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Design of Least-Squares and Minimax
Composite Filters

Wu-Sheng Lu , Life Fellow, IEEE, and Takao Hinamoto , Life Fellow, IEEE

Abstract— We study a class of composite FIR filters (C-filters),
each is composed of a prototype filter and a shaping filter in
cascade, where the shaping filter is constructed by cascading
several complementary comb filters. In particular, the problems
of designing C-filters that are optimal in least-squares, equiripple
passband and lease-squares stopband, and minimax sense are
formulated, and three algorithms for designing such linear-
phase FIR C-filters are proposed. The algorithms are based on
an alternating optimization strategy in that the prototype and
shaping filters are optimized in separate steps, which are coupled
and carried out in a sequential manner to yield a satisfactory
design. Design examples are presented to illustrate the algorithms
and demonstrate the performance of the C-filters relative to their
conventional FIR counterparts.

Index Terms— Least-square FIR filters, minimax FIR filters,
composite FIR filters.

I. INTRODUCTION

ACOMPOSITE filter (C-filter) refers to a digital filtering
system that is composed of explicit individual modules,

often called subfilters, which are connected in cascade or
parallel, or a mixture of both. Well known classes of C-filters
include interpolated FIR filters [1]–[3], frequency-response-
masking filters [4], and their variants, see e.g. [5]–[11]. Over
the years, analysis and design of C-filters have attracted a
great deal of research interest primarily because of their ability
to offer improved computational efficiency relative to their
conventional counterparts when appropriate subfilter structures
are chosen and their parameters are optimized in accordance
with certain design criteria [12]. Recently, C-filters composed
of a prototype filter and a shaping filter, connected in cascade,
are shown to offer certain advantages over conventional coun-
terparts [13], [14]. In the case of FIR C-filters [13], the shaping
filter is constructed by cascading several complementary comb
filters (CCFs) of the form (1 + z−l)kl where 1 ≤ l ≤ L and
kl ≥ 0 are integers. As such, the shaping filter only requires
several adders and memory units to implement and is free of
multiplications. Yet, as demonstrated in [13], the shaping filter
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Fig. 1. Amplitude responses of (a) 1 + z−4 and (b) (1 + z−1)4(1 + z−2)4

(1 + z−3)1(1 + z−4)2.

is capable of effectively improving filter performance. As an
illustration, Fig. 1(a) depicts the amplitude response of 1+z−4

(a scaling factor 0.5 has been used in the figure to normalize
the filter gain at ω = 0 to unity). By cascading several CCFs
with appropriate powers kl , a shaping filter can offer much
reduced stopband energy while retaining decent passband gain.
Fig. 1(b) depicts the amplitude response of a shaping filter
∏4

l=1(1 + z−l)kl with {kl, l = 1, 2, 3, 4} = {4, 4, 1, 2} where
the filter gain at ω = 0 has been normalized to unity.

In spite of the design insights provided in [13], currently
available design procedures for this type of composite fil-
ters lack a systematic methodology to incorporate adequate
design criteria, problem formulations, and solution techniques
together to produce optimal composite FIR filters in either
least squares or minimax sense. In this paper, we present
new algorithms for the design of C-filters, where the potential
of the filter structure proposed in [13] is further explored.
Specifically, the design of the prototype filter Hp(z) as well
as shaping filter Hs(z) are formulated using rather different
criteria in order for H (z) = Hp(z)Hs(z) to achieve optimality
in least squares (LS), equiripple passbands and least-squares
stopbands (EPLSS), and minimax sense, respectively. FIR
filters of these types are at the core of many digital signal
processing systems, and find broad applications as documented
in [12] and [15]–[21]. The main technical challenge encoun-
tered in the design procedure is largely related to the dealings
with the resulting nonconvex formulations, each involving a
mixture of a group of continuous design variables with a group
of integer design variables that are supposed to be jointly
optimized. The underlining principle in the development of
the new design algorithms is a sequential optimization strategy
that deals with the design of Hp(z) and Hs(z) separately, yet
these two design steps are coupled by alternately performing
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Fig. 2. A composite filter.

them until the algorithm converges. A strong motivation to
adopt such a design methodology is that the design parameters
from the prototype filter are continuous but those from the
shaping filter are discrete, and these two sets of design
variables are separate from each other due to the filter’s
cascade structure. Moreover, in all three design algorithms,
the design steps concerning optimizing the prototype filter
can be formulated as convex problems while the design step
for updating the shaping filter can be effectively addressed
either using discrete gradient or via convex optimization.
Numerical examples are presented to illustrate the proposed
design methods and demonstrate their performance.

