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Roundoff Noise Minimization in State-Space
Discrete-Time Systems Using Joint Optimization
of High-Order Error Feedback and Realization

Takao Hinamoto,Life Fellow, IEEE,Akimitsu Doi, Member, IEEE,and Wu-Sheng Lu,Life Fellow, IEEE

Abstract— This paper deals with the joint optimization prob-
lem of high-order error-feedback and state-space realization for
minimizing roundoff noise at the output of a closed-loop system
with a state-estimate feedback regulator subject tol2-scaling
constraints. It is shown that the problem can be converted
into an unconstrained optimization problem by using linear-
algebraic techniques. The unconstrained optimization problem at
hand is then solved iteratively by employing an efficient quasi-
Newton algorithm with closed-form formulas for key gradient
evaluation. A case study is presented to demonstrate the validity
and effectiveness of the proposed technique.

Index Terms— l2-scaling, high-order error-feedback, joint op-
timization, roundoff noise minimization

I. INTRODUCTION

Due to finite-precision nature of computer arithmetic, roundoff
noise in fixed-point IIR digital filters occurs that in turn
degrades the filters’ performance. Error feedback (EF) is
known as an effective technique for reducing finite-word-lengh
(FWL) effects in IIR digital filters, and many EF methods
have been proposed in the past [1]-[10]. It is known that the
roundoff noise is critically dependent on the internal structure
of the IIR filter, and several techniques for realizing a state-
space filter structure that minimizes the roundoff noise at
the filter output subject tol2-scaling constraints have been
explored by appropriately choosing a linear transformation to
state-space coordinates [11]-[14]. As a natural extension of the
aforementioned methods, efforts have been made to develop
new methods that combine EF and state-space realization for
achieving better performance [15],[16]. More recently, the use
of high-order EF is found to offer improved noise-reduction
performance for state-space digital filters [17]. Another rele-
vant development was initiated in [18] where roundoff noise in
a closed-loop system equipped with a state-estimate feedback
regulator is analyzed and an algorithm for constructing a state-
estimate feedback regulator which minimizes the roundoff
noise subject tol2-scaling constraints is proposed. It is noted
that no EF is incorporated into the algorithm in [18]. Recently,
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the joint optimization problem of static EF and state-space
realization for a state-estimate feedback regulator has been
considered so as to minimize the roundoff noise at the output
of the closed-loop system with a state-estimate feedback
regulator subject tol2-scaling constraints [19]. Furthermore,
the l2-sensitivity of a closed-loop system with respect to the
coefficients of a state-estimate feedback regulator has also
been analyzed, and two iterative techniques for constructing
an optimal state-estimate feedback regulator that minimizes
the l2-sensitivity subject tol2-scaling constraints have been
explored [20].

In this paper, roundoff noise in a closed-loop system
equipped with a state-estimate feedback regulator is analyzed
in connection withhigh-order EF, and the joint optimization
problem of high-order EF and realization for minimizing
roundoff noise in the closed-loop system with a state-estimate
feedback regulator subject tol2-scaling constraints is inves-
tigated. The novelty of the proposed method has largely to
do with the introduction ofhigh-order EF to the closed-
loop system with a state-estimate feedback regulator. The
high-order EF, as will be demonstrated later in the paper,
is responsible for a considerable performance enhancement
in noise gain reduction relative to the system that employs
static EF. A state-space model for quantized discrete-time
systems withhigh-order EF is established, a formula for
roundoff noise gain is derived, and our objective—the joint
optimization ofhigh-order EF and state-space realization for
the roundoff noise minimization subject tol2-scaling condi-
tions is formulated as a constrained optimization problem.
We convert the constrained optimization problem encountered
into an unconstrained optimization problem by using linear-
algebraic techniques. An efficient quasi-Newton algorithm is
utilized to solve the unconstrained optimization problem at
hand. The proposed technique is applied to the case where
high-order EF matrices are diagonal. An iterative technique
is also developed for obtaining the optimal solution such that
static EF with a general matrix minimizes the roundoff noise
at the system’s output subject tol2-scaling constraints. A case
study is presented to illustrate the validity and effectiveness
of the proposed algorithm and demonstrate its performance.

