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Abstract—This paper presents a systematic study of pole
and zero sensitivity minimization for state-space digital filters
in several different yet related settings. First, a new weighted
measure for pole and zero sensitivity for state-space digital filters
is proposed and the problem of minimizing this measure is
investigated. To this end, two efficient iterative techniques for
minimizing this measure are developed by employing a quasi-
Newton algorithm and relying on a recursive matrix equation,
respectively. Furthermore, minimization of the proposed sen-
sitivity measure subject to lx-scaling constraints is examined
by extending the two aforementioned solution methods — one
converts the contained optimization problem at hand into an
unconstrained problem and solves it using a quasi-Newton
algorithm, while the other relaxes the constraints into a single
constraint on matrix trace and solves the relaxed problem with
an effective matrix iteration scheme. In addition, a simple yet
novel method for the minimization of a zero sensitivity measure
subject to minimal pole sensitivity is explored by pursuing an
optimal coordinate transformation matrix. Simulation studies are
presented to demonstrate the validity and effectiveness of the
proposed technigues.

Index Terms— [-scaling, IIR digital filter, Lagrange function,
overflow oscillation, pole and zero sensitivity, quasi-Newton
algorithm, sensitivity minimization, state-space model

. INTRODUCTION

been proposed. Alternatively, eigenvalue sensitivity of a filter
with respect to system matrix has been investigated [15], [16].
Itis argued in [15] that the realization of a block diagonal form
is preferable to the companion matrix form for the reduction of
eigenvalue sensitivity, although the generality of the assertion
remains unclear. In [16], it is shown that the eigenvalue
sensitivity of a realization whose system matrix is normal is
minimal. In [17], [18] pole and zero sensitivity of a filter with
respect to state-space parameters is analyzed and its reduction
and minimization are addressed. It is demonstrated in [17] that
the sensitivities of the poles and zeros of a transfer function
with respect to the variations in state-space parameters (due
to FWL) are closely related to the sensitivity characteristics
of its frequency transfer function. Moreover, minimal pole
sensitivity is achieved when the system matrix is normal, and
minimal zero sensitivity is achieved when a certain matrix is
normal. It should be stressed that minimal pole sensitivity does
not guarantee minimal zero sensitivity and vice versa. Also, it
is known that it is generally impossible to minimize pole sensi-
tivity and zero sensitivity simultaneously. In [18], a method for
minimizing a zero sensitivity measure subject to minimal pole
sensitivity for state-space digital filters is explored. However,
lo-scaling for preventing overflow oscillations was not taken
into account in [18]. Recently, the minimization problem of

N the case where a transfer function with infinite accuraWeighted pole and zero sensitivity was examined in [19], but

I coefficients is designed so as to meet the filter specificati%rjsca"ng constraints were not imposed.

requirements and th_e- transfer function is impler_nented by A this paper, we present a systematic study of pole and
state-space model with a finite binary representation, the stafgr, sensitivity minimization for state-space digital filters in

space parameters must be truncated or rounded to fit the finiigge 4| gifferent yet related settings. First, a new weighted
word-length (FWL) constraints. This coefficient quantizatiogyeasyre for pole and zero sensitivity for state-space digital
inevitably changes the characteristics of the digital filter. Fejjiors is proposed and the problem of minimizing this measure

instance, it may alter a stable filter to unstable one. TS inyestigated. To this end, two efficient iterative techniques
motivates the study of minimizing coefficients sensitivity. As ig, minimizing this measure are developed — one employs a
well known, there are several ways to define sensitivity of & fil4si-Newton algorithm, while the other relies on a recursive
ter with respept to its realization coefficients. Two of them AiBatrix equation, respectively. Furthermore, minimization of
based on a mixed /I, norm and a puré, norm, respectively. yhe nroposed sensitivity measure subject/4escaling con-
One of them measures changes of a certain transfer functiggints is examined by extending the two aforementioned
while the other is defined in terms of the poles and zeros ofg)tion methods — one converts the contained optimization
filter. Several techniques for minimizing thig/lo-sensitivity ropjlem at hand into an unconstrained problem and solves
measure [1]-[6] and thé,-sensitivity measure [7]-[14] have i sing a quasi-Newton algorithm, while the other relaxes
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proposed techniques. Unlike [18] and [19], an entire sectionWe now define the pole sensitivity measukeand the zero
(Section IV) is devoted to weighted pole and zero sensitivisensitivity measurd, for the digital filter in (1) as [18]

minimization subject tol;-scaling constraints. It should be " o 12 n OAAT|2
mentioned that the techniques presented in this paper areJj, = Z LY | Z (J)
: ; 0A 0A
restricted to proper SISO systems whose transfer functions 1=1 L F
contain nonzero constant term. " 9 |12 v 12 PTE: our 12
ThroughoutI,, denotes the identity matrix of dimension J, = Z{Hai ‘ 87)1 + ’ a—l ‘ 87; }
n x n, and itsith column is denoted by;. The transpose 1=1 F F Clir F
(conjugate transpose) of a matrig and trace of a square )

matrix A are denoted byA” (A¥) and tfA], respectively. respectively, Wher$|M||F den.oteg the Frobenius norm of an
Boldface uppercase, boldface lowercase and plain lowerc&de complex matrixM, which is defined by

are used to make the distinction among matrices, vectors, and mnon 2\ %
scalar values, respectively. IM||r = (ZZ (M) ) ‘
=1 j=1
Il. PROBLEM FORMULATION By noting that
2 _ Hy _ H _ H 2
Consider a stable, controllable and observable state-space |M|[p = u[MM7] = u[M"M] =[[M"[[ (8)
digital filter (A, b, ¢, d),, of ordern described by and using (4), (5) and (6), we can write (7) as
x(k+1) = Az(k) + bu(k) "
@ J= (= 0z, 0) (ul Oy, () (98)
y(k) = cx(k) + du(k) =1
where z(k) is an n x 1 state-variable vectoru(k) is a J, = Z(mf(l)mz(l) +a12> (yf(l)yz(l) +612) (9b)
scalar input,y(k) is a scalar output, andi,b,c and d are 1=1
real constant matrices of appropriate dimensions. The transfg{ere
function of the digital filter in (1) can be expressed as . i n
ap = [d™ ez (1)), Pr=1d""y (Dbl (9c)
H(z) =c(zI, — A" 'b+d. 2
Assuming that a direct path from the input to the output Now if a coordinate transformation defined by
exists in (1), i.e.d 7é 0, it is known [20] that the poles and Z(k) = qu(k) (10)
zeros of H(z) are given by{\;} = A\(A) and{v;} = \(Z),
respectively, where an x n matrix Z is defined by is applied to the digital filter in (1), the new realization