The paper is organized as follows. Sec. II provides back-
ground of the C-filters in terms of structure and frequency-
domain characterization which serves a starting point in
formulating the LS, EPLSS, and minimax design problems.
Section III starts by describing the design strategy and devotes
its main body to the development of three design algorithms
for the C-filters that are optimal in LS, EPLSS, and minimax
sense, respectively. Three design examples with comparisons
are presented in Sec. IV to demonstrate the performance of the
proposed design methods. The present paper is an extended
version of our work in [22].

II. PROBLEM FORMULATION AND DESIGN STRATEGY

A. Composite Filters

We consider a C-filter that is composed of two subfilters,
known as prototype filter Hp(z) and shaping filter Hs(z)
respectively, that are connected in cascade as shown in Fig. 2.
Thus the transfer function of the C-filter assumes the form

H (z) = Hp(z) · Hs(z) (1)

In this paper, we examine a class of linear-phase FIR
C-filters where the prototype filter is an FIR filter of length N
with transfer function

Hp(z) =
N−1∑

n=0

hnz−n (2)

that largely determines the characteristics of H (z), while the
shaping filter is a CCF of the form

Hs(z) =
L∏

l=1

(1 + z−l)kl (3)

where kl are nonnegative integers, which reshapes the pro-
totype filter for improved performance without substan-
tial increase in implementation complexity. The frequency
response can be expressed as

H (x, y, ω) = Hp(x, ω)Hs(y, ω)

with

Hp(x, ω) =
N−1∑

n=0

hne− j nω = e− jτpω[xT c(ω)] (4)

where x is a coefficient vector determined by the impulse
response of Hp(z), τp = (N − 1)/2 is the group delay
of Hp(z), and c(ω) is a vector with trigonometric components;
and

Hs(y, ω) =
L∏

l=1

(1 + e− j lω)kl = e− jτsω
L∏

l=1

(

2 cos
lω

2

)kl

(5)

where y = [k1 k2 . . . kL ]T and τs = 1
2

∑L
l=1 l · kl .

It follows that the zero-phase frequency response of the
C-filter is given by

A(x, y, ω) = xT c(ω)

L∏

l=1

(

2 cos
lω

2

)kl

(6)

and the group delay of the C-filter is given by τ = τp + τs .
The behaviour of shaping filter Hs(z) is determined by the
number L of CCFs used and the power kl for each CCF.
As long as kl > 0, the first notch of a single CCF (1 + z−l)kl

over the normalized baseband [0, π] occurs at ω = π/ l.
In the algorithms deveoloped below, the shaping filter and

prototype filter are jointly optimized to achieve the design
objectives.

B. Problem Formulation

For clarity of presentation, in the rest of the paper we
focus on linear-phase lowpass FIR C-filters. Given a desired
lowpass frequency response Hd(ω), prototype filter length N ,
number of CCF’s L, and a bound M on the total group
delay, we seek to find a linear-phase FIR C-filter H (z) of
form (1)–(3) such that its frequency response H (ω) optimally
approximates Hd(ω) in a certain sense. Specifically we present
three formulations where the optimal approximation is realized
either in the least squares (LS) sense in both passband and
stopband; or in the sense of minimum peak-to-peak amplitude
ripple in passband and constrained least-squares in stopband
(which is known as an equiripple passband and least-squares
stopband (EPLSS) design); or in the minimax sense in both
passband and stopband. In all design formulations, the design
variables are the real-valued vector x representing the impulse
response of the prototype filter {hn, n = 0, 1, . . . , N − 1}
and vector y representing nonnegative integer powers kl,
l = 1, 2, . . . , L for the shaping filter.

C. Design Strategy

As will become transparent shortly, a key term involved
in the proposed design formulation is the amplitude response
of C-filter, A(x, y, ω), given by (6). We see from (6) that
the design variables x and y in A(x, y, ω) are separate from
each other. In addition, A(x, y, ω) depends on x linearly,
but on y highly nonlinearly. Also note that the components
of variable y are constrained to be nonnegative integers.
Under these circumstances, it is intuitively natural to update
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variables x and y separately, and the updates are carried out
in an alternate fashion. This approach leads to a sequential
procedure where in each step one of the variables, say x, is
updated while the other variable, y, is held fixed, and the
solution so produced, say xk , is held fixed in the next step
when variable y is updated to yk+1, and so on. This procedure
continues until a stopping criterion is met and the last pair of
updates (yK , xK ) is taken to be the optimal design.

III. DESIGN METHOD

A. An Algorithm for the LS Design

An LS design produces a C-filter that reaches mini-
mum approximation error in L2 norm over frequency region
� = �p ∪ �a where �p and �a denote passband and
stoppband of the filter, respectively. In the context of C-filter
designs, such minimization shall be carried out subject to an
upper bound on the total group delay τ = τp + τs for the
C-filter to be useful in practice. The design problem can
therefore be formulated as

minimize
x, y

∫

ω∈�
W (ω)|H (x, y, ω) − Hd(ω)|2dω

subject to: τp + τs ≤ M

where W (ω) ≥ 0 weighs the squared error |H (x, y, ω) −
Hd(ω)|2 and M is an upper bound for the total group delay
of the C-filter.