Throughout,In denotes the identity matrix of dimension
n × n. The transpose (conjugate transpose) of a matrixA is
indicated byAT (A∗). tr[A] is used to denote the trace of a
square matrixA. Moreover, bold uppercase, bold lowercase
and plain lowercase are used to make the distinction between
matrices, vectors and scalar values, respectively.
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II. SYSTEM MODEL AND PROBLEM
FORMULATION

A. A state-space model of quantized discrete-time system
with high-order EF

Consider a stable, controllable and observable linear
discrete-time system(Ao, bo, co)n of ordern described by

x(k + 1) = Aox(k) + bou(k)
y(k) = cox(k)

(1)

where x(k) is an n × 1 state-variable vector,u(k) is a
scalar input,y(k) is a scalar output, andAo, bo and co are
real constant matrices of appropriate dimensions. The transfer
function of the linear system in (1) is expressed as

Ho(z) = co(zIn − Ao)−1bo (2)

then the observer and associated regulator are modelled as

x̂(k + 1) = F ox̂(k) + bou(k) + goy(k)
u(k) = −kox̂(k) + r(k)

(3)

wherex̂(k) is ann × 1 state-variable vector in the full-order
state observer with ann × 1 gain vectorgo, r(k) is a scalar
reference signal,ko is a1×n state-feedback coefficient vector,
andF o = Ao−goco. Obviously, the observer-regulator in (3)
is equivalent to

x̂(k + 1) = Rox̂(k) + bor(k) + goy(k)
u(k) = −kox̂(k) + r(k)

(4)

whereRo = F o − boko.
In the next step of system modelling, we consider the

FWL implementation of the system due to the quantizations
that are performed before matrix-vector multiplication. At the
same time, assume that a high-order EF is integrated into the
system for noise reduction purposes. The model under these
circumstances becomes

x̃(k + 1) = RQ[x̃(k)] + br(k) + gy(k) +
N−1∑
i=0

Die(k − i)

u(k) = −kQ[x̃(k)] + r(k)
(5)

where
e(k) = x̃(k) − Q[x̃(k)]

and Di for i = 0, 1, · · · , N − 1 are n × n EF matrices. The
coefficient matricesR, b, g, andk in (5) are representations
of Ro, bo, go, andko, respectively, with exact fractional Bc-
bit. The FWL state-variable vector̃x(k) and each outputu(k)
in (5) hasB-bit fractional representations, while the reference
input r(k) and the signaly(k) are (B − Bc)-bit fractions.
The quantizerQ[·] in (5) rounds theB-bit fraction x̃(k) to
(B−Bc)-bit after the multiplications and additions, where the
sign bit is not counted. It is assumed that the roundoff error
e(k) can be modeled as a Gaussian random process with zero
mean and covarianceσ2In characterized by

σ2 =
1
12

2−2(B−Bc).

A block diagram of a state-estimate feedback regulator with
first-order EF is illustrated in Fig. 1.
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Fig. 1. Block diagram of a state-estimate feedback regulator
with first-order EF.

The closed-loop system that consists of the linear systems
in (1) and (5) is then described by[

x(k + 1)
x̃(k + 1)

]
=

[
Ao −bok
gco R

][
x(k)
x̃(k)

]
+

[
bo

b

]
r(k)

+
[

bok
D0 − R

]
e(k) +

N−1∑
i=1

[
0

Di

]
e(k − i)

y(k) =
[

co 0
][ x(k)

x̃(k)

]
.

(6)

B. A formula for noise-gain evaluation

Referring to (6), the transfer function from the quantization
error vectore(k) to the outputy(k) can be written as

GD(z) = c̃(zI2n − Ã)−1B̃(z) (7)

where

Ã =
[

Ao −bok
gco R

]
, c̃ =

[
co 0

]
B̃(z) = B0 + B1z

−1 + · · · + BN−1z
−(N−1)

with

B0 =
[

bok
D0 − R

]
, Bi =

[
0

Di

]
for 1 ≤ i ≤ N − 1.

Based on the model developed above, we now define
the normalized noise gainJ1(D) = σ2

out/σ2 with D =
[D0, D1, · · · , DN−1] in terms of the transfer functionGD(z)
in (7) as

J1(D) = tr

[
1

2πj

∮
|z|=1

G∗
D(z)GD(z)

dz

z

]
. (8)

In order to derive a formula for evaluating the normalized
noise gainJ1(D), we replacek, g, andR in matricesÃ and
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B0 by their infinite-precision counterpartsko, go, and Ro,
respectively. If we define

S =
[

In 0
In −In

]
(9)

then an approximate version ofGD(z) in (7) is found to be

GD(z) ≃ c̃S(zI2n − S−1ÃS)−1S−1B̃(z)

= c̃(zI2n − Φ)−1

([
boko

F o − D0

]
−

N−1∑
i=1

Biz
−i

)
= co(zIn − Ao + boko)−1boko(zIn − F o)−1

·

(
zIn −

N−1∑
i=0

Diz
−i

)

= c̃(zI2n − Φ)−1U

(
zIn −

N−1∑
i=0

Diz
−i

)
(10)

where

Φ =
[

Ao − boko boko

0 F o

]
, U =

[
0
In

]
.