(A,b,¢,d), can be characterized by

Z=A—d 'be. (3) _ . _ L 3
A=T AT, b=T 'b, ec=cT. (1))

Lemma 1: Let x,(() be a ”ght elgenvector_ Correspondlng’:rom (2) and (11), it is observed that the transfer function
to \; and lety,(l) be the reciprocal left eigenvector that

. H (2) is invariant under the coordinate transformation in (10).
corresponds tec,({). Then, under the assumption thdthas (2) (10)

. . ; __For the new realization(4, b, ¢, d),,, the right eigenvector
a full set of linearly independent eigenvectors, the foIIowmgp(l) corresponding toy, and the reciprocal left eigenvector

holds: y,(l) corresponding tae, (/) become [17], [18]
ONNT
(54) ==@w® for I=12n @ 50 =T"20),  7,0=TTy0 (@2
Proof: See [16], [18]. for I =1,2,---,n, respectively. Similarly, the right eigenvec-

Lemma 2: Let x. () be a right eigenvector correspondingor - (!) corresponding te; and the reciprocal left eigenvec-
to v; and lety, () be the reciprocal left eigenvector thafior ¥.(I) corresponding tac. (i) become
corresponds tec, (). Then, under the assumption thathas () =T 2. (), 7.(0) =TTy () (13)

a linearly independent eigenvector set, we have
. for | = 1,2,---,n, respectively. Therefore, for the new

(8vz) —z.(Dyf () for I=1,2,---,n. (5) realization (A, b, ¢, d),, specified in (11), the pole and zero

0z sensitivity measures in (9) can be expressed as
Proof: The proof is identical with that in Lemma 1. n
Lemma 3: If (5) holds, it can be verified that J(T) = Z(mf(l)T‘TT_lazp(l)) (yf(l)TTTyp(l))
v _ ou oo _ 0w g .
0A 07 0b 02 6 (1) => (2T )T T (1) + of)
% - —d_le% % - d_QbT%cT. =1
Oc 0z od 0z (v OTT () + 57)

Proof: See [9]. (14)
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respectively. It is noted that for any x n nonsingular matrix where

T, the following inequalities hold true [16]-[18]: )
dp, = —=SiVJy(xr), ap=arg {rr(lxm Jy () + adk)}

‘Pfsksok) 8.01 B 01or S +Srp, 0t
©iok ) oid ®1 0k

Jp(T)>n,  J(T)>> (1+|wmBl])?  (15)
=1 Sk+1 = Sk+(1+
There are several ways joint optimization of pole and zero

sensitivity can be carried out. One approach is to minimize So = I, dr=k11—xk, @, =V (Trt1)— VI, (2k).
one sensitivity measure, say,(T), subject to the other . .
sensitivity, J, (T'), being bounded from above. This leads to gere,VJv(.w) denqtgs the _gradlent QIV.(w) .W'th respect to
constrained problem where the upper bound/ofT') needs L an.d S 1 a posmve—deflnlt_e a_appro.X|mat|on of the Inverse
to be determined very carefully—because of (15), an upplgggaan matrix ofJ,(x;). This iteration process continues
bound too small can make the problem infeasible, but an upﬁj(::nrtII
bound too large is obviously undesirable as it would defeat the |Jy(®pt1) = Ty ()| < € (19)
purpose of keeplng’z(T). as small as pqss,lble. Neverthelessls satisfied where > 0 is a prescribed tolerance.
in Section Ill.C we consider a special circumstance and ShOWTh BEGS alqorithm i -k d t alaorith
that the minimization of zero sensitivity subject to a constraint © h taggz' m 1S ? we -Ino(\j/\_/; es?:ebnl a%?” t'm
on pole sensitivity admits a closed-form solution (see (33) a aning that a twice continuously diierentiable objective

(34)). Another approach is to deal with the problem at ha antion gt the iterate; generated by-the BFGS algorithm is
as a multiobjective optimization problem with a vectorize onotonically decreasing. In theory, it was shown [22] that

objective function J(T) = [J,(T), J.(T)]”, whose goal it the starting point is sufficiently close to a local minimizer

is to minimize J(T) in a certain sense, for example Viaand the initial Hessian approximation is sufficiently close to

the notion of Pareto boundary [21]. One of realistic an@e Hessian at that minimizer, then the BFGS iterates will
effective techniques to deal with multiobjective optimizatioﬁo_rll_\éerge tg_ the nfqlnlmlzer. b | d usi losed-f
involving complicated and nonconvex component objectives ' ¢ 9@ lent ot], (x) can be evaluated using closed-form
is to scalarize the problem by forming a weighted sum of tfpPressions as

components of the vector objective. dJ.,(x) J(Ts;) — J,(T)
. . &) v\ Ly Y
In the present case, we consider a weighted pole and zero ot A A
sensitivity measuré,, (T") defined by Y 87,() 0. () (20)
o p\L _ 2\
J5(T) = 4 J,(T) + (1= 7).J.(T) (16) =, T

where0 < v < 1 is a weighting factor to control the trade-offyhere T, is the matrix obtained fromT" with a perturbed
between the two component sensitivities in the sense that;a;)th component. It follows that [24, p. 655]

J(T) with a greatery represents a measure that places more

emphasis on pole sensitivity, while & (T') with a smaller ATee] T .
+ serves as a measure that weights more heavily on zero 1 =T~ 11 AelTe, T —ATeie; T
sensitivity. In addition, by setting to unity or zero.J, (T') 8tj- (21)
becomesJ,(T') or J.(T), respectively. T =T '+ AZLel =T 4 Aejel

The problem of minimizing the weighted pole and zero ! Oti; !

