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PAPER

Roundoff Noise Minimization for a Class of 2-D State-Space Digital
Filters Using Joint Optimization of High-Order Error Feedback
and Realization

Akimitsu DOI†a), Member, Takao HINAMOTO†b), Fellow, and Wu-Sheng LU††c), Nonmember

SUMMARY For two-dimensional IIR digital filters described by the
Fornasini-Marchesini second model, the problem of jointly optimizing
high-order error feedback and realization to minimize the effects of round-
off noise at the filter output subject to l2-scaling constraints is investigated.
The problem at hand is converted into an unconstrained optimization prob-
lem by using linear-algebraic techniques. The unconstrained optimization
problem is then solved iteratively by applying an efficient quasi-Newton
algorithm with closed-form formulas for key gradient evaluation. Finally,
a numerical example is presented to illustrate the validity and effectiveness
of the proposed technique.
key words: Fornasini-Marchesini’s second model, high-order error feed-
back and realization, joint optimization, roundoff noise minimization, 2-D
filters

1. Introduction

When IIR digital filters are implemented in fixed-point arith-
metic, reduction of roundoff noise effects at the filter output
becomes critically important. Error feedback (EF) is an ef-
fective tool to reduce finite-word-length (FWL) effects in
IIR digital filters, and many EF methods have been proposed
in the past [1]–[9]. Another useful approach is to synthesize
the state-space filter structures for the roundoff noise gain to
be minimized by applying a linear transformation to state-
space coordinates subject to l2-scaling constraints [10]–[14].
As a natural extension of the aforementioned methods, ef-
forts have been made to develop new methods that combine
EF and state-space realization for achieving better perfor-
mance [15]–[18]. Separate and joint optimizations of scalar
as well as general EF matrices for state-space filters have
been explored in [15]. A quasi-Newton method for joint
optimization of general, diagonal, or scalar EF matrix for
state-space digital filters is proposed in [16]. The similar
technique has been applied to two-dimensional (2-D) state-
space digital filters [17]. More recently, the use of high-
order EF is found to offer improved noise-reduction perfor-
mance for 1-D and 2-D state-space digital filters [18]. We
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stressed that the 2-D IIR filters in the references cited above
are all described by the Roesser model [19]. Studies of 2-
D IIR filters characterized by the Fornasini-Marchesini sec-
ond model [20] in terms of stability analysis, low sensitiv-
ity realization, and roundoff noise minimization via EF and
state-space realization have been reported [21]–[27]. How-
ever, studies on the use of high-order EF for the Fornasini-
Marchesini second model are not available to date.

This paper investigates the joint optimization problem
of high-order EF and realization of 2-D state-space digital
filters described by the Fornasini-Marchesini second model
[20] for roundoff noise minimization subject to l2-scaling
constraints. The novelty of the proposed method has largely
to do with the introduction of high-order EF to 2-D IIR
digital filters. The high-order EF, as will be demonstrated
later in the paper, is responsible for a considerable perfor-
mance improvement in noise gain reduction relative to those
that employ constant EF. Alongside with this introduction, a
state-space model for quantized 2-D discrete-time systems
with high-order EF is established, a tractable formula for
roundoff noise gain is derived, and our objective–the joint
optimization of high-order EF and state-space realization
for roundoff noise minimization subject to l2-scaling con-
straints is formulated as a constrained optimization problem.
The constrained optimization problem at hand is converted
into an unconstrained optimization problem by using linear
algebraic techniques. An efficient quasi-Newton algorithm
[28] is utilized to solve the unconstrained optimization prob-
lem at hand. The proposed technique is applied to the case
where the high-order EF matrices are diagonal. The present
technique can be viewed as an extension of constant EF in
[27] to high-order EF. A numerical example is presented to
illustrate the proposed algorithm and demonstrate its perfor-
mance.

Throughout this paper, In stands for the identity matrix
of dimension n × n, the transpose (conjugate transpose) of
a matrix A is indicated by AT (A∗), and the trace and ith
diagonal element of a square matrix A are denoted by tr[A]
and (A)ii, respectively.