Substituting (10) into (8) yields

J1(D) = tr [W 4] − 2
N−1∑
i=0

tr [Ψ4(i + 1, 0)Di]

+
N−1∑
i=0

N−1∑
l=0

tr
[
Ψ4(i, l)DiD

T
l

] (11)

where

W = ΦT WΦ +
[

co 0
]T [

co 0
]

Ψ(i, l) = (ΦT )iWΦl =
[

Ψ1(i, l) Ψ2(i, l)
Ψ3(i, l) Ψ4(i, l)

]
with

W =
[

W 1 W 2

W 3 W 4

]
.

C. Problem formulation

In order to reach an adequate formulation for the problem
at hand, what remains to be done is to derive an explicit
expression for the controllability GramianK for state-variable
vectorx̃(k) in the system (6), becauseK is a critical quantity
involved in thel2-scaling constraints oñx(k). To this end, we
derive the transfer function from reference inputr(k) to state-
variable vector[x(k)T , x̃(k)T ]T by settinge(k) = 0 in (6)
and then takingz-transform of (6). This gives

[
X(z)
X̃(z)

]
= (zI2n − Ã)−1

[
bo

b

]
R(z) (12)

whereX(z) and X̃(z) denote thez-transforms ofx(k) and
x̃(k), respectively. To derive a formula for evaluating a good
approximate version of the controllability Gramian, we replace
matrices R, b, k and g in (12) by Ro, bo, ko and go,
respectively, which yields

S−1

[
X(z)
X̃(z)

]
=(zI2n − S−1ÃS)−1S−1

[
bo

bo

]
R(z). (13)

Hence
X̃(z) = X(z) = F (z)R(z) (14)

where
F (z) = [zIn − (Ao − boko)]−1bo.

The controllability Gramian can now be defined as

K =
1

2πj

∮
|z|=1

F (z)F ∗(z)
dz

z
(15)

which can be obtained by solving the Lyapunov equation

K = (Ao − boko)K(Ao − boko)T + bob
T
o . (16)

We are now in a position to consider a family of different
yet equivalent state-space descriptions of (4), which can be
obtained via coordinate transformationx(k) = T−1x̂(k) as
(Ro, bo, g0, ko)n, where

Ro = T−1RoT , bo = T−1bo

go = T−1go, ko = koT .
(17)

Accordingly, the controllability and observability Gramians
relating to(Ro, bo, go, ko)n can be expressed as

K = T−1KT−T , W i = T T W iT for i = 1, 2, 3, 4.
(18)

respectively. Thel2-scaling constraints are imposed on the
state-variable vectorx(k) so that

(K)ii = (T−1KT−T )ii = 1 for i = 1, 2, · · · , n. (19)

With an equivalent state-space realization as specified in (17),
the normalized noise gain is found to be

J2(D,T ) = tr
[
T T W 4T

]
− 2

N−1∑
i=0

tr
[
T T Ψ4(i + 1, 0)TDi

]
+

N−1∑
i=0

N−1∑
l=0

tr
[
T T Ψ4(i, l)TDiD

T
l

]
(20)

Formula (20) provides an analytic foundation for the mini-
mization of the normalized noise gain byjointly optimizing the
EF loops as well as state-space coordinate transformation. For-
mally, the problem being considered here can be stated as to
jointly design the high-order EF matricesD0, D1, · · · ,DN−1

and coordinate transformation matrixT to minimizeJ2(D,T )
in (20) subject to thel2-scaling constraints in (19).

III. A JOINT OPTIMIZATION TECHNIQUE

A. High-order EF with diagonal matrices

In what follows, it is assumed that the high-order EF
matrices are all diagonal in the objective function described
by (20). Because the constraints in (19) are nonconvex and
highly nonlinear with respect to matrixT , it is beneficial if
these constraints can be eliminated so as to work with an un-
constrained problem that admits fast Newton-like algorithms.
To this end, we define

T̂ = T T K− 1
2 (21)
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which leads (19) to

(T̂
−T

T̂
−1

)ii = 1 for i = 1, 2, · · · , n. (22)

These constraints are always satisfied ifT̂
−1

assumes the form

T̂
−1

=
[

t1
||t1||

,
t2

||t2||
, · · · , tn

||tn||

]
. (23)

Substituting (21) into (20), we obtain

J3(D, T̂ ) = tr
[
T̂ Ŵ 4T̂

T
]
− 2

N−1∑
i=0

tr
[
T̂ Ψ̂4(i + 1, 0)T̂

T
Di

]
+

N−1∑
i=0

N−1∑
l=0

tr
[
T̂ Ψ̂4(i, l)T̂

T
DiDl

]
(24)

where

Ψ̂4(i, l) = K
1
2 Ψ4(i, l)K

1
2 , Ŵ 4 = K

1
2 W 4K

1
2 .