sensitivity measure is now formulated as folloviir given
A, b, c andd, obtain ann x n transformation matrixt” which

and

minimizesJ, (T') in (16) with y specified by the designer 0Jp(x) - Hom " T

o ;{(wp ()M (@), (1)) ()] VTTy, ()
[1l. POLE AND ZERO SENSITIVITY MINIMIZATION (T (l))( (O N(T) (l))
A. Minimization of (16) Using A Quasi-Newton (QN) _(wp Tp Yp (T)y, }
Algorithm 0J.(z)

To minimize (16) with respect to an x n transformation
matrix T', we define
T_1: [t17t27"'7tn]7 T = [t?t;?tﬂtp (17) (2

which establishes a mapping that uniquely connects a ngjfiere ti; denotes thejth (for j = 1,2,---,n) element of

singularn x n matrix T with a column vectorz of length vectort; with ¢; defined by (17) fori = 1,2,--,n and

jﬂ and denote]w_(T) in (16) as functionJ, (x). In the kth M(T) = e;elT! +T*Tel-ejT
iteration, a quasi-Newton algorithm, known as the Broyden- _ . -
Fletcher-Goldfarb-Shanno (BFGS) algorithm [22], updates the N(T) =T|e;elT+T" e;e] |T".

current pointz;, to pointay., as [23] B. Minimization of (16) Using A Recursive Matrix Equation

Tp1 = T + apdy (18) (RME)



IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS-I: REGULAR PAPERS, VOL. XX, NO. YY, ZZZ 2015 4

The pole and zero sensitivity measures in (14) can also thescribed here is reliable to secure an excellent approximate
expressed in terms of matriR = TT” as solution of (25) with a small number of iterations. A sample
of these examples will be illustrated in Section V. In practice,

J,(T) = Xn:(tr[wp(l)mf(l)Pfl]) (tr[yp(l)yf(l)PD the recursive process continues until

n ‘JV(PEJA) - JW(PE> <e (30)
J.(T) = tr(z, DX (P~ + o )
@ ;( [ ()220 ) l) is satisfied for a prescribed tolerance> 0 where P stands
Atr DyH ()P + 32 for the square root. of matriP. If the i_teratio.n is terminated
( [yZ( Jy= () } 61) 23) at stepk, Py, is claimed to be a solution point.

. - , We now turn our attention to the construction of a coordinate
respectively. From(23) we see that/,(T) is differentiable transformation matrig” that solves the problem of minimizin
with respect taP for nonsingularP. Therfore, the optimaP P 9

must satisfyd.J, (T) /0P — 0, andd.J. (T)/OP is found to the weighted pole and zero sensitivity measure in (16). Since

be P =TT7, an optimizingT' assumes the form
oJ(T 1
% =M, (P)-P 'N,(P)P! (24) T =P:U (31)
where whereU is an arbitraryn x n orthogonal matrix.
- _ C. Minimization of Zero Sensitivity Subject to a Constraint
_ H 1 H
M, (P) = VZ"[“’P(Z)% (P~ ]y, (y, (1) on Pole Sensitivity

- _ Supposing the coordinate transformation maffix yields
H 1 2 H
+(1-9) Z(tf [z (D2l (DP~'] + aj )yz(l)yz @) J,(T,) = n, it can be verified thaf,(++/C T,) = n holds for
any scalart+/C. Therefore, one can reduce the zero sensitivity

1=
N.(P) = tr Do (DPlx. (DxH (1 as much as possible while keep the pole sensitivity unaltered
+(P) 7; v, Oy (OP], () (1) by adequately tuning the value of To this end, we compute
+(1 =) Z(tr [yz(l)yf(l)P] + ﬂ?)wz(l)wf(l)- M = (2 i{CZO‘?yf(Z)TOTZyz(Z)
=1 8C =1 (32)
Hence,0J,(T)/0P = 0 is equivalent to Rt (O)TITT e (Z)}
1 ¥z o o z .
PM,(P)P=N,(P). (25)

By solving 8.J.(£/(T,)/9¢ = 0, the optimal value of, is
The equation in (25) is highly nonlinear with respect?and, found to be

to the authors’ best knowledge, a closed-form solution does not
exist. Described below is a recursive approach that is found
effective in solving (25). A recursive equation is generated

> Bt ()T, T, (1)
=1

by temporarily fixing matrixP = P, in both M. (P) and (= |—=% : (33)
N, (P), which relaxes (25) to Z 2y (T, T y (1)
P M, (Py)P = N,(Py) (26) ~

] -~ ) This implies that the optimal coordinate transformation matrix
It can be readily verified that (26) admits a closed-formgopt {4 minimizesJ, (/¢ T',) with respect ta. subject to
solution, denoted byP;..1, as J,(T,) = n can be obtained by

Pjy1 = M, (Py)~5[M,(Py)? N, (Py) M, (Py)3]?

: TP = £\/CT, (34)
° M'y(Pk)7§~ . . . .
(27) where ¢ is given by (33). Notice that by applying the
In other words, matrixP,, 1 given by (27) satisfies arithmetic-geometric mean inequality, the following relation
holds:
Py 1M (Py)Pyy1 = N (Py). (28)

JA(To) = J(T)

With an initial Py, say Py = I,,, (27) recursively generates n n

a sequence of solution§Py|k = 1,2,---} for the relaxed =Y oy ()T, Ty (1) + > Bl ()T, T, =.(I)
=1

equation (26). IfP; converges to a matriP* as k grows, I=1
then taking limitk — oo in (28) yields n n
. o\ . =2, ) afyl()T.Toy.() Y Arall VT, T, w.(l
P M,Y(Pk)P :N’Y(Pk) (29) lz:; l () ()lz:; l () ()
Therefore, P* solves the original nonlinear matrix equation > (.
(25). Although a theoretical argument for the convergence of (35)

{P.|k=1,2,---} is not yet available, simulations on a largeTherefore, as expected, by using the optirfidf’ instead of
number of instances have indicated that the recursive approatdrix 7', the zero sensitivity always gets reduced.
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IV. POLE AND ZERO SENSITIVITY MINIMIZATION  We propose to solve the unconstrained problem by an iterative
SUBJECT TOI,-SCALING CONSTRAINTS algorithm that 1starts with an initial point, obtained from the
A. I,-Scaling Constraints and Problem Statement assignmenfl’ = I,,, updates vectog;, in the kth iteration
by using (18), and terminates with a criterion stated in (19).
The gradient of/,(x) can be evaluated using closed-form
hé?(pressions as

