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Abstract—Based on a very simple model, a discrete-time
integrating regulator can be designed for a linear time-invariant
system. The linear system is not restricted to be scalar with a
monotone step response, as required in previously published
literature. The number of tuning parameters in the controller
depends on the number of steps in the staircase model which can
be properly chosen so that the closed-loop system is an
asymptotically stable system with a specified tracking speed.

1. Introduction

IN THE process control field, since complex processes can be
controlled surprisingly well by simple regulators (Astrom, 1980a;
Richalet and co-workers, 1978), it is convenient and useful to
approximate a real but unknown system by a simple model. In
this regard, Astrdm (1980b} has proposed a new design method
for any unknown single input—single output (SISO) stable linear
time-invariant system with a monotone step response using a
model of the form y(t) = bu(t — T), b > 0. Let Py be such an
unknown plant and H(t) be the step response of P, Astrom
(1980b) has shown that if

2H(T) > H(co) 1)
and
2b > H(0) 2
then
e = (V0 = y)/b + e~y 3

is the robust sampled control law for Py, with a sampling period
T, where y? is the desired output at time k7T, u, = u(kT),
¥« = y(kT). When the control law (1) is applied, the closed-loop
system was proved to be asymptotically stable.

Under the constraint of condition (1), however, the sampling
period might be quite long for some plants resulting in poor
controlled response. The assumption that the plant has a
monotone step response is restrictive. Also there are no
corresponding results for the multivariable case. Moreover, the
information about the performance of such a sampled control
system is not available even though this is quite important for
design engineers.

In this paper, we extend Astrdm’s approach and propose
another model, the staircase model, which makes it possible to
treat stable but unknown multivariable systems. We show that
for such a linear time-invariant plant and a suitable sampling
period one can choose a set of parameters in a simple control law
derived from a staircase model of the plant so that the asymptotic
stability of the resulting closed-loop system is guaranteed.
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Furthermore, a simple design procedure is given for achieving a
required tracking speed.

In Section 2, the staircase model is established for a stable
SISO system and then a sampled regulator is derived. Applying
this to the unknown plant, the asymptotic stability of the
resulting closed-loop system is proved. We also discuss the choice
of the regulator parameters so that a required response speed can
be achieved. Similar results are given in Section 3 for
multivariable systems. Section 4 contains two illustrative
examples which indicate that the choice of the parameters in our
regulators is easy even for the multivariable case and the closed-
loop systems work very well.

2. Staircase model and robust sampled regulator
Consider a stable SISO linear time-invariant plant P whose
step response H(t) is shown in Fig. 1. We note that the stability of
P implies that there exist constants K, and f§, such that
|H(t) — H(xo)| < K e7#*, fort>0. )
It should be noted that for an unknown system the values K, and
B in (4) can be estimated by measuring its step response. Let T
be the sampling period and I(¢) be the unit step function. Then, the
function H(t) shown in Fig. 1 can be described by

_ N
CORS)

Jj=1

ot = jT) (&)

where integer N and the real sequence {§;,1 € i < N} may be
adjusted if necessary.

We now consider a model M for the unknown plant P with
H(t) defined in (5) as its unit step response. Denoting the input
and the output of M by u(t) and y™(t), respectively, the
mathematical model for M is

N
M) = ¥ it ~JT).

i=1

(6)

It is observed that the model
yM@) = bu(t — T)

suggested by Astrdm (1980b) is a special case of our model if we
set N=1and §, =b.
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Fi1G. 1. Step response of P and its staircase model.
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Define y¥ = yM(kT), u, = u(kT), H, = H(kT), H,, = H(cc) and
u; = 0 for all j < 0. By (6) we have

N
)’iyﬂ —,V)iw =&uy, — Z (6j_5j+1)uk—j
j=1

where we have set §,,, = 0. If the output of M at (k + )T is
desired to be the reference value y, ; and assuming 8, # 0, the
control i, is

ue=—00er =)+ — Z (65— 854 Jug - ;.
Applying this to the plant P, the sampled control law becomes

1 [
U= (War = V) +-— X (6, — 651 )ty M
0y 015

which together with a zero-order hold yields the control function

ifte (kT (k + )T

e A )
0 ifr<O

Theorem 2.1. For the plant P described above and H, > 0, the
closed-loop system composed of P and regulator (7) will be
asymptotically stable, if the parameters N and J; (1 <j < N)and
the sampling period T are chosen so that the conditions given
below

H—H,_, <8,—38,,, 1<j<N ©)
and
Hy > 7,678 (10)
where
1+e A7
Y= KLT_—;W (11)

are satisfied.

