IRTV algorithm where TV, regularization is implemented with a power-iterative
warm-start strategy. As a result, it leads to a suboptimal solution with degraded
performance.

(3) By visual inspection of Figs. 4-8, the IRTV algorithm is found to well preserve
edges as well as textures (see Fig. 8) relative to the TV-{; algorithm. Note that
in this regard IRTV also performs better than the standard TV algorithm as can
be seen from Fig. 3.

4.4 Experiment 4: Comparisons of IRTV algorithm with TV-¢; and BM3D

In the literature, there are other known approaches to the image denoising. In
[Chan and Esedoglu, 2005], a version of the ROF model that uses ¢;-norm as a
measure of fidelity was proposed, and it was argued that the TV-£1 model offers
several advantages: (1) the ¢1 regularization is more geometric; (2) the TV-¢1 mod-
el is contrast invariant; and (3) the ¢i-regularized model suggests a data-driven
scale selection mechanism. Moreover, Wohlberg and Rodriguez have investigated
a model that includes a generalized TV functional and an ¢, norm, where pa-
rameter p is chosen to be greater than or equal to 1 [Wohlberg and Rodriguez,
2007]. In particular, they reported experiments on TV-¢; denoising and deblurring.
Another novel image denoising strategy named BM3D based on enhanced sparse
representation in transform domain was first proposed in [Dabov et al., 2007]. The
enhancement of the sparsity is achieved by grouping similar 2D image fragments
into 3D data arrays, and a procedure of collaborative filtering is developed to deal
with these 3D groups. As such, BM3D was found to offer state-of-the-art denoising
performance. In what follows we report a set of experiments where the proposed
IRTV algorithm was carried out in comparison with the well-established TV-¢;
and BM3D algorithms.

As in Experiment 3, the algorithms were applied to a variety of images of size
256 by 256 where each normalized image was corrupted by zero-mean Gaussian
noise with standard deviation 0.1. The noisy images were of PSNR 20.00 dB. By
passing the standard deviation as a known parameter to the BM3D algorithm, we
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obtain the denoising results using MATLAB toolbox BM3D. The PSNR of the
denoised images obtained by these and IRTV algorithms are given in Table 2.

Tmage PSNR in dB
TV-¢1 | TV | BM3D | IRTV/p
axe 31.09 | 33.03 | 34.75 | 34.80/0.4
building 26.47 | 27.85 | 29.31 | 29.37/0.2
bird 30.33 | 31.87 | 33.66 | 33.47/0.4
circles 33.87 | 37.35 | 36.38 | 45.87/0.4
church 27.10 | 28.42 | 30.35 | 30.09/0.4
camera 26.02 | 27.74 | 29.36 | 29.13/0.6
crosses 23.54 | 29.23 | 39.71 | 39.67/0.4
jet 26.05 | 27.45 | 28.40 | 28.51/0.6

liftingbody | 30.49 | 32.06 | 33.75 | 33.72/0.4
phantomdisk | 31.12 | 32.87 | 34.10 | 34.77/0.2
pool 27.45 | 2855 | 29.99 | 29.72/0.4
reschart 25.45 | 29.11 | 32.34 | 32.71/04
satellite 25.95 | 27.95 | 29.09 | 29.48/0.6
squares 37.20 | 42.44 | 41.26 | 52.26/0.2
tower 26.74 | 27.88 | 28.61 | 27.73/0.4
text 27.31 | 30.38 | 32.18 | 40.23/0.0
phantom 31.95 | 34.32 | 35.49 | 40.66/0.2

Table 2: Comparisons of TV-£;, BM3D and IRTV applied to test images corrupted
by Gaussian noise. In each row, the boldfaced numerical value indicates the best
PSNR for the image.

From Table 2, it is observed that all three algorithms produce good results in
PSNR. The BM3D algorithm was found to outperform TV-¢; considerably. Out of
eighteen images tested, eight of them were in favor of BM3D, with IRTV as a close
second, while the remaining ten images were in favor of IRTV, especially several
synthetic images for which IRTV performs significantly better than BM3D.

4.5 Experiment 5: Comparisons of IRTV algorithm with TV-¢; on denoising
images corrupted by speckle noise

The purpose of the experiment is to demonstrate that the IRTV algorithm is also
able to denoise images corrupted by speckle noise. In the last decade, the modified
TV functional with an ¢; data fidelity term has attracted much attention [Nikolova,
2002, Chan and Esedoglu, 2005] due to a number of advantages, including superior
denoising performance with salt and pepper (speckle) noise, as shown in [Wohlberg
and Rodriguez, 2007]. On the other hand, the BM3D algorithm was developed
to remove Gaussian noise but not for speckle noise. In the following, we report
experimental results where IRT'V was applied to images corrupted by speckle noise
with performance comparison to that of the TV-¢; algorithm.
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There are different types of speckle noise namely salt and pepper type of noise
and random valued impulse noise [JayaManmadhaRao et al., 2010]. In salt and
pepper type of noise, the noisy pixels takes either salt value (gray level 0) or
pepper value (gray level 255) which appear as black and white spots on the image
respectively. Assume p as the total noise density, we consider salt noise and pepper
noise with equal noise density of p/2 respectively. In our experiment setting, each
image was corrupted by 10% salt and pepper noise, i.e., 5% of the image pixels
have gray level 0 and another 5% have gray level 255.