2. System Model and Problem Description

2.1 System Model

Consider a stable, locally controllable and locally observ-
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able 2-D digital filter (A1, A2, b1, b2, c, d)n described by the
Fornasini-Marchesini second model [20]

x(i, j)= A1x(i − 1, j) + A2x(i, j − 1)

+b1u(i − 1, j) + b2u(i, j − 1)

y(i, j) = c x(i, j) + du(i, j)

(1)

where x(i, j) is an n × 1 local state vector, u(i, j) is a scalar
input, y(i, j) is a scalar output, and A1, A2, b1, b2, c and d
are real constant matrices of appropriate dimensions.

By taking into account the quantizations performed be-
fore matrix-vector multiplication, an FWL implementation
of (1) with error feedforward, high-order EF can be obtained
as

x̃(i, j)= A1Q[x̃(i − 1, j)] + A2Q[x̃(i, j − 1)]

+b1u(i − 1, j) + b2u(i, j − 1)

+

N∑
k=1

{D1ke(i − k, j) + D2ke(i, j − k)}

ỹ(i, j) = c Q[x̃(i, j)] + du(i, j) + he(i, j)

(2)

where

e(i, j) = x̃(i, j) − Q[x̃(i, j)]

h is a 1×n error-feedforward vector, and D1k and D2k for k =
1, 2, · · · ,N are referred to as n × n high-order EF matrices.

The coefficient matrices A1, A2, b1, b2, c and d in (2)
are assumed to have exact fractional Bc-bit representations.
The FWL local state vector x̃(i, j) and the output ỹ(i, j) all
have B-bit fractional representations, while the input u(i, j)
is a (B − Bc)-bit fraction. The quantizer Q[·] in (2) rounds
the B-bit fraction x̃(i, j) to (B − Bc)-bit after the multiplica-
tions and additions, where the sign bit is not counted. It is
assumed that the roundoff error e(i, j) can be modeled as a
zero-mean noise process with covariance σ2In. A block di-
agram of the Fornasini-Marchesini second model with first-
order EF and error feedforward path is illustrated in Fig. 1.

By subtracting (2) from (1), we obtain

Δx(i, j)= A1Δx(i − 1, j) + A2Δx(i, j − 1)

+A1e(i − 1, j) + A2e(i, j − 1)

−
N∑

k=1

{D1ke(i − k, j) + D2ke(i, j − k)}

Δy(i, j) = cΔx(i, j) + (c − h)e(i, j)

(3)

where

Δx(i, j)= x(i, j) − x̃(i, j)

Δy(i, j) = y(i, j) − ỹ(i, j).

By taking the (z1, z2)-transform on both sides of (3) and set-
ting the boundary conditions Δx(i, 0) = Δx(0, j) = 0 for
i, j = 1, 2, · · ·, we have

ΔY(z1, z2)=He(z1, z2)E(z1, z2)

He(z1, z2) = c(In − z−1
1 A1 − z−1

2 A2)−1

·
(
In −

N∑
k=1

{z−k
1 D1k + z−k

2 D2k}
)
− h

(4)

Fig. 1 Block diagram of Fornasini-Marchesini’s second model with
first-order EF and error feedforward.

where ΔY(z1, z2) and E(z1, z2) are the (z1, z2)-transforms of
Δy(i, j) and e(i, j), respectively. Defining the transition ma-
trix A(i, j), the noise transfer function He(z1, z2) can be writ-
ten as

He(z1, z2)=
∞∑

i=0

∞∑
j=0

cA(i, j)z−i
1 z− j

2

·
(
In −

N∑
k=1

{z−k
1 D1k + z−k

2 D2k}
)
− h

(5)

where

(In − z−1
1 A1 − z−1

2 A2)−1 =

∞∑
i=0

∞∑
j=0

A(i, j)z−i
1 z− j

2

A(i, j) = A1 A(i−1, j) + A2 A(i, j−1)

= A(i−1, j) A1 + A(i, j−1) A2

A(0,0) = In, A(i, j) = 0 for i < 0 or j < 0.