Proof. Let h(t) be the impulse response of P. Then

V= f heowkT - 0yde = 3 (H; — Hy- e,
0 1

i=
which with (7) yields

1Y .
U+ — 3 (Hy— Hj = 8;+ 041 )t
1j=1
| I V1
+ = (Hy—Hj_Ju— ;=
()lj:rvz'ﬂ ! T 0

(12)

which must be satisfied by the control sequence {u,}. Denoting
(12) by

has the property thatinf, |, 1|A(z)| > 0, then the related closed-loop
system will be asymptotically stable (Desoer and Vidyasagar, 1975).
Note that

inf |A(z) > inf (1 - Z la lzl“j) =1-7Y g

j2 21 =izt =1 =1

Consequently, one concludes that Z}-’;, la;l < 1 will guarantee
the asymptotic stability of the closed-loop system.
By (9)

v 1 ¥ o -
Ylal=— 3% |Hj—Hj_y = 8;+ 0;01] =8, — H\).
j=1 3y 5 0

By (4) and (11)

xL 1 A X
Z laj) = — Z [H; — H;_ || <+ Z {Hj~ H,|
j=N+1 61j:N+1 Oy j=N1
+1H;. — H,|)

K, z o .
< —(1 + elhT) Z e BT %e“ﬁ:“‘
61 J=N+1 1

Hence
1

Iajl < 5‘*(51 - H, + ”/Ie"”‘NT)
1 1

il M 8

J

which with (10) implies Z}‘xl la;i < 1. This completes the proof.

Remarks.

1. The proposed scheme (7) may be interpreted as an
integrating regulator with a compensation for past inputs similar
to the one used in a Smith predictor. By (9) we have 6, = H,
which with (10) implies §, > 0 so that the control law (7) does
make sense.

2. The assyumption H,, > 0 means that there exists an integer
N such that (10) holds, since the right side of (10) goes to zero as
N goes to infinity. However, even though no explicit restriction
should be placed on the sampling period T, it should not be
selected to be too small. Otherwise, by (10) and (11), integer N in
(10) would be quite large so that too many terms would be
involved in the control law (7). It is observed that the regultor
gain is inversely proportional to the size of the first step of the
staircase which will increase drastically by decreasing the
sampling period.

Moreover, it should be noted that the assumption H, > 0 is
not essential. In fact, for a system with H, < 0, Theorem 2.1
remains valid if one replaces (9) and (10) by

Hy—H; {20, 0;...

; 1<j<N 9

and
—Hy > y,e P8 (107

respectively. In this case, one easily concludes that §, < 0 so that
(7) does make sense even here.

3. For the purpose of controller design, one should first specify
a sampling period T and determine constants K, and f§; in (4)
according to the step response data from the plant. The number
N can then be chosen by (10). Finally, beginning with J,. the
sequence {d;} can be decided by (9) recursively.

A special case arises when step response H(t) is monotone in
which case

% 1
Zlaﬂ =_—(0, -2Hy - H,)
1 oy

which implies that (9) and

H,
H,\>—; (13}

guarantee ) ¥ ja;| < 1. This leads to the following corollary.

Corollary 2.1. For a stable SISO linear plant with monotone
step response, the closed-loop system with regulator (7) will be
asymptotically stable if the parameters in (7) are chosen so that
(9) and (13) are satisfied.

