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A Unified Approach to the Design of Interpolated
and Frequency-Response-Masking FIR Filters

Wu-Sheng Lu1, Life Fellow, IEEEand Takao Hinamoto2, Life Fellow, IEEE

We present a unified approach to the design of two well-
known classes of computationally efficient digital filters,namely
the interpolated and frequency-response-masking (FRM) FIR
filters, that are optimized in minimax sense. The highly non-
convex minimax designs of these filters are carried out by
jointly optimizing the subfilters involved using a convex-concave
procedure (CCP) that yields an iterative and converging process
where each iteration involves a convex problem of minimizing
a linear function subject to convex quadratic constraints.We
present an analysis to explain why CCP is well-suited for the
design problems at hand. We also show that the CCP-based
design framework is flexible to allow extension to the design
of FRM filters that simultaneously promotes sparsity of the
filter coefficients to reduce implementation complexity. Design
examples with comparisons are presented to demonstrate the
performance of the proposed design methods.

Index Terms—Interpolated FIR filters; Frequency-response-
masking FIR filters; Convex-concave procedure.

I. I NTRODUCTION

Interpolated FIR (IFIR) filters [1], [2] and frequency-
response-masking (FRM) FIR filters [3] are well-known
classes of computationally efficient digital filters because the
total number of multipliers and adders required to implement
these filters are considerably less than those required by their
conventional counterparts [4]. There has been a great deal of
work in the literature following the aforementioned original
development, see for example [5]-[18] and the references
therein. Because of the importance of these filters, it is
naturally desirable to develop a simple and unifying design
method that is applicable to both of the filter classes. In this
paper, we propose such a design technique in that the subfilters
involved are jointly optimized in the minimax sense. The
core of the proposed design approach is the convex-concave
procedure (CCP) [19]-[21] that allows the use of efficient
convex optimization to deal with nonconvex design problems
where the objective functions assume the form of difference
of two convex functions.

The paper is organized as follows. Sec. II provides back-
ground of IFIR and FRM filters in terms of their structures
and frequency-domain models which serve a starting point in
formulating the design problems of interest in the subsequent
sections. To make the paper self-contained and reach a wider
audience, Sec. II also introduces the basics of convex-concave
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procedure and several properties that are most relevant to the
course of filter designs. In Sections III and IV, the CCP is
applied to design IFIR and FRM filters, respectively. Our focus
is on the design of original IFIR and single stage FRM filters
so as for the reader to sense this general design strategy in a
simple and transparent manner. We also explain why the CCP
is well-suited that simultaneously promotes sparsity of filter
coefficients for the designs at hand. In Sec. V, we present
a variant of the CCP-based technique for the design of FRM
filters with improved implementation efficiency. Design exam-
ples with comparisons are presented in Sec. VI to demonstrate
the performance of the proposed design methods. The present
paper is a much extended version of the work in [22].

II. PRELIMINARIES AND RELATED WORK

A. Interpolated FIR Filters

IFIR filters are introduced in [1] and further investigated
in [2]. As shown in Fig. 1, an IFIR filter is composed of a
cascade of two FIR filters, whose transfer function assumes
the form

H(z) = F (zL)M(z) (1)

whereL > 0 is an integer that determines the degree of the
filter’s sparsity, hence its computational efficiency. Suppose
the parent transfer functionF (z) represents a lowpass filter,
thenF (zL) is a periodic filter whose widths of passband and
transition bands are1/L-th of those ofF (z). Consequently, by
cascadingF (zL) with a lowpassM(z) (known as interpolator)
that suppresses the undesired passbands ofF (zL), a lowpass
FIR filter with narrow passband and sharp transition band can
be obtained with improved computational complexity relative
to that of a conventional FIR with comparable approximation
accuracy.

M(z)F(zL)

Fig. 1. An IFIR filter.

B. Frequency-Response-Masking Filters

Another class of FIR filters with very narrow transition
bands, known as FRM filters, is proposed in [3] and has since
been a subject of study [4]–[15]. As illustrated in Fig. 2,
a single stage FRM filter has a connected parallel structure
where the periodic filterF (zL) and its delay complementary
periodic filers,z−L(N−1)/2−F (zL), are cascaded with mask-
ing filtersMa(z) andMc(z), respectively, so as to produce an
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FIR filter with sharper transition bands. The transfer function
of the FRM filter in Fig. 2 is given by

H(z) = F (zL)Ma(z) + [z−L(N−1)/2 − F (zL)]Mc(z) (2)

whereN denotes the length ofF (z) and is assumed to be an
odd integer throughout.

Ma(z)

Mc(z)

F(zL)

z−L(N−1)/2 + +
−

Fig. 2. A single-stage FRM filter.