Let Hd(ω) = e−τω Ad(ω) with Ad(ω) the desired amplitude
response, the integrand of the objective function becomes
W (ω)[A(x, y, ω) − Ad(ω)]2. With a given filter length N for
the prototype filter, its group delay τp is fixed to (N−1)/2, and
the constraint on the total group delay is reduced to τs ≤ D
where τs = 1

2

∑L
l=1 l · kl and D = M − (N − 1)/2. Hence the

LS design is formulated as

minimize
x, y

∫

ω∈�
W (ω)[A(x, y, ω) − Ad(ω)]2dω (7a)

subject to: kl ≥ 0 for l = 1, 2, . . . , L (7b)

1

2

L∑

l=1

l · kl ≤ D (7c)

Using (6), the objective function in (7a) (up to a constant
which plays no role in the optimization) can be expressed
explicitly in terms of design variables x and y as

fls (x, y) = xT Q(y)x − 2xT q(y)

where

Q(y) =
∫

�
W (ω)ĉ(y, ω)ĉ(y, ω)T dω (8)

q(y) =
∫

�
W (ω)Ad (ω)ĉ(y, ω)dω (9)

and

ĉ(y, ω) = c(ω)

L∏

l=1

(

2 cos
lω

2

)kl

(10)

By letting i L = [1 2 . . . L]T , the constraint in (7c)
becomes iT

L y ≤ 2D. As a result, problem (7) is now
expressed as

minimize
x, y

fls (x, y) = xT Q(y)x − 2xT q(y) (11a)

subject to: y ≥ 0 (11b)

i T
L y ≤ 2D (11c)

Following the design strategy outlined in Sec. II.C, prob-
lem (11) is solved by a sequential procedure where design
variables x and y are updated in an alternate manner:

• Solve (11) with y fixed to y = yk
With y = yk that satisfies (11b) and (11c), these con-
straints can be neglected and (11a) becomes

minimize
x

fls (x, yk) = xT Q(yk)x − 2xT q(yk) (12)

From (8), Q(yk) is clearly positive definite, hence (12) is
an unconstrained problem with a strictly convex quadratic
objective function. Consequently, the stationary point
of fls (x, yk) given by

xk = Q(yk)
−1q(yk) (13)

is the global minimizer of (12).
• Update y with x fixed to x = xk

Problem (11) in this case becomes

minimize
y

fls (xk, y) = xT
k Q(y)xk − 2xT

k q(y) (14a)

subject to: y ≥ 0 (14b)

iT
L y ≤ 2D (14c)

A technical difficulty encountered in (14) is that the compo-
nents of the design variable y must be integers. Here we handle
the situation by examining a discrete gradient, denoted by gk ,
of the minimum total LS error with respect to y at y = yk
subject to constraints (14b) and (14c), and this is done as
follows.

The update starts at y = yk . Let yk,l = yk + el where el is
the lth column of the L by L identity matrix. In other words,
yk,l is constructed by adding unity to the lth component of yk .
If yk,l satisfies (14c), we compute the solution of minimizing
fls(x, yk,l ) using (13) and denote it as xk,l , the lth component
of the discrete gradient is assigned to

gk(l) = fls (xk,l , yk,l ) − fls (xk, yk) (15)

If yk,l violates (14c), then gk(l) is set to zero. The above
process goes for l from 1 to L, and the discrete gradient
so constructed is normalized to g̃k = gk/�gk�∞ so that the
largest magnitude of the components in g̃k is set to the unity.
Now yk is updated to

yk+1 = max[round(yk − α g̃k), 0] (16)

where operation “round” ensures an integer-component
yk+1, operation “max” ensures yk+1 to satisfy (14b), and
scalar parameter α ∈ (0, 1] is used to ensure that satis-
fies (14c). Since g̃k approximates the gradient of the L2 error
with respect to variable y at y = yk , (16) is seen as a steepest-
descent based update for variable y subject to (14b), (14c), as
well as the integer constraint.
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Algorithm 1 LS Design of C-Filters
Step 1 input y0, (N, L, D), ωp , and ωa .
Step 2 for k = 0, 1, . . .

(i) fix y = yk , evaluate Q(yk) and q(yk) using (8)
and (9), and compute xk using (13);

(ii) fix x = xk , compute discrete gradient gk , and
perform (16) to obtain yk+1;

(iii) if yk �= yk+1, set k = k + 1 and repeat from step
2(i), otherwise go to Step 3.

Step 3 output x∗ = xk , y∗ = yk .