It is interesting to consider the possibility of choosing the
regulator in such a way that the output of the closed-loop system
will follow a specified reference value with a desired speed. For
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SISO case, described by Desoer and Vidyasagar (1975) we know
that A(z) = 0 is equivalent to the characteristic equation of the
closed-loop system so that requiring the system to have an
exponential decay type of error, ie. e(t) = y(t) — y° ~ e~ for
some u > 0 where y° is a constant reference value, means that one
requires

inf  |A(z)] > 0.

|z1Z2e~®T
Note that

o

inf |A(z)) > inf (1 -3 laj lzl'j) =1-Y l|ajeMT.
j=1 i=1

|zl ze 4T Jz]ze~#T j=
So if
8;=0;s1 +H;—H,_,, for1<j<N (14)

a straightforward calculation will give
e~ N+ 1B -T

H, — K e T (13

2 laje T <y,
i=t

where y, = K, (1 + e#T)/1 —e % "®T and u < B, has been
assumed.

Theorem 2.2. A stable SISO linear plant P with regulator (7)
will have a desired tracking error ce ™ * for a constant reference
value where 0 < u < f;, if the regulator parameters N and
{81 €j < N} satisfy (14) and

Hme(N+1)(ﬂx—u]T _ Kle[ﬂl—M(N+l)]T > 74 (16)

Proof. Equations (14) and (16) imply

Y lajehT <1

j=1
so that

inf |A(z} >0

|zlz e uT

i.e. there are no characteristic roots of the closed-loop system in
|z] = e #T.

In view of (16), one can require a better decay rate which is
closer to B, at the expense of a larger N which means an increase
in the number of terms in the regulator (7). Thus, the designer
should compromise between the response speed and the
complexity of the required regulator.

3. MIMO case

Let G(s) = (gij(s)) be a p x m transfer matrix of a stable
MIMO linear time-invariant plant P. Denote the m-dimensional
input and the p-dimensional output by U(t) and Y(r),
respectively.

Similar to what we did in the previous section, a staircase
model can be established as

Y™(t) = Pz~ YU (1)

where Y*(t) is the output of the model, z~ ! is the backward shift
operator and

Pz YYy=Piz7' 4+ ...+ Pz" 17)
for some positive integer s and p x m constant matrices P,
(1 < k < 5). For simplicity, from now on we assume that p = m

and detP, # 0. Thus, a similar derivation will lead to the
following regulator

Ue=PI(%% — R+ P Y (P = P U, (18)
i=1

where P,,=0 Uy = UKT), Y, = Y(kT) and
Y% = Y°[(k + 1)T] which is the reference value at time

(k + 1)T. The output of regulator (18) and a zero-order hold thus

generates the control function U(t) as follows:

U, ifte[kT (k+ 1)T)

U(t) = 19
u {0 if t <O. (19

Let H(t) = (H"(t)) be the step response matrix whose entry
H'(t) is the step response of the subsystem with u;(t) and y;(¢) as
itsinput and output respectively where u; and y; are the jth and ith
components of U(t) and Y(t), respectively. By the stability of the
plant P, there exist constants K, and f8, such that

IH(t) — H(oo)l < Kye ™% (20)

where || could be any kind of consistent norm on R™*™ In
addition, a straightforward calculation gives

Y, = D(z"HU, 2

when control (19) is applied to the plant P, where

D(z-1)=§(H,.—H,._1)z-" and H, = H(T).

i=1

Theorem 3.1. For a stable MIMO linear plant P, the closed-
loop system with regulator (18) is asymptotically stable if the
sampling period T and regulator parameters sand P, (1 < r < 5)
are chosen properly so that the following conditions are satisfied:

(i) H; ! exists and |e"H]!|| is bounded uniformly in s for
some 0 <t < 8,T;

(i) Pi=Py, +H —H_;, 1<i<s; (22)

(i) ye BT HS < 1; (23)

where y, = K, (1 + e #27/1 — e7#2T), are satisfied. The proof of

this theorem is similar to that of Theorem 2.1 and is omitted here.
To design such a regulator, the following steps may be

followed:

Step 1. Record the step response H(t) for plant P.

Step 2. Choose constants K, and f, so that (20) holds.

Step 3. For some chosen sampling period T, determine s so that
(23) holds. Note that because of condition (i), this step can
always be done.

