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Abstract—A new algorithm for the reconstruction of sparse Recently, a computationally efficient approximate message

signals, referred to as the/,-regularized least-squares (£,-RLS)  passing (AMP) algorithm based on tlig-minimization has
algorithm, is proposed. The new algorithm is based on the been proposed in [11].

minimization of a smoothed ¢,-norm regularized squared error In thi laorithm b d h S
with p < 1. It uses a conjugate-gradient optimization method ina N this paper, a new algorithm based on the minimization

sequential minimization strategy that involves a two-paraneter Of an /,-regularized squared error, referred to as the
continuation technique. An improved version of the new alge regularized least-square$(,-RLS) algorithm, is proposed.
rithm is also proposed which entails a bisection techniquehiat A smoothed approximaté, norm is used which facilitates

optimizes an inherent regularization parameter. Extensie simu- ot : . ; ;
lation results show that the new algorithm offers improved gynal the application of a conjugate-gradient (CG) method in a

reconstruction performance and requires reduced computdonal  S€duential minimization strategyhich involves anew two-
effort relative to several state-of-the-art competing algrithms. ~parameter continuation techniqubat assures the robustness

The improved version of the ¢,-RLS algorithm offers better of the proposed algorithm with respect to measurement noise
performance than the basic version although this is achiewe \we use the so callebasic CGmethod [12] which is very
at the cost of increased computational effort. efficient and can also handle large-size data. An improved
Index Terms—Compressive sensing, norm, least-squares version of the new algorithm is also proposed which entails
optimization, conjugate-gradient optimization, sequenial opti- 3 pisection technique that optimizes an inherent reguaticz
mization parameter. The basic version of the algorithm offers impdov
reconstruction performance and requires a reduced amount
|. INTRODUCTION of computation relative to several state-of-the-art cotinge
OMPRESSIVE sensing (CS) is a technique for the acquilgorithms. The improved version of the algorithm provides
sition of sparse signals introduced by Candés, Rombegygen better signal reconstruction performance than the bas
and Tao [1], Donoho [2], and Candés and Tao [3] in 2006. Thérsion but at the cost of increased computational effort.
focus of CS research has been on the reconstruction of sparse
signals from a small number of linear measurements that
may be corrupted by noise. Several types of algorithms have
been proposed for CS but thie-minimization based algo- A. Background and previous works
rithms in [4] are among the most successful. Recently, séver |, s, a typical data acquisition model that takes measure-
researchers have investigated gradient-descent antviédya ment noise into account is given by
reweighted least-squares (IRLS) algorithms that are based
¢,-norm minimization withp < 1 [5]-[6], £,-minimization ¢,- y=%r+w (1)

Min) with 0 < ¢ <1 which is based on the minimization OfWhere the components ab are independent and identically

anhonconvex appr_ox!ma_tlon of ”f%hf‘or: T} [71, alind STOOtZed distributed Gaussian random variables with zero mean and
to-norm () minimization [8], which have been found 10,5306 o2 Signal  can be recovered by using af-

offer ﬁmproved pgrformance relative f@;minimization ba§ed regularized least-squares {RLS) algorithm which solves the
algorithms. An improved IRLS algorithm called the |tera-problem

tively reweighted unconstraineg, (IRucLq) algorithm that )
takes noisy measurements into account has been proposed minimize %||‘I>:B—y||2+/\||:c||1 2)
€T

in [9]. A greedy algorithm such as orthogonal matching _ L
pursuit (OMP) [10] is known for its computational efficiencyWhere)‘ > 0 is a regularization parameter. An exceller_1t survey
of several recently proposed state-of-the-art algorittfors
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Il. ¢,-REGULARIZED LEAST-SQUARES ALGORITHM

N
minimize ||z|[b = >_|z;|? subjectto y=®x (3)
T i=1

N
minimize > (1 — 6‘1?/2"2) subject to y = ®x, (4)

T i=1



respectively, withp < 1 and a small positive using iterative and local convexity off, .(x), the solution of the problem
procedures have been found to offer improved reconstmctim (7) can be approached using a variety of well established
performance relative to th& -minimization based algorithm. optimization methods [12].