2.2 Problem Description

We define the normalized noise gain Je1(h, D) = σ2
out/σ

2

with D = [D11, D12, · · · , D1N , D21, · · · , D2N] as

Je1(h, D) = tr
[ 1
(2π j)2

∮
|z1 |=1

∮
|z2 |=1

H∗e(z1, z2)He(z1, z2)
dz1

z1

dz2

z2

] (6)

By substituting (5) into (6) and making use of 2-D Cauchy’s
integral theorem, we obtain
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Je1(h, D)

= tr
[
W00 − 2

N∑
k=1

{
Wk0 D1k +W0k D2k

}

+

N∑
k=1

N∑
l=1

{
Wk−l,0 D1k DT

1l +W0,k−l D2k DT
2l

+Vkl D1k DT
2l + Vlk D1l DT

2k

}
−cT h − hT c + hT h

]

(7)

where

Wkl =

∞∑
i=0

∞∑
j=0

(cA(i+k, j+l))T cA(i, j)

Vkl =

∞∑
i=0

∞∑
j=0

(cA(i+k, j))T cA(i, j+l).

The above matrices correspond to generalizations of the lo-
cal observability Gramian Wo of the filter in (1) that is de-
fined by

Wo =
1

(2π j)2

∮
|z1 |=1

∮
|z2 |=1

G∗(z1, z2)G(z1, z2)
dz1

z1

dz2

z2

=

∞∑
i=0

∞∑
j=0

(cA(i, j))T cA(i, j) (8)

where

G(z1, z2) = c(In − z−1
1 A1 − z−1

2 A2)−1.

It should be noted that l2-scaling constraints on the
local state vector x(i, j) involve the local controllability
Gramian Kc of the filter in (1) which can be defined by

Kc =
1

(2π j)2

∮
|z1 |=1

∮
|z2 |=1

F(z1, z2)F∗(z1, z2)
dz1

z1

dz2

z2

=

∞∑
i=0

∞∑
j=0

f (i, j) f T (i, j) (9)

where

F(z1, z2) = (In − z−1
1 A1 − z−1

2 A2)−1(z−1
1 b1 + z−1

2 b2)

f (i, j) = A(i−1, j)b1 + A(i, j−1)b2.

A different yet equivalent local state-space description
of (1), (A1, A2, b1, b2, c, d)n, can be obtained via a coordi-
nate transformation x(i, j) = T−1x(i, j) where

A1 =T−1 A1T, A2 = T−1 A2T

b1 =T−1b1, b2 = T−1b2, c = cT.
(10)

The l2-scaling constraints are imposed on the local state vec-
tor x(i, j) so that

(Kc)ii = (T−1KcT−T )ii = 1, i = 1, 2, · · · , n. (11)

The problem being considered here is to design an op-
timal coordinate transformation matrix T as well as high-
order EF diagonal matrices D1k and D2k for k = 1, 2, · · · ,N

that jointly minimize the noise gain

Je2(T, D)

= tr
[
W00 − cT c − 2

N∑
k=1

{
Wk0 D1k +W0k D2k

}

+

N∑
k=1

N∑
l=1

{
W |k−l|,0 D1k D1l +W0,|k−l|D2k D2l

+2Vkl D1k D2l

}]
(12)

subject to l2-scaling constraints in (11) where the error feed-
forward vector h is chosen as h = c and

Wkl = TT WklT, Vkl = TT VklT.

3. Joint Optimization of High-Order Error Feedback
and Realization

To deal with the l2-scaling constraints in (11), we define

T̂ = TT K
− 1

2
c . (13)

Then (11) becomes

(T̂
−T

T̂
−1

)ii = 1, i = 1, 2, · · · , n. (14)

It is noted that these constraints are always satisfied if T̂
−1

assumes the form

T̂
−1
=

[
t1

||t1|| ,
t2

||t2|| , · · · ,
tn

||tn||
]
. (15)

Substituting (13) into (12), we obtain

Je3(T̂, D)

= tr

[
Ŵ00 − ĉT ĉ − 2

N∑
k=1

{
Ŵk0 D1k + Ŵ0k D2k

}

+

N∑
k=1

N∑
l=1

{
Ŵ |k−l|,0 D1k D1l+Ŵ0,|k−l|D2k D2l

+2V̂kl D1k D2l

}]
(16)

where

Ŵkl = T̂K
1
2
c WklK

1
2
c T̂

T

V̂kl = T̂K
1
2
c VklK

1
2
c T̂

T
, ĉ = cK

1
2
c T̂

T
.