Following the foregoing arguments, the problem of obtain-
ing matricesT andD0, D1, · · · , DN−1 that jointly minimize
J2(D, T ) in (20) subject to thel2-scaling constraints in (19)
is now converted into an unconstrained optimization problem
of obtainingT̂ andD0, D1, · · · , DN−1 that jointly minimize
J3(D, T̂ ) in (24).

Let x be the column vector that collects the variables
in matrices [t1, t2, · · · , tn] and D0, D1, · · · , DN−1. Then
J3(D, T̂ ) in (24) is a function ofx, denoted byJ(x). The
proposed algorithm starts with an initial pointx0 obtained
from the assignment̂T = D0 = D1 = · · · = DN−1 =
In. In the kth iteration, a quasi-Newton algorithm, known
as the Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm,
updates the most recent pointxk to point xk+1 as [21]

xk+1 = xk + αkdk (25)

where

dk = −Sk∇J(xk)

αk = arg
[
min

α
J(xk + αdk)

]
Sk+1 = Sk +

(
1 + γT

k Skγk

γT
k
δk

)
δkδ

T

k

γT
k
δk

−δkγT
k Sk+Skγkδ

T

k

γT
k
δk

, S0 = I

δk = xk+1 − xk

γk = ∇J(xk+1)−∇J(xk).

Here,∇J(x) is the gradient ofJ(x) with respect tox, and
Sk is a positive-definite approximation of the inverse Hessian
matrix of J(xk). This iteration process continues until

|J(xk+1) − J(xk)| < ε (26)

is satisfied whereε > 0 is a prescribed tolerance. The BFGS
algorithm is a well-known descent algorithm, meaning that
a twice continuously differentiable objective function at the
iterates generated by the BFGS algorithm is monotonically
decreasing. Although the objective function involved in the
joint optimization is not convex in general, in theory it was

shown [22] that if the starting point is sufficiently close to
a local minimizer and the initial Hessian approximation is
sufficiently close to the Hessian at that minimizer, then the
BFGS iterates will converge to the minimizer. In practice, the
above iterative algorithm was applied to quite a number of
simulation examples, and fast convergence was observed in
each and every instance where the BFGS algorithm converged
to an identical solution point for a variety of initial state-
space realizations. In the next section, the effectiveness of
the proposed algorithm is illustrated using a representative
example from our simulation studies.

The implementation efficiency and solution accuracy of the
quasi-Newton algorithm greatly depends on how the gradient
∇J(x) is evaluated. With high-order diagonal EF matrices, we
have derived closed-form formulas, as shown below, for the
partial derivatives ofJ(x) with respect to the elements of̂T
as well as those ofD = [D0, D1, · · · , DN−1]. The derivation
process is quite involved, details are omitted here.

The gradients ofJ(x) with respect tot1, t2, · · · , tn are
found to be

∂J(x)
∂tij

= 2eT
j

[
T̂ Ŵ 4T̂

T

−
N−1∑
p=0

T̂
(
Ψ̂4(p + 1, 0) + Ψ̂T

4 (p + 1, 0)
)

T̂
T
Dp

+
1
2

N−1∑
p=0

N−1∑
q=0

T̂
(
Ψ̂4(p, q) + Ψ̂T

4 (p, q)
)

T̂
T
DpDq

]
T̂ gij

i, j = 1, 2, · · · , n
(27)

wheretij is the ith element of column vectortj and

gij = − ∂

{
tj

||tj ||

}
/∂tij =

1
||tj ||3

(tijtj − ||tj ||2ei).

Let the high-order EF matrices assume the form

Dp = diag{βp1, βp2, · · · , βpn} (28)

for p = 0, 1, · · · , N − 1. The gradient ofJ(x) with respect to
βpi is given by

∂J(x)
∂βpi

= 2
N−1∑
q=0

βqi

(
T̂ Ψ̂4(p, q)T̂

T
)

ii

− 2
(
T̂ Ψ̂4(p + 1, 0)T̂

T
)

ii

p = 0, 1, · · · , N − 1 and i = 1, 2, · · · , n.