However, these algorithms are not very effective for theecas The StSALq algorithm [6] solves an optimization problem

of noisy measurements, i.e., far = 0 in (1). which is equivalent to solving the problem in (7). Howevbeg t
In some preliminary work we reported in [14] [15], we haveptimization procedure used in this algorithm involvesetep
investigated the minimization of the approximajenorm itive matrix inversion whose computational effort incress
N rapidly with the length of the signal. The IRucLq algorith®j [

|2 = Z (If i 52)”/2 (5) also solves the problem in (7) but repetitive matrix invensis

= avoided by iteratively constructing a set of linear equatiand

. : then solving it using matrix factorization. Consequenthg
for the reconstruction of sparse signals and found out tqﬁt 9 9 . gquen
) ) . : ucLg algorithm offers reduced computational effort tigka
improved signal reconstruction performance can be actieve

relative to that achieved with several state-of-the-agoal 10 the StSALg algorithm although the computational effort

rithms. The algorithms in [14] and [15] involve the evaligai continues to be relatively large for long signals becaush®f

. o matrix factorization involved.
of the QR and singular-value decompositions and hence they

are not suitable for large signals. _
C. Use of basic CG method

CG methods perform optimization by using search direc-
ider th h h . tions known asconjugatedirections that are generated using
_ Consider the,, norm||x||, whosepth power||z||;,iS given o 4 adient of the objective function [12]. These methaaiseh
in (3). Each termz,|? in the summa_tlo_n in (3) IS_dIscoqtmuousbeen found to be effective in many types of problems and
for @; ~ 0 and, conse_quently,_ It s _not differentiable. Ithave been used extensively in many applications other than
follows that the/, norm is not differentiable and, thereforecS in the past. In our proposeg-regularized least-squares
the gradient and Hessian of the objective function in (3nc&n algorithm, we use the basic CG (BCG) algorithm described on
beT(;vaIuated. d algorithm is based h - p. 149 of [12] for the solution of the problem in (7) because

e proposed algorithm s based on the approximgte ¢ ;i simplicity and because it was found to offer improved

norm qf T given in (5) Where_p < .1 ande > 0 IS an reconstruction performance relative to several stattefart
approximation parameter. The inclusion of parameter (5) .o onstruction algorithms

introduces_three highly desired properties to the appratém The gradient and Hessian of,.(x) can be readily ex-
¢ norm. First, we have pressed in closed form as

B. ApproximateZ,, norm and problem formulation

and hence with a smadl, ||x||, . accurately approximates theywhere
¢, norm of . Second, with a nonzere, ||z||,. becomes 9y = (901 Gps - gpN]T

smooth, and thus it is differentiable. Third, the Hessian of
|||} . can be easily evaluated using the closed-form equatiWr'\th

g, =p (a2 + )" ©)
v2||w||g,e = diag{u17 U2,y - - - 7UN} (6a) and
where H=9"%+)\U (10)
ui = p (a2 + 62)?/2—2 lp—1)2? + €] (6b) N (10),U = diag{uy uz --- uy} whereu; is giyen by (6b). .
_ _ The problem at hand can be solved by using a sequential
In effect, ||z|[} . is convex over the region p, e-continuationstrategy as detailed below.

Given a pair of small target valugsr,er and a pair of

{”’ Ha| <€/ V1 _p} sufficiently large initial values of parametepsande, py, €1,

monotonically decreasing sequencgs : ¢t = 1,2,...,T}

By using this smooth and locally convex approxi aorm
y g y pproximéy and{e;,t=1,2,...,T} are generated as

as the regularization term, signalcan be reconstructed from
measuremeny by solving the/,-RLS problem pr=pre Y for t=1,2,....T (11)

minivmize foe(@) =1 ||Px — ylls + Alz[b . (7) a=ce Pt for t=1,2,....T (12)