From the foregoing arguments, the problem of obtaining
matrices T, D1l and D2l for l = 1, 2, · · · ,N that jointly
minimize (12) subject to the l2-scaling constraints in (11) is
now converted into an unconstrained optimization problem
of obtaining T̂, D1l and D2l for l = 1, 2, · · · ,N that jointly
minimize Je3(T̂, D) in (16).

Let x be the column vector that collects the variables
in matrices [t1, t2, · · · , tn], D1l and D2l for l = 1, 2, · · · ,N.
Then Je3(T̂, D) in (16) is a function of x, denoted by J(x).
The proposed algorithm starts with an initial point x0 ob-
tained from an initial assignment T = D1l = D2l = In
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for l = 1, 2, · · · ,N. In the kth iteration, a quasi-Newton al-
gorithm, known as the Broyden-Fletcher-Goldfarb-Shanno
(BFGS) algorithm, updates the most recent point xk to point
xk+1 as [28]

xk+1 = xk + αk dk (17)

where

dk = −Sk∇J(xk)

αk = arg
[
min
α

J(xk + αdk)
]

Sk+1 = Sk +

(
1 +
γT

k Skγk

γT
k δk

)
δkδ

T
k

γT
k δk

− δkγT
k Sk+Skγkδ

T
k

γT
k δk

S0 = I, δk = xk+1 − xk

γk = ∇J(xk+1) − ∇J(xk).

Here, ∇J(x) is the gradient of J(x) with respect to x, and Sk

is a positive-definite approximation of the inverse Hessian
matrix of J(xk). This iteration process continues until

|J(xk+1) − J(xk)| < ε (18)

is satisfied where ε > 0 is a prescribed tolerance.
The BFGS algorithm is a well-known descent algo-

rithm, meaning that a twice continuously differentiable ob-
jective function at the iterates generated by the BFGS algo-
rithm is monotonically decreasing. Although the objective
function involved in the joint optimization is not convex in
general, in theory it was shown [29] that if the starting point
is sufficiently close to a local minimizer and the initial Hes-
sian approximation is sufficiently close to the Hessian at that
minimizer, then the BFGS iterates will converge to the mini-
mizer. In practice, the above iterative algorithm was applied
to quite a number of simulation examples, and fast conver-
gence was observed in each and every instance where the
BFGS algorithm converged to an identical solution point
for a variety of initial state-space realizations. In the next
section, the effectiveness of the proposed algorithm is illus-
trated using a representative example from our simulation
studies.

The implementation efficiency and solution accuracy
of the quasi-Newton algorithm greatly depends on how the
gradient ∇J(x) is evaluated. With high-order EF diagonal
matrices, we have managed to derive closed-form formulas
for computing the partial derivatives of J(x) with respect
to the elements of T as well as those of D1l and D2l for
l = 1, 2, · · · ,N. The derivation process is quite involved,
below we include the formulas without derivation details.

In what follows, we define for k = 1, 2, . . . ,N

D1k = diag{αk1, αk2, · · · , αkn}
D2k = diag{βk1, βk2, · · · , βkn}.