(29)

B. Static (N = 1) EF with a general matrix

Consider static EF with a general matrix. Assuming that
N = 1 and D0 = D in the model described by (5), the
normalized noise gain in (11) can be written as

J1(D) = tr
[
W 4 − (kT

o bT
o W T

3 + F T
o W 4)D

−DT (W 3boko + W 4F o) + DT W 4D
] (30)

which is equivalent to

J1(D) = tr
[
(M − D)T W 4(M − D)

+W 4 − MT W 4M
] (31)



IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS-I: REGULAR PAPERS, VOL. XX, NO. YY, ZZZ 2014 5

whereM = F o +Lboko andL is ann×n matrix satisfying
W 4L = W 3.

With an equivalent state-space realization as specified in
(17), the normalized noise gain in (31) is changed to

J2(D, T ) = tr
[
(MT − TD)T W 4(MT − TD)

+T T (W 4 − MT W 4M)T
]
.

(32)

By virtue of (21), the normalized noise gain in (32) can be
expressed as

J3(D, T̂ ) = tr[(M̂T̂
T
− T̂

T
D)T Ŵ 4(M̂T̂

T
− T̂

T
D)]

+ tr[T̂ (Ŵ 4 − M̂
T
Ŵ 4M̂)T̂

T
]

(33)
where

M̂ = K− 1
2 MK

1
2 , Ŵ 4 = K

1
2 W 4K

1
2 .

From (33) it is evident that the optimal choice ofD is given
by

D = T̂
−T

M̂T̂
T

(34)

which leads to

J3(T̂
−T

M̂T̂
T
, T̂ ) = tr[T̂ (Ŵ 4 − M̂

T
Ŵ 4M̂)T̂

T
]. (35)

In this case, the joint optimization of EF and realization is not
needed because the optimalD has already been determined
by the closed-form in (34), hence it is sufficient to optimize

matrix T̂ by minimizing J3(T̂
−T

M̂T̂
T
, T̂ ) in (35).

In order to reduce solution sensitivity, the objective function
in (35) is modified to

Jo(x) = µ tr[T̂ Ŵ 4T̂
T
] + (1−µ) tr[T̂ (Ŵ 4−M̂

T
Ŵ 4M̂)T̂

T
]

= tr[T̂ {Ŵ 4 − (1 − µ) M̂
T
Ŵ 4M̂}T̂

T
]

(36)
wherex is defined from (23) asx = (tT

1 , tT
2 , · · · , tT

n )T and
0 ≤ µ ≤ 1 is a scalar parameter that weights the importance

of reducing tr[T̂ Ŵ 4T̂
T
] relative to reducing (35).

The gradients ofJo(x) with respect tot1, t2, · · · , tn are
found to be

∂Jo(x)
∂tij

= 2eT
j T̂ {Ŵ 4 − (1− µ)M̂

T
Ŵ 4M̂}T̂

T
T̂ gij (37)

wheretij is the ith element of column vectortj and

gij = − ∂

{
tj

||tj ||

}
/∂tij =

1
||tj ||3

(tijtj − ||tj ||2ei).

This implies that the BFGS algorithm can also be applied to
minimize (36) with respect to vectorx.

IV. A CASE STUDY

This section presents a case study for the purpose of
demonstrating the numerical efficiency of the proposed joint
optimization algorithm and effectiveness of using a high-order
(i.e. dynamic) EF relative to a constant (i.e. static) EF for
performance enhancement.

A. A system model and noise gain without EF

Consider a linear discrete-time system specified by

Ao =

 0 1 0
0 0 1

0.339377 −1.152652 1.520167


bo =

[
0 0 1

]T

co =
[

0.093253 0.128620 0.314713
]
.

Suppose that the full-order observer has the poles atz =
0.1532, 0.2861 and0.1137, and that the poles of the regulator
are placed atz = 0.5067, 0.6023 and 0.4331. Then the
coefficient vector of the full-order observer and the gain vector
of the state feedback were computed as

go =
[
−0.006436 3.683651 5.083920

]T

ko =
[

0.471552 −0.367158 3.062267
]
.

The controllability and observability GramiansK andW i

for i = 1, 2, 3, 4 relating to the closed-loop system in (6) were
computed from (16) and (11) as

K =

 10.140736 −9.324397 7.646117
−9.324397 10.140736 −9.324397

7.646117 −9.324397 10.140736


W 1 = 10−1

 0.214594 0.722665 1.178558
0.722665 3.036154 4.569871
1.178558 4.569871 7.305712


W 2 =

 −0.277086 −0.644246 −0.408932
−1.314870 −3.105240 −1.934613
−1.690779 −4.034031 −2.725265


W 3 =

 −0.277086 −1.314870 −1.690779
−0.644246 −3.105240 −4.034031
−0.408932 −1.934613 −2.725265


W 4 = 10

 0.946720 2.004689 1.053033
2.004689 4.432667 2.355278
1.053033 2.355278 1.389340

 .