The controllability GramianK . of the digital filter in (1)
plays an important role in the dynamic-range scaling of t
state-variable vectaf(k), and matrixK . can be obtained by
solving the Lyapunov equation 0J(x)

Jo(Ti;) = Jo(T)

ot - iimo A
- .
K.=AK.A" + bb". (36) “ 50.() o7, () (44)
T (@
With an equivalent state-space realization as specified in (11), =7 817; +(1-) Oti:
the controllability Gramian assumes the form . ! . !
_ . T where T';; is the matrix obtained fron¥" with a perturbed
K.=T KT . @37 (i,4)th component. It follows that [24, p. 655]
If I5-scaling constraints are imposed on the new state-variable . ATg,.eTT 1 .
vectorZ(k) in (10), it is required that T, =T+ #7 T, =T —Ag;el
- —Ae;Tg;;
eI Koei= el T KT Te; =1 (38) Py ;
fori=1,2,--,n. 9 = =0 {7 } /9t = i bty — s [Pe) s
The problem being considered here is to obtainnar n
transformation matrixI" that minimizes (16) subject to the 07 n
Iy-scaling constraints in (38). az;(w) _ Z{(:if(l)M(T):%p(l)) (yf(l)TTT@p(l))
B. Minimization of (16) Subject th-Scaling Constraints — “ =1
- Usi i i . A1 T . PP
Method 1: Using A Quasi-Newton (QN) Algorithm +<$5(1)T T xp(l)) (yf(l)N(T)yp(l))}
We start by defining 8. (z) "
(x) CH i\ X A A H i\ s 2
P O l_Zl{wz M (D). () (92 T Tg.) + 57)
hich | t . sl T .
which leads (38) to (@ 0T T e + 0f) Y <1>N<T>yz(Z>;
7T a—1 )
e;T T e=1for i=1,2,---,n. (40) (46)
__, Where
Evidently, these constraints are always satisfied if maktix AN 7T a1 o
assumes the form M(T) = ~[gi;;e; T +T e;gj;]
51 [ L 2 T, 7 } ' (41) N(T) = TT[ejg;fg-TT—&— Tgijeﬂ’j’.
]l [[22]] [t C. Minimization of (16) Subject th-Scaling Constraints —
By defing ann? x 1 vectorz = (t{,t2,--- ¢+1)T consisting Method 2: Using A Lagrange Function (LF)

of independent variables if , the pole and zero sensitivity In order to minimize (16) withJ,(T') and J,(T) given
measures/,(T') and J.(T) in (14) can be written as by (23) with respect to am x n symmetric positive-definite

L AT matrix P subject tol,-scaling constraints in (38), we define
Jp(x) = Z(ﬁ:p OWr T 5%(1)) (@p 0T T@p(l)) the Lagrange function
=1

n o L(P,&) = J,(T) + {(tr[K.P~"] — n) (47)
J.(x) = Z(ﬁif(l)T T a.()+ 0412) where¢ is a Lagrange multiplier, and compute the gradients
=1
i T
(yH (T Ty.(I) + B?) % = M., (P)- P 'N,(P)P!
(42) . .
respectively, where —¢PK.P (48)
5 -1 R 1 oL, (P,¢) 1
2,() = Ko ap(l), () = Kiy,(0) e~ TP -
z.(l) = Kgéxz(l), TROES Kéyz(l). where M, (P) and N,(P) are defined in (24). By setting

The original constrained optimization problem can now b%I”(P’S)/aP = 0andoL,(P,£)/0g = 0, it follows that
converted into an unconstrained optimization problem of ob- P M, (P)P = G, (P,¢), trK. P '|=n (49)

taining ann? x 1 vectorz which minimizes
where

Jy(@) =vJp(x) + (L—=7)J:(x), 0<y<1 (43 G,(P,§) = N,(P) + (K.
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In order to solve the highly nonlinear equations in (49), V. SIMULATION STUDIES
we propose an iterative technique which starts with an i”iti@xample 1
iterate Py and relaxes the first equation in (49) into a recursive

second-order matrix equation A. Filter Description and Pole and Zero Sensitivity
Py M (Py) Pyt = G (Py, i) (50) Consider a digital filte(( A, b, ¢, d), in (1) studied in [18]
where P}, is known from the previous recursion. Solving (50) 37183 1 0 0 0.1755
for a symmetric and positive-definit®;,.;, we obtain _ | —52153 0 1 0 _ 103 | 00178
A 3.2689 0 0 1|’ b=10 0.1652
1 1 1.1 . .
Pip1=M,(Py)"2 [M(Py)? Gy (P, Ek1) Mo (P) ]2 07724 0 0 0 0.0052
M. (Py)" 2. (51) c=[100 0], d = 0.0227
The Lagrange multiplie¢;., can be efficiently obtained usingfor which the eigenvalues ol and Z were found to be
a bisection method [25] so that A = 0.963556 + j0.156437, 0.895594 + 50.092081
fOv, &) = ’n - tr[Kka(%Sm)]‘ <e (52 v = 1.147681 = 5j0.329541, 0.707604 = j0.202980
where respectively. By using (9c), we obtained
G (7, 8kt1) = [M(Pr)2 Gy (P, S 1) M (Pr) 2] 72 o 12.215615 B 0.386463
Kk — M’y(Pk)%KcM’y(Pk)% Qz | _ 12.215615 B2 _ 0.386463
his i . . i as 9.687213 |’ 53 0.310390
This iteration process continues unti ay 9687213 3, 0.310390
’Iw (Prs1,Epgr) — I (Pk7§k>’ <e (53)  The original pole and zero sensitivity measures in (9) were

computed as/, = 7.209829 x 10° and.J, = 1.135788 x 10°,

is satisfied for a prescribed toleranee> 0. If the iteration ) S X )
respectively. The controllability Gramian was computed using

is terminated at step, we setP = P, and claim it to be a

solution. (36) as

Having obtained an optimaP, we now turn our attention 0.071608 —0.195274  0.178646 —0.054830
to the construction of the optimal coordinate transformatio —0.195274  0.533746 —0.489317  0.150472
matrix T' that solves the problem of minimizing (16) subject ¢~ | 0.178646 —0.489317  0.449437 —0.138452
to Io-scaling constraints in (38). As is analyzed earlier, the —0.054830  0.150472 —0.138452  0.042721
optimal T' assumes the form