(19)

Then the gradient of J(x) with respect to T is found to be

∂J(x)
∂ti j

=2eT
j

[
Ŵ00− ĉTĉ −

N∑
k=1

{
(Ŵk0+Ŵ

T
k0)D1k

+(Ŵ0k+Ŵ
T
0k)D2k

}

+
1
2

N∑
k=1

N∑
l=1

{
(Ŵ |k−l|,0+Ŵ

T
|k−l|,0)D1k D1l

+(Ŵ0,|k−l|+Ŵ
T
0,|k−l|)D2k D2l

+2(V̂kl+V̂
T
kl)D1k D2l

}]
T̂gi j

(20)

for i, j = 1, 2, · · · , n where

gi j = −∂
{

t j

||t j||
}
/∂ti j =

1
||t j||3 (ti j t j − ||t j||2ei)

and the gradients of J(x) with respect to the high-order EF
matrices D1l and D2l are given by

∂J(x)
∂αrp

=−2 (Ŵr0)pp + 2
N∑

l=1

βlp(V̂rl)pp

+2
N∑

l=1

αlp(Ŵ |r−l|,0)pp

∂J(x)
∂βrp

=−2 (Ŵ0r)pp + 2
N∑

l=1

αlp(V̂lr)pp

+2
N∑

l=1

βlp(Ŵ0,|r−l|)pp

(21)

for r = 1, 2, · · · ,N and p = 1, 2, · · · , n.
We remark that using the closed-form formulas given

in (20) and (21) allows us to quickly and accurately evaluate
gradient ∇J(x), which is a key quantity in updating the iter-
ate via (17), hence ensures high efficiency of the proposed
algorithm.

4. A Numerical Example

As a numerical example, consider a 2-D digital filter
(A1, A2, b1, b2, c, d)4 described by

A1=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
0 0 0 − 0.00411
1 0 0 0.08007
0 1 0 − 0.42458
0 0 1 1.04460

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

A2=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
−0.22608 −0.40594 −0.30955 −0.14469

1.61428 1.61040 1.02336 0.43872
0.10054 −0.60615 −0.45322 −0.31019
−0.00723 0.24580 0.38668 0.56289

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
b1=
[ −0.01452 0.01234 0.02054 0.04762

]T
b2=
[

0.01189 0.02351 −0.00637 0.02094
]T

c=
[

0 0 0 1
]
, d=0.00943.

Applying a coordinate transformation defined by

To=diag{0.093632, 0.215308, 0.480320, 1.026019}
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to the above state-space parameters, the local controllability
Gramian Kc and the local observability Gramian Wo were
computed from (9) and (8) with truncation (0, 0) ≤ (i, j) ≤
(100, 100) as

Kc=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
1.000000 −0.881334 0.112452 −0.294461
−0.881334 1.000000 −0.230322 0.275434

0.112452 −0.230322 1.000000 −0.920316
−0.294461 0.275434 −0.920316 1.000000

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Wo = 10

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
1.337106 1.460803 1.585050 1.595948
1.460803 1.637337 1.820902 1.858525
1.585050 1.820902 2.122581 2.269663
1.595948 1.858525 2.269663 2.672436

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
respectively. The noise gain of the filter without error feed-
forward and EF was then computed from (7) as

Je1(0, 0) = tr[TT
o WoTo] = 77.694599.

Two scenarios were considered, where a static EF (i.e.
N = 1) and a dynamic EF with N = 2 were employed,
respectively. In both cases, the EF matrices involved were
diagonal.

In the case of N = 1, the quasi-Newton algorithm was
applied to minimize (16) with tolerance ε = 10−8 in (18). It
took the algorithm 64 iterations to converge to the solution

T̂ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
0.168774 −0.486172 0.915628 −0.736402
−0.728472 0.809253 −0.456256 −0.571638
−0.242866 −0.676020 1.309537 0.357377

0.746109 0.658517 0.261039 0.302379

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
D11 = diag{ 0.513021 0.371958 0.167229 0.452178 }
D21 = diag{ 0.444120 0.668166 0.349722 0.577416 }
The minimized noise gain was found to be

Je3(T̂, D) = 0.186190.

The profile of Je3(T̂, D) during the first 64 iterations of the
algorithm is dipicted in Fig. 2.