When performingl2-scaling to the system with

T o = diag{3.184452, 3.184452, 3.184452}

so that (T−1
o KT−T

o )ii = 1 is satisfied fori = 1, 2, 3, the
normalized noise gain of the system with no EF was computed
from (11) as

J1(0) = tr
[
T T

o W 4T o

]
= 686.398739.

B. Noise gain when using static(N = 1) and dynamic
(N ≥ 2) EF

In the case whereN = 1 and matrixD0 is diagonal, the
quasi-Newton algorithm was applied to minimize (24) with
toleranceε = 10−8 in (26). It started from the initial noise gain
J3(D, T̂ ) = 105.695229 and took the algorithm 19 iterations
to converge to the solution

T̂ =

 1.294114 −0.168488 0.007707
0.371342 0.867987 0.470162

−0.779773 −0.169966 0.981896


D0 = diag{ 0.061401 −0.954205 −0.615047 }
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with which the noise gain was reduced to

J3(D, T̂ ) = 12.705365.

The profile ofJ3(D, T̂ ) during the first 19 iterations of the
algorithm is dipicted in Fig. 2.

0 5 10 15101

102

k

J(
x k

)

Fig. 2. Profile ofJ3(D, T̂ ) during the first 19 iterations.

In the case whereN = 2 and matricesD0 and D1 are
diagonal, the quasi-Newton algorithm was applied to minimize
(24) with toleranceε = 10−8 in (26). It started from the initial
noise gainJ3(D, T̂ ) = 73.158734 and took the algorithm 24
iterations to converge to the solution

T̂ =

 1.305265 −0.172325 0.015749
0.360830 0.851958 0.512722

−0.806130 −0.188264 0.975634


D0 = diag{ 0.06453466 − 1.761331 −0.650203 }

D1 = diag{−0.027322 −0.837318 −0.053387 }

with which the noise gain was reduced to

J3(D, T̂ ) = 11.703374.

The profile ofJ3(D, T̂ ) during the first 24 iterations of the
algorithm is dipicted in Fig. 3.

In the case whereN = 3 and matricesD0, D1 andD2 are
diagonal, the quasi-Newton algorithm was applied to minimize
(24) with toleranceε = 10−8 in (26). It started from the initial
noise gainJ3(D, T̂ ) = 105.588037 and took the algorithm
105 iterations to converge to the solution

T̂ =

 0.327718 0.245254 1.713434
0.016465 1.176168 1.222032

−0.843787 0.103998 1.016202


D0 = diag{ 2.662090 −3.970640 1.436650 }

D1 = diag{−3.288568 −5.584430 8.055175 }

D2 = diag{−9.873059 −2.751501 7.632869 }

0 10 20101

102

k

J(
x k

)

Fig. 3. Profile ofJ3(D, T̂ ) during the first 24 iterations.

with which the noise gain was found to be

J3(D, T̂ ) = 2.509133.

The profile ofJ3(D, T̂ ) during the first 105 iterations of the
algorithm is dipicted in Fig. 4.
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)

Fig. 4. Profile ofJ3(D, T̂ ) during the first 105 iterations.

C. Joint versus separate optimization

Our case study also includes comparisons of the perfor-
mance in terms of the normalized noise gainJ3(D, T̂ ) in
(24) offered by jointly optimized EF (withN = 1, 2, 3)
with those obtained by the EF of the same order that were
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optimized by using theseparateoptimization method [15] for
three implementation settings. The main steps involved in the
separate optimization method are included in the appendix for
the reader’s convenience. The numerical results of these nine
cases are summarized in Table I where the column associ-
ated with ”Infinite Precision” shows the values ofJ3(D, T̂ )
derived from the optimal̂T and D, and the columns with
”3-Bit Quantization (Integer Quantization)” are the values of
J3(D, T̂ ) where each entry of the optimalD was rounded
to a power-of-two representation with 3 bits after the binary
point (an integer), and then matrix̂T was updated so as to
minimize J3(D, T̂ ) with such aD fixed.

