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A Unified Approach to the Design of Interpolated
and Frequency-Response-Masking FIR Filters

Wu-Sheng Ld, Life Fellow, IEEEand Takao Hinamofto Life Fellow, IEEE

We present a unified approach to the design of two well- procedure and several properties that are most relevaheto t
known classes of computationally efficient digital filters,namely  course of filter designs. In Sections Ill and IV, the CCP is
the interpolated and frequency-response-masking (FRM) PR gpieq to design IFIR and FRM filters, respectively. Ounfec

filters, that are optimized in minimax sense. The highly non- . - L . .
convex minimax designs of these filters are carried out by 'S ON the design of original IFIR and single stage FRM filters

jointly optimizing the subfilters involved using a convex-oncave SO as for the reader to sense this general design strategy in a
procedure (CCP) that yields an iterative and converging praess simple and transparent manner. We also explain why the CCP

where each iteration involves a convex problem of minimizig is well-suited that simultaneously promotes sparsity d@éffil

a linear function subject to convex quadratic constraints. We coefficients for the designs at hand. In Sec. V, we present

resent an analysis to explain why CCP is well-suited for the . . .
gesign problemg at hand.pWe als)g show that the CCP-based @ variant of the CCP-based technique for the design of FRM

design framework is flexible to allow extension to the design filters with improved implementation efficiency. Design exa
of FRM filters that simultaneously promotes sparsity of the ples with comparisons are presented in Sec. VI to demoastrat
filter coefficients to reduce implementation complexity. Deign  the performance of the proposed design methods. The present

examples with comparisons are presented to demonstrate the paper is a much extended version of the work in [22]
performance of the proposed design methods. '

) [I. PRELIMINARIES AND RELATED WORK
Index Terms—Interpolated FIR filters; Frequency-response-

masking FIR filters; Convex-concave procedure. A. Interpolated FIR Filters
IFIR filters are introduced in [1] and further investigated
|. INTRODUCTION in [2]. As shown in Fig. 1, an IFIR filter is composed of a

] cascade of two FIR filters, whose transfer function assumes
Interpolated FIR (IFIR) filters [1], [2] and frequency-ihe form

response-masking (FRM) FIR_ filter_s_[3] are well-known H(z) = F(zF)M(2) 1)
classes of computationally efficient digital filters becatise
total number of multipliers and adders required to implemeWwhere L > 0 is an integer that determines the degree of the
these filters are considerably less than those requirededy ttfilter's sparsity, hence its computational efficiency. Sogp
conventional counterparts [4]. There has been a great dealfte parent transfer functiof’(z) represents a lowpass filter,
work in the literature following the aforementioned origin then F(z*) is a periodic filter whose widths of passband and
development, see for example [5]-[18] and the referenctgnsition bands aré/ L-th of those off*(z). Consequently, by
therein. Because of the importance of these filters, it g@scading”(z") with a lowpass\/(z) (known as interpolator)
naturally desirable to develop a simple and unifying desighat suppresses the undesired passband(ef), a lowpass
method that is applicable to both of the filter classes. Is thFIR filter with narrow passband and sharp transition band can
paper, we propose such a design technique in that the subfille obtained with improved computational complexity refati
involved are jointly optimized in the minimax sense. Théo that of a conventional FIR with comparable approximation
core of the proposed design approach is the convex-concagéuracy.
procedure (CCP) [19]-[21] that allows the use of efficient
convex optimization to deal with nonconvex design problems o, | F(2)
where the objective functions assume the form of difference
of two convex functions. Fig. 1. An IFIR filter.

The paper is organized as follows. Sec. Il provides back-
ground of IFIR and FRM filters in terms of their structures
and freq_uency—dom_ain models WhiCh serve a starting point irB_ Frequency-Response-Masking Filters
formulating the design problems of interest in the subsefjue i ) .
sections. To make the paper self-contained and reach a Widef?‘nOther class of FlR, fllter§ with very harrow transmqn
audience, Sec. Il also introduces the basics of convexasancPands, known as FRM filters, is proposed in [3] and has since

been a subject of study [4]-[15]. As illustrated in Fig. 2,
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FIR filter with sharper transition bands. The transfer fiorct Another desirable property of CCP is that it is a descent
of the FRM filter in Fig. 2 is given by method [20], namely the original objective functiam,(x) —
B I CL(N—1)/2 L vo(x), decreases monotonically, at the iterafes } generated
H(z) = F(z")Ma(2) + [~V D2 — F(:1)M(2)  (2) by solving convex problem (5). To see this, note that
where N denotes the length df(z) and is assumed to be an

odd integer throughout. fie = uol@k) = vo(@k) = () = Fo(@r, z)