In the second case a dynamic EF with N = 2 and di-
agonal D11, D12, D21 and D22 was utilized. The quasi-
Newton algorithm was applied to minimize (16) with tol-
erance ε = 10−8 in (18). It took the algorithm 72 iterations
to converge to the solution

T̂ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
0.192608 0.369715 −0.061921 −1.251360
0.719608 0.588335 0.378287 0.363545
−0.674075 0.305026 0.708886 −0.746125
−0.300545 0.641049 −0.877100 −0.255396

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
D11 = diag{ 0.728153 0.522761 0.556503 0.322581 }
D12 = −diag{ 0.231036 0.198448 0.250199 −0.144049 }
D21 = diag{ 0.411635 1.107838 0.406595 0.440976 }
D22 = diag{ −0.001412 −0.492405 0.027757 0.019747 }
whose noise gain was found to be

Je3(T̂, D) = 0.073287.

Fig. 2 Profile of Je3(T̂, D) during the first 64 iterations.

Fig. 3 Profile of Je3(T̂, D) during the first 72 iterations.

On comparing with the performance achieved by a static EF
as reported in the first case, it is observed that the use of a
dynamic EF has led to a much reduced noise gain. The pro-
file of Je3(T̂, D) during the first 72 iterations of the algorithm
is dipicted in Fig. 3.

Our experimental study also includes comparisons of
the performance in terms of the noise gain Je3(T̂, D) in (16)
offered by jointly optimized EF (with N = 1 and 2) with
those obtained by the EF of the same order that were opti-
mized by using the separate optimization method. The main
steps involved in the separate optimization method are in-
cluded in the appendix for the reader’s convenience. The
numerical results of these eight cases are summarized in
Table 1 where the column associated with “Infinite Preci-
sion” shows the values of Je3(T̂, D) derived from the opti-
mal T̂ and D, and the columns with “3-Bit Quantization”
are the values of Je3(T̂, D) where each entry of the optimal
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Table 1 Performance comparison.

N Optimization Infinite
Precision

3-Bit
Quantization

1
Separate 0.454620 0.461004

Joint 0.186190 0.221813

2
Separate 0.313562 0.352139

Joint 0.073287 0.093987

D was rounded to a power-of-two representation with 3 bits
after the binary point, and then matrix T̂ was updated so as
to minimize Je3(T̂, D) with D fixed. The results reported
above have clearly demonstrated that the use of high-order
EF, when jointly optimized with state-space realization, can
improve the performance of roundoff noise reduction sub-
stantially.

5. Conclusion

The joint optimization problem of high-order EF and real-
ization to minimize the effects of roundoff noise subject to
l2-scaling constraints for 2-D digital filters described by the
Fornasini-Marchesini second model has been investigated.
Linear algebraic techniques have been employed to con-
vert the problem at hand into an unconstrained optimization
problem. The resultant unconstrained optimization problem
has been solved iteratively by applying an efficient quasi-
Newton algorithm. Moreover, closed-form formulas for fast
evaluation of the gradient of the objective function have
been derived. The proposed technique has been applied to
the case where high-order EF matrices are diagonal. A nu-
merical example has demonstrated the effectiveness of the
proposed technique.
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Appendix: Analytic Method for Separate Optimiza-
tion

The separate minimization is carried out in two major steps.
First, we fix the high-order EF matrices to D1k = D2k = 0
for k = 1, 2, · · · ,N in (12) so that the objective function is
reduced to

Je2(T, 0) = tr[Wo − cT c] (A· 1)

which is minimized with respect to matrix T subject to the
l2-scaling constraints in (11). Second, with T optimized in
the first step, (12) is minimized under the fixed T with re-
spect to matrices D1k and D2k for k = 1, 2, · · · ,N. To per-
form the first step, we define the Lagrange function

Jo(P, λ)= tr[VP] − λ (tr[Kc P−1] − n) (A· 2)

where V =Wo − cT c and P = TTT . The optimal coordinate
transformation matrix T can be determined by solving the
equations

∂Jo(P, λ)
∂P

= V − λP−1Kc P−1 = 0

∂Jo(P, λ)
∂λ

= tr[Kc P−1] − n = 0
(A· 3)

which are led to [15]