The comparisons are made among the conventional TV denoising, the TV-/;
denoising and the IRTV algorithm. As the TV-¢; minimization is a convex model,
we resort to the CVX model to find its global minimizer. The IRTV algorithm
was applied to remove the speckle noise by starting from an initial point based on
TV-£; solution. Denoising was carried out on a variety of synthetic and natural
images of size 128 by 128 and the performance of the algorithms in PSNR are
shown in Table 3. It can be observed that the IRTV method has comparable
performance with the TV-¢; model in removing speckle noise. In particular for
images “squares” and “phantom”, almost 1dB improvement in SNR was achieved
by the IRTV algorithm.

Tmage . PSNR in dB
Noisy | TV | TV-¢1 | IRTV/p
axe 21.28 | 30.39 | 32.60 | 32.83/0.0
building 20.52 | 26.43 | 31.54 | 31.51/0.0
bird 21.90 | 31.40 | 34.81 | 34.99/0.0

circles 20.42 | 29.47 | 30.32 | 30.36/0.0
church 20.31 | 26.44 | 30.09 | 30.13/0.0

camera 21.42 | 27.09 | 29.87 | 29.85/0.0
crosses 25.29 | 26.06 | 27.66 | 27.72/0.0
jet 21.09 | 27.33 | 31.12 | 31.11/0.0

liftingbody | 21.86 | 31.92 | 34.11 | 34.14/0.0
phantomdisk | 21.01 | 28.83 | 31.07 | 31.18/0.0
pool 21.46 | 28.79 | 32.00 | 31.97/0.0
reschart 19.35 | 23.79 | 26.82 | 26.80/0.0
satellite 19.58 | 26.67 | 29.92 | 29.81/0.0
squares 21.25 | 34.99 | 39.26 | 40.52/0.2
tower 21.43 | 29.39 | 33.08 | 33.12/0.0
text 19.56 | 23.35 | 26.34 | 26.31/0.0
phantom 20.01 | 26.88 | 28.13 | 28.80/0.4

Table 3: Comparisons of TV-¢; and IRTV applied to test images corrupted by
speckle noise. In each row, the boldfaced numerical value indicates the best PSNR
for the image.
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4.6 Comparisons of IRTV algorithm with MLS-TV

Very recently, a computational framework that combines a regularity based varia-
tional method with a moving least squares (MLS) method was proposed as MLS-
TV in [Lee et al., 2013]. It is demonstrated that by incorporating a TV minimiza-
tion formulation into the MLS method, drawbacks of both the standard TV and
MLS based denoising schemes may be overcome.

Both the IRTV and MLS-TV algorithms were applied to an image cameraman
which was normalized to be within the range [0, 1] and was corrupted by zero-mean
Gaussian noise with standard deviation 0.0773 (this was the same simulation set-
up as in [Lee et al., 2013]). The PSNR of the noisy image was found to be 22.25
dB. With p = 0.8, the image denoised by the IRTV algorithm possesses a PSNR
of 29.25 dB, while the image produced by the MLS-TV algorithm has a PSNR of
28.86 dB. The denoising results are illustrated in Fig. 9.

5 Conclusion

The concept of TV has been generalized to a pth power TV and an iteratively
reweighted TV algorithm has been proposed to solve nonconvex TV,-regularized
problem in a convex-programming setting for image denoising. Numerical results
have indicated with an appropriate power p < 1, the proposed IRTV algorith-
m enhances denoising performance relative to several recent denoising algorithms
from the literature. We remark that the concept of generalized TV may also be
applied to several other problems including image deconvolution and compressive
sampling. We remark that the present paper is focused on image denoising, never-
theless the idea and techniques developed here can be extended to a broad range
of applications including signal deconvolution, image deblurring, and other related
problems.
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[

Fig. 4: Denoising image “axe” with IRTV (left to right, up to bottom) (a) origi-
nal image (b) noisy image (c) denoised image by the TV-¢; (d) difference image
between the T'V-¢; denoised image and original image (e) denoised image by the
IRTV algorithm (f) difference image between the IRTV denoised image and orig-
inal image
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