> uo(Tr1) — Vo(Tpg1, k) (6)

Sincevg(x) is convex, we havey(xii1) > to(Trt1, Tk),
hence

wo(Zp41) — Vo(Trt1, Ti) > Uo(Trr1) — Vo(Try1) = frtr

which in conjunction with (6) givegy.1 < fi. It follows that

if the objective is bounded from below, theif;} converges
Fig. 2. A single-stage FRM filter. to a finite limit. As expected, the convergence of CCP-
produced iterate$x; } cannot be assured in general because
it deals with noncovex problems as a heuristic method after
all. Nevertheless, it can be shown that under mild condition
_ . . {x1} converges to critical points of the original problem [21].
_As will become clear shortly, jointly optimizing all sub-Te"ccp may be terminated in several ways, including by a
filters involved in an IFIR or FRM filter is not a convex o ain number of iterations or by monitoring if the difface

problem. The CCP is a heuristic method OT conve?qulngh objective function between two consecutive iteraticntess
nonconvex problems. It is known that a functigitz) with 4 "o given convergence tolerance.

continuous second-order derivatives can be expressed as a
difference of two convex functions [23]. If the function in
question has a bounded Hessian, such an expression, namély Related Work

f(x) = u(x) — v(z), can be explicitly constructed [19]. We The studies of both IFIR and FRM filters began during
are thus motivated to consider a nonconvex problem of thego's [1]-[3]. The performance of IFIR filters was later
form enhanced [30] and the design method has been supported
by MATLAB ® [4]. Concerning the design of FRM filters,
. multistage FRM filters which offer additional reduction @fr
subject to: u;(z) <wvj(x) forj=1,2 ..., ¢ (3b) glization complexity was initiated in [3] and further enkad
where u;(z) and v;(z) for j = 0, 1, ...,q are convex. in [5], [11], [14], and [16]-[18]. Variants and applicatierof
The CCP is an iterative procedure for solving (3). In #tb FRM are proposed over th_e years [61, [7], [15]. In, mpst of.the
iteration where iterater;, is known, CCP performs two steps:des'gn method;,_ the subfllter_s involved are optimized eithe
(i) convexification of the objective function and consttaiat separately or jointly as nonllr_1ear and nonconvex prot_)lems
x;, by replacing each;(z) by its affine approximation [&], [191_[18]' In [16], the deS|gr_1 of FRM filters is carrl_ed
out using a batch back-propagation neural network algorith
0j(z, zx) = v;(zr) + Vi (zp) T (2 — ) (4) this appears to be the first attempt of applying neural ne¢svor
in the field.

C. Convex-Concave Procedure (CCP)

minimize f(x) = ug(x) — vo(x) (3a)

whereV denotes the gradient operator.

(i) Solve the convex problem 1. M INIMAX DESIGN OFIFIR FILTERS

minimize  f(x) = uo(x) — do(w) (5a)  A. Problem Formulation

subject to  u;(z) < v;(z) forj=1, 2, ..., ¢ (5b)  Fojiowing (1), let the transfer functions of the parent filte

One can start CCP by solving (5) with an initial, that is 2nd interpolator of an IFIR filter be given by

feasible for the original problem (3). This means thatz,) —

vj(xg) < 0 for 1 < j < ¢ which in conjunction with the N-1 Ni—1

convexity ofv;(z) implies that F(z) = Z fnz™" and M(z) = Z mpz~"  (7)
n=0 n=0

u; (o) — 0 (@o, o) = u;(wo) — v;(w0) <0 respectively, and the frequency response of an IFIR filter is

hencex, is also a feasible point for the convex problem in (5@iven by _ _ _

Also note that ifx; is produced by solving (5) in théth H (M%) = F(e/1*) M (e7%) (8)
iteration, thenz, is also feasible for the original problem
in (3) because the convexity of (x) implies thatv; (zx41) >
0;(k+1, ) Which leads to

Assume bothF'(z) and M(z) are of linear phase response,
the zero-phase frequency response of the IFIR filter is given
by

uj(Tpt1) — v (Th+1) < uj(@Ths1) — 5 (Trr1,zx) <0 Ho(ag,am,w) = [ajt;(Lw)] - [a) tm(w)] 9)
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wherea; anda,, are coefficient vectors determined by thevhere for practical purposes is taken fromQy = {w;,j =
impulse responses d@f(z) and M (z), respectivelyts(w) and 1, 2, ..., K} C Q, afinite discrete set of frequency grids that
t.»(w) are vectors with trigonometric components determinete sufficiently dense and placed uniformly over the fregyen
by the filter lengths and types (e.g. odd or even length anggion of interest).