B. Sensitivity Minimization Free frori3-Scaling Constraints

1
T=rU (54) B-1. The Use of A Quasi-Newton (QN) Algorithm
whereU is ann x n orthogonal matrix that can be determined . : . 1
; epal; . By choosingy = 1 in (16),e = 10~% in (19), andT~"' =
to satisfy thel;-scaling constraints as follows. From (37) an?t1,t2,t3,t4] _ 1, in (17) as an initial estimate in the iteration

(54) it follows that vectorxy, of (18), it took the proposed algorithm 29 iterations

K, =U'P:K P :U. (55) to converge to
In order to find ann x n orthogonal matrixU such that the 0.231986 0.185815 0.142997 0.105745
matrix K . satisfiesy-scaling constraints in (38), we perform —1 | 0.693092 0.716739 0.725929 0.720384
the eigenvalue—eigenvectqr decor‘pposition for the symmetric T 0.690995 0.761630 0.824477 0.876111
positive-definite matrixP~"2 K .P~2 as 0.072256 0.206669 0.360409 0.533445
P :K._P ?—ROR’ (56) with J,(T") = 4.000000, J.(T) = 1.858629 x 10%. In this

. — —T =T
where ® = diag{6;,0,,---,0,} with 6; > 0 for all ; and case, from (11) it was observed thdt A = A" A holds,
R is ann x n orthogonal matrix. Next, an x n orthogonal hence matrixA is normal and the lower bound= 4 of J,(T)

matrix S such that is achieved. The pole sensitivity performance of 29 iterations
. . ‘ is shown in Fig. 1, from which it is seen that the iterative
e; 58S5%e; =1 for i=1,2,---,n (57)  algorithm converges with 29 iterations.

can be obtained by a numerical procedure [27, p.278]. UsingSince J,(T') = 4 is satisfied, we seT’ = T,. Then, by
(55)-(57), it can be readily verified that the orthogonal matri&PPlying (33) and (34) it was found that

U = RS” leads to aK, in (55) whose diagonal elements 0.073901 —0.330545 0.317280 —0.089358
are equal to unity, hence tlig-scaling constraints in (38) are opt | —0.150176  0.919582 —0.899730  0.265615
satisfied. This matriU _toge_ther with (54_) yields the solgtion = 0.090774 —0.856028 0.856192 —0.268161
of the problem of minimizing (16) subject to the-scaling —0.013158 0.266860 —0.272865 0.091927

constraints in (38) as
(38) where J,(T°"") = 4.000000, J,(T°"") = 593.244132 and

T = P*RS”. (58) ¢ = 6.856655 x 10~7. It is noted thatT™°?* obtained above
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which yields

0.504660 —1.279387  1.093553 —0.313564
—1.279387  3.491572 —3.188277  0.973880
1.093553 —3.188277  3.110342 —1.014605
—0.313564 0.973880 —1.014605 0.356118

T=10

whereU = I, was used in (31). From (14) it follows that
Jp(T') = 4.000000, J,(T) = 1.819305 x 10°. The weighted

pole and zero sensitivity performand@(Pé) were obtained

as J,(P2) = 7.209829 x 106 and J, (P?) = 4.000000 for
k = 1,2 from which it is seen that the iterative algorithm
converges to the optimal solution with two iterations.

0 10 20 ‘ Since matrixT shown above yields/,(T) = 4, we set
Iterations T =T,. Then, by applying (33) and (34) it was found that
Fig. 1. Profile ofJ, (T') during the first 29 iterations with = 1 0.133686 —0.338914  0.289686 —0.083064

—0.338914  0.924930 —0.844586  0.257984
0.289686 —0.844586  0.823940 —0.268772
—0.083064  0.257984 —0.268772  0.094337

Topt _

corresponds to the optimal coordinate transformation matrix
that minimizes a zero sensitivity measufg(4+/C T',) with B
respect to¢ subject to minima)I/ pole sei(sitivity szitisfyingand I (_Topt) = 59_3'186873 where¢ = 7'(_)17_385 x 1074,
Jo(T,) = 4. De_tf';u_led numerical results for_the 0pt|m|zed pqle and zero

Detailed numerical results of the optimized pole and zeR§NSitivity measures corresponding to various weight vajues
sensitivity measures corresponding to various weight valu@€ Summarized in Table II.
of v are summarized in Table | whetg (T') > Zle(l +
louBi])? = 97.566165 always holds. From Table I, it is TABLE Il
observed that the lower bound of(T) was achieved with PERFORMANCECOMPARISON USINGRMEMETHOD
v = 0. It is also observed that the sum of pole sensitivity ‘ Jo(T) ‘ Jo(T) ‘ J.(T) ‘ Jp(T)+J-(T)
and zero sensitivity reaches minimum when the weight vaIUeL0 2.000000 | 2.000000 | 1.819305x105 | 1.819345 <107
v = 0.5 is chosen. Moreover, with as an adjustable design— 20878100 13.926822 | 148.683663 162610485
parameter, the proposed weighted optimization provides @ s sa638191] 22453675 | 127.914966 150.368641
variety of options to suit the need of a particular application, s 74608206 27598918 | 121.617494 149216412
where the designer may prefer smaller pole sensitivity 0Ty ; [ 83435795 34.001550 | 116.391959 150.393509
smaller zero sensitivity. 0.2 | 97.096840| 56.211294 | 107.318227 | 163.529521

0.0 | 97.566165| 283.698424| 97.566165 381.264589

TABLE |
PERFORMANCE COMPARISON USINGQN METHOD

y | @ | M ] J=(T) | Jp(T)+J-(T) C. Sensitivity Minimization Subject {g-Scaling Constraints
1.0 | 4.000000 | 4.000000 | 1.858629x10% | 1.858629 x10%
0.8 | 40.878190| 13.926837 | 148.683601 162.610439