Two remarks pertaining to the above problem are in ordevherey = log(p1/pr)/(T — 1) and = log(e1/er) /(T —1).
First, for a very smalle the problem in (7) becomes the The problem in (7) is then solved sequentially fax, ¢;)
¢, formulation of the problem in (2) which assures a moreitht =1,2,...,T. For each value of, the problem is solved
accurate recovery of a sparse signal as is well known [5] [6king a finite nhumber of iterations, sa¥,, using the BCG
[14]. Consequently, better performance can be achieved &gorithm.
solving the problem in (7) relative to that achieved by using From (10) and (6b), it is clear thaf, .(z) is convex
an ¢;-RLS algorithm. Second, because of the differentiabilityver the region{x : |z;| < ¢/+/T—p}. Therefore, for



p = 1 function f,(x) is convex and for any > 0 it [1l. OPTIMIZATION OF PARAMETER A

is smooth; the larger the, the smoother the function. If Tpe performance of the proposet}-RLS algorithm is
|[Tm| = mzawxi|, € 2 |zm|vT—pr would make the function ¢josely related to the selection of regularization par@mat
Jp.c(x) sufficiently smooth wherer is the target value of as it controls a trade-off between the approxinfgtaorm and
p used in (11). Consequently, the global minimizef. of the closeness abx to measuremeny. For a solutionz of the
this function can be readily obtained by running the BC@roblem in (7), (1) implies that|®x —y||§ ~ Mo? where
algorithm over a sufficiently large number of iterationsy,sa M is the size of vectoy. If X is large, then the weight used
L. By using this point as the initial point for the next roundn the approximate/, norm will be large which will cause
of L, BCG iterations to minimizef,, .,(x), an improved so- the fidelity term||®x — y||5 to exceed||w||2 = Mo2. On
lution is generated. This procedure is continued until fiamc  the other hand, if\ is small, then the fidelity term becomes

for.er(x) is minimized usingL BCG iterations. overweighted, which will result in a value ¢f@x — y||> that
In the BCG algorithm, iterate;, is updated as [12] is considerably smaller thah/ o2 thereby violating (1) again.
In effect, ||®x — y||> is a monotonic function of\. In such
Thy1 = T + apdy (13a) 4 situation, a bisection technique such as that in [12] can be
where used as detailed below to obtain a good value\ of
Let [\;, A\,] be an interval that contains the optimal value of
dp = —gi+ Brk-1dr-1 (13b) ). Since) is nonnegative, initially we can set = 0 and )\,
el 13 sufficiently large. The length of this interval is the initrange
Br—1 = llgr_1113 (13¢) of uncertainty (ROU). By using the midpoint of the interval
g2 A1, M), i, A = (A + Ay) /2, the problem in (7) is solved
ap = o (13d) and its solutionz) is used to updatg; and \, as
dl Hd,
_ _ set =X if [[®Pzy—y|[3 < Mo? (17)
In (13), g, and H}, are the gradient and Hessian £f.(x) set Ay =\ if || ®xy—y|2 > Mo?

evaluated atc = x; using (8) and (10), respectively. In order ) ) : ,
for oy in (13d) to be positive H;, must be positive definite In this way, the ROU is reduced by an half. This procedure is

(PD). It follows from (10) thatH, is PD if U}, is PD and the repeated until the ROU falls below a prescribed toleraned, a

positive definiteness df/;, can be assured by letting the_midpoint of the last interval is taken to be an estimathef
_ optimized value of\. Because of the exponential convergence
w; = { Ui !f u; >0 (14) rate 0.5* of the procedure, a good value afcan be found
6 if wu; <o with a small number of iterations.

whered is a small positive constant typically of the order of The above bisection technique can be readily incorporated i
10-5. The denominator in (13d) can be evaluated efficientf{i€ {,-RLS algorithm as shown in Table II, where parameter

as Ey, is a small threshold. The two versions of the proposed
d} H,d), = ||<I>dk||§ + A ||bk||§ (15) algorithm yvill be referrgd to as thbasic and improved /-
. RLS algorithm, respectively, hereafter.
whereby, = b1 bra -+ bpn]  With by; = \/u;dy; and from

TABLE Il

(13d), we have IMPROVED£,-RLS ALGORITHM

2
_ gl (16) St LWPULT, b1, pr, 1, e, M My @, 9, iy Bro, 0,0
@il + Al[brll; and setw, = 0, Ero = 107,
Step_ 2: Repeat the following whileE,., > Ei,.
Based on the above principles, the bagjeRLS algorithm i) ComputeA = (A + Au)/2.

summarized in Table | can be constructed, where parameter 1) SOIve (7) using the basi¢,-RLS algorithm with',