The algorithm terminates when yk+1 is identical to yk ,
and in this case the kth iterate {xk, yk} is taken to be the
final design. The algorithm described above is outlined as
Algorithm 1.

The convergence of the algorithm is based on the following
facts. (a) For a fixed y = yk , the problem in (12) is convex
which admits a unique solution xk as seen in (13) (which is
the global minimizer of problem (12)); (b) with variable x
fixed to xk , variable y is updated from yk to yk+1 by
further reducing the objective function; (c) when the two
steps described above are repeated, one obtains sequence of
pairs {xk, yk} for k = 0, 1, . . . at which the objective
function is monotonically decreasing; (d) as a result, the
procedure described above will terminate in finite number of
rounds because the total number of points { yk, k = 0, 1, . . .}
satisfying constraint (14c) is finite, and hence the algorithm
is guaranteed to converge. On the other hand, the objective
function in (11a) as a function of (x, y) is not convex,
hence the original problem in (11) is a nonconvex problem.
Consequently, the solution produced by Algorithm 1 can only
be claimed to be a local minimizer. A remedy for this problem
is to try different initial point y0 and select the one which
yield the best local solution. This technique is found effective
especially for the design of composite filters of moderate
order because the number of feasible initial points y0 is rather
limited in these cases.

B. An Algorithm for the EPLSS Design

An EPLSS design aims at producing a filter with mini-
mum peak-to-peak amplitude ripple in passband subject to
constraints on filter’s energy. The design objective is achieved
by solving the constrained problem

minimize
x, y

max
ω∈�p

|A(x, y, ω) − Ad(ω)| (17a)

subject to:
∫ π

ωa

|A(x, y, ω)|2dω ≤ ea (17b)

max
ω∈�a

|A(x, y, ω)| ≤ δa (17c)

same as (7b) (17d)

same as (7c) (17e)

where ωa denotes the stopband edge, ea , and δa are constants
representing upper bounds for stopband energy and peak filter
gain in stopband, respectively.

While the algorithm proposed below also adopts a sequen-
tial procedure similar to Algorithm 1, considerably different
techniques have been utilized in both design phases.
• Solve (17) with y fixed to y = yk

With a fixed yk that satisfies (17d) and (17e), these con-
straints are neglected in this part of the design. By introducing
an upper bound δp for the objective function as an auxiliary
variable, the problem at hand becomes

minimize δp (18a)

s.t. |A(x, yk, ω) − Ad(ω)| ≤ δp for ω ∈ �p (18b)
∫ π

ωa

|A(x, yk, ω)|2dω ≤ ea (18c)

|A(x, yk, ω)| ≤ δa for ω ∈ �a (18d)

Using (6), (18b)–(18d) are reduced to

|xT ĉ(yk, ω) − Ad(ω)| ≤ δp for ω ∈ �p

xT Qa(yk)x ≤ ea

|xT ĉ(yk, ω)| ≤ δa for ω ∈ �a

where ĉ(yk, ω) is defined in (10) and

Qa(yk) =
∫ π

ωa

ĉ(yk, ω)ĉ(yk, ω)T dω

For realistic implementation, one has to deal with a finite
set of constraints and this is accomplished by replac-
ing sets �p and �a with their discrete counterparts
�̂p = {ωp1, ωp2, . . . , ωpK1} and �̂a = {ωa1, ωa2, . . . , ωaK2},
respectively, where the frequency grids are placed uniformly
over the respective bands. Following these, problem (18) is
simplified to

minimize δp (19a)

s.t. |xT ĉ(yk, ω) − Ad(ω)| ≤ δp for ω ∈ �̂p (19b)

xT Qa(yk)x ≤ ea (19c)

|xT ĉ(yk, ω)| ≤ δa for ω ∈ �̂a (19d)

With respect to variables (δp, x), the objective function and
constraints (19b) and (19d) are linear, while (19c) is a con-
vex quadratic constraint because Qa(yk) is positive definite.
Consequently, (19) is a convex problem whose global
solution can be computed using reliable and convenient
solvers [23], [24]. We denote the solution of (19) by (δk, xk).
• Update y with x fixed to x = xk

With xk obtained by solving (19) held fixed, we consider
the stopband energy given by

J (y) =
∫ π

ωa

|H (xk, y, ω)|2dω

=
∫ π

ωa

|xT
k c(ω)|2

L∏

l=1

(

4 cos2 lω

2

)kl

dω (20)

Our strategy to update y is via minimizing J (y) with respect
to y subject to several relevant constraints which shall become
transparent shortly.

As noticed earlier, a technical difficulty to utilize continuous
optimization to optimize y is that the components of y must
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be integers. Unlike the LS design in Sec. III.A where this
problem is addressed using the notion of discrete gradient, here
the problem is handled by extending the kls from the domain
of nonnegative integers to that of nonnegative reals. When
an optimizing y with non-integer components is obtained, an
integer update for yk can be found by rounding its components
to nearest integers.