C-1. The Use of A Quasi-Newton (QN) Algorithm

0.6 64.780537| 22.715994 127.877352 150.593345 By Choosing’y =1in (43)' e = 10*8 in (19)' and Stalrting
0.5 | 74.608206] 27.598917 | 121.617495 149.216412 with an initial pointz, obtained from the assignmefit =
0.4 | 83.435/95| 34.001531| 116.391971 150.393503 I, in (41), it took the proposed algorithm 19 iterations to
0.2 | 97.096840| 56.211283 107.318230 163.529512
converge to
0.0 | 97.566165| 283.699595 97.566165 381.265759
0.864243 0.900469 0.786701 0.542671
) ) ) ~—1 —0.490448 0.391427 0.345446 0.722078
B-2. The Use of A Recursive Matrix Equatlon (RME) T = —0.094086 —0.168073 0.507431 —0.076744

in (27) as an initial estimate, it took the proposed iterative )
algorithm iterations to converge to or equivalently,

0.318569 —0.890465 0.835038 —0.262540 0.149803 —0.161958  0.261061 —0.203040
P_10° —0.890465  2.494146 —2.343591  0.738320 T— —0.366793  0.433947 —0.742778 0.584686
- 0.835038 —2.343591  2.206461 —0.696498 | 0.299031 —0.385952  0.706504 —0.563004

—0.262540  0.738320 —0.696498  0.220301 —0.080834  0.113909 —0.224536  0.181708
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where J,(T) = 4.000000 and J,(T') = 936.412522. With which from (58) yields
an equivalent state-space realization as specified in (11), the 1163353 —0.501460 1162615 —0.636344
controllability Gramian was computed from (37) as 3395136 1323961 —3.211571 1.916231

1.000000 0.596733 0.466712 0.147733 T= 3.196696 —1.163301 2.981285 —1.933181
" — 0.596733 1.000000 0.752591 0.747172 —1.032291  0.337201 —0.927826  0.655060
€ 10.466712 0.752591 1.000000 0.665045
0147733 0.747172  0.665045 1.000000 whereJ,(T) = 4.000000 and.J, (T') = 5452.531195. For the

new realization, the controllability Gramian was found from
where théds-scaling constralnts are satlsﬂed In addition, fror(137) to be

(11) it was observed thatt A" = A" A holds. This means

that matrixA is normal and the lower bound = 4 of .J,(T') 1.000000 0.296865 ~ —0.585417 ~ 0.804018
is achieved. The pole sensitivity performance of 19 iterationg, = 0.296865 1.000000 0.585417 0.804018
is shown in Fig. 2, from which it is seen that the iterative —0.585417 0.585417  1.000000 0.000000
algorithm converges with 19 iterations. 0.804018 0.804018 0.000000  1.000000

where thel,-scaling constraints are satisfied(P, ) perfor-
mance of 8 iterations is shown in Fig. 3, from which it is seen
that the iterative algorithm converges with 8 iterations where

15

&6 —1.069263 x 105  —4.213525 x 102

& & | | —7.117870 x 10°  —4.496284 x 10~*

& & | | —1.817527 x 1072 —5.577404 x 104
E & & —1.676641 x 107> —5.025417 x 107

0 5 10 15
Iterations

Fig. 2. Profile ofJ, (T') during the first 19 iterations witl = 1

Detailed numerical results of the optimized pole and zero
sensitivity measures subject to thescaling constraints cor-
responding to various values gfare summarized in Table III.

0 5
Iterations

TABLE Il

QN METHOD SUBJECT TOSCALING CONSTRAINTS Fig. 3. Profile ofI, (P, &) during the first 8 iterations with = 1

v @ ] @ [T ] (D)+I(T)
1.0 4.000000 4.000000 936.412522 940.412522
0.8 41.489644 | 14.827462 | 148.138371 162.965833
0.6 64.863774 23.442437 | 126.995780 150.438217
0.4 83.435914 33.963942 | 116.417229 150.381170
0.2 97.629962 | 51.388153 | 109.190414 160.578567
0.0 104.016409| 125.930606| 104.016409 229.947015

Detailed numerical results of the optimized pole and zero
sensitivity measures subject fg-scaling constraints corre-
sponding to various values af are summarized in Table IV.

TABLE IV
LF METHOD SUBJECT TOSCALING CONSTRAINTS

vy @ ] @ | () [ (1) +I(T)
. 1.0 | 4.000000 | 4.000000 | 5452.531195] 5456.531195
C-2. The Use of A Lagrange Function (LF) 0.8 | 41.489644 | 14.827471 | 148.138333| 162.965804

By settingy — 1 in (16), = — 105 in (53), and choosing _0-6 | 64863774 | 23.442505 | 126995679 | 150.438183
P, = I, in (51) as an initial estimate, it took the proposed_Y-4 | 83435914 | 33.963990 | 116.417196| 150381186
iterative algorithm 8 iterations to converge to 0.2 | 97.629962 | 51388289 | 109.190380) 160.5/8669
0336146 _0.04%549  0.800840 —0.986556 0.0 | 104.016409| 125.930718| 104.016409 | 229.947127
—0.948542  2.679553 —2.544864  0.811398
0.809849 —2.544864  2.419739 —0.772465 We now present some remarks on the numerical results
—0.986556  0.811398 —0.772465  0.246930 summarized in Tables Il and IV. First, for @ in the entire

P=10



IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS-I: REGULAR PAPERS, VOL. XX, NO. YY, ZZZ 2015 9

range0 < v < 1, both the QN and LF methods yield identicafor which the eigenvalues oA and Z were found to be

minimized weighted sensitivityV(T)'. Sggond, excluding the A = 0.486510 + j0.619334, 0.547146

case ofy = 1, for eachy € [0, 1) the individual zero and pole

sensitivities (hence their sum) associated the corresponding v = —0.658423 £ 0.349187, —1.934315

optimized transformation matriX’ obtained by both methods respectively. By using (9c), we obtained

are practically identical as well. Finally, concerning the case

of v = 1, it follows from (16) that the use of = 1 simply ™ 1.621793 A 2.240574

excludes/. (T') in the optimization procedure and, as a result, | *2 | = 1.621793 1., B2 | =10 2.240574

the zero sensitivity went wildly large as shown in both Tables a3 3.579089 Bs 3.750803

IV and V. For practical system implementations, therefore, tighe original pole and zero sensitivity measures in (9) were

use ofv in the ranged < v < 1 is recommended. computed as/, = 3.939670 x 10 and J, = 2.348783 x 10%,
respectively. The controllability Gramian was computed using