C. Convex-Concave Procedure (CCP)

As will become clear shortly, jointly optimizing all sub-
filters involved in an IFIR or FRM filter is not a convex
problem. The CCP is a heuristic method of convexifying
nonconvex problems. It is known that a functionf(x) with
continuous second-order derivatives can be expressed as a
difference of two convex functions [23]. If the function in
question has a bounded Hessian, such an expression, namely
f(x) = u(x) − v(x), can be explicitly constructed [19]. We
are thus motivated to consider a nonconvex problem of the
form

minimize f(x) = u0(x)− v0(x) (3a)

subject to: uj(x) ≤ vj(x) for j = 1, 2, . . . , q (3b)

where uj(x) and vj(x) for j = 0, 1, . . . , q are convex.
The CCP is an iterative procedure for solving (3). In thekth
iteration where iteratexk is known, CCP performs two steps:
(i) convexification of the objective function and constraints at
xk by replacing eachvj(x) by its affine approximation

v̂j(x,xk) = vj(xk) +∇vj(xk)
T (x− xk) (4)

where∇ denotes the gradient operator.
(ii) Solve the convex problem

minimize f̂(x) = u0(x)− v̂0(x) (5a)

subject to uj(x) ≤ v̂j(x) for j = 1, 2, . . . , q (5b)

One can start CCP by solving (5) with an initialx0 that is
feasible for the original problem (3). This means thatuj(x0)−
vj(x0) ≤ 0 for 1 ≤ j ≤ q which in conjunction with the
convexity ofvj(x) implies that

uj(x0)− v̂j(x0,x0) = uj(x0)− vj(x0) ≤ 0

hencex0 is also a feasible point for the convex problem in (5).
Also note that ifxk+1 is produced by solving (5) in thekth
iteration, thenxk+1 is also feasible for the original problem
in (3) because the convexity ofvj(x) implies thatvj(xk+1) ≥
v̂j(xk+1,xk) which leads to

uj(xk+1)− vj(xk+1) ≤ uj(xk+1)− v̂j(xk+1,xk) ≤ 0

Another desirable property of CCP is that it is a descent
method [20], namely the original objective function,u0(x)−
v0(x), decreases monotonically, at the iterates{xk} generated
by solving convex problem (5). To see this, note that

fk = u0(xk)− v0(xk) = u0(xk)− v̂0(xk,xk)

≥ u0(xk+1)− v̂0(xk+1,xk) (6)

Sincev0(x) is convex, we havev0(xk+1) ≥ v̂0(xk+1,xk),
hence

u0(xk+1)− v̂0(xk+1,xk) ≥ u0(xk+1)− v0(xk+1) = fk+1

which in conjunction with (6) givesfk+1 ≤ fk. It follows that
if the objective is bounded from below, then{fk} converges
to a finite limit. As expected, the convergence of CCP-
produced iterates{xk} cannot be assured in general because
it deals with noncovex problems as a heuristic method after
all. Nevertheless, it can be shown that under mild conditions
{xk} converges to critical points of the original problem [21].
The CCP may be terminated in several ways, including by a
certain number of iterations or by monitoring if the difference
in objective function between two consecutive iterations is less
than a given convergence tolerance.

D. Related Work

The studies of both IFIR and FRM filters began during
1980’s [1]–[3]. The performance of IFIR filters was later
enhanced [30] and the design method has been supported
by MATLAB R© [4]. Concerning the design of FRM filters,
multistage FRM filters which offer additional reduction of re-
alization complexity was initiated in [3] and further enhanced
in [5], [11], [14], and [16]–[18]. Variants and applications of
FRM are proposed over the years [6], [7], [15]. In most of the
design methods, the subfilters involved are optimized either
separately or jointly as nonlinear and nonconvex problems
[8], [10]–[18]. In [16], the design of FRM filters is carried
out using a batch back-propagation neural network algorithm,
this appears to be the first attempt of applying neural networks
in the field.

III. M INIMAX DESIGN OFIFIR FILTERS

A. Problem Formulation

Following (1), let the transfer functions of the parent filter
and interpolator of an IFIR filter be given by

F (z) =

N−1
∑

n=0

fnz
−n and M(z) =

Ni−1
∑

n=0

mnz
−n (7)

respectively, and the frequency response of an IFIR filter is
given by

H(ejω) = F (ejLω)M(ejω) (8)

Assume bothF (z) and M(z) are of linear phase response,
the zero-phase frequency response of the IFIR filter is given
by