The gradient and Hessian of J (y) are evaluated by
computing

∂ J (y)
∂ki

=
∫ π

ωa

|H (xk, y, ω)|2 log

(

4 cos2 iω

2

)

dω

∂ J (y)
∂ki∂k j

=
∫ π

ωa

|H (xk, y, ω)|2 log

(

4 cos2 iω

2

)

· log

(

4 cos2 jω

2

)

dω

Note that with an arbitrary column vector v of length L,
we have

vT ∇2 J (y)v

=
∫ π

ωa

|H (xk, y, ω)|2
(

n∑

i=1

vi log

(

4 cos2 iω

2

))2

dω ≥ 0

hence J (y) is convex. This motivates us to consider a convex
quadratic approximation of J (y) as

Ĵ (y, yk) = J (yk) + dT
k ∇ J (yk) + 1

2 dT
k ∇2 J (yk)dk

where dk = y − yk , and update y by minimizing Ĵ (y, yk)
subject to constraints (17d), (17e), and an additional constraint
to ensure the performance of the C-filter over the passband,
especially at passband edge ωp :

1 − dp ≤ |H (xk, y, ωp)|

= |xT
k c(ωp)|

L∏

l=1

|2 cos
lωp

2
|kl ≤ 1 + dp

with a small dp > 0. The last constraint is highly nonlinear
with respect to y, but fortunately it is equivalent to

log(1 − dp) ≤ c +
L∑

l=1

kl log |2 cos
lωp

2
| ≤ log(1 + dp) (21)

with c = log |xT
k c(ωp)|, which is linear with respect to y.

Based on above analysis, we propose to update y by solving
the convex problem

min 1
2 (y − yk)

T ∇2 J (yk)(y − yk) + (y − yk)
T ∇ J (yk)

(22a)

subject to: (17d), (17e), and (21) (22b)

and then rounding its solution to a nearest integer solution
which is named as yk again. In this way, problem (22) is
solved a number of times and the solution of the last iteration
is taken to be yk+1.

The algorithm terminates when yk+1 is found no difference
from yk , and in this case the kth iterate {xk, yk} is taken to
be the final design. The algorithm described above is outlined
as Algorithm 2.

Algorithm 2 EPLSS C-Filters
Step 1 input y0, (N, L, D), ωp , ωa , δa , ea , dp , and K .
Step 2 for k = 0, 1, . . .

(i) fix y = yk and solve (19) for xk ;
(ii) fix x = xk , perform K iterations of (22) to obtain

yk+1;
(iii) if yk �= yk+1, set k = k + 1 and repeat from

step 2(i), otherwise go to Step 3.
Step 3 output x∗ = xk , y∗ = yk .

An argument similar to that in Sec. III.A can be made for the
convergence of Algorithm 2 with a difference that the solution
from Step 2 (i) is not in a closed form but is obtained using
a convex programming solver which yields a unique global
minimizer of problem (19).

C. An Algorithm for the Minimax Design

A minimax C-filter achieves weighted minimum peak-to-
peak ripples in both passband and stopband subject to an upper
bound on the total group delay. The design problem can be
formulated as

minimize
x, y

max
ω∈�p

|A(x, y, ω) − Ad(ω)| (23a)

subject to: same as (7b) (23b)

same as (7c) (23c)

The algorithm proposed below adopts a two-phase alternate
updating strategy as outlined in Sec. II.C.
• Solve (23) with y fixed to y = yk

By assuming yk satisfies (23b) and (23c) so that these
constraints can be ignored in this phase of the design, and
introducing an upper bound for the objective function, (23)
becomes

minimize δ (24a)

s.t. W (ω)|A(x, yk, ω) − Ad(ω)| ≤ δ for ω ∈ � (24b)

where � = �p
⋃

�a . Using (6), (24b) is reduced to

W (ω)|xT ĉ(yk, ω) − Ad(ω)| ≤ δ for ω ∈ �

This in conjunction with replacing set � by its discrete

counterpart �̂ = �̂p
⋃

�̂a with �̂p = {ωp1, ωp1, . . . , ωpK1}
and �̂a = {ωa1, ωa1, . . . , ωaK2}, the problem at hand is led to

minimize δ (25a)

s.t. W (ω)|xT ĉ(yk, ω) − Ad(ω)| ≤ δ for ω ∈ �̂ (25b)

which is a linear programming problem with respect to vari-
ables {δ, x}. We denote its solution by {δk, xk}.
• Update y with x fixed to x = xk

With x held fixed to x = xk , problem (23) becomes

minimize δ (26a)

s.t. W (ω)|xT ĉ(y, ω) − Ad(ω)| ≤ δ for ω ∈ �̂ (26b)

y ≥ 0 (26c)

iT
L y ≤ 2D (26d)
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Algorithm 3 Minimax Design of C-Filters
Step 1 input y0, (N, L, D), ωp , and ωa .
Step 2 for k = 0, 1, . . .