In [17], the pole and zero sensitivity was examined fo{36) as

the realizations with minimum roundoff nosie SUbjeCtlﬁB 5.215397 3.869762 1.184455
scaling constraints where the MRH realization [26],[27] does K,.=|3.869762 5.215397 3.869762
not equip identity state residue correction, while the opti- | 1.184455 3.869762 5.215397

mal realization [17] does. In [10] and [11], the problem of
minimizing the l,-sensitivity of a transfer function subjectB- Sensitivity Minimization Free fro-Scaling Constraints

to I,-scaling constraints was solved by different techniques-1. The Use of A Quasi-Newton (QN) Algorithm

In Table V the performances of the proposed methods are s _
compared with those acheieved by the methods in [26], [2 l By choosingy = 1 in (16), = = 10~ in (19), andT""

[17], [10] and [11] for six |mplementat|0n settings wheré 1, t2,t5] = I in (17) as an initial estimate in the |terat|on

S, and S, are defined bys, |AA” — AT A||r and vector z;, of (18), it took the proposed algorithm 9 iterations
S, =12z" — z* Z||r which approxmately measure pole'® CONverge to
and zero sensitivities, respectively [17]. It is noted ti5at 0.231714 —1.014743  0.324011
and .S, express the degree of normality of matricésand Z, T-'=| —0.988289 1.639910 —1.166028
respectively. 0.313418 —1.185126  1.639743
TABLE V with J,(T") = 3.000000 and J,(T') = 4.449920 x 10*. In this
PERFORMANCE COMPARISON AMONG SIX METHODS case, from (11) it was observed that A=A A4 holds,
— hence matrixA is normal and the lower bound = 3 of
Realization [ J, [ J: Sp 5 J,(T) is achieved. The sensitivity performande(T') of 9
QN (v =1) 4 936.41 | 5.677x10~% | 241.64 iterations is shown in Fig. 4, from which it is seen that the
QN (y =0) 125.93 | 104.02 0.1389 0.3459 iterative algorithm converges with 9 iterations.
LF (y = 1) 4 545253 | 1.067x10~8 | 1776.11
LF (y =0) 125.93 | 104.02 0.1389 0.3459
MRH [26],[27] 525 | 312.53 0.0225 37.89
Optimal [17] 10.06 | 196.95 0.0633 11.18
Optimal [10],[11] | 4.63 | 398.79 0.0257 60.12

From this table it is obseved that in cage- 1, the proposed
methods provide lower pole sensitivity than those in [26], [27], ”
[17], [10] and [11], and in case = 0, the proposed techniques
produce lower zero sensitivity than those in [26], [27], [17],

[10] and [11]. It is noted that the results obtained using the
technique in [10] practically coincided with those derived from
the technique in [11].

y(M

Example 2 0 5

A. Filter Description and Pole and Zero Sensitivity lterations
Consider a digital filte A, b, ¢, d)3 in (1) studied in [28] Fig. 4. Profile ofJ, (T') during the first 9 iterations withy = 1

0 0 0.339377 0

AT = |1 0 -1.152652|, b=]0 Since J,(T') = 3 is satisfied, we seT” = T,. Then, by
0 1 1.520167 1 applying (33) and (34) it was found that
¢ =[0.093253 0.128620 0.314713] —2.943887 —2.882586 —1.4G8110

TPt =| —2.826649 —0.627000 0.112680
d = 0.065959 —1.480273  0.097808  1.402799
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where J,(T°"") = 3.000000, J,(T°"") = 3.643451 x 10*
and ¢ = 2.9123379. It is noted thatT°"" obtained above
corresponds to the optimal coordinate transformation matrix
that minimizes a zero sensitivity measure(++/¢ T',) with
respect to¢ subject to minimal pole sensitivity satisfying
Jp(T) = 3.

Detailed numerical results of the optimized pole and zero
sensitivity measures corresponding to various weight values
of v are summarized in Table VI whet& (T') > S0 (1 +
louBi])? = 2.107926 x 10* always holds. From Table VI, it
is observed that the lower bound f(T") was achieved with
~ = 0. Moreover, withy as an adjustable design parameter, the

TABLE VI
PERFORMANCE COMPARISON USINGRMEMETHOD

ol Jy(T) Jp(T) J=(T)
1.0 3.000000 3.000000 4.490190 x 10%
0.8 | 4.405814 x 10% | 1.036407 x 102 | 2.161451 x 10*
0.6 | 8.676070 x 103 | 1.895825 x 102 | 2.140580 x 10*
4 | 1.289555 x 10* | 3.099089 x 102 | 2.128598 x 10*
.2 | 1.706066 x 10* | 5.488713 x 102 | 2.118861 x 104
.0 | 2.107926 x 10* | 3.208545 x 103 | 2.107926 x 10*

proposed weighted optimization provides a variety of optiorfs-1. The Use of A Quasi-Newton (QN) Algorithm

to suit the need of a particular application where the designerB
may prefer smaller pole sensitivity or smaller zero sensitivi%. _
ith an initial

TABLE VI
PERFORMANCE COMPARISON USINGQN METHOD

y choosingy = 1 in (43),c = 10~% in (19), and starting
pointx, obtained from the assignme’lii’f1 =

I in (41), it took the proposed algorithm 17 iterations to
converge to

0.197596 —0.185863 —0.393290

Y Jy(T) Jp(T) J=(T) L1

1.0 ‘ 3.000000 3.000000 | 4.449920 x10* T 0933859 0.041955  0.085987
3 5 v —0.298101 —0.981680 0.915385

0.8 | 4.405814x103 | 1.036408x102 | 2.161451 x10

0.6 | 8.676070x103 | 1.895820x102 | 2.140580 x10% or equivalently,

0.4 | 1.289555x10% | 3.099084 x102 | 2.128598 x104

0.2 | 1.706066 x10% | 5.488701x102 | 2.118861 x10% 1.476859 —3.253423 —2.953198

0.0 | 2.107926 x10% | 3.208545x103 | 2.107926 x10% T'=|2.072059 —2.089248 —0.485641