; F p1, PT, €1, €T, A, @, y, Ey, § as inputs ande;s as the
E; is a sufficiently small threshold. initializer. Denote the resulting solution as,.
iii) Update A\, or A\; using (17).
iv) ComputeE,, = Ay, — A
5 , TF?I_Bls-il V) Setx; = ).
i ASIC bp- LGORITHM Step 3: Compute = (A + A\u)/2,
Step L:Input 7', pa, pr, €1, e, A, L, o, ®, y and setr, =0. solve the problem in (7) using the bagig-RLS algorithm,
St%p(f.zfomputept élmd e fort=23,...,T —1using (11) and denote the resulting solution as.
an , respectively. : . _
Step 3:Fort— 1,2, ... .T Step 4: Outputx x, and stop.
i) Sete =€, p=p:, and L, = 6 4 roundt/5).
i) Setk =0, o = xs, and E, = 10'°.

iii) While E,. > F;. IV. SIMULATION RESULTS
C t i 13), (14), (16). . . .
sg Sgtrzpi %Eff using (13), (14), (16) In our experiments, & -sparse signal of lengtiV with
¢) Exit loop if k > Lq. energy value of 00 units was constructed as follows: i) a zero
~d) ComputeE, = ||axdk|2. vectorx of length N was constructed, ii) a random vector of
iv) Setaw, = @p. length K was constructed by drawing its components from a

Step 4: Outputz” = . normal distribution\/(0, 1) followed by a normalization step




to ensure that thé, norm of the resulting vector is/100, not involve repetitive matrix factorization and, conseuiyg
and iii) the components of the resulting vector were sekto the rate of increase in the computational effort with respec
randomly chosen locations of vecter A measurement matrix to the signal lengthV for the basic/,-RLS algorithm is
® of size M x N was constructed by selecting its componentsnaller than that for the IRucLq algorithm. The bagjc
from A/(0, 1) followed by an orthonormalization step to ensur&LS algorithm required less CPU time than the OMP and
that the rows of® are orthonormal relative to each other. AS¢, algorithms for values ofV above6400. This is due to the
noisy measurement was taken using- ®x +w wherew is fact that the OMP method entails the use of QR factorization
a measurement noise vector of lendth whose components and the 8, algorithm entails evaluation of the pseudo-inverse
were drawn from\(0, o2). of matrix & which requires a large amount of computation for
In Experiment 1, the signal lengtt, number of measure- large signals.
ments, M, noise variancer?, and A were set toN = 512,
M = 200, 0> = 1074, and A = 7 x 1073, The basicl,-
RLS algorithm was run with parametefs = 80, p; = 1,
pr =0.1,e =1, ep =1072, B, = 1072%, and§ = 107°.
The IRucLq algorithm [9] was run withh = 7 x 1073, The
¢,-Min algorithm [7] was run withn = 10, ¢ = 1/(k + 2), 10° ——
k.

and g € {0,0.05,0.1,0.2}. The F, algorithm [8] was run z

with o = 2, » = 1.001, L = 2, andopr = 1072 The SNR €

was measured &) log (||z||2/||x — &||2) wherez is a vector 5 —#&— Basiclp-RLS
representing the reconstructed signal. The signal was eléer S —*—lg-Min

to be reconstructed when the SNR was greater ttaaB. 10 —v— IRucLq

The percentage of recovered instances (PoRIs) of the estui oS

signal for the basid,-RLS, ¢,-Min, IRucLq, ¥y, AMP, and AW

OMP algorithms oven 000 runs is plotted versus sparsity in ‘ ‘ ‘ ‘ : 9MP : :
Fig. 1. As can be seen, the badig-RLS algorithm yields 1000 2000 3000 4000 5000 6000 7000 8000
increased PoRIs for sparsity values in exces8(ofelative to Signal length, N

the C.Omp?tmg algorithms. The performance ,Of the pmposﬁg. 2. Average CPU time versus signal length for bagjeRLS, £,-Min,
algorithm is better than that of the AMP algorithm for valuefkucLg, S, AMP, and OMP algorithms (Experiment 2).