(i) fix y = yk , compute xk by solving (25);
(ii) fix x = xk , compute discrete gradient gk , and

perform (28) to obtain yk+1;
(iii) if yk �= yk+1, set k = k + 1 and repeat from step

2(i), otherwise go to Step 3.
Step 3 output x∗ = xk , y∗ = yk .

And we update y from the current state of y = yk so as
to reduce the bound δ in (26b) subject to constraints (26c)
and (26d). Unlike the case of EPLSS designs where a convex
closed-form expression of a performance measure (as seen
in (20)) is available, the upper bound δ does not admit a
closed-form expression in terms of variable y. Under the
circumstance we follow an approach similar to that employed
in the LS design to define a discrete gradient, denoted by gk ,
of the minimum upper bound δ with respect to y at yk subject
to constraints (26c) and (26d), and this is done as follows.

The update starts at y = yk . Let yk,l = yk + el where
el is the lth column of the L by L identity matrix. If yk,l
satisfies (26d), we compute the solution of problem (25) for
y = yk,l and denote it as {δk,l, xk,l}, the lth component of the
discrete gradient is assigned to

gk(l) = δk,l − δk (27)

If yk,l violates (26d), then gk(l) is set to zero. The above
process goes for l from 1 to L, and the discrete gradient
so constructed is normalized to g̃k = gk/�gk�∞ so that the
largest magnitude of the components in g̃k is set to the unity.
Now yk is updated using − g̃k to

yk+1 = max[round(yk − α g̃k), 0] (28)

where operation “round” ensures an integer-component
yk+1, operation “max” ensures yk+1 to satisfy (26c), and
scalar parameter α ∈ (0, 1] is used to ensure that yk+1
satisfies (26d). Since g̃k approximates the gradient of the
minimum upper bound δ with respect to variable y at y = yk ,
(28) is essentially a steepest-descent based update for vari-
able y subject to (26c), (26d), as well as the integer constraint.

The algorithm terminates when yk+1 is identical to yk ,
and in this case the kth iterate {xk, yk} is taken to be
the final design. The algorithm described above is outlined
as Algorithm 3.

An argument similar to that in Sec. III.A can be made for the
convergence of Algorithm 3 with a difference that the solution
from Step 2(i) is not in a closed form but is obtained using
a linear programming solver which yields a unique global
minimizer of problem (25).

D. Selection of Parameters L, N, and D

Parameters L, N , and D are a part of the input for the three
design algorithms described above. Below we provide some
guidelines for the selection of these parameters. Following the
discussion in Sec. II.A, parameter L is related to the first notch

of the shaping filter, which occurs at π/L, hence L should be
selected to obey π/L > ωp where ωp denotes the passband
edge of the lowpass filter to be designed. Consequently, π/ωp

can be used as an upper bound in selecting L. Concerning
the selection of N and D, we recommend to start with an
empirical observation that the total group delay τp + τs of the
C-filter should lie in a range comparable to the group delay
τ̂ of a conventional linear-phase FIR filter of length N̂ that
achieves practically the same approximation accuracy as the
C-filter. This relationship, τp + τs ≈ τ̂ , leads to

N − 1

2
+ 1

2

L∑

l=1

l · kl ≈ N̂ − 1

2
, i.e.,

L∑

l=1

l · kl ≈ N̂ − N

This means that upper bound D should be slightly larger than
(N̂ − N)/2. For illustration, assume a conventional lowpass
linear-phase FIR filter of length N̂ = 175 is found to satisfy
required approximation accuracy and we want to design a
linear-phase C-filter with a prototype filter of (reasonably)
reduced length, say N = 151, then parameter D should be
selected to satisfy D ≥ 12.

E. Design of other Types of Composite Filters

This paper focuses on composite lowpass filters because
they can be utilized as initial filter models to build com-
posite highpass, bandpass, and bandstop filters. Let H (z) =
Hp(z)Hs(z) be a lowpass composite filter with normalized
passband edge ωp and stopband edge ωa . Then it can be
readily verified that

(i) Composite transfer function Hhigh(z) = Hp(−z)Hs(−z)
represents a highpass filter with stopband edge π − ωa and
passband edge π − ωp . This is because

Hhigh(e jω) = H (−e jω) = H (e j (ω−π))

hence the frequency response Hhigh(e jω) can be produced by
shifting that of the lowpass filter H (e jω by π which yields a
highpass frequency response.