symmetrical or antisymmetrical filter coefficients). In ttase In summary, the convex problem to be solved in #th

of both F'(z) and M (z) being of odd length, for example, weiteration of CCP is given by

have ; minimize ¢ (15a)
[ Jov-1)/2 MUNi=1)/2 st lafty(Lw;) + (1) ahtm(w;)]® < mi ) (15b
2f(N+1)/2 2m(Ni+1)/2 [aj f( w]) ( . ) a,, m(wj)]. = nl(mamkij)( )
ay = ) y Ay = ) fori=0,1andj =1, 2, ..., K
L 2fz.v—1 2m1.vv_1 where w; € Qq. It is well known that this problem of
- 1 ' 1 minimizing a linear function subject to convex quadratic
COS W COS W constraints can be formulated as a semidefinite programming
tr(w) = : y bt (w) = . (SDP) or second-order cone programming (SOCP) problem
: ’ 24], which b Ived efficiently [25]-[27]. The CCP-
| cos[(N — 1)w/2] cos[(N; — 1)w/2] [24], which can be solved efficiently [25]-[27] e

based algorithm may be terminated after a given number of
where f,,’'s andm,,’s are from (7). iterates{x;} have been generated or, when the difference
Let H;(w) be the desired zero-phase response, thetween two consecutive error bounds, namély.; — dx/,
frequency-weighted minimax design of an IFIR filter amounis less than a given convergence tolerance. In either dase, t
to finding vectorsa; anda,, that solves the problem last iterate produced from (15) is taken to be a solution ef th
L design problem. A step-by-step description of the proposed
m,}?frgjfelfgéw(“)momf’ am,w) = Ha(w)| (10)  aigorithm is given below as Algorithm 1.

where w(w) > 0 is a frequency-selective weight over afAlgorithm 1 for IFIR filters
frequency domain of interesf). Evidently, problem (10) is

nonconvex with respect to design variabie$ = a7 a7)]. Step 1: inputxo, (N, N;), Qa, Ha(w) for w € Q2

w(w), and K;.
Step2: fork=0,1, ..., K;—1
B. Convexification of (10) using CCP (i) solve (15) fora; anda,,
By introducing an upper boundifor the objective function (ii) constructzy. 1 = [a} a;,]"
in (10) and treating the bound as an additional design vigsiab end
problem (10) becomes Step 3: outputz* = xk,

minimize § (11a) C. Remarks on Convexification in (13)—(14)

st [a?tf(Lw)][aﬁtm(w)] < 0w+ Ha(w)  (11b) Note that expressing a nonconvex function Agc) =
—lafty(Lw)][alty(w)] <6, — Ha(w)  (11€) w(x) — v(z) is not unique. In fact iff(z) = u(z) — v(x)
holds withu(x) andv(x) convex, thenf(x) = a(x) — o(x)
also holds withi(x) = u(z) +w(x) ando(z) = v(z) +w(x)
wherew(x) is an arbitrary convex function, hence batfw)
s(@,w) = (a}rtf(Lw))g + (al tym(w))? (12) ando(x) remain convex. A natural question arising from this
observation is how this non-uniqueness affects the CCP. In

to both sides of (11b) and (11c) to obtain an equivalent pacp, a nonconvex constraintz) < v(x) is replaced by
of constrains as

for w € Q, whered,, = §/w(w). Bearing CCP in mind, we
add the tern0.5s(x, w) with

u(x) < v(xy) + Vo(xg)T (2 — ) (16)
[afts(Lw) + aptn (W) < s(z,w) + 20, + 2Ha(w) (132) : .
. 7 2 5 _oH 13b Now if we treat the above nonconvex constraintwdgs) +
[ajts(Lw) = aptn(W)]” < s(@,w) + 200 — 2Ha(w) (13D) w(zx) < v(zx) +w(zx) with a nonlinear convexs(x) (here we
Clearly, the functions on both sides of (13a) and (13b) af$SUmen(x) is nonlinear, because adding a lineax) does
convex with respect te and s, therefore (13) is suitable for NOt affect the CCP at all) and apply CCP, the constraint would
application of CCP. We proceed by replacisge,w) in (13) Pe replaced by
by its Iin_ear_ization atey, , namelys(zg, w)+ Vs(xg, w) T (x — w(@) +w(z) < v(ek) + Vol (x — )
xy). This gives Fw(e) + V(e T (@ — zx)
[aiftf(Lw)—l—(—1)iaﬁtm(w)]2 <ni(x,zp,w) i =0,1 (14) io
with u(x) + e(x, xp) < v(xy) + Vo(zp) T (x — ) 17)