T =
1√
n

⎛⎜⎜⎜⎜⎜⎝
n∑

i=1

θi

⎞⎟⎟⎟⎟⎟⎠
1
2

V−
1
2

[
V

1
2 KcV

1
2

] 1
4
U (A· 4)

where θ21, θ
2
2, · · · , θ2n are the eigenvalues of KcV and U is an

arbitrary n × n orthogonal matrix.
Suppose that the eigenvalue-eigenvector decomposi-

tion of
[
V

1
2 KcV

1
2

] 1
2

can be written as

[
V

1
2 KcV

1
2

] 1
2

= R diag{θ1, θ2, · · · , θn}RT (A· 5)

where R is an n × n orthogonal matrix. By numerical
manupilations [11, p.278], it is possible to obtain an n × n
orthogonal matrix S such that

SΛ−2ST =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 ∗ · · · ∗
∗ 1

. . .
...

...
. . .

. . . ∗∗ · · · ∗ 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(A· 6)

where

Λ = diag{λ1, λ2, · · · , λn}
λi =

(θ1 + θ2 + · · · + θn
nθi

) 1
2

, i = 1, 2, · · · , n.

Then, by choosing U = RST in (A· 4), the l2-scaling con-
straints in (11) are satisfied [15].

With definition of (19), it follows from (12) that

∂Je2(T, D)
∂αrp

=−2
(
Wr0

)
pp
+ 2

N∑
l=1

(
αlpwrl+βlpvrl

)
=0

∂Je2(T, D)
∂βrp

=−2
(
W0r

)
pp
+ 2

N∑
l=1

(
βlpurl+αlpvlr

)
=0

(A· 7)

for r = 1, 2, · · · ,N and p = 1, 2, · · · , n where

wrlp =
(
W |r−l|,0

)
pp
, vrlp =

(
Vrl

)
pp

urlp =
(
W0,|r−l|

)
pp
.

By virtue of (A· 7), we obtain

X1pαp + Ypβp = z1p

X2pβp + YT
pαp = z2p

(A· 8)

for p = 1, 2, · · · , n where

αp =
[
α1p α2p · · · αN p

]T
βp =

[
β1p β2p · · · βN p

]T

X1p =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

w11p w12p · · · w1N p

w21p w22p · · · w2N p
...

...
. . .

...
wN1p wN2p · · · wNN p

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

X2p =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

u11p u12p · · · u1N p

u21p u22p · · · u2N p
...

...
. . .

...
uN1p uN2p · · · uNN p

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Yp =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v11p v12p · · · v1N p

v21p v22p · · · v2N p
...

...
. . .

...
vN1p vN2p · · · vNN p
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z1p =

[
(W10)pp (W20)pp · · · (WN0)pp

]T
z2p =

[
(W01)pp (W02)pp · · · (W0N)pp

]T
.

The solution of linear simultaneous equations in (A· 8) is
given by

αp = (X1p − YpX−1
2pYT

p )−1(z1p − YpX−1
2p z2p)

βp = (X2p − YT
p X−1

1pYp)−1(z2p − YT
p X−1

1p z1p)
(A· 9)

for p = 1, 2, · · · , n.



DOI et al.: ROUNDOFF NOISE MINIMIZATION FOR A CLASS OF 2-D STATE-SPACE DIGITAL FILTERS USING JOINT OPTIMIZATION
1925

Akimitsu Doi received the B.E. degree in
Electronic Engineering from Tottori University
in 1992, and M.E. and Ph.D. degrees in System
Engineering from Hiroshima University in 1994
and 1997, respectively. From 1997 to 2002, he
was a Research Associate with the Faculty of
Engineering, Hiroshima University, Hiroshima,
Japan. From 2002 to 2005, he was a Lecturer in
the Faculty of Engineering, Hiroshima Institute
of Technology, Hiroshima, Japan. Since 2005,
he has been an Associate Professor at the same

Institute. His research interests are in the area of digital signal and image
processing.