TABLE I
PERFORMANCE COMPARISON FOR DIAGONAL MATRICES EF

N Optimization Infinite
Precision

3-Bit
Quantization

Integer
Quantization

1
Separate 14.742567 14.807933 15.337683

Joint 12.705365 12.769499 13.214089

2
Separate 14.097350 14.147798 15.028691

Joint 11.703374 11.788775 12.558440

3
Separate 12.798210 12.892739 14.552876

Joint 2.509133 2.552543 6.100339

The results reported above have clearly demonstrated that
the use ofhigh-order(i.e. N > 1) EF, when jointly optimized
with state-space realization, can improve the performance of
roundoff noise reduction in a significant manner.

D. Noise gain when using static EF with a general matrix

In the case whereN = 1 and matrixD0 = D is general,
the quasi-Newton algorithm was applied to minimize (36) with
µ = 0.01 and toleranceε = 10−8 in (26). It started from the
initial noise gainJo(x) = 14.777910 and took the algorithm
12 iterations to converge to the solution

T̂ =

 −2.321835 −0.568711 1.332833
−1.361485 −1.090543 −0.541248

1.522368 −1.059474 −1.127862


D =

 −0.887178 0.120591 1.053286
0.138885 −0.742341 −0.951235

−0.376203 −0.317240 −0.069456


with which the noise gain was reduced to

Jo(x) = 6.323423.

The profile of Jo(x) during the first 12 iterations of the
algorithm is dipicted in Fig. 5.

Using a way similar to Table I, the case study of static
EF with a general matrix also includes comparisons of the
performance in terms of the normalized noise gainJ3(D, T̂ )
in (33) offered by iteratively optimized EF (withN = 1) with
that obtained by the EF of the same order that was optimized
by using theseparate(analytic) optimization method [15] for
three implementation settings. The main steps involved in the

0 5 10

2

4

6

8

10

12

k

J o
(x

k)

Fig. 5. Profile ofJo(x) during the first 12 iterations.

separate (analytic) optimization method are included in the
appendix for the reader’s convenience. The numerical results
of these three cases are summarized in Table II.

The results reported above have clearly demonstrated that
the use ofhigh-order(i.e. N = 3) EF, when jointly optimized
with state-space realization, can also improve the performance
of roundoff noise reduction in a significant manner.

TABLE II
PERFORMANCE COMPARISON FOR GENERAL MATRIX EF

N Optimization Infinite
Precision

3-Bit
Quantization

Integer
Quantization

1
Analytic 11.635118 11.808013 15.337683

Iterative 5.541528 6.104080 11.366935

V. CONCLUSION

The joint optimization problem of high-order EF and state-
space realization to minimize the effects of roundoff noise in
the closed-loop system with a state-estimate feedback regula-
tor subject tol2-scaling constraints has been investigated. The
probelm at hand has been converted into an unconstrained
optimization problem by using linear algebraic techniques.
An efficient quasi-Newton algorithm has been employed to
solve the unconstrained optimization problem. The proposed
technique has been applied to the case where high-order EF
matrices are diagonal. Moreover, it has been revealed that the
joint optimization of EF and realization can not be applied to
the case where a static EF matrix is general, in addition to the
case where high-order EF matrices are general. An iterative
technique has also been developed for obtaining the optimal
solution of static EF with a general matrix that minimizes
the roundoff noise at the system’s output subject tol2-scaling
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constraints. The validity and effectiveness of the proposed
technique has been demonstrated by a case study.

APPENDIX

ANALYTIC METHOD FOR SEPARATE OPTIMIZATION

The separate minimization is carried out in two major steps.
First, we fix the EF matrices toDi = 0 for i = 0, 1, · · · , N−1
in (20) so that the objective function is reduced toJ2(0,T ) =
tr[T T W 4T ] which is minimized with respect to matrixT
subject to thel2-scaling constraints in (19). Second, withT
optimized in the first step, (20) is minimized under the fixed
T with respect to matricesD0, D1, · · · , DN−1. To perform
the first step, we define the Lagrange function

Jo(P , λ) = tr[W 4P ] + λ (tr[KP−1] − n) (A.1)

where P = TT T . The optimal coordinate transformation
matrix T can be determined by solving the equations

∂Jo(P , λ)
∂P

= W 4 − λP−1KP−1 = 0

∂Jo(P , λ)
∂λ

= tr[KP−1] − n = 0
(A.2)

which lead to

PW 4P = λK, tr[KP−1] = n. (A.3)