i (%, Tk, w) = ‘ where, due to the convexity ab(x), e(x,zr) = w(x) —
s(zr,w) + Vs(xp,w) ! (z — 2k) + 200 + (1) 2Hg(w)  w(xg)— Vw(xg)T (x—x;) is convex and always nonnegative.
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On comparing (17) with (16), we note that a pointthat the lengths and types of the FIR filters involved. Given a
satisfies constraint (17) also satisfies constraint (16)ther desired zero-phase frequency respofggw), a frequency-
converse does not hold (unleséx) is a linear function which weighted minimax design seeks to find variable vector
make e(z, z) vanish). In other words, adding a redundarfa} af al]" that solves the problem

convex component(x) to the decompositioff () = u(x)— '
v(x) shrinks the feasible region in a CCP-based method, hence

imposing the risk of losing good solution candidates. . . . '
: LTS . wherew(w) > 0 is a frequency-selective weight defined over
With above analysis in mind, we now examine the convex-

e : . . a frequency region of interesd®. From (22), it is evident that
ification steps made in Sec. Ill.B. For illustration purpgse 23) is a nonconvex problem with respect to design variable
here we focus on the treatment of constraint (11b) since t$1e P P 9

same analysis also applies to (11c). By writing (11b) as

min:ivmizerileas))(w(wﬂH(:c,w) — Hy(w)| (23)

L7 r 0 ty(Lw)tn(w)" | [af i
5 la} al] b (@)t (L) 0 a B. A CCP_approach t_o s.oIV|r_19 (23)
< G+ Ha(w) (18) By bounding the objective in (23) from above Byand

treating the bound as an additional design variable, weearri
we see that the left-hand side of (18) is a quadratic functian
with an indefinite Hessian, hence nonconvex. Therefore; con

straint (11b) does not fit into the form in (3b), and an adeguat minimize 4 (24a)
convex term needs to be added to both sides of (18) to make St H(x,w) — 0y — Hy(w) <0, we Q  (24b)
CCP applicable. Intuitively, the quadratic expression 18)( —H(x,w) — 0y + Ha(w) <0, we Q  (24c)

suggests to add the term o
whered,, = §/w(w). We now take an approach similar to that

l[aT al] tr(Lw)ty(Lw)" 0 @71 (19) of Sec. ll.B to reformulate (24). By adding the convex term
2 0 tn (@)t ()" | [ @ T 2 T 2 T 2
_ 1 1
which itself is convex and precisely equal G s(z,w) (see v(@,w) = lapts(Lw)]" + 3laq ta(@)]” + slac t(W))" (25)
(12) for the definition ofs(x, w)). In doing so, (18) is led to to both sides of (24b) and (24c), we obtain an equivalent pair

1 T aT] [tf(Lw)tf(Lw)T tf(L(U)tm(CU)T] [af] of constraints as

tn (W)t (Lw)"  tn(Wtn(W)T ] [am uy(z,w) < v(z,w) (26a)

< %s(m, w) + 6y + Hy(w) (20) uz (@, w) < v(w,w) (26b)
where the functions on both sides are convex, hence fittiMgere

nicely into (3b). It is important to realize that the funeation

ui(z,w) = L(at, Poas, + at.Q a;.
the left-hand side of (20) is convex but not strictly convex i )= z(ag.Poay se@ase)

T
because its Hessian is merely a rank-one matrix, implying tagte(w) = by — Ha(w) (26¢)
that adding anything less than that of (19) will not lead tgpg
a formulation suitable for CCP. Clearly, (20) is identical t . .
(13a), hence the above explains the convexification steps in uz(z,w) = 5(ag,Prasq + ap.Qoayc)
Sec. III.B. —alt.(w) — 6w + Ha(w) (26d)
IV. MINIMAX DESIGN OFFRM FILTERS with a; a;
A. The Design Problem @fa= [ J and ay = { c]