Takao Hinamoto received the B.E. degree
from Okayama University, Okayama, Japan, in
1969, the M.E. degree from Kobe University,
Kobe, Japan, in 1971, and the Dr. Eng. degree
from Osaka University, Osaka, Japan, in 1977,
all in electrical engineering. From 1972 to 1988,
he was with the Faculty of Engineering, Kobe
University, Kobe, Japan. From 1979 to 1981, he
was a Visiting Member of Staff in the Depart-
ment of Electrical Engineering, Queen’s Uni-
versity, Kingston, ON, Canada, on leave from

Kobe University. During 1988–1991, he was Professor of electronic cir-
cuits in the Faculty of Engineering, Tottori University, Tottori, Japan. Dur-
ing 1992–2009, he was Professor of Electronic Control in the Department
of Electrical Engineering, Hiroshima University, Hiroshima, Japan. Since
2009, he has been an Emeritus Professor of Hiroshima University, and
a Teaching Member of Staff at Hiroshima Institute of Technology, Hiro-
shima, Japan. His research interests include digital signal processing, sys-
tem theory, and control engineering. He has published over 400 papers in
these areas. He is co-editor and co-author of Two-Dimensional Signal and
Image Processing (Tokyo, Japan: SICE, 1996). Dr. Hinamoto was Guest
Editor of the special sections on Digital Signal Processing, and Adaptive
Signal Processing and Its Applications in the IEICE Trans. on Fundamen-
tals in August 1998 and March 2005, respectively. He was Co-Guest Editor
of the special section on Recent Advances in Circuits and Systems in the
July and August 2005 issues of IEICE Trans. on Information and Systems.
He was Chair of the 12th DSP Symposium held in Hiroshima, Japan, in
November 1997, sponsored by the DSP Technical Committee of IEICE.
From 1993 to 2000, he was a Senator or Member of the Board of Direc-
tors in the Society of Instrument and Control Engineers (SICE), and from
1999 to 2001 he was Chair of the Chugoku Chapter of SICE. From 2003
to 2004, he served as Chair of the DSP Technical Committee of IEICE
and Chair of the Chugoku Chapter of IEICE. Dr. Hinamoto received the
IEEE Third Millennium Medal in January 2000. From 1993 to 1995 he
was an Associate Editor of the IEEE Trans. on Circuits and Systems II.
During 2002–2003 and 2006–2007 he was an Associate Editor of the IEEE
Trans. on Circuits and Systems I. He also served as General Chair of the
47th IEEE Int. Midwest Symposium on Circuits and Systems held in Hiro-
shima, Japan, in July 2004. Since 1995, he has been a Steering Committee
Member of the IEEE Int. Midwest Symposium on Circuits and Systems.
Since 1998, he has been a Digital Signal Processing Technical Committee
Member in the IEEE Circuits and Systems Society. He played a leading
role in establishing the Hiroshima Section of IEEE and served as Interim
Chair of the Section. Dr. Hinamoto is a Life Fellow of IEEE as well as a
Fellow of SICE.

Wu-Sheng Lu received the B.Sc. degree
in Mathematics from Fudan University, Shang-
hai, China, in 1964, the M.S. degree in electri-
cal engineering, and the Ph.D. degree in control
science from the University of Minnesota, Min-
neapolis, USA, in 1983 and 1984, respectively.
He was a post-doctoral fellow at the University
of Victoria, Victoria, B.C., Canada, in 1985 and
held a visiting assistant professorship with the
University of Minnesota in 1986. Since 1987, he
has been with the University of Victoria where

he is currently a Professor. His current teaching and research interests are
in the general areas of digital signal processing and application of optimiza-
tion methods. He is the co-author with A. Antoniou of Two-Dimensional
Digital Filters (Marcel Dekker, 1992). and Practical Optimization: Algo-
rithms and Engineering Applications (Springer, 2007). Dr. Lu served as an
Associate Editor of the Canadian Journal of Electrical and Computer En-
gineering in 1989, and was Editor of the same journal from 1990 to 1992.
He was an Associate Editor of the IEEE Trans. on Circuits and Systems II
from 1993 to 1995, for IEEE Trans. on Circuits and Systems I from 1999
to 2001 and from 2004 to 2005, for International Journal of Multidimen-
sional Systems and Signal Processing from 1997 to 2006, and for Circuits,
Systems, and Signal Processing from 2009 to 2011. Dr. Lu is a Life Fellow
of IEEE.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile (None)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /FlateEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