(ii) Composite transfer function Hbs(z) = Hp(z2)Hz(z2)
represents a bandstop filter with the first passband edge ωp/2,
first stopband edge ωa/2, second stopband edge π − ωa/2,
and second passband edge π − ωp/2. This is because

Hbs(e
jω) = H (e j2ω)

so the frequency response Hbs(e jω) is produced by squeezing
that of H (e jω) over the entire baseband (from 0 to 2π) into
a half of the frequency region (from 0 to π).

(iii) Composite transfer function

Hbp(z) = Hp(−z2)Hs(−z2)

represents a bandpass filter with the first stopband edge
(π −ωa)/2, first passband edge (π −ωp)/2, second passband
edge (π +ωp)/2, and second stopband edge (π +ωa)/2. This
is because

Hbp(e
jω) = H (−e j2ω) = H (e j2(ω−π/2))

Thus the frequency response Hbp(e jω) is produced by first
producing a bandstop frequency response as in case (ii) and
then shifting it by π/2.
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Fig. 3. Amplitude responses of (a) prototype filter Hp(z), (b) shaping filter Hs(z), (c) C-filter H (z) over the entire baseband and (d) C-filter H (z) over the
passband for Example 1.

IV. DESIGN EXAMPLES AND COMPARISONS
In this section, we present three design examples to illus-

trate the respective design algorithms developed in Sec. III.
Each design is evaluated in terms of approximation accuracy
achieved in the frequency bands of interest. The perfor-
mance of each design will be compared with its conven-
tional FIR counterpart in terms of approximation accuracy
and implementation complexity. Interpolated and frequency-
response-masking FIR filters and their variants such as those
documented in [1]–[11] are well known for their computation-
ally efficiency, however this efficiency is achieved at increased
implementation cost of complicated filter structures including
much involved filter topology and additional function modules
such as up-sampling etc.. By contrast the C-filters investi-
gated in this paper possess a much simpler structure that
differs from conventional FIR filters merely by a trivially-
structured shaping filter. For the sake of comparison fairness,
therefore, the design examples presented below are examined
relative to conventional linear-phase LS, EPLSS, and minimax
FIR filters.
Example 1: We illustrate Algorithm 1 by applying it to design
a linear-phase lowpass LS C-filter with normalized passband
edge ωp = 0.2π and stopband edge ωa = 0.25π . The total
L2 error

E (total)
2 =

∫ ωp

0
|A(ω) − 1|2dω +

∫ π

ωa

|A(ω)|2dω

is required to be no greater than 5 × 10−9. The length of
Hp(z) was set to N = 151. With L = 3, D = 14, W (ω) ≡ 1
for ω ∈ �p

⋃
�a and y0 = [1 1 1]T , it took the algorithm

eight iterations to converge to a solution {x∗, y∗} = {x8, y8}
with y∗ = [1 6 5]T . The amplitude responses of the prototype
filter Hp(z), shaping filter Hs(z) and C-filter H (z) are shown
in Fig. 3. The total LS error of the C-filter obtained was found
to be E (total)

2 = 4.9041×10−9, and the group delay τ = (N−1)
/2 + D = 89. The number of multiplications M per out-
put sample is M = 76. For comparison, a conventional
linear-phase LS FIR filter [25] with comparable perfor-
mance was designed. This design was obtained by applying
Algorithm 1 with a single iteration where variable y0 was set
to y0 = 0.

With L = 3 and D = 14, there are a total of 864 nonzero y
vectors that satisfy constraints (11b) and (11c). An exhaustive
search for a globally optimal solution was conducted by trying
out every qualified y as the initial point y0. The optimal y was
found to be y∗∗ = [3 5 5]T which led to an LS C-filter with
E (total)

2 = 4.8484 × 10−9, representing 1.2% improvement in

E (total)
2 over the design obtained by Algorithm 1.
For comparison, with filter length N = 175, the total L2

error of a conventional linear-phase LS FIR filter was found to
be E (total)

2 = 5.1967×10−9. The group delay of the filter and
the number of multiplications per output sample are τ = 87
and M = 88, respectively.
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Fig. 4. Amplitude responses of (a) prototype filter Hp(z), (b) shaping filter Hs(z), (c) C-filter H (z) over the entire baseband and (d) C-filter H (z) over the
passband for Example 2.