Following (2), let the transfer functions of the periodidfi

/ ] ) ) are convex with respect t& and § because their Hessian
and two masking filters of an FRM filter be given by

matrices are characterized by positive semidefinite blocks

N-1 No—1 P, = pip;fp andQ, = qiq;fr with
F(z) = Y far ™ Ma(z)= Y mi®2m (L) (L)
n=0 n=0 pi—{ i } andqi_{ A ] fori=0,1.
N1 (—1)"ta(w) (=1)"tc(w)
and M.(z)= > m{z" (21)  consequently, the constraints in (26a) and (26b) fit into the
n=0 form of (3b). By applying CCP to (26), we obtain a pair of
respectively, the zero-phase frequency response of aesinglonvex constraints
stage FRM filter can be expressed as ~
N - . ) wn(@,w) < B(@zp,w)

whereay, a,, anda. are coefficient vectors associated with h
, N where

filters F(z), My(z) and M.(z) in Fig. 2 andt;(w), t,(w)

andt.(w) are respective trigonometric vectors determined by o(x, Tk, w) = v(xk,w) + V0(2k, W) (T — T)
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with T function combines upper bound with a weighteenorm of
2(agts(Lw))ts(Lw) design variabler, namely,
Vou(z,w) = (alt,(w))tq(w)
(@l te(w))te(w)
minimize § + pl|x|1 (28a)

where for practical purposesis taken from a finite and dense . )
frequency gridsy = {w;,j =1, 2, ..., K} € Q. In stoui(z,wy) <o(x,zp,05), 1<j <K (28b)
summary, the convex problem to be solved in ke iteration uz(x, wj) < v(x, xR, w;5), 1 <j< K (28c)

of CCP is given by where weighty, > 0 controls the trade-off between error

boundd and sparsity of filter coefficients. Once the solution
minimize § (27a) =s = [a} al al]" of problem (28) is obtained, a

oz, anw;), 1<j<K (27b) ?re:sc{rilbjd }hreslho;dagfgllfwzéed to identify an index set

Like the case of IFIR filter design, this problem of minimigin fa = {Z,' |af(l_)| Se} Jua =i laa(d)l < e},

a linear function subject to convex quadratic constraimts ¢ Lae = {i+|ac(i)| < e} (29)

be formulated as an SDP or SOCP problem [24], which c@bncerning the selection of parametgrande, in principle

be solved efficiently [25]-[27]. they should be smallz should be small because otherwise the
We remark that the Hessian of functions(z,w) and solution of (28) becomes less relevant to the design obecti

uz(z,w) in (27) are of rank-two and positive semidefinitewhich is to minimize the error boundj ande should be small

but not positive definite as can be seen from (26c) am@cause the use of a largewould set some intrinsically

(26d). Therefore, an argument similar to that in Sec. lll.@onzero coefficients to zero, hence inevitably do harm to

can be applied to conclude that constraints (27b) and (2¢ap filter performance. We stress that the goal of phase 1

define largest feasible region relative to other CCP-coiblgat is merely to identify an index set to nullify the associated

options as discussed in Sec. III.C. A step-by-step summfaryfiter coefficients, and it is a collective action pfande that

the algorithm is given below. identifies an appropriate index set: the introduction ofmter

Algorithm 2 for FRM filters MHfB_Hl promotes the sparsity im, and the size of the index

set is controlled by threshold

ug(x,wj) < v(x, xp,w;), 1<j<K (27c)

Step 1:  inputxg, (N, N,, N.), Hg(w) for w € Qq,

w(w), and K;. B. Design Phase 2
Step 2: fork=0,1, ..., K;i—1 The design now proceeds with a second phase in that
solve (27) forxy, the remaining nonzero entries of the impulse responses are
' end . optimally tuned by minimizing the same error bound as
Step 3. outputz” = x; in (27a), but subject to additional constraints that theerfilt

coefficients with indices in sefl,;, Ina, l.c} are equal to
V. FRM FILTERS WITH REDUCED COMPLEXITY o4 Namely, we solve
FRM filters are widely considered computationally efficient

[3], [4], [9]. Variants of FRM filters with further reduced minimize & (30a)

complexity have also been proposed in the literature. @nlik St ui(z,w;) < o(z, zp,w;), fori=1,..., K  (30b)
these variants, in this section we propose a CCP algorithm us(x, w;) < 0(x, T, w;), fori=1,..., K  (30c)
which is actually a modified version of that developed in Sec. as(i)=0forie I (30d)

IV for the design of FRM filters that simultaneously promotes N oforiel 30
sparsity of the impulse responses of the subfilters invoseed aq(i) =0 for i € loq (30e)
as to reduce implementation complexity. Here an FIR filter a(i) =0forie I, (30f)

H, (=) is said to more sparse than filtéh (z) of same length, Since the additional constraints are all linear equalijeb-

if the impulse response dff,(z) contains more zero entries;on, (30) remains convex and can be solved efficiently. The
than that ofH>(z). The algorithm proposed below consists Oglgorithm proposed above is outlined below.
two phases: '