H0(af ,am, ω) = [aT
f tf (Lω)] · [a

T
mtm(ω)] (9)
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whereaf andam are coefficient vectors determined by the
impulse responses ofF (z) andM(z), respectively,tf (ω) and
tm(ω) are vectors with trigonometric components determined
by the filter lengths and types (e.g. odd or even length and
symmetrical or antisymmetrical filter coefficients). In thecase
of bothF (z) andM(z) being of odd length, for example, we
have

af =









f(N−1)/2

2f(N+1)/2

...
2fN−1









, am =









m(Ni−1)/2

2m(Ni+1)/2

...
2mNi−1









tf (ω) =









1
cosω

...
cos[(N − 1)ω/2]









, tm(ω) =









1
cosω

...
cos[(Ni − 1)ω/2]









wherefn’s andmn’s are from (7).
Let Hd(ω) be the desired zero-phase response, the

frequency-weighted minimax design of an IFIR filter amounts
to finding vectorsaf andam that solves the problem

minimize
af ,am

max
ω∈Ω

w(ω)|H0(af ,am, ω)−Hd(ω)| (10)

where w(ω) > 0 is a frequency-selective weight over a
frequency domain of interest,Ω. Evidently, problem (10) is
nonconvex with respect to design variablesxT = [aT

f aT
m].

B. Convexification of (10) using CCP

By introducing an upper boundδ for the objective function
in (10) and treating the bound as an additional design variable,
problem (10) becomes

minimize δ (11a)

s.t. [aT
f tf (Lω)][a

T
mtm(ω)] ≤ δw +Hd(ω) (11b)

−[aT
f tf (Lω)][a

T
mtm(ω)] ≤ δw −Hd(ω) (11c)

for ω ∈ Ω, whereδw = δ/w(ω). Bearing CCP in mind, we
add the term0.5s(x, ω) with

s(x, ω) = (aT
f tf (Lω))

2 + (aT
mtm(ω))2 (12)

to both sides of (11b) and (11c) to obtain an equivalent pair
of constrains as

[aT
f tf (Lω) + aT

mtm(ω)]2 ≤ s(x, ω) + 2δw + 2Hd(ω) (13a)

[aT
f tf (Lω)− aT

mtm(ω)]2 ≤ s(x, ω) + 2δw − 2Hd(ω) (13b)

Clearly, the functions on both sides of (13a) and (13b) are
convex with respect tox andδ, therefore (13) is suitable for
application of CCP. We proceed by replacings(x, ω) in (13)
by its linearization atxk , namelys(xk, ω)+∇s(xk, ω)

T (x−
xk). This gives

[aT
f tf (Lω)+(−1)iaT

mtm(ω)]2 ≤ ηi(x,xk, ω) i = 0, 1 (14)

with

ηi(x,xk, ω) =

s(xk, ω) +∇s(xk, ω)
T (x− xk) + 2δw + (−1)i2Hd(ω)

where for practical purposesω is taken fromΩd = {ωj, j =
1, 2, . . . , K} ⊂ Ω, a finite discrete set of frequency grids that
are sufficiently dense and placed uniformly over the frequency
region of interestΩ.

In summary, the convex problem to be solved in thekth
iteration of CCP is given by

minimize δ (15a)

s.t. [aT
f tf (Lωj) + (−1)iaT

mtm(ωj)]
2 ≤ ηi(x,xk, ωj) (15b)

for i = 0, 1 andj = 1, 2, . . . , K

where ωj ∈ Ωd. It is well known that this problem of
minimizing a linear function subject to convex quadratic
constraints can be formulated as a semidefinite programming
(SDP) or second-order cone programming (SOCP) problem
[24], which can be solved efficiently [25]–[27]. The CCP-
based algorithm may be terminated after a given number of
iterates{xk} have been generated or, when the difference
between two consecutive error bounds, namely|δk−1 − δk|,
is less than a given convergence tolerance. In either case, the
last iterate produced from (15) is taken to be a solution of the
design problem. A step-by-step description of the proposed
algorithm is given below as Algorithm 1.

Algorithm 1 for IFIR filters

Step 1: input x0, (N,Ni),Ωd, Hd(ω) for ω ∈ Ωd,
w(ω), andKi.

Step 2: for k = 0, 1, . . . , Ki − 1
(i) solve (15) foraf andam

(ii) constructxk+1 = [aT
f aT

m]T

end
Step 3: outputx∗ = xKi

C. Remarks on Convexification in (13)–(14)

Note that expressing a nonconvex function asf(x) =
u(x) − v(x) is not unique. In fact iff(x) = u(x) − v(x)
holds withu(x) andv(x) convex, thenf(x) = ũ(x)− ṽ(x)
also holds with̃u(x) = u(x)+w(x) andṽ(x) = v(x)+w(x)
wherew(x) is an arbitrary convex function, hence bothũ(x)
and ṽ(x) remain convex. A natural question arising from this
observation is how this non-uniqueness affects the CCP. In
CCP, a nonconvex constraintu(x) ≤ v(x) is replaced by

u(x) ≤ v(xk) +∇v(xk)
T (x− xk) (16)