Example 2: We now apply Algorithm 2 to design a linear-
phase lowpass EPLSS C-filter with sharp transition band
specified by ωp = 0.1π and ωa = 0.11π whose performance
is to be evaluated by its peak-to-peak ripple A p in dB over the
passband, minimum stopband attenuation Aa in dB, stopband
energy Ea defined by

Ea =
∫ π

ωa

|A(ω)|2dω

the number of multiplications M per output sample, and
group delay τ . The passband ripple A p was required to be
no greater than 0.14 dB, the minimum stopband attenuation
Aa is required to be below −60 dB (i.e. δa = 0.001),
and stopband energy Ea is required to be no greater than
2.2 × 10−8. The length of Hp(z) was set to N = 519. With
L = 7, D = 18, y0 = [1 1 1 1 1 1 1]T , dp = 0.08, and
ea = 5 × 10−4, problem (19) was solved and its solution
x0 together with y0 defines a C-filter achieving A p = 0.1681,
Aa = −60, and Ea = 2.15×10−8. With x0 held fixed, K = 5
iterations of (22) were performed to obtain an integer solution
y1 = [1 1 1 1 1 1 2]T . Since y1 �= y0, problem (19) was
solved again with y fixed to y1, where ea was adjusted in
order to obtain a solution x1 with practically the same peak
gain in the stopband and stopband energy as x0 so that the two
iterates x0 and x1 can be compared with each other in terms

of peak passband ripple. With ea = 2.95 × 10−4, the C-filter
specified by (x1, y1) achieved A p = 0.1387, Aa = −60.1083
and Ea = 2.1217 × 10−8. We then run (22) again with
x fixed to x1 and K = 5 that yields an integer solution
y2 = [1 1 1 1 1 1 2]T . Since y2 = y1, the algorithm is
terminated and (x1, y1) is claimed as the solution. The group
delay and the number of multiplications M per output sample
are τ = 276.5 and M = 260, respectively. The amplitude
responses of prototype filter Hp(z), shaping filter Hs(z), and
C-filter H (z) are shown in Fig.4.

For comparison, a conventional linear-phase EPLSS FIR
filter with comparable performance was designed. This design
was obtained by applying Algorithm 2 with a single iter-
ation where variable y0 was set to y0 = 0. With filter
length N = 551, the conventional EPLSS filter achieved
A p = 0.1442, Aa = −60.1208 and Ea = 2.2140 × 10−8.
The group delay and the number of multiplications M per
output sample are τ = 275 and M = 276, respectively.
Example 3: Finally, Algorithm 3 was applied to design a
linear-phase lowpass minimax C-filter with normalized pass-
band edge ωp = 0.15π and stopband edge ωa = 0.18π .
It is required that the peak-to-peak passband ripple A p is no
greater than 0.01 dB and the minimum stopband attenuation
is no greater than −64.8 dB. The length of Hp(z) was set
to N = 221. With L = 5, D = 14, W (ω) = 1 for
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Fig. 5. Amplitude responses of (a) prototype filter Hp(z), (b) shaping filter Hs(z), (c) C-filter H (z) over the entire baseband and (d) C-filter H (z) over the
passband for Example 3.

ω ∈ �p
⋃

�a , and y0 = [0 1 0 0 0]T , it took Algorithm
3 four iterations to converge to a solution {x∗, y∗} = {x5, y5}
with y∗ = [0 3 3 2 1]T , hence a group delay τ = (N −1)/2+
D = 124. The C-filter obtained yields A p = 0.0088 dB and
Aa = −65.7571 dB. The amplitude responses of the prototype
filter Hp(z), shaping filter Hs(z) and C-filter H (z) are shown
in Fig. 5. The number of multiplications M per output sample
that the C-filter requires is M = 111.

With L = 5 and D = 14, there are a total of 4048 nonzero
y vectors that satisfy constraints (26c) and (26d). An exhaus-
tive search for a globally optimal solution was conducted by
trying out every qualified y as the initial point y0. The optimal
y was found to be y∗∗ = [0 3 3 2 1]T which coincides with
y∗ obtained by Algorithm 3. Therefore, the C-filter produced
by the proposed algorithm happens to be a global solution.

For comparison, a linear-phase FIR filters with equiripple
passbands and stopbands obtained using the Parks-McClellan
algorithm [15] with comparable performance was designed.
This design was obtained using MATLAB function firpm.m,
where filter length was set to N = 247. The group delay of
the Parks-McClellan filter and the number of multiplications
per output sample are τ = 123 and M = 124, respectively.

In the three designs presented above, it is observed that
with comparable approximation error and group delay the
C-filters are found to be computationally more efficient relative

to their conventional counterparts in terms of multiplications
per output sample. We remark that the improved computational
efficiency is gained at a cost of using an adequately designed
shaping filter which however only requires several adders and
memory units to implement and is free of multiplications.

V. CONCLUSION

In this paper, the potential of the C-filters proposed in [13]
is further explored. Formulation and design algorithms for
C-filters that are optimal in LS, EPLSS, and minimax sense are
developed. It is demonstrated that with comparable approxi-
mation error and group delay the C-filters are computationally
more efficient relative to their conventional counterparts in
terms of multiplications per output sample.
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