Step 4. Compute the coefficient matrices in (18) by means of (22).
By Theorem 3.1, the regulator (18) becomes

U=H'(Y%%, - Y)+H! Z Hi—H_)U,-;. (24

i=1

Concerning the response speed consideration, one can treat
the multivariable case in a similar fashion and obtain the
following theorem.

Theorem 3.2. A stable MIMO linear plant P with regulator (24)
will have a desired tracking error ce ™ for some 0 < p < 8, if
lle~®*H; ' is bounded uniformly in s for some
0 < 1; < (f; — 1)T and the parameter s in (24) satisfies

In (ys M)
B—)T—14

where ys = K (e#7 + 1/e¥27#T _ 1) and e~ H] Y| < M.

(25)

4. Illustrative examples

Example  41. Consider a  second-order  plant
G(s) = 2/s* + 25 + 2 with non-monotone unit step response
H(t)=1—e""(cost + sint). For the plant one may choose
Ky =158, =1LIfT=05and u = 04 is required, by (16)it can
be found that N = 9. Suppose °(t) = 2, then (14) and (7) give

9

2w+ Y duy_; (26)
i

=1

“ =013

where
dj=H;~Hj; ., =e %%[e®(cos0.5(j — 1) + sin0.5(j — 1))
— (c0s0.5f + sin0.5j)].
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FI1G. 2. Example 4.1

The control 4, and the response of the closed-loop system y, can
be computed by using (26) and y, = Z}& 1 dity - ;. Figure 2 shows
that the error y§ — y, decays at a rate no slower than ce ~%** as
required and the output comes back to within + 59 tolerance
rapidly after the system was subjected to a unit step disturbance
beginning at t = 30T

Example 4.2. Suppose the multivariable plant considered is

we now have

and
2 1
H ) = l—e™ 1—-e'
B 1 1
1—e™? 1 —e™ 2

One thus can choose K, = 3,8, = 1in (20)and 7, =0, M = 322
in (25) which lead to s =4 if we assume T= 1.0 and need
p = 0.15. The regulator (24) then is

[2.037 1.019
=

0 10 :l(Yk0+1 - 1)

1749 0 ]i[e"‘ué—i]
oo 63895 e

and the output of the system will be

1172 —6.389 X [ e i,
Y"=[ 3437 12778:| Z[ 22 ]
-3 . =le P
Figure 3 shows that the system designed above works well where
the reference vector is Y = [1.5,2.0]T for ke [0,50T] and
Y2 = [—1.5, —2.0]"for ke [51 T, 100T ] and the system output is
interrupted by a large step disturbance which s
N, = [2.0, =207 for ke [20T,50T ] and N, = [~2.0,2.0]" for
ke [70T.100T 1.

S. Conclusions

It has been shown that reasonably good control can be
achieved by establishing a simplified process model and then
designing a regulator for it. The results presented in this paper
may be developed further along several significant directions.
Among them, we would like to mention the attempts of extending
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FiG. 3. Example 4.2.

current results to the case in which some sort of random noise
exists and developing some real-time and recursive algorithm
and extending to the case in which the plant is unstable. It might
be noted that the model (6) is a special case of the transfer
function model y(t,) = [B(z)/A(z)]u(t,) for which a general
theory is available even in the noisy case. These generalizations
are now underway and will be reported in a future paper.

Acknowledgements—The authors sincerely thank the reviewers
for their incisive comments and useful suggestions; their
suggestions have contributed greatly to improvements in the
paper. This work was partially supported by a National Science
Foundation grant NSF/INT 8120366.

References

Astrom, K. J. (1980a). Robustness of a design method based on
assignment of poles and zeros. IEEE Trans Aut. Control, AC-
25, 588.

Astrém, K. J. (1980b). A robust sampled regulator for stable
systems with monotone step responses. Automatica, 16, 313.

Desoer, C. A. and M. Vidyasagar (1975). Feedback Systems:
Input—Qutput Properties. Academic Press, pp. 102103 and pp.
250-251.

Richalet, J., A. Rault, J. L. Testud and J. Papon (1978). Model
predictive heuristic control: applications to industrial
processes. Automatica, 14, 413.