1.025119 —1.420567  1.058596

B-2. The Use of A Recursive Matrix Equation (RME) whereJ.p(T) = 3.000000 and JZ(.T) .: 3.694619 >.<.104'. With
an equivalent state-space realization as specified in (11), the
By choosingy = 1in (16),e = 1078 in (30), andP, = I3  controllability Gramian was computed from (37) as
in (27) as an initial estimate, it took the proposed iterative
algorithm two iterations to converge to

6.321617 3.278396 0.564446
3.278396 2.847494 1.446066
0.564446 1.446066 1.444805

1.000000  0.295094 —0.270289
0.295094  1.000000 —0.821909
—0.270289 —0.821909  1.000000

K.=

P=
where the,-scaling constraints are satisfied. In addition, from
(11) it was observed thal A' = A A holds. This means
that matrixA is normal and the lower bound = 3 of .J,(T')
is achieved. The pole sensitivity performance of 17 iterations
is shown in Fig. 5, from which it is seen that the iterative
—0.001243 0.628437  1.024632 algorithm converges with 17 iterations.

whereU = Is was used in (31). From (14) it follows that Detailed numerical results of the optimized pole and zero
J,(T) = 3.000000, J,(T) = 4.490190 x 10*. The weighted sensitivity measures subject to thescaling constraints cor-
pole and zero sensitivity performandg(P,lg/Q) were obtained responding to various values af are summarized in Table
as.J,(PL/?) = 3.939670 x 10 and J, (PY?) = 3.000000 for VI
k = 1,2 from which it is seen that the iterative algorithm
converges to the optimal solution with two iterations.

Since matrixT shown above yields/,(T) = 3, we set

which yields

2.345821 0.904843 —0.001243

T= 0.904843 1.278210  0.628437

TABLE VI
QN METHOD SUBJECT TOSCALING CONSTRAINTS

T =T,. Then, by applying (33) and (34) it was found that v \ Jy (T) \ Jp(T) \ J(T)
4.060448 1.566218 —0.002152 1.0 3.000000 3.000000 3.694619 x10%
TPt — 1.566218 2.212490 1.087780 0.8 | 4.536731x10% | 6.107676x10 | 2.243935x10*
—0.002152 1.087780 1.773564 0.6 | 9.000127x103 9.222873 x10 2.236197 x10%
0.4 | 1.344729x10% | 1.243733x102 | 2.232923x10*
and.J. (T°") = 3.638392 x 10* where( = 2.996114. 0.2 | 1.788259x10% | 1.641194x10% | 2.231220x10%
Detailed numerical results for the optimized pole and zero ~5 0 [ 2.230594x10% | 2.237873x102 | 2.230594 x10%

sensitivity measures corresponding to various weight vajues

are summarized in Table VII.

C. Sensitivity Minimization Subject fg-Scaling Constraints C-2. The Use of A Lagrange Function (LF)
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J,(T)
(P, &)

R S T T S S T S S
0 5 10 15

Iterations

Iterations

Fig. 5. Profile ofJ, (T") during the first 17 iterations with = 1 Fig. 6. Profile ofl (P,£) during the first 11 iterations witly = 1

TABLE IX

By settingy — 1 in (16), = — 108 in (53), and choosing LF METHOD SUBJECT TOSCALING CONSTRAINTS

Py = I3 in (51) as an initial estimate, it took the proposed

£0 = : A vy oam T hm [
iterative algorithm 11 iterations to converge to .0 3000000 3.000000 3.651390 107
17.924303 9.235070 1.155092 0.8 | 4.536731x10% | 6.107673x10 | 2.243935x10*
P—| 9235070 8.394091 4.237920 0.6 | 9.000127x103 | 9.222873x10 | 2.236197 x10*
1155092 4.237920 4.391196 0.4 | 1.344729x10% | 1.243733x102% | 2.232923 x10*
0.2 | 1.788259x10% | 1.641194x10% | 2.231220x10%
which from (58) yields 0.0 | 2.230594x10% | 2.237873x10% | 2.230594 x10%

0.567932 —3.070934 2.858518
—0.972170 —0.742317 2.626393
—0.629230 1.075664 1.684700

T= VI. CONCLUSION

4 The problem of minimizing pole and zero sensitivity for
where.J,(T) = 3'.000000 and J.(T) = 3'651390, x 10%. For state-space filters has been investigated. Two efficient iterative
the new realization, the controllability Gramian was founijechniques for minimizing a weighted pole and zero sensitivity
from (37) to be measure have been developed by employing a quasi-Newton
algorithm or relying on a recursive matrix equation. A novel
and simple method has also been explored to obtain the opti-
mal coordinate transformation matrix which minimizes a zero
sensitivity measure subject to minimal pole sensitivity. More-
where thel,-scaling constraints are satisfied.(P, ¢) perfor- Over, two iterative methods for minimizing the weighted pole
mance of 11 iterations is shown in Fig. 6, from which it i@nd zero sensitivity measure subjectitescaling constraints
seen that the iterative algorithm converges with 11 iteratiohgve been proposed. Simulation results have demonstrated the

1.000000 0.651587 0.309100
0.651587 1.000000 0.651587
0.309100 0.651587 1.000000

K.=

where validity and effectiveness of the proposed techniques.
& & & 7.000912 0.318485 0.098598
& & & | | 0.035715 0.013400 0.005085 TABLE X
& & & | | 0.001937 0.000739 0.000282 PERFORMANCE COMPARISON AMONG SIX METHODS
&0 & 0.000108  0.000041 reiion T 5 T2 T & <
Detailed numerical results of the optimized pole and zero ON (y=1) 3 36946 | 8.957x107°% | 693.5
sensitivity measures subject @g-scaling constraints corre- QN (y =0) 223.79 | 22306 24.367 5.033
sponding to various values of are summarized in Table IX. LF (v=1) 3 36514 | 1.613x105 | 664.3
In Table X the performances of the proposed methods are LF (y = 0) 223.79 | 22306 24.367 5.033
compared with those acheieved by the methods in [26], [27], ~ MRH [26],[27] 3586 | 29411 0.4325 243.4
[17], [10] and [11] for six implementation settings. The results Optimal [17] 4.802 | 26993 0.6951 150.2
shown in this table reveal exactly the same tendency as in ~ Optimal [10],[11] | 3.297 | 31147 0.4686 307.8

Table V.
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