Algorithm 3 for sparse FRM filters

A. Design Phase 1 Step 1: inputxg, (N, Ny, N.), Qq, Hy(w) for w € Qq,

The aim of phase 1 is to identify the locations (i.e. indices) w(w), p, e, and K.
of filter coefficients that may be set to zero without substan- Step 2: fork =0, 1, ..., K, — 1
tially affecting filter's performance. Motivated by the fabat solve (28) to obtainc = [a? al al]”
for most large underdetermined systems of linear equatiens apply (29) tox to obtainl,y, I,4, and I,
minimal /;-norm solution is also the sparsest solution [28], solve (30) to obtainzy
[29], we propose to promote the sparsity of an FRM filter end

by solving a modified version of (27) where the objective Step 3:  outputz* = zx,
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VI. DESIGN EXAMPLES 003 —
We now present design examples to illustrate the desi oost M

methods proposed above.

0.02- B

0.015

A. Design and Evaluation Settings

0.01

A common goal of the designs presented below is to co
struct a linear-phase FIR digital system with narrow tramsi  ooos
band, whose implementation efficiency is achieved via aR IF
or FRM structure. We follow the convention to evaluate th
performance of each design in terms of peak-to-peak padsb-oos
ripple A, (dB) and minimum stopband attenuatiely (dB)
[4] which are defined by

-0.015

pmam
Ap =20 lOglo ( ) 70.020 0.55 0‘

. .1
Pmin (a) Normalized frequency

0.15

and -58
Proposed
Aa =-20 1Og10 (amaz) — — — Method of [30], [4]

where pp,q, and p,,;, denote the maximum and minimum™},,,
|H (e’*)| over passband, respectively, ang,.. denotes the
maximum|H (e’*)| over stopband. &2
As a part of performance evaluation, each design is cor ||l
pared with one or more designs made by existing algorithr
from the literature. In addition, these designs are compar "

with their counterparts obtained using conventional FilRcst \
ture, see parD below. -eslj 1111
;:
B. Design of IFIR Filters wfllllh 1] !
Example 1 l T'\ i
Algorithm 1 was applied to design a lowpass IFIR filte_, [[1[ 11 [l I
0.2 0.3 0.4

L
0.5 0.‘6 0‘.7
(b) Normalized frequency

with normalized passband edgg = 0.157, stopband edge
w, = 0.27r. The sparsity factor was set #o = 4, and orders
of F(z) and M (z) were set to 31 and 17, respectively. Thé&ig. 3. Amplitude response (in dB) of the IFIR filters for Exale 1 by the
frequency Weightw(w) was set tOw(w) = 1 for w in the _proposed algorithm (solid line) and the method of [30] anfd(fiashed line)
. ... . in(a) passband and (b) stopband.
passband andv(w) = 2 for w in the stopband. An initial
xy = [a}, a},]" was generated by the standard technique
proposed in [3]. A total ofK' = 1400 frequency grids were to M(z) = (1 — z~1)* and sparsity factor is set th = 2
uniformly placed in[0, w,]Uwa, 7] to form the discrete set while a linear-phase subfiltef"(z) of order 20 is optimized
Q4 for problem (15). It took the algorithm 91 iterations to conin minimax sense. The performance of the IFIR filter is given
verge to an IFIR filter withA, = 0.0317 dB andA, = 60.84 by A4, = 0.9061 dB and A, = 40.78 dB.
dB. The same design problem was addressed as Example 10.28s a follow-up of the above example, Algorithm 1 was
in [4] using the method described in [30]. The method waspplied to jointly optimize ar¥'(z) of order 20 and ad/(z)
implemented as functionf i r in the Signal Processing Tool-of order 4 for a highpass IFIR filtef(z) = F(z)M(z)
box of MATLAB.With[F,M = ifir(4,1ow, [0.15, with the same design specifications as Example 10.2 of [9].
0.2], [0.002, 0.001], advanced), the function re- The frequency weightv(w) was set tow(w) = 1 for w in the
turns with optimized impulses of filteF'(z) of order 31 and passband ana(w) = 4.5 for w in the stopband. An initial
M (z) of order 17 (in Example 10.29 of [4], the order bf(z) xo = [a}, a,o|" was generated by the standard technique
was said to be 16, however the orderd{ z) produced by the proposed in [3]. A total ofK’ = 1400 frequency grids were
above MATLAB code was actually 17), with,, = 0.0340 dB  uniformly placed in [0, 6600HZ] J[7200Hz, 8000Hz] to form
and A, = 60.18 dB. The passband and stopband amplitudbe discrete se®, for problem (15). It took the algorithm 14
responses of the two designs are depicted as solid and dasterdtions to converge to an IFIR filter witl, = 0.6914
lines in Fig. 3a and 3b, respectively. dB and A, = 41.07 dB. The amplitude responses of the
Example 2 two designs in the entire baseband and over its passband are
Reference [9] presents an example (Example 10.2) wherdepicted respectively as solid and dashed lines in Fig. da an
highpass IFIR filter with sampling frequenay, = 16000Hz, 4b.
stopband edges, = 6600Hz and passband edge, = For the sake of a more efficient implementatiddz) is
7200Hz is designed. In the design, the interpolator is fixedormalized by dividing it with the coefficient of its constan
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term, mg, SO that both coefficients of the constant term and
the 4th-order term become unity. The transfer functiti*)

is rescaled tangF(z”) so that the overall transfer function
H(z) remains unaltered. The first eleven coefficientst)
and first three coefficients df/ (=) after the normalization are
shown in Table I. We stress that implementing the interpolat

M(z) in Example 10.2 of [9] requires no multiplications,
therefore the performance gain of the proposed design over
that of [9] was achieved at a cost of two more multiplications

per output.

TABLE |
COEFFICIENTS OFF'(z) AND M (z) FOREXAMPLE 2

| fifori=0,1,...10 |

m; fori =0,1,2

0.002287418334499

1

0.001299308145379

—2.439354581245607

0.001489820681474

2.965711835392111

—10+

—30

—60|

2AAN

=70

T
Proposed
— — — Method of [9]

0 1000 2000 3000 4000 5000
(a) Frequency in Hz

0.5

1
6000 7000 8000

Proposed
— — — Method of [9]

-0.5 L L L L L
7200 7300 7400 7500 7600 7700
(b) Frequency in Hz

Fig. 4. Amplitude response (in dB) of the IFIR filters in ExdmR by the
proposed algorithm (solid line) and the method of [9] (daskiee) in (a)

entire baseband and (b) passband.

C. Design of FRM Filters
Example 3

1
7800 7900 8000

—0.001928211344492
—0.004121111010416
—0.005691224464356
—0.002031403630543
0.00526071173282(
0.015907596775075
0.024282544840207
0.028106104367025

to an FRM filter with A, = 0.1320 dB and 4, = 42.49
dB, which are favorably compared with those achieved in [3]
(A, = 0.1792 dB and A, = 40.96 dB), which has been a
benchmark for FRM filters, and those reported in [14}, =
0.1348 dB and A, = 42.25 dB). The amplitude response of
the FRM filter in the entire baseband and passband is shown
in Fig. 5.

Example 4

Algorithm 2 was applied to design a lowpass FRM filter
with the same passband, stopband, and sparsity factor as in
Example 3, i.e.w, = 0.6m, w, = 0.6l7r, and L = 9.
However, the orders of'(z), M,(z), andM.(z) were reduced
to 42, 36, and 28, respectively. Withv(w) = 2.1 and
K = 1000, it took the algorithm 600 iterations to converge
to an FRM filter with A, = 0.2600 dB and A, = 43.01
dB. The amplitude response of the FRM filter in the entire
baseband and passband is shown in Fig. 6. The above design
specifications coincide with a design presented in [16] thase
on a neural network approach. From the numerical results
proveded in Tables 1-3 of [16], it was found thgf = 0.2652
dB (instead of 0.0672 dB as reported in [16] as there was a
deep notch at passband edygér) and A, = 42.42 dB.

Example 5

Algorithm 2 was also applied to design a lowpass FRM
filter with orders of F'(z), M,(z), andM.(z) being (56, 30,
24), L = 7, and normalized passband and stopband edges
beingw, = 0.657 andw, = 0.66m, respectively. With weight
w(w) = 1 and K = 2400, it took the algorithm 94 iterations
to converge to an FRM filter with4, = 0.1510 dB and
A, = 41.22 dB. The amplitude response of the FRM filter
in the entire baseband and passband is shown in Fig. 7.
For comparison, in [10] lowpass FRM filters with the same
passband and stopband edges and interpolation fdctare
designed using a weighted least-squares Chebyshev approac

Algorithm 2 was applied to design a lowpass FRM filtewith orders of F(z), M,(z), and M.(z) being (56, 32, 26),
with the same design specifications as in the first exampletire performance of the FRM filters are reported in terms of
[3] and [10]. The normalized passband and stopband edggs= 0.1960 dB and A, = 40.11 dB for a filter named Filter
werew, = 0.6m andw, = 0.617. The sparsity factor was set4 and A, = 0.1920dB and A, = 40.44dB for a filter named

to L = 9, and orders of'(z),

M,(z), andM,.(z) were 44, 40, Filter 5.
and 32, respectively. A trivial weight(w) = 1 was utilized.

Example 6

With K = 1100, it took the algorithm 87 iterations to converge Algorithm 3 was applied to re-design the FRM filter pre-
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Fig. 5. Amplitude response (in dB) of the FRM filter in Exami@en (a) Fig_. 6. Amplitude response (in dB) of the FRM filter in Exampldn (a)
entire baseband and (b) passband. entire baseband and (b) passband.

TABLE Il

sented in Example 5 so as to reduce its complexity while COMPARISONS WITH CONVENTIONALFIR FILTERS

maintain a comparable performance. With weightw) =
1, K = 1000, and x = 0.05, phase 1 of the design wa

carried out using 30 iterations of (28) to vyield a coefficientPesian IFIR/IFRM filters P-M FIR filters [4]
vector x, — [aT a;{ aZ]T. With a thresholde = 0.0006, Multiplications | Group delay | Multiplications | Group delay
the three index sets defined in (29) were identified as= 1 25 70.5 65 64
{13, 18, 25}, I, = {11, 15, 16}, I, = {11, 13}, indicating 2 13 22 22 21
there are a total of eight coefficients that may be set to zera 2 60 218 210 209
values without substantially degrading the filter's pemiance 4 56 207 193 192
provided that the remaining coefficients are optimized ia th__5 o8 211 202 201
second phase of the design. Proceeding with design phase 28 50 211 198 197

with weightw(w) = 1 and K = 2400, it took 10 iterations of
(30) to converge to an FRM filter withl,, = 0.1629dB and

A, = 40.56dB, in that eight coefficients whose indices arg, . designed using the Parks-McClellan (P-M) algorifin

identified above have been set to zero. The amplitude respons, practically the same performance as those in Examples

of the FRM filter in the entire baseband and passband is shoT/_rb in terms of respectivel, and A,. The comparisons are
R » a
in Fig. 8. made in terms of computational complexity measured by the

_ _ _ _ number of multiplications required per output sample ared th
D. Comparisons with Conventional FIR Filters overall group delay of the filter, see Table II.

The six designs presented above are compared with theitt is observed from Table Il that in all design instances the
conventional counterparts that are linear-phase eqléripfR IFIR and FRM filters designed by the proposed algorithms
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Fig. 7. Amplitude response (in dB) of the FRM filter in Exampdn (a) Fig. 8. Amplitude response (in dB) of the FRM filter in Examgldn (a)
entire baseband and (b) passband. entire baseband and (b) passband.

offer considerably improved computational efficiency a¢ thmethod is conceptually simple and produces designs that are
cost of slightly increased group delay. shown to provide satisfactory performance relative to ¢hos
available from the literature. In addition, the proposedigie
method is shown to allow extension to the design of FRM
filters that promotes sparsity of filter coefficients to regluc

In all six cases, the designs presented above have demgiplementation complexity without substantially degragli
strated consistently improved performance relative tarthgjiter’s performance. Design examples have been presented
counterparts obtained by several well-established egsti- o jj|lustrate the proposed design algorithms that compare
gorithms, with varying degree of improvement. The perfokayorably with several known design techniques. Exterssizn
mance gain appears to be more pronounced over those hefp-pased designs to multistage FRM filters is possible, but
are not entirely optimization-based (Example 2) or nottjgin geveloping a CCP type of convexification to maintain largest
optimized (Example 5), while becomes less so over thoggsiple region turns out to be challenging.
that are also jointly optimized (Examples 1, 3, 4). In the
latter case, we attribute the ability of the proposed method
to push the envelope to the fact that the CCP approach is _ .
especially tailored to the design of both IFIR and FRM filterd?] Y: Neuvo, C. Y. Dong, and S. K. Mitra, “Interpolated finiiepulse

- ) response filters,TEEE Trans. Acoust., Speech, Signal Processl.
as explained in Sec. Ill.C and Sec. IV.B. ASSP-32, pp. 563-570, June 1984.

[2] T. Saraméki, Y. Neuvo, and S. K. Mitra, “Design of comatitnally

efficient interpolated FIR filters,JEEE Trans. Circuits Systvol. 35,
VIlI. CONCLUSION pp. 70-88, Jan. 1988.

. 3] Y. C. Lim, “Frequency-response masking approach fordhethesis of
We have proposed a unified approach based on CCP [[ sharp linear phase digital filterslEEE Trans. Circuits Systvol. 33,

the design of minimax IFIR and FRM filters. The design  pp. 357-364, Apr. 1986.

E. Discussion
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