From (A.3) it follows that

P =
√

λ W
− 1

2
4

[
W

1
2
4 KW

1
2
4

] 1
2
W

− 1
2

4

1√
λ

tr[KW 4]
1
2 =

1√
λ

( n∑
i=1

θi

)
= n

(A.4)

whereθi for i = 1, 2, · · · , n denote the eigenvalues ofKW 4.
Thus, we obtain

P =
1
n

( n∑
i=1

θi

)
W

− 1
2

4

[
W

1
2
4 KW

1
2
4

] 1
2
W

− 1
2

4 . (A.5)

Substituting (A.5) into (A.1) yields the minimum value of
Jo(P , λ) as

min
P ,λ

Jo(P , λ) =
1
n

(
n∑

i=1

θi

)2

. (A.6)

Referring to (A.5), the optimal coordinate transformation
matrix T that minimizes (A.1) can be obtained in a closed
form as

T =
1√
n

( n∑
i=1

θi

) 1
2
W

− 1
2

4

[
W

1
2
4 KW

1
2
4

] 1
4
Uo. (A.7)

whereUo is an arbitraryn×n orthogonal matrix. From (A.7)
it follows that

K = T−1KT−T

= n
( n∑

i=1

θi

)−1

UT
o

[
W

1
2
4 KW

1
2
4

] 1
2
Uo

(A.8)

Next, we choose then × n orthogonal matrixUo such
that matrix K in (A.8) satisfies thel2-scaling constraints

in (19). To this end, we perform the eigenvalue-eigenvector
decomposition[

W
1
2
4 KW

1
2
4

] 1
2

= Q diag{θ1, θ2, · · · , θn}QT (A.9)

whereQQT = In. As a result, it follows that

n
( n∑

i=1

θi

)−1[
W

1
2
4 KW

1
2
4

] 1
2

= QΛ−2QT (A.10)

where

Λ = diag{λ1, λ2, · · · , λn}

λi =
(θ1 + θ2 + · · · + θn

nθi

) 1
2

for i = 1, 2, · · · , n.

Now, ann × n orthogonal matrixZ such that

ZΛ−2ZT =


1 ∗ · · · ∗
∗ 1

. . .
...

...
. ..

. . . ∗
∗ · · · ∗ 1

 (A.11)

can be obtained by numerical manipulations [13, p.278].
By choosingUo = QZT in (A.7), the optimal coordinate
transformation matrixT satisfying (19) and (A.6) can be
constructed as

T =
1√
n

( n∑
i=1

θi

) 1
2
W

− 1
2

4

[
W

1
2
4 KW

1
2
4

] 1
4
QZT . (A.12)

SupposeDp is a diagonal matrix forp = 0, 1, · · · , N − 1.
In this case, matrixDp assumes the form

Dp = diag{βp1, βp2, · · · , βpn} for p = 0, 1, . . . , N − 1.
(A.13)

It follows that
∂J2(D, T )

∂βpi
= −2

(
T T Ψ4(p + 1, 0)T

)
ii

+2
N−1∑
q=0

βqi

(
T T Ψ4(p, q)T

)
ii

= 0
(A.14)

for i = 1, 2, · · · , n. As a result, matrixDp can be derived
from 

β0i

β1i

...
βN−1,i

=V −1
i


vi(1, 0)
vi(2, 0)

...
vi(N, 0)

 (A.15)

where

V i =


vi(0, 0) vi(0, 1) · · · vi(0, N − 1)
vi(1, 0) vi(1, 1) · · · vi(1, N − 1)

...
...

. . .
...

vi(N − 1, 0) vi(N − 1, 1) · · · vi(N − 1, N − 1)


with vi(p, q) = (T T Ψ4(p, q)T )ii for i = 1, 2, · · · , n.

Finally, consider the case where static (N = 1) EF has a
general matrix. Assuming thatN = 1 and D0 = D in (5),
the normalized noise gain in (30) is written as

J1(D) = tr [W 4] + tr
[
DT W 4D

]
−2 tr

[
(W 3boko + W 4F o)T D

]
.

(A.16)
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With an equivalent state-space realization as specified in (17),
the normalized noise gain in (A.16) is changed to

J2(D, T ) = tr
[
T T W 4T

]
+ tr

[
DT T T W 4TD

]
− 2 tr

[
T T (W 3boko + W 4F o)T TD

]
.

(A.17)

From (A.17) it follows that

∂J2(D, T )
∂D

= 2T T [W 4TD − (W 3boko + W 4F o)T ]

= 0
(A.18)

which leads to

D = T−1W−1
4 (W 3boko + W 4F o)T . (A.19)

This provides an analytic method in order for static (N = 1)
EF with a general matrix to reduce the roundoff noise at the
system’s output subject tol2-scaling constraints.
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