Now if we treat the above nonconvex constraint asu(x) +
w(x) ≤ v(x)+w(x) with a nonlinear convexw(x) (here we
assumew(x) is nonlinear, because adding a linearw(x) does
not affect the CCP at all) and apply CCP, the constraint would
be replaced by

u(x) + w(x) ≤ v(xk) +∇v(xk)
T (x− xk)

+w(xk) +∇w(xk)
T (x− xk)

i.e.,

u(x) + e(x,xk) ≤ v(xk) +∇v(xk)
T (x− xk) (17)

where, due to the convexity ofw(x), e(x,xk) = w(x) −
w(xk)−∇w(xk)

T (x−xk) is convex and always nonnegative.
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On comparing (17) with (16), we note that a pointx that
satisfies constraint (17) also satisfies constraint (16), but the
converse does not hold (unlessw(x) is a linear function which
make e(x,xk) vanish). In other words, adding a redundant
convex componentw(x) to the decompositionf(x) = u(x)−
v(x) shrinks the feasible region in a CCP-based method, hence
imposing the risk of losing good solution candidates.

With above analysis in mind, we now examine the convex-
ification steps made in Sec. III.B. For illustration purposes,
here we focus on the treatment of constraint (11b) since the
same analysis also applies to (11c). By writing (11b) as

1

2
[aT

f aT
m]

[

0 tf (Lω)tm(ω)T

tm(ω)tf (Lω)
T

0

] [

af

am

]

≤ δw +Hd(ω) (18)

we see that the left-hand side of (18) is a quadratic function
with an indefinite Hessian, hence nonconvex. Therefore, con-
straint (11b) does not fit into the form in (3b), and an adequate
convex term needs to be added to both sides of (18) to make
CCP applicable. Intuitively, the quadratic expression in (18)
suggests to add the term

1

2
[aT

f aT
m]

[

tf (Lω)tf (Lω)
T

0

0 tm(ω)tm(ω)T

] [

af

am

]

(19)

which itself is convex and precisely equal to0.5s(x, ω) (see
(12) for the definition ofs(x, ω)). In doing so, (18) is led to

1

2
[aT

f aT
m]

[

tf (Lω)tf (Lω)
T tf (Lω)tm(ω)T

tm(ω)tf (Lω)
T tm(ω)tm(ω)T

] [

af

am

]

≤
1

2
s(x, ω) + δw +Hd(ω) (20)

where the functions on both sides are convex, hence fitting
nicely into (3b). It is important to realize that the function on
the left-hand side of (20) is convex but not strictly convex
because its Hessian is merely a rank-one matrix, implying
that adding anything less than that of (19) will not lead to
a formulation suitable for CCP. Clearly, (20) is identical to
(13a), hence the above explains the convexification steps in
Sec. III.B.

IV. M INIMAX DESIGN OFFRM FILTERS

A. The Design Problem

Following (2), let the transfer functions of the periodic filter
and two masking filters of an FRM filter be given by

F (z) =
N−1
∑

n=0

fnz
−n, Ma(z) =

Na−1
∑

n=0

m(a)
n z−n

and Mc(z) =

Nc−1
∑

n=0

m(c)
n z−n (21)

respectively, the zero-phase frequency response of a single-
stage FRM filter can be expressed as

H(x, ω) = [aT
f tf (Lω)][a

T
a ta(ω)−aT

c tc(ω)]+aT
c tc(ω) (22)

whereaf ,aa, andac are coefficient vectors associated with
filters F (z), Ma(z) and Mc(z) in Fig. 2 andtf (ω), ta(ω)
andtc(ω) are respective trigonometric vectors determined by

the lengths and types of the FIR filters involved. Given a
desired zero-phase frequency responseHd(ω), a frequency-
weighted minimax design seeks to find variable vectorx =
[aT

f aT
a aT

c ]
T that solves the problem

minimize
x

max
ω∈Ω

w(ω)|H(x, ω)−Hd(ω)| (23)

wherew(ω) > 0 is a frequency-selective weight defined over
a frequency region of interest,Ω. From (22), it is evident that
(23) is a nonconvex problem with respect to design variable
x.