of K in excess of35.
In Experiment 3, the signal length, number of measure-

ments, and sparsity values were selected as in Experiment 1.
The basic/,-RLS algorithm withp fixed was implemented
as in Table | with the following modifications: ip = 0.1
was supplied as input instead pf and pr in Step 1, ii)
the computation ofp; in Step 2 was removed, and iii) the
statementp = p, in Step 3.i was removed. The basig-
RLS algorithm withp, e continuation, exactly as described in
Table |, and withp fixed were run withh = 9x1073,2x1072,
Sl and4x1072foro =3x1072 5x 1072, and7 x 1072, The
20 40 60 80 100 120 average SNR obtained is plotted in Fig. 3 versus sparsity. As
Sparsity, K can be seen, for sparsity values ugtothe SNR for the basic
Fig. 1. PoRIs versus sparsity for bagigRLS, £,-Min, IRucLq, S, AMP,  £,-RLS algorithm withp, e continuation is larger than that with
and OMP algorithms (Experiment 1). p fixed for all three values of. Also, the difference between
the SNRs for the two implementations of the algorithm is
In Experiment 2, the number of measurements and spargitgatest whenr = 7 x 10~2 which implies that the basic
value were set td\/ = N/2 and K = roundM/2.5) and ¢,-RLS algorithm withp, e continuation is more robust with
the noise variance was set t¢ = 10~4. The CPU time respect to the measurement noise than the algorithm mvith
was measured on a desktop PC with Intel Core i7-3632Qfked.
CPU 2.2 GHz processor and 8 GB RAM using MATLAB In Experiment 4, the signal length, number of measure-
commandcput i me. The average CPU time ovén00 runs ments, and sparsity values were set as in Experiment 1.
versus the signal length is plotted in Fig. 2. As can be seéfhe improved/,-RLS algorithm was run with); = 0,
the CPU time required by the basit-RLS algorithm is A\, = 5 x 1073, E, = 1 x 1074, ando? = 10~%. For the
less than that required by thg-Min and IRucLq algorithms sake of comparison, the bagig-RLS algorithm of Table | was
but more than that required by the AMP algorithm. The also run withA = 7 x 10~%. The results obtained are plotted
Min algorithm involves the use of a primal-dual interioripb in Fig. 4. As can be seen, optimizing paramekeby using
method which requires a significantly larger computation#fie proposed bisection technique increases the PoRIs quite
effort than the technique used in the ba&ieRLS algorithm. significantly for values of’ over 80 relative to that achieved
Unlike the IRucLq algorithm, the basig-RLS algorithm does with the basicl,-RLS algorithm. Step 2 of the improveq-

PoRIs




—&—pgecont.,0 = X107
|| —©— pfixed,0 = X102
| —— p. cont.,0 = 5x10°2
—5— pfixed,0 = 5x10°°
ot —+—pecont.o= 7x107 ,
—*— p fixed,0 = 7x10°

-5 . . . . .
20 40 60 80 100 120

Sparsity, K

Average SNR, dB

a1

Fig. 3. Average SNR versus sparsity for bagieRLS algorithm withp fixed
andp, e continuation (Experiment 3).

RLS algorithm took a total of six iterations.

100—&85858-55555555550- =S

—<— Improvedl,—RLS
—+&— Basiclp-RLS

50

PoRIs

0 ! ! !
20 40 60 80
Sparsity, K
Fig. 4. PoRIs versus sparsity for basic and improvgeRLS algorithms
(Experiment 4).

100 120

techniques for the estimation of the variance of the noigse ar
available in the literature, see, for example, the refezenc
included in [16].

V. CONCLUSION

A new algorithm for compressive sensing, the bagje
RLS algorithm, has been proposed. It uses a CG optimization
method in a sequential minimization strategy that involves
a two-parameter continuation technique. An improvgd
RLS algorithm has also been proposed that uses in addition
a bisection technique for the optimization of an inherent
regularization parameter. Extensive simulation resuliseh
shown that the basi€,-RLS algorithm offers improved PoRIs
and reduced computational effort for large-size data ixelat
to the competing algorithms. The continuation of paramgter
improves the robustness of the bagjeRLS algorithm. The
improved ¢,-RLS algorithm yields an increase in the PoRIs
with respect to the basi¢,-RLS algorithm although this is
achieved at the cost of increased computational effort.
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