B. A CCP approach to solving (23)

By bounding the objective in (23) from above byδ and
treating the bound as an additional design variable, we arrive
at

minimize δ (24a)

s.t.H(x, ω)− δw −Hd(ω) ≤ 0, ω ∈ Ω (24b)

−H(x, ω)− δw +Hd(ω) ≤ 0, ω ∈ Ω (24c)

whereδw = δ/w(ω). We now take an approach similar to that
of Sec. III.B to reformulate (24). By adding the convex term

v(x, ω) = [aT
f tf (Lω)]

2 + 1

2
[aT

a ta(ω)]
2 + 1

2
[aT

c tc(ω)]
2 (25)

to both sides of (24b) and (24c), we obtain an equivalent pair
of constraints as

u1(x, ω) ≤ v(x, ω) (26a)

u2(x, ω) ≤ v(x, ω) (26b)

where

u1(x, ω) =
1

2
(aT

faP 0afa + aT
fcQ1afc)

+aT
c tc(ω)− δw −Hd(ω) (26c)

and

u2(x, ω) =
1

2
(aT

faP 1afa + aT
fcQ0afc)

−aT
c tc(ω)− δw +Hd(ω) (26d)

with

afa =

[

af

aa

]

and afc =

[

af

ac

]

are convex with respect tox and δ because their Hessian
matrices are characterized by positive semidefinite blocks
P i = pip

T
i andQi = qiq

T
i with

pi =

[

tf (Lω)
(−1)ita(ω)

]

andqi =

[

tf (Lω)
(−1)itc(ω)

]

for i = 0, 1.

Consequently, the constraints in (26a) and (26b) fit into the
form of (3b). By applying CCP to (26), we obtain a pair of
convex constraints

u1(x, ω) ≤ ṽ(x,xk, ω)

u2(x, ω) ≤ ṽ(x,xk, ω)

where

ṽ(x,xk, ω) = v(xk, ω) +∇T v(xk, ω)(x− xk)
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with

∇v(x, ω) =





2(aT
f tf (Lω))tf (Lω)

(aT
a ta(ω))ta(ω)

(aT
c tc(ω))tc(ω)





where for practical purposesω is taken from a finite and dense
frequency gridsΩd = {ωj, j = 1, 2, . . . , K} ⊂ Ω. In
summary, the convex problem to be solved in thekth iteration
of CCP is given by

minimize δ (27a)

s.t. u1(x, ωj) ≤ ṽ(x,xk, ωj), 1 ≤ j ≤ K (27b)

u2(x, ωj) ≤ ṽ(x,xk, ωj), 1 ≤ j ≤ K (27c)

Like the case of IFIR filter design, this problem of minimizing
a linear function subject to convex quadratic constraints can
be formulated as an SDP or SOCP problem [24], which can
be solved efficiently [25]-[27].

We remark that the Hessian of functionsu1(x, ω) and
u2(x, ω) in (27) are of rank-two and positive semidefinite,
but not positive definite as can be seen from (26c) and
(26d). Therefore, an argument similar to that in Sec. III.C
can be applied to conclude that constraints (27b) and (27c)
define largest feasible region relative to other CCP-compatible
options as discussed in Sec. III.C. A step-by-step summary of
the algorithm is given below.

Algorithm 2 for FRM filters

Step 1: input x0, (N,Na, Nc), Hd(ω) for ω ∈ Ωd,
w(ω), andKi.

Step 2: for k = 0, 1, . . . , Ki − 1
solve (27) forxk+1

end
Step 3: outputx∗ = xKi

V. FRM FILTERS WITH REDUCED COMPLEXITY

FRM filters are widely considered computationally efficient
[3], [4], [9]. Variants of FRM filters with further reduced
complexity have also been proposed in the literature. Unlike
these variants, in this section we propose a CCP algorithm
which is actually a modified version of that developed in Sec.
IV for the design of FRM filters that simultaneously promotes
sparsity of the impulse responses of the subfilters involvedso
as to reduce implementation complexity. Here an FIR filter
H1(z) is said to more sparse than filterH2(z) of same length,
if the impulse response ofH1(z) contains more zero entries
than that ofH2(z). The algorithm proposed below consists of
two phases:

A. Design Phase 1

The aim of phase 1 is to identify the locations (i.e. indices)
of filter coefficients that may be set to zero without substan-
tially affecting filter’s performance. Motivated by the fact that
for most large underdetermined systems of linear equationsthe
minimal l1-norm solution is also the sparsest solution [28],
[29], we propose to promote the sparsity of an FRM filter
by solving a modified version of (27) where the objective

function combines upper bound with a weightedl1-norm of
design variablex, namely,

minimize δ + µ‖x‖1 (28a)

s.t. u1(x, ωj) ≤ ṽ(x,xk, ωj), 1 ≤ j ≤ K (28b)

u2(x, ωj) ≤ ṽ(x,xk, ωj), 1 ≤ j ≤ K (28c)

where weightµ > 0 controls the trade-off between error
boundδ and sparsity of filter coefficients. Once the solution
xs = [aT

f aT
a aT

c ]
T of problem (28) is obtained, a

prescribed thresholdε > 0 is used to identify an index set
Io = {Iaf , Iaa, Iac} as follows:

Iaf = {i : |af (i)| ≤ ε}, Iaa = {i : |aa(i)| ≤ ε},

Iac = {i : |ac(i)| ≤ ε} (29)

Concerning the selection of parametersµ and ε, in principle
they should be small:µ should be small because otherwise the
solution of (28) becomes less relevant to the design objective
which is to minimize the error boundδ; andε should be small
because the use of a largeε would set some intrinsically
nonzero coefficients to zero, hence inevitably do harm to
the filter performance. We stress that the goal of phase 1
is merely to identify an index set to nullify the associated
filter coefficients, and it is a collective action ofµ andε that
identifies an appropriate index set: the introduction of term
µ‖x‖1 promotes the sparsity inx, and the size of the index
set is controlled by thresholdε.

B. Design Phase 2

The design now proceeds with a second phase in that
the remaining nonzero entries of the impulse responses are
optimally tuned by minimizing the same error bound as
in (27a), but subject to additional constraints that the filter
coefficients with indices in set{Iaf , Iaa, Iac} are equal to
zero. Namely, we solve

minimize δ (30a)

s.t. u1(x, ωi) ≤ ṽ(x,xk, ωi), for i = 1, . . . ,K (30b)

u2(x, ωi) ≤ ṽ(x,xk, ωi), for i = 1, . . . ,K (30c)

af (i) = 0 for i ∈ Iaf (30d)

aa(i) = 0 for i ∈ Iaa (30e)

ac(i) = 0 for i ∈ Iac (30f)

Since the additional constraints are all linear equalities, prob-
lem (30) remains convex and can be solved efficiently. The
algorithm proposed above is outlined below.

Algorithm 3 for sparse FRM filters

Step 1: input x0, (N,Na, Nc),Ωd, Hd(ω) for ω ∈ Ωd,
w(ω), µ, ε, andKi.

Step 2: for k = 0, 1, . . . , Ki − 1
solve (28) to obtainx = [aT

f aT
a aT

c ]
T

apply (29) tox to obtainIaf , Iaa, andIac
solve (30) to obtainxk+1

end
Step 3: outputx∗ = xKi
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VI. D ESIGN EXAMPLES

We now present design examples to illustrate the design
methods proposed above.

A. Design and Evaluation Settings

A common goal of the designs presented below is to con-
struct a linear-phase FIR digital system with narrow transition
band, whose implementation efficiency is achieved via an IFIR
or FRM structure. We follow the convention to evaluate the
performance of each design in terms of peak-to-peak passband
ripple Ap (dB) and minimum stopband attenuationAa (dB)
[4] which are defined by

Ap = 20 log10

(

pmax

pmin

)

and
Aa = −20 log10(amax)

where pmax and pmin denote the maximum and minimum
|H(ejω)| over passband, respectively, andamax denotes the
maximum|H(ejω)| over stopband.

As a part of performance evaluation, each design is com-
pared with one or more designs made by existing algorithms
from the literature. In addition, these designs are compared
with their counterparts obtained using conventional FIR struc-
ture, see partD below.

B. Design of IFIR Filters

Example 1
Algorithm 1 was applied to design a lowpass IFIR filter

with normalized passband edgeωp = 0.15π, stopband edge
ωa = 0.2π. The sparsity factor was set toL = 4, and orders
of F (z) andM(z) were set to 31 and 17, respectively. The
frequency weightw(ω) was set tow(ω) ≡ 1 for ω in the
passband andw(ω) ≡ 2 for ω in the stopband. An initial
x0 = [aT

f0 aT
m0]

T was generated by the standard technique
proposed in [3]. A total ofK = 1400 frequency grids were
uniformly placed in[0, ωp]

⋃

[ωa, π] to form the discrete set
Ωd for problem (15). It took the algorithm 91 iterations to con-
verge to an IFIR filter withAp = 0.0317 dB andAa = 60.84
dB. The same design problem was addressed as Example 10.29
in [4] using the method described in [30]. The method was
implemented as functionifir in the Signal Processing Tool-
box of MATLAB. With [F,M] = ifir(4,low, [0.15,
0.2], [0.002, 0.001],advanced), the function re-
turns with optimized impulses of filterF (z) of order 31 and
M(z) of order 17 (in Example 10.29 of [4], the order ofM(z)
was said to be 16, however the order ofM(z) produced by the
above MATLAB code was actually 17), withAp = 0.0340 dB
andAa = 60.18 dB. The passband and stopband amplitude
responses of the two designs are depicted as solid and dashed
lines in Fig. 3a and 3b, respectively.

Example 2
Reference [9] presents an example (Example 10.2) where a

highpass IFIR filter with sampling frequencyωs = 16000Hz,
stopband edgeωa = 6600Hz and passband edgeωp =
7200Hz is designed. In the design, the interpolator is fixed
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Fig. 3. Amplitude response (in dB) of the IFIR filters for Example 1 by the
proposed algorithm (solid line) and the method of [30] and [4] (dashed line)
in (a) passband and (b) stopband.

to M(z) = (1 − z−1)4 and sparsity factor is set toL = 2
while a linear-phase subfilterF (z) of order 20 is optimized
in minimax sense. The performance of the IFIR filter is given
by Ap = 0.9061 dB andAa = 40.78 dB.

As a follow-up of the above example, Algorithm 1 was
applied to jointly optimize anF (z) of order 20 and anM(z)
of order 4 for a highpass IFIR filterH(z) = F (zL)M(z)
with the same design specifications as Example 10.2 of [9].
The frequency weightw(ω) was set tow(ω) ≡ 1 for ω in the
passband andw(ω) ≡ 4.5 for ω in the stopband. An initial
x0 = [aT

f0 aT
m0]

T was generated by the standard technique
proposed in [3]. A total ofK = 1400 frequency grids were
uniformly placed in [0, 6600Hz]

⋃

[7200Hz, 8000Hz] to form
the discrete setΩd for problem (15). It took the algorithm 14
iterations to converge to an IFIR filter withAp = 0.6914
dB and Aa = 41.07 dB. The amplitude responses of the
two designs in the entire baseband and over its passband are
depicted respectively as solid and dashed lines in Fig. 4a and
4b.

For the sake of a more efficient implementation,M(z) is
normalized by dividing it with the coefficient of its constant
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term, m0, so that both coefficients of the constant term and
the 4th-order term become unity. The transfer functionF (zL)
is rescaled tom0F (zL) so that the overall transfer function
H(z) remains unaltered. The first eleven coefficients ofF (z)
and first three coefficients ofM(z) after the normalization are
shown in Table I. We stress that implementing the interpolator
M(z) in Example 10.2 of [9] requires no multiplications,
therefore the performance gain of the proposed design over
that of [9] was achieved at a cost of two more multiplications
per output.
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Fig. 4. Amplitude response (in dB) of the IFIR filters in Example 2 by the
proposed algorithm (solid line) and the method of [9] (dashed line) in (a)
entire baseband and (b) passband.

C. Design of FRM Filters

Example 3
Algorithm 2 was applied to design a lowpass FRM filter

with the same design specifications as in the first example in
[3] and [10]. The normalized passband and stopband edges
wereωp = 0.6π andωa = 0.61π. The sparsity factor was set
to L = 9, and orders ofF (z), Ma(z), andMc(z) were 44, 40,
and 32, respectively. A trivial weightw(ω) ≡ 1 was utilized.
With K = 1100, it took the algorithm 87 iterations to converge

TABLE I
COEFFICIENTS OFF (z) AND M(z) FOR EXAMPLE 2

fi for i = 0, 1, . . . 10 mi for i = 0, 1, 2

0.002287418334499 1

0.001299308145379 −2.439354581245607

0.001489820681472 2.965711835392111

−0.001928211344492

−0.004121111010416

−0.005691224464356

−0.002031403630543

0.005260711732820

0.015907596775075

0.024282544840202

0.028106104367025

to an FRM filter with Ap = 0.1320 dB and Aa = 42.49
dB, which are favorably compared with those achieved in [3]
(Ap = 0.1792 dB andAa = 40.96 dB), which has been a
benchmark for FRM filters, and those reported in [11] (Ap =
0.1348 dB andAa = 42.25 dB). The amplitude response of
the FRM filter in the entire baseband and passband is shown
in Fig. 5.

Example 4
Algorithm 2 was applied to design a lowpass FRM filter

with the same passband, stopband, and sparsity factor as in
Example 3, i.e.,ωa = 0.6π, ωp = 0.61π, and L = 9.
However, the orders ofF (z), Ma(z), andMc(z) were reduced
to 42, 36, and 28, respectively. Withw(ω) ≡ 2.1 and
K = 1000, it took the algorithm 600 iterations to converge
to an FRM filter with Ap = 0.2600 dB and Aa = 43.01
dB. The amplitude response of the FRM filter in the entire
baseband and passband is shown in Fig. 6. The above design
specifications coincide with a design presented in [16] based
on a neural network approach. From the numerical results
proveded in Tables 1–3 of [16], it was found thatAp = 0.2652
dB (instead of 0.0672 dB as reported in [16] as there was a
deep notch at passband edge0.6π) andAa = 42.42 dB.

Example 5
Algorithm 2 was also applied to design a lowpass FRM

filter with orders ofF (z), Ma(z), andMc(z) being (56, 30,
24), L = 7, and normalized passband and stopband edges
beingωp = 0.65π andωa = 0.66π, respectively. With weight
w(ω) ≡ 1 andK = 2400, it took the algorithm 94 iterations
to converge to an FRM filter withAp = 0.1510 dB and
Aa = 41.22 dB. The amplitude response of the FRM filter
in the entire baseband and passband is shown in Fig. 7.
For comparison, in [10] lowpass FRM filters with the same
passband and stopband edges and interpolation factorL are
designed using a weighted least-squares Chebyshev approach.
With orders ofF (z), Ma(z), andMc(z) being (56, 32, 26),
the performance of the FRM filters are reported in terms of
Ap = 0.1960 dB andAa = 40.11 dB for a filter named Filter
4 andAp = 0.1920dB andAa = 40.44dB for a filter named
Filter 5.

Example 6
Algorithm 3 was applied to re-design the FRM filter pre-
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Fig. 5. Amplitude response (in dB) of the FRM filter in Example3 in (a)
entire baseband and (b) passband.

sented in Example 5 so as to reduce its complexity while
maintain a comparable performance. With weightw(ω) ≡
1, K = 1000, and µ = 0.05, phase 1 of the design was
carried out using 30 iterations of (28) to yield a coefficient
vectorxs = [aT

f aT
a aT

c ]
T . With a thresholdε = 0.0006,

the three index sets defined in (29) were identified asIaf =
{13, 18, 25}, Iaa = {11, 15, 16}, Iac = {11, 13}, indicating
there are a total of eight coefficients that may be set to zero
values without substantially degrading the filter’s performance
provided that the remaining coefficients are optimized in the
second phase of the design. Proceeding with design phase 2
with weightw(ω) ≡ 1 andK = 2400, it took 10 iterations of
(30) to converge to an FRM filter withAp = 0.1629dB and
Aa = 40.56dB, in that eight coefficients whose indices are
identified above have been set to zero. The amplitude response
of the FRM filter in the entire baseband and passband is shown
in Fig. 8.

D. Comparisons with Conventional FIR Filters

The six designs presented above are compared with their
conventional counterparts that are linear-phase equiripple FIR
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Fig. 6. Amplitude response (in dB) of the FRM filter in Example4 in (a)
entire baseband and (b) passband.

TABLE II
COMPARISONS WITH CONVENTIONALFIR FILTERS

Design IFIR/FRM filters P-M FIR filters [4]

Multiplications Group delay Multiplications Group delay

1 25 70.5 65 64

2 13 22 22 21

3 60 218 210 209

4 56 207 193 192

5 58 211 202 201

6 50 211 198 197

filters designed using the Parks-McClellan (P-M) algorithm[4]
with practically the same performance as those in Examples
1–6 in terms of respectiveAp andAa. The comparisons are
made in terms of computational complexity measured by the
number of multiplications required per output sample and the
overall group delay of the filter, see Table II.

It is observed from Table II that in all design instances the
IFIR and FRM filters designed by the proposed algorithms
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Fig. 7. Amplitude response (in dB) of the FRM filter in Example5 in (a)
entire baseband and (b) passband.

offer considerably improved computational efficiency at the
cost of slightly increased group delay.

E. Discussion

In all six cases, the designs presented above have demon-
strated consistently improved performance relative to their
counterparts obtained by several well-established existing al-
gorithms, with varying degree of improvement. The perfor-
mance gain appears to be more pronounced over those that
are not entirely optimization-based (Example 2) or not jointly
optimized (Example 5), while becomes less so over those
that are also jointly optimized (Examples 1, 3, 4). In the
latter case, we attribute the ability of the proposed method
to push the envelope to the fact that the CCP approach is
especially tailored to the design of both IFIR and FRM filters
as explained in Sec. III.C and Sec. IV.B.

VII. CONCLUSION

We have proposed a unified approach based on CCP to
the design of minimax IFIR and FRM filters. The design
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Fig. 8. Amplitude response (in dB) of the FRM filter in Example6 in (a)
entire baseband and (b) passband.

method is conceptually simple and produces designs that are
shown to provide satisfactory performance relative to those
available from the literature. In addition, the proposed design
method is shown to allow extension to the design of FRM
filters that promotes sparsity of filter coefficients to reduce
implementation complexity without substantially degrading
filter’s performance. Design examples have been presented
to illustrate the proposed design algorithms that compare
favorably with several known design techniques. Extensions of
CCP-based designs to multistage FRM filters is possible, but
developing a CCP type of convexification to maintain largest
feasible region turns out to be